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PREFACE. 

My  object  in  the  present  work  is  to  provide  a  treatise  on  physics 
which  may  serve  for  those  who,  beginning  at  the  elements  of  the 
subject,  wish  to  have  in  one  book  an  account  of  theoretical  and 
experimental  physics  which  may  be  sufficient  for  most  practical 
purposes  of  scientific  and  technical  education.  The  undue  promi- 
nence in  our  educational  system  given  to  examinations,  and  the  over 
estimation  in  which  the  mere  passing  of  examinational  tests  has  been 
held,  has  led  to  a  system  of  division  of  a  great  subject  like  physics 
into  isolated  compartments ;  but  I  think  it  desirable  that,  from  the 
beginning,  those  who  wish  to  make  a  serious  study  of  the  subject 
should  have  in  one  book  all  they  require  for  applications  of  physical 
science  to  the  arts  and  industries.  Accordingly  I  have  conceived 
that  no  mechanical  or  electrical  engineer  would  desire  to  be  content 
with,  even  at  the  first,  such  a  view  of  the  subject  as  can  be  obtained 
by  the  student  whose  mathematical  attainments  are  the  proverbial 
''  Two  Books  of  Euclid  and  Algebra  to  Quadratic  Equations,"  and 
therefore  I  have  not  scrupled  to  employ  the  processes  of  the 
Differential  and  Integral  Calculus  where  the  discussion  required 
such  analysis.  With  much  that  has  been  written  regarding  the 
teaching  of  mathematics  to  engineering  students  I  entirely  agree, 
but  it  is  absolutely  necessary  that  all  concerned  should  realise  what 
is  undoubtedly  the  fact — that  no  good  progress  can  be  made  in  the 
study  of  engineering  or  natural  philosophy  without  mathematics,  or 
without  persevering  and  anxious  effort  on  the  part  of  the  student, 
and  that  even  to  apprehend  the  fundamental  notions  of  dynamics, 
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and  the  principles  of  physics  generally,  the  same  processes  of 
thought  are  required  as  are  involved  in  those  branches  of  mathe- 
matics which  are  used  in  the  discussion  of  physical  theories. 

Chapters  and  Sections  of  the  book  which  are  really  advanced  are 
marked  with  asterisks:  these  portions  may  be  omitted  on  a  first 
reading.  There  have,  however,  been  introduced  in  many  places  ex- 
planations of  mathematical  conceptions  and  processes  which  may 
render  unnecessary  reference  to  special  treatises,  and  economise  the 
time  and  energy  of  the  student.  Thus  I  hope  that  the  chapters  on 
General  Dynamics,  Fluid  Motion,  Hydrostatics,  and  Elasticity  may 
be  useful  to  students  of  engineering,  and  help  them  to  be  able  to 
render  a  reason  for  their  faith  in  the  statements  of  the  indispensable 
"  pocket-books ?'  and  of  the  treatises  on  Applied  Mechanics  and 
Strength  of  Materials. 

The  reader  will  notice  that  several  subjects  usually  treated  under 
Properties  of  Matter  are  not  dealt  with — for  example,  Diffusion  and 
Osmosis,  and  Viscosity.  These,  however,  are  better  treated  in  con- 
nection with  the  Theory  of  Gases,  and  are  therefore  with  various 
other  topics  held  over  for  discussion  in  vol.  ii.  One  dynamical 
subject  is  omitted,  of  which  some  use  might  have  been  made  from 
time  to  time — the  Principle  of  Dimensions  or  Dynamical  Similarity. 
Much  information  with  regard  to  very  recondite  problems,  the  full 
solution  of  which  is  hardly  possible,  can  be  obtained  by  this  method. 
It  will  be  explained  and  exemplified  in  connection  with  such  appli- 
cations in  later  chapters. 

In  many  parts  of  the  book  I  have  been  under  obligations  to  other 
writers,  and  in  many  places,  though  I  fear  not  in  all,  I  have  acknow- 
ledged my  indebtedness.  I  would  mention  especially  Professor 
Love's  "  Treatise  on  Elasticity,"  Lord  Rayleigh's  Papers,  now  happily 
iv.iilable  in  a  collected  form  to  the  physical  student,  Professor 
GreenhillV  "Treatise  on  Hydrostatics,"  and  Thomson  and  Tait's 
"  Natural  Philosophy."  Some  of  my  former  students  in  Wales  have 
rendered  me  willing  help  in  reading  proofs,  and  most  of  the 
sheeti  liave  been  read  by  my  colleague  in  the  Natural  Philosophy 
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Department  here,  Dr.  Walter  Stewart,  to  whom  I  am  under  special 
obligations.  I  have  to  thank  Messrs.  Ballantyne,  Hanson  iir  Co.'s 
staff,  readers  and  compositors  alike,  for  their  careful  attention  to  the 
work  of  setting  and  correction,  and  their  anxiety  to  make  the  book 
thoroughly  satisfactory  in  respect  of  typography. 

It  would  be  too  much  to  hope  that  all  the  errors  and  obscurities 
in  the  text  have  been  detected:  no  work  of  the  kind  can  be  freed 
from  such  blemishes  except  by  the  care  of  a  large  number  of 
competent  readers.  I  shall  be  very  grateful  for  any  suggestions  for 
the  improvement  of  the  work  from  those  who  do  me  the  honour  to 
read  it. 

ANDREW  GRAY. 

The  University,  Glasgow. 
January  30,  1901. 
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ERRATA. 

P.   15,  line  20  from  top  for  k  read  h. 

18,  in  equation  (IS)  for  cosBt'A  read  cosBAO. 
27,  line  10  from  foot  after  varying  insert  velocity. 
95,  in  Fig.  80  for  reference  letter  I"  substitute  1). 

„  line  18  from  foot   after  the   two   great  circles   insert  IA,  1A'.  or 
IB,  IB'. 
133,  line  0  from  top  for  particles  read  particle. 

197,  line  9  from  foot  the  reference  should  be  Measurements  and  Instru- 
ments (chap,  xvii.) 
226,  last  paragraph  of  §  263.     It  has  not  been  found  possible  to  afford 

space  in  chap.  xii.  for  a  discussion  of  Precession  and  Nutation. 
271,  line  3  from  foot  for  resulant  read  resultant. 
324,  line  5  from  bottom  delete  the  words  within  parentheses. 
491,  in  headline  for  Astrononical  read  Astronomical. 


NOTES  AND  ADDITIONAL  ERRATA. 

P.  135,  line  16  from  foot,  after  applied  forces  insert  supposed  transferred  to 
the  centroid  in  the  same  way. 
189,  line  19  from  top,  for  hnm/r2  read  hmra'jr2. 

198.     The  discussion  of  friction- wheels  here  given  is  not  intended  to  be 
a  full  mathematical  treatment  of  the  problem.     The  exact  ratio  in 
which   the  activity  spent  against   friction  is  diminished  by  the 
wheels  involves  the  ratio  in  which  they  increase  the  weight  sup- 
ported, the  angle  tan-1/)  (where/)  is  the  coefficient  of  friction  for 
the  rubbing  surfaces)  and  the  angle  between  a  vertical  and  the 
line  drawn  from  the  centre  of  the  supported  wheel  to  the  centre 
of  a  side-wheel.     But  for  any  practical  case  in  which  the  added 
weight  is  negligible,  and  the  wheels  overlap  sufficiently,  the  ratio 
rjR  given  in  the  text  is  almost  exact. 
200,  line  22  from  top,  after  body  insert  producing  rolling. 
„     line  15  from  foot,  for  mJ&6  read  m&d. 
222,  in  the  first  of  equations  (58)  for  A0  read  Ad. 

267,  line  15  from  foot,  for  a  vertical  component  read  vertical  com- 
ponents. 
„      line  14  from  foot,  delete  with  a  slight  modification  due  to  the 
rotation  of  the  wheels. 

[The  reference,  which  is  incomplete,  was  intended  to  be  to  a 
reaction  analogous  to  that  indicated  in  (73)  or  (74)  p.  231.] 
307,  equation  (45)  for  e*lR  read  e~*lR. 
316,  equation  (2)  for  q=  read  q  =  . 
406,  line  16  from  top,  after  those  insert  pressures. 
589,  lines  10  and  8  from  foot,  for  dr.rdO  read  dr.dd. 
624,  line  20  from  top,  for  abscissal  read  abscissse. 
651,  line  12  from  top,  for  is  read  x. 
„     line  13  from  top,  after  vertically  insert  from  that  point. 
„    line  15  from  top  for  (1  +p2)?.  read  (1  +£>-)'-■ 

653,  in  equation  (21)  x  is  to  be  understood  as  measured  to  the  right 
from  a  vertical  tangent  to  the  drop. 
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INTRODUCTION. 

The  present  treatise  will  deal  with  Physics  as  far  as  possible  from 
the  point  of  view  from  which  natural  phenomena  are  regarded  by- 
modern  science.  We  have  here  to  treat  of  only  the  relations  of 
matter  and  energy ;  to  endeavour  to  investigate  the  laws  which 
regulate  the  transference,  transformation  and  distribution  of  energy ; 
and  to  trace  as  far  as  possible  that  order  which  regulates  physical 
phenomena,  and  which  when  fully  perceived  will  form  their  true 
explanation.  It  is  a  mistake  to  suppose,  as  is  frequently  done,  that 
the  principles  which  suffice  for  the  deduction  of  physical  results  are 
the  conservation  of  matter  and  the  conservation  of  energy.  These, 
important  as  they  are,  cannot  afford  guidance  as  to  the  play  of  energy 
in  matter  without  the  aid  of  certain  dynamical  principles  which  regu- 
late in  that  regard  the  relations  between  different  material  systems 
or  different  pai'ts  of  the  same  system. 

Without  the  aid  of  the  theorems  of  dynamics,  which  are  far  from 
being  summed  up  in  the  doctrine  of  the  conservation  of  energy,  we 
are  unable  to  make  any  satisfactory  advance  in  the  study  of  physical 
theories.  To  regard  the  phenomena  only,  to  catalogue  them,  and 
note  their  agreements  and  disagreements,  is  a  most  important  part  of 
scientific  investigation.  But  the  classificatory  stage  of  the  science 
has  long  ceased  to  be  the  only  one  ;  we  have  ascended  to  the  philo- 
sophical stage,  that  on  which  an  attempt  is  unceasingly  made  to 
unite  phenomena  in  the  bond  of  physical  theory,  and  to  test,  rectify, 
and  strengthen  the  scheme  of  natural  philosophy  by  using  its  theories 
for  the  prediction  of  hitherto  unknown  results,  which  can  then  be 
subjected  to  the  ordeal  of  observation  or  experiment. 

It  will  be  necessary  first,  then,  to  give  some  account  of  dynamical 
principles,  and  this  we  shall  attempt  to  do  in  an  elementary  manner, 
keeping  always  physical  applications  in  view.  It  has  been  too  much 
the  habit,  especially  since  the  divorce  of  what  has  been  called  "  mixed 
mathematics  "  from  physics  in  degree  and  diploma  courses  has  been 
countenanced  by  several  of  our  universities  and  examining  bodies,  to 
treat  dynamical  principles  as  mere  pegs  on  which  to  hang  collections 
of  mathematical  exercises,  practically  destitute  of  physical  interest, 
and  without  example  in  the  everyday  experience  and  observation  of 
the  student. 
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Dynamics  is  undoubtedly  a  subject  which  cannot  be  studied 
without  the  use  of  mathematics ;  but  it  is  just  as  certainly  a  science 
capable  of  being  illustrated  by  everyday  sights  and  events.  The 
motion  of  a  football  kicked  into  the  air,  the  flight  of  a  tennis  ball, 
the  fall  of  a  stone,  the  very  different  manner  of  fall  of  a  rain-drop, 
the  ascent  of  smoke,  the  stability  of  a  bicycle  and  the  mode  in  which 
an  expert  rider  guides  its  motion,  the  spinning  of  a  top,  and  a 
thousand  other  familiar  things  which  meet  the  gaze  of  every  observer 
whose  eyes  are  open  to  what  is  taking  place  around  him,  are  all 
capable  of  more  or  less  elementary  explication,  and  ought  to  be  kept 
in  view  in  a  satisfactory  discussion  of  dynamical  principles. 

In  the  portion  which  deals  with  dynamics,  as  elsewhere  in  the 
book,  we  may  use  the  language  of  cause  and  effect ;  but  this,  it  is 
to  be  carefully  observed,  is  done  only  for  the  sake  of  convenience 
of  expression.  The  action  of  one  body  may  be  spoken  of  as  the 
cause  of  the  acceleration  of  another,  an  electromotive  force  in  a 
voltaic  circuit  as  the  cause  of  a  current  in  that  circuit ;  but  it  is 
not  to  be  inferred  that  what  is  spoken  of  as  the  cause  has  necessarily 
an  existence  apart  from  the  effect,  or  that  the  former  precedes  the 
latter  in  time.  What  we  really  deal  with  are  two  aspects  of  a  pheno- 
menon which  co-exist,  and  are  related  in  a  way  which  it  is  our  object 
to  discover  and  quantitatively  express. 

We  shall  include  in  the  dynamical  discussion  an  account  of  vibra- 
tional motion,  or,  as  it  is  frequently  called,  simple  harmonic  motion, 
and  of  the  motion  of  a  system  of  particles,  and  of  a  material 
system  the  relative  configuration  of  the  parts  of  which  undergoes 
no  change  (what  is  somewhat  improperly  termed  a  rigid  system), 
for  these  theories  are  required  in  many  physical  problems  which 
will  subsequently  present  themselves  for  solution.  But,  as  far 
possible  as,  each  part  of  the  subject  will  be  treated  from  the  point  of 
view  of  a  definite  case  of  motion  easily  apprehended  by  the  student, 
and  no  effort  will  be  spared  to  make  the  discussion  clear  and  accurate 
without  having  undue  recourse  to  mathematical  analysis.  To  some 
the  treatment  may  appear  unduly  prolix ;  but  it  is  to  be  remembered 
that  hardly  any  subject  presents  more  difficulties  and  sources  of  mis- 
understanding, or  conduces  more  to  clearness  of  thought  and  the 
cultivation  of  a  logical  habit  of  mind  when  its  principles  are  correctly 
apprehended  and  applied  by  the  student.  Hardly  any,  therefore, 
stands  more  in  need  of  such  a  presentment  as  may  guard  the  student 
against  error  arising  from  misconceptions  or  preconceived  ideas  when 
grappling  with  the  further  difficulties  of  experimental  physics.  A 
few  pages  of  formal  statements  of  definitions  and  principles,  followed 
by  a  few  more  of  algebra,  unmarred  by  letterpress,  may  be  made  to 
contain  the  essentials  of  elementary  dynamics;  but  such  a  work, 
except  as  a  collection  of  notes  for  the  use  of  a  teacher  who  has  care- 
fully thought  out  and  solved  the  difficulties  of  the  subject  for  himself, 
and  who  is  therefore  able  to  supply  the  necessary  commentary,  is  of 
no  educational  value  whatever. 


CHAPTER  I. 
MEASUREMENT  OF  LENGTH  AND  TIME. 

1.  Physical  Units. — All  physical  quantities  are  measured  in  units 
chosen  arbitrarily  or  otherwise,  each  of  which  is  a  quantity  of  the 
same  kind  as  that  which  it  measures.  Thus,  the  numerical  measure 
of  the  length  of  a  straight  line  is  the  number  of  times  it  contains  a 
chosen  unit  of  length ;  that  is,  if  the  unit  is  realised  in  the  form  of  a 
measuring-rod,  for  example  a  yard  rule,  the  numerical  value  of  the 
length  is  obtained  by  placing  the  rule  in  successive  end  to  end  posi- 
tions until  the  length  is  exhausted,  and  reckoning  the  number  of 
times  this  is  done.  Of  course  this  number  may  be  an  exact  whole 
number,  or  a  proper  or  improper  fraction.  If  the  length  contains 
the  unit  n  times,  where  n  is  a  whole  number,  and  does  not  contain  it 
n  +  1  times,  the  fraction  remaining  after  the  n  units  have  been  taken 
is  to  be  determined  by  applying  a  smaller  unit,  which  is  contained  in 
the  same  way  by  the  larger  an  exact  number  of  times.  Thus,  a  dis- 
tance may  be  37  yards  6  inches;  that  is,  it  contains  the  distance 
1  yard  thirty-seven  times,  and  besides  a  distance  which  contains  six 
times  a  unit  defined  by  the  fact  that  the  yard  contains  it  exactly 
thirty-six  times.  If  the  inch  were  not  contained  an  exact  whole 
number  of  times  in  the  distance  to  which  it  is  applied,  that  is  if  the 
distance  were  less  than  an  inch  or  contained  the  inch  less  than  a 
whole  number  n  +  1  times  and  more  than  n  times,  a  unit  which  is  a 
submultiple  of  the  inch  would  have  to  be  applied  to  determine  the 
fraction. 

2.  Fundamental  Units. — The  fundamental  quantities  in  dynamics 
are  length,  time,  and  mass,  and  on  the  units  of  these  are  founded  the 
units  of  other  quantities,  as  momentum,  force,  energy,  which  are 
therefore  called  derived  units.  We  shall  here  consider  the  measure- 
ment of  length  or  distance  and  time,  leaving  mass  to  be  dealt  with 
later. 

3.  Unit  of  Length  or  Distance.  The  Imperial  Yard. — First,  then, 
let  us  consider  more  fully  the  unit  of  length.  In  this  country  the 
standard  unit  of  length  is  what  is  called  the  Imperial  Yard.  It  is 
defined  by  Act  of  Parliament  18  &  19  Vict.  c.  72,  July  30,  1853,  as 
follows :  "  The  straight  line  or  distance  between  the  centres  of  the 
transverse  lines  in  the  two  gold  plugs  in  the  bronze  bar  deposited  in 
the  Office  of  the  Exchequer  shall  be  the  genuine  standard  of  length 
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at  62°  F.,  and  if  lost  it  shall  be  replaced  by  means  of  its  copies." 
The  copies  referred  to  are  specified,  and  are  those  preserved  at  the 
Royal  Mint,  the  Royal  Society  of  London,  the  Royal  Observatory  at 
Greenwich,  and  the  New  Palace  at  Westminster.  Their  lengths 
have  been  very  exactly  compared  with  that 
of  the  standard,  so  that  in  the  event  of  the 
destruction  of  the  latter  the  copies  would 
enable  it  to  be  replaced  with  the  utmost 
exactness. 

The  length  of  a  pendulum  which  beats 
seconds  has  been  determined  in  terms  of  the 
length  of  the  standard  for  a  number  of  exactly 
denned  places,  so  that,  even  if  the  copies 
were  also  destroyed,  pendulum  observations 
at  these  places  would  suffice  for  the  recovery 
of  the  standard. 

The  yard  yields  the  subordinate  units — 
the  foot,  which  is  ^  of  the  yard,  and  the  inch, 
which  is  -$$  of  the  yard  ;  as  explained  above. 
Larger  units  of  length  are  the  pole,  5  J  yards ; 
the  furlong,  which  is  40  poles,  or  220  yards ; 
and  the  mile,  which  is  1760  yards.  The 
length  given  in  the  lower  scale  along  the  page 
in  Fig.  1  is  5  inches,  and  each  inch  is  divided 
into  tenths.  In  many  measuring-rules  in  use 
inches  are  divided  to  eighths. 

4.  Unit  of  Length.  The  Metre.  —  In 
France,  after  the  great  Revolution,  a  scien- 
tific committee  was  appointed  to  devise  a 
completely  new  system  of  weights  and  mea- 
sures. It  was  decided  by  a  decree  of  the 
Republic,  passed  in  1795  (Loi  du  18  germinal, 
an  Hi),  that  the  new  unit  of  length  should 
be  based  on  the  earth's  dimensions,  and  it 
was  denned  as  one  ten-millionth  part  of  the 
distance  from  the  Equator  to  the  North  Pole 
along  the  meridian  passing  through  Paris. 

This  unit  was  realised  by  means  of  a 
measurement  of  the  length,  in  terms  of  a 
certain  measuring  rod,  of  this  quadrant  of 
the  earth's  circumference,  which  was  carried 
out  mainly  by  Delambre  and  Mechain,  with 
the  assistance  of  Borda.  A  base  line  was 
laid  down  by  means  of  this  rod,  and  from  that, 
by  trigonometrical  observations,  the  length  of  a  certain  arc  of  the 
meridian,  that  between  a  certain  point  at  Dunkirk  and  another  point 
at  Barcelona,  was  found.  The  ratio  of  this  arc  to  the  whole  quadrant 
being  known,  the  length  of  the  latter  in  terms  of  the  length  of  the 
measuring  rod  became  known,  and  hence  also  the  ratio  of  the  length 
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of  the  measuring  rod  to  that  of  one  ten-millionth  part  of  the 
quadrant.  Then  it  was  possible  to  make  a  rod  which  should  have 
at  a  certain  temperature  the  same  length  as  the  required  unit. 

This  was  done  by  Borda,  who  made  a  rod  of  platinum  which  at  the 
temperature  0°  of  the  Centigrade  scale  was  intended  to  be  of  the 
required  length.  From  various  causes  the  utmost  exactitude  was 
not  achieved ;  but  Borda's  rod  has  nevertheless  remained  the  stan- 
dard. The  French  standard  of  length  is  called  the  7netre,*  and  is 
defined  as  the  distance  between  the  extremities  of  Borda's  rod  at 
temperature  0°  C,  and  not  at  all  with  reference  to  the  earth's  dimen- 
sions, though  approximately  the  relation  stated  above  is  fulfilled. 

5.  The  Metric  System  of  Measures. — The  system  of  measures 
founded  on  this  unit  of  length  is  called  "  the  metric  system."  It  has 
come  into  general  use  on  the  Continent,  and  has  been  legalised  in 
this  country.  For  convenience  in  every  respect  it  is  infinitely 
superior  to  the  British  system  of  measures.  It  is  truly  astonishing 
that  the  latter  should  have  been  tolerated  so  long. 

In  the  metric  system  the  decimal  mode  of  reckoning  is  adopted 
throughout.  The  metre  is  divided  into  ten  equal  parts,  each  called 
a  decimetre  ;  the  decimetre  into  ten  equal  parts,  each  therefore  a 
hundredth  of  a  metre,  and  called  a  centimetre ;  the  centimetre  is 
divided  into  ten  equal  parts  called  millimetres;  then  further  sub- 
divisions are  tenths  of  a  millimetre,  and  so  on.  A  length  of  ten 
metres  is  called  a  decametre,  of  one  hundred  metres  a  hectometre,  and 
one  thousand  metres  a  kilometre.  The  kilometre  is  the  unit  adopted 
on  the  Continent  for  the  measurement  of  distances  between  places. 

A  length  of  one  and  a  half  decimetres  subdivided  to  centimetres 
and  millimetres  is  given  on  the  upper  scale  of  the  rule  shown  in 
Fig.  1. 

For  most  scientific  purposes  the  centimetre  has  been  adopted  as 
the  fundamental  unit  of  length,  and  will  be  used  in  what  follows  for 
the  expression  of  results  far  more  frequently  than  any  other  unit. 
We  therefore  give  here  a  table  showing  the  values  of  the  various 
British  units  of  length  in  terms  of  the  centimetre.  Their  values  in 
terms  of  the  decimetre  can  be  obtained  by  shifting  the  decimal  point 
one  place  towards  the  left,  in  terms  of  the  metre  by  shifting  the 
decimal  point  two  places  to  the  left,  and  so  on. 


1  inch 

= 

2-5400 

centimetres 

1  foot 

= 

30-4797 

n 

1  yard 

= 

91-4392 

ii 

1  mile 

=- 

160933- 

ii 

1  sea  mile 

= 

185230- 

ii 

1  mm. 

si 

•0393' 

r  inch          = 

•0032809  feet 

1  cm. 

= 

•3937 

11 

•032809       „ 

1  metre 

= 

39-371 

11 

3-2809 

*  Since  the  metric  system  has  come  into  use  in  this  country,  the  words 
metre,  centimetre,  &c,  without  accents,  have  become  naturalised  English  words, 
and  are  so  pronounced. 
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6.  Units  of  Area  and  Volume. — On  the  unit  of  length  alone  are 
founded  two  derived  units,  the  unit  of  area  and  the  unit  of  volume. 
The  unit  of  area  is  the  area  of  a  square  the  side  of  which  is  the  unit 
of  length,  the  unit  of  volume  is  the  volume  of  a  cube  the  edge  of 
which  is  the  unit  of  length.  Thus  in  Great  Britain  small  areas  are 
measured  in  square  yards,  square  feet  or  square  inches,  while  larger 
areas  are  measured  in  acres  (a  unit  of  4840  square  yards)  or  square 
miles.  In  the  metric  system  we  have  square  metres,  square  decimetres, 
square  centimetres,  &c. 

Again,  we  have  in  volume  measurements  cubic  yards,  cubic  feet, 
cubic  inches,  &c.,  and  cubic  metres,  cubic  decimetres  or  litres,  cubic 
centimetres.  A  cubic  metre  contains  1000  litres,  or  1,000,000  cubic 
centimetres,  or  1,000,000,000  cubic  millimetres. 

The  following  tables  contain  the  principal  units  of  area  and 
volume  and  their  relations  : 


1  sq.  inch 

= 

6-451 

sq.  cm. 

1  sq.  foot 

= 

928-997 

>> 

1  sq.  yard 

= 

0-8361 

5) 

1  sq.  cm. 

= 

•155 

sq.  inch 

1        „ 

as 

10-764 

sq.  foot 

1       ». 

= 

1-196 

sq.  yard 

1  cub. inch 

— 

16-386 

cub.  cm. 

I  cub. foot 

= 

28-315 

litres 

1  cub.  yard 

= 

•7645 

cub.  metres 

1  cub.  cm. 

= 

•06103  cub.  in. 

1  litre 

= 

61-027 

cub.  in. 

1     „ 

= 

•03532  cub.  foot 

7.  Change  of  Units,  Dimensions. — For  the  conversion  of  areas 
and  volumes  from  one  system  of  units  to  another  the  process  which 
is  illustrated  by  the  following  examples,  and  which  will  be  developed 
later  in  connection  with  other  units,  will  be  found  convenient. 

Let  it  be  required  to  express  an  area  of  N  square  feet  in  square 
centimetres.  Then  expressing  the  unit  of  area  by  the  symbol  (foot)2 
we  may  write  the  area  with  the  unit  indicated  by  an  equation  thus  : 

area       =      JV  (foot)2 
now  1  foot    =      30-48  cm. 

therefore 

(foot)2    =      30-482  (cm.)3 
where  (cm.)-  expresses  the  area  of  a  square  of  1  cm.  side,  and  we 
have 

area     =     N  x   30-48-  (cm.)2. 

The  multiplier  30-482  is  an  example  of  what  has  been  called  the 
chanye-ratio  required  for  the  change  of  units.  It  is  the  number  of 
times  the  old  unit  of  area  contains  the  new. 

Again,  let  a  volume  expressed  in  cubic  yards  have  a  numerical 
value  Nt  and  it  be  required  to  express  the  same  volume  in  cubic 
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centimetres.     We  express  the  first  unit  of  volume  by  (yard)*  the 
second  by  (cm.)3.     Thus  we  write 

volume  =  iV  x  (yard)3. 

But  (yard)3  =  33  x  30-I83  (cm.)3, 

and  therefore 

volume  =  Xx33x30-483(cm.)3. 

The  change-ratio  in  this  case  is  33  x  30*483. 

In  general  in  physical  mathematics  the  units  are  specified  before- 
hand, and  the  calculation  is  conducted  without  introducing  the  units 
into  the  equations,  which  are  therefore  relations  between  numbers. 
The  introduction  of  the  units  into  the  equations  is  useful,  though  not 
essential,  when  change  of  units  is  to  be  made,  and  in  some  other  cir- 
cumstances. The  whole  subject  of  units  and  the  dimensional 
formula?  of  physical  quantities  will  be  discussed  later. 

8-.  Measurement  of  Time. — For  civil  and  scientific  purposes  time 
is  measured  by  the  rotation  of  the  earth,  and  equal  intervals  of  time 
are  defined  as  those  in  which  the  earth  turns  through  equal  angles 
about  its  axis.  The  dynamical  definition  of  equal  intervals  of  time 
must  be  deferred,  but  it  may  be  here  stated  that  there  is  reason  to 
believe  that  the  civil  reckoning  requires  a  slight  correction  ;  that  in 
fact,  taking  the  dynamical  definition  as  the  basis  of  reckoning,  we  are 
almost  forced  to  the  conclusion  that  the  rotational  motion  of  the  earth 
is  very  gradually  becoming  slower  (see  §  II).  This  question  will  be 
discussed  later  ;  at  present  we  take  the  rotating  earth  as  timekeeper. 

1).  Sidereal  Day. — The  period  of  the  earth's  rotation  is  called  a 
sidereal  day,  and  is  so  called  because  it  is  the  interval  between  two 
successive  passages  of  a  fixed  star  across  the  meridian  plane  of  any 
place.  The  meridian  plane  of  any  point  on  the  earth's  surface  is  a 
plane  drawn  through  the  point  and  the  earth's  axis.  It  therefore 
turns  with  the  earth,  and  the  sun  or  a  star  is  said  to  be  on  the 
meridian  at  the  instant  when  the  plane  of  the  meridian  passes 
through  the  sun's  centre  or  through  the  star.  To  an  observer  look- 
ing along  the  axis  of  a  telescope  in  the  plane  of  the  meridian,  the 
heavenly  body  seems  to  move  across  the  field  of  view  in  which  a 
certain  line  marks  the  meridian,  and  thus  the  body  is  said  to  cross  the 
meridian.  Of  course  in  each  rotation  of  the  earth  a  star  crosses  the 
meridian  of  any  place  twice,  but  does  so  in  the  two  cases  from 
opposite  sides  of  the  plane.  Thus,  there  is  only  one  crossing  of  a 
fixed  star,  from  a  given  side  to  the  other,  for  each  complete  turn  of  the 
earth  on  its  axis,  and  the  interval  between  two  such  crossings 
measures  a  sidereal  day. 

10.  Sidereal  Time  and  Solar  Time. — It  will  be  seen  from  Fig.  2 
that,  in  consequence  of  the  earth's  orbital  motion  round  the  sun, 
the  interval  between  two  such  successive  crossings  of  the  meridian 
by  the  sun  is  longer  than  that  between  two  successive  passages 
of  the  meridian  by  a  fixed  star.  The  orbit  of  the  earth,  which  is 
really  an  ellipse  of   small  eccentricity,  may  for  simplicity  be  taken 
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as  a  circle.  This  circle  is  rather  less  than  93,000,000  miles  in  radius, 
and  is  described  in  365  days,  6  hours,  9  minutes,  9  seconds,  the  length 
of  the  so-called  sidereal  year,  that  is,  the  interval  between  two  suc- 
cessive appearances  of  the  sun  in  the  same  relative  position  among 
the  stars.  Thus,  the  earth  moves  with  an  orbital  velocity  of  about 
18 "5  miles  per  second,  and  traverses  while  making  a  single  turn 
about  its  axis  a  distance  of  very  nearly  1,600,000  miles.  Fig.  2  shows 
two  positions  of  the  earth,  Ev  Ev  at  the  beginning  and  end  of  a 
rotation  ;  the  circle  with  S,  the  sun,  as  centre  represents  the  orbit, 
and  the  arrows  show  the  directions  of  the  axial  and  orbital  motions 
as  they  would  appear  to  an  observer  in  space  looking  from  beyond  the 
North  Pole.  The  dimensions  of  the  diagram  are,  of  course,  entirely 
out  of  proportion,  the  diameter  of  the  earth  is  only  about  8000  miles, 

Fig.  2. 


the  distance  SE,  of  the  earth  from  the  sun  is  11,600  times  as  much. 
The  diagram  also  is  drawn  as  if  the  inclination  of  the  earth's  axis  to 
the  plane  of  the  orbic,  which  is  in  reality  66°  32'  48",  were  90°. 

The  two  positions  Ev  E\  are  1,600,000  miles  apart.  When  the 
earth  is  in  the  first  position  let  the  sun  S  and  a  fixed  star  S'  be 
on  the  meridian.  After  the  earth  has  made  exactly  one  turn  the 
meridian  is  parallel  to  its  former  position,  and  no  longer  passes 
through  the  centre  of  the  sun,  nor,  strictly  speaking,  through  that  of 
the  star.  From  the  position  shown  at  E2  the  meridian  must  turn 
through  a  further  angle  equal  to  ElSEt  to  be  coincident  with  S,  and 
through  a  smaller  angle  Ex8Et  to  contain  S'. 

The  distance  of  the  nearest  fixed  star  is,  however,  so  great,  that 
the  latter  interval  is  too  small  to  be  observed,  and  thus  the  meridian, 
as  nearly  as  observation  can  detect,  passes  in  the  position  E2,  again 
through  the  star  S'.  Of  course  the  distance  S'EX  in  the  diagram  is 
shown  on  far  too  small  a  scale.  The  distance  of  the  nearest  fixed 
star,  namely,  a  Centauri,  is,  according  to  the  best  observations  of  its 
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annual  parallax,  about  274,000  times  that  of  the  sun.  Thus,  in  Fig.  2, 
the  distance  S  Ex  ought  to  be  274,000  times  SEV  which  for  SEV  an 
inch, would  give  >S'El  about  4  miles  !  The  distance  of  the  nearest  fixed 
star  is  thus  about  25  million  million  miles,  and  the  angle  subtended 
at  the  star  by  the  distance  E^EV  which  is  1,600,000  miles,  cannot 
be  more  than  "0132  of  a  second  of  angle.  The  earth  would  turn 
through  this  angle  in  about  11^00  of  a  second  of  time ;  so  it  is  no 
wonder  that  the  discrepance  between  the  length  of  the  sidereal  day 
and  the  period  of  the  earth's  rotation  is  not  observed. 

11.  Solar  Day.  Mean  Solar  Day. — The  interval  between  two 
successive  passages  of  the  sun's  centre  in  the  same  direction  across 
the  meridian  is  called  a  solar  day.  As  the  sun's  distance  is  only 
93,000,000  of  miles,  the  angle  EtSE2  is  quite  appreciable,  and  this 
angle  must  be  turned  through  (and  a  very  little  more,  since  the  earth 
is  continually  going  forward  in  its  orbit  while  turning)  to  bring  the 
sun's  centre  to  the  meridian.  The  time  required  is  a  little  less  than 
four  minutes,  and  thus  the  solar  day  is  rather  less  than  four  minutes 
longer  than  the  sidereal  day.  The  interval,  however,  is  from  two 
causes  not  quite  invariable  :  (1)  the  earth  moves  in  an  ellipse  round 
the  sun,  and  thus  moves  fastest  in  its  orbit  when  at  mid- winter  it  is 
nearest  to  the  sun,  and  slowest  at  mid-summer  when  the  sun's 
distance  is  greatest ;  (2)  the  earth's  axis  of  rotation,  though  approxi- 
mately always  parallel  to  itself,  is  not  at  right  angles  to  the  plane 
of  the  orbit.  How  these  causes  produce  variation  in  the  length  of 
the  solar  day  will  be  explained  in  the  chapter  on  astronomical 
dynamics. 

What  is  called  a  mean  solar  day  is,  however,  used  for  civil  purposes, 
while  sidereal  time  is  employed  in  observatories  from  its  manifest 
convenience  for  stellar  observations.  The  mean  solar  day  is  the 
proper  average  length  of  the  actual  solar  days  over  a  sufficiently 
great  interval  of  time,  and  since  the  positions  of  stars  or  of  the  sun 
at  any  given  instant  of  time  thus  reckoned  have  been  computed,  the 
actual  mean  solar  time  of  any  instant  can  be  obtained  by  observa- 
tions of  the  heavenly  bodies.  Thus,  an  accurate  clock  set  to  keep  as 
nearly  as  possible  mean  solar  time  at  an  observatory  has  its  error 
determined  by  daily  observations,  and  can  be  arranged  to  give  a 
signal  that  a  chosen  instant  has  arrived. 

12.  Time  Signals. — Time  signals  are  given  at  many  places  by 
arranging  an  observatory  clock  to  pass  a  current  of  electricity  which 
drops  a  ball  or  fires  a  gun, or  in  some  other  waymakes  avisibleor  audible 
signal.  Time  signals  are  also  automatically  distributed  daily  to  the 
chief  provincial  post  offices  of  England  from  the  Royal  Observatory  at 
Greenwich  by  means  of  the  telegraph  lines  radiating  from  the  General 
Post  Office  in  London,  and  these  signals  are  retransmitted  to  the 
subordinate  offices  by  clerks  standing  ready  to  signal  when  the  time 
indication  from  Greenwich  arrives  at  the  provincial  offices. 

At  various  places  in  London  and  elsewhere  clocks  are  to  be  found 
in  private  establishments  which  are  said  to  be  kept  regulated  to  exact 
mean  solar  time.     These  are  often  many  seconds  in  error,  and  even 
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a  clock  continuously  controlled  may  indicate  wrongly,  inasmuch  as 
it  is  only  kept  in  beat,  and  an  error  of  a  whole  number  of  seconds 
left  at  starting  will  remain  unchanged.  Dependence  can  only  be 
placed  on  the  public  time  signals,  or  the  hourly  private  signals  which 
are  received  at  many  business  establishments.  The  first  stroke  of 
each  hour  also  on  the  clock  at  Westminster  Palace  may  generally  be 
taken  as  the  exact  time  to  within  less  than  a  second,  if  heard  at  a 
point  in  or  very  near  Palace  Yard. 

13.  Numerical  Relations  of  Solar  and  Sidereal  Time. — The 
mean  solar  day  is  1-00273791  sidereal  day.  A  sidereal  second  of 
time  is  defined  as  the  interval  in  which  the  earth  turns  through 
-^^j.  of  a  complete  turn,  that  is,  through  the  angle  360°/86400  or 
-^  of  1°,  a  sidereal  minute  as  the  interval  in  which  the  earth  turns 
through  \  of  1°,  and  a  sidereal  hour  as  the  interval  in  which  the 
earth  turns  through  15°. 

The  mean  solar  day  is  thus  24h.  3m.  56'556s.  of  sidereal  time. 

A  mean  solar  day  is  divided  likewise  into  86,400  mean  solar 
seconds,  in  the  sense  that  a  mean  solar  second  is  the  time  taken  by 
the  earth  to  turn  about  its  axis  through  gFTrnr  Par*  °^  the  angle 
it  turns  through  in  a  mean  solar  day,  and  so  for  the  other  intervals, 
the  minute  and  the  hour.  A  sidereal  day  is  23h.  5Gm.  4-090s.  of 
mean  solar  time. 

14.  Question  of  Slowing  of  the  Earth's  Rotation. — It  will  be 
observed  from  what  has  been  stated  above  that  the  equality  of 
intervals  of  time  is  nothing  ultimate  or  absolute,  but  is  a  matter  of 
definition.  Equal  intervals  of  time  are  here  defined  as  those  in  which 
the  earth  turns  through  equal  angles  about  its  axis.  As  has  been 
already  stated  a  dynamical  method  of  defining  equal  intervals  of  time 
will  be  described  later,  and  some  further  information  will  be  given  as 
to  the  possible  discrepance  between  intervals  of  time  so  denned  and 
the  measures  given  for  them  by  the  rotation  of  the  earth.  Owing  to 
tidal  friction  the  earth's  rotation  must  be  very  gradually  falling  off, 
and  this  influence  is  only  very  slightly  counteracted  by  shrinkage  of 
the  earth's  volume,  an  effect  which  we  shall  see  increases  the  speed 
of  rotation. 

It  is  clear  that  any  slowing  of  the  earth's  rotation  would  become 
apparent  by  an  advance  of  the  heavenly  bodies  beyond  their  calculated 
places.  This  has  been  observed  in  the  case  of  the  moon,  which 
appears  to  be  in  advance  of  its  calculated  place  by  an  amount  which 
increases  as  the  square  of  the  time.  Part  of  this,  there  is  reason  to 
believe,  is  due  to  gradual  diminution  of  the  eccentricity  of  the  earth's 
orbit,  but  there  is  an  outstanding  remainder  which,  if  put  down  to 
tidal  friction,  shows  that  the  earth  falls  behind  a  watch  or  clock 
keeping  exact  time  by  about  twenty-two  seconds  in  a  century.  (See 
the  Chapter  below  on  Astronomical  Dynamics.) 


CHAPTER  II. 
KINEMATICS,  OR  THE  GEOMETRY  OF  MOTION. 

15.  The  physical  phenomena  which  first  attract  attention  are 
those  presented  by  the  motions  of  bodies.  But  these  motions  are  only 
relative,  that  is,  they  are  the  changes  of  position  of  some  bodies 
relatively  to  others  which  we  regard  as  fixed.  Absolute  or  non- 
relative  motion  seems  to  be  an  impossible  idea. 

16.  Position  of  a  Point.      Steps. — It  is  necessary  therefore  to 


Fig.  3. 


suppose  first  that  the  position  of  a  point  is  expressible  with  reference  to 
some  geometrical  system  supposed  known  and  fixed  in  space.  Thus, 
if  we  have  a  plane,  a  line  in  that  plane,  and  a  point  in  the  line  all 
given,  we  may  define  the  position  of  a  point  P  not  in  the  plane  in  the 
following  manner : — Let  the  line  beginning  at  0  and  ending  at  P  be 
called  the  step  OP.  This  step  is  equivalent  to  three  other  steps 
which  may  be  made  with  reference  to  the  given  plane  and  line  as 
follows.  First  a  step  OM,  Fig.  3,  is  made  along  the  line  OX,  then  a 
step  MX  in  the  given  plane  and  perpendicular  to  OX,  and  lastly  a 
step  NP  at  right  angles  to  the  plane.  These  steps  are  perfectly 
determinate  in  magnitude  and  direction,  but  they  may  be  taken  in 
any  order.     For  example  we  might  take  first  the  step  ON'  equal  in 
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length  and  parallel  to  MJSft  then  R'N  equal  and  parallel  to  OM,  and 
finally  NP  as  before. 

17.  Addition  and  Equivalence   of  Steps.— It  is  clear  that  the 
step  OP  might  be  specified  by  any  number  of  successive  steps  OA, 

Fig.  4. 


or, 
or 


AB,  BC,  ...  ,  NP,  Fig.  4,  taken  in  any  manner  whatever,  subject  to 
the  single  condition  that  the  series  starts  from  0  and  ends  at  P. 
Thus  we  may  write,  using  the  sign  of  equality  to  denote  equivalence, 

OP  =  OA+AB  +  BC+...+±VP  \ 

OA+AB  +  BC+...  +  XP  +  PO  =  0  I  (1) 

OP  +  PN+...  +  CB  +  BA  +  AO  =  0  ) 

since  either  of  the  last  two  arrangements  of  steps  forms  a  closed 
chain  starting  from  0  and  returning  to  the  same  point. 

From  these  we  see  that  any  step  OP  must  be  taken  as  equivalent 
to  the  step  -  PO,  inasmuch  as  we  have 

OP  +  PO=0.  (2) 

It  is  to  be  observed  that  here  all  steps  are  taken  as  equivalent 
which  are  the  same  in  the  two  respects,  magnitude  and  direction, 
without  regard  to  the  position  of  the  points  which  mark  the  beginning 
and  end  of  the  step.  Steps,  however,  will  occur  later  which  are 
localised,  that  is  act  along  specified  fines. 

Consider  now  the  single  step  which  is  equivalent  to,  or  is,  as  we 
shall  term  it,  the  resultant  of  two  steps,  p a,  qfi,  where  p,  q  are  any 
real  numbers,  and  a,  /3  steps  of  given  length  in  assigned  directions. 
If  AB  (Fig.  5)  represent  pa  (a  being  a  step  in  the  direction  AB), 
and  BC  in  the  same  way  represent  qfi,  we  have 

AC=pa  +  qp. 
If,  then,  we  have  also 

AC—p'a  +  q'fi 
we  get 

{p-p')a  +  (q-q')P  =  0.  (S) 
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Now  it  is  clear  that  no  step  in  the  direction  BC  can  annul  a  step 
in  the  direction  AB.     Hence  (2)  gives  the  two  equations 

p=p',   i=q'-  (4) 

Again,  if  pa,  qft,  ry  (Fig.    6)   be   three   successive   steps   AB, 


BC,  CD,  and  the  four  points  A,  B,  C,  D  do  not  lie  in  one  plane,  the 
equivalence 

pa  +  qfi  +  ry  =p'a  +  q'fi  +  r'y, 

where  p,  q,  r,  p',  q  ,  r'  are  numbers,  yields  three  equations  connecting 
these  multipliers,  namely, 

p=p,    q  =  q',     r=rf.  (5) 

For  the  two  steps  pa,  qfi  give  a  resultant  AC,  and  this  combined 
with  ry  makes  up  the  step  AD,  and  no  other  single  step  in  the 


plane  ABC  than  AC  combined  with  a  step  along  CD  (which  is  not 
in  that  plane)  would  give  the  resultant  AD. 

The  numerical  multipliers  p,  q,  r,  which  may  be  positive  or  nega- 
tive, integral  or  fractional,  are  frequently  called  scalar  quantities,  or, 
simply,  scalars. 

The  theorem  just  proved  is  of  great  importance  in  the  algebra  of 
displacements.  The  first  simple  case  of  it  stated  in  (3)  is  represented 
in  Fig.  7,  and  is  expressed  by  the  theorem  that  the  opposite  sides  of 
a  parallelogram  are  equal  to  one  another. 

18.  Examples  of  the  Geometry  of  Steps. — The  results  already 
obtained  afford  easy  proofs  of  geometrical  theorems :  but  we  shall 
confine  ourselves  here  mainly  to  those  which  are  of  direct  use  in 
dynamics. 


14 
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Draw  the  diagonal  BD  of  the  parallelogram  in  Fig.  7,  and  let 
the  two  diagonals  intersect  in  E.     Then  we  have 


-pec 


where  m   is   some  multiplier  to  be   determined.      [Of  course  also 
EC=(l-m)(pa  +  ~qp).]     But  also 

A  E  =  AD  +  BE  =  q&  +  m'(  pa  -  q$) 

where  m'  is  another  multiplier.     Hence  we  obtain 

m(pa  +  q$)  =  q&  +  m'(pa  -  q&), 


or, 


m-m'  =  0,     m  +  m'  =  1,  that  is 
m  =  m'  =  4. 


This  proves  that 

AE  =  h(AB  +  BC),    DE  =  ±(DC+CB) 

or  the  diagonals  of  the  parallelogram  bisect  one  another. 

Again,  let  steps  a,  £,  y  be  drawn  from  an  origin  0  to  three  points 

Fig.  8. 


A,  B,  C  (Fig.  8),  not  necessarily  in  the  same  plane  with  0.     Let  1) 
be  the  point  midway  between  B  and  C.     Then 


OD  =  OC+CD  =  y  +  ^-y)  =  ^  +  Y). 

J)  is  called  the  mean  jwint  of  B,  C. 

If  now  G  be  &  point  on  AD  we  shall  have 

OG  =  OD  +  DG  =  $(p  +  y)  +  k[a-h(p  +  y)] 


CO 
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where  k  is  a.  scalar  multiplier.     If  G  be  taken  so  that  DGjGA  =■■  |, 
we  have  I  —  - .  md 

OG=H«  +  P+y)-  (7) 

G  is  called  the  mean  point  of  A,  B,  C. 

19.  Mean  Point  of  a  System  of  Points. — Consider  now  any 
number  r  of  points  Av  A9  ...,  Au  not  necessarily  in  one  plane,  the 
steps  to  which  from  O  are  a,,  «„  ...,  «„.  A  paint  &  can  be  found 
the  step  to  which  from  0  is  given  by  the  equivalence 

0<?=-(«1+«i+ ....+«,)-  ^ 

<C  is  called  the  mean  point  of  the  system  Av  Av  ...,  Jr 

The  point  G  thus  found  is  independent  of  the  choice  made  of 
the  point  O,  the  origin  from  which  the  steps  to  Av  Av  ...,  Am  are 
measured.  For  let  any  other  point  O"  be  chosen  as  origin,  and 
the  step  from  it  to  0  be  p.  We  have  then  0'JI=a1(  =  a1+|»), 
(/A,  —  a'j(  =  aj  +  p),  ....  Let  the  mean  point  found  in  the  same  way  as 
before  be  6^.     The  step  from  (/  to  G"  is 

0'C=V1  +  a'I+...+«'li)  =  l(«1  +  «Il+...+o.)+/», 
n  » 

which  is  obviously  the   step  from  (X  to  G.     G  and    C  are  thus 
coincident. 

If  any  number  k  of  the  points  Av  Av  ...,  form  a  group  co- 
incident at  A.  say,  £  others  form  a  group  coincident  at  another 
point  B,  and  so  on,  and  a,  /3,  y,  ...  be  the  steps  from  0  to  the 
respective  groups,  we  have  clearly  by  (8) 

(h  +  k+....)OG=n.OG=h*  +  kp+....  (9) 

The  step  n.OG  is  the  resultant  of  the  steps  ^,0,,  ...,  ami  that 
-  is  the  single  step  which  is  equivalent  to  the  whole  set  of  steps 
taken  in  succession,  each  in  its  own  proper  direction,  and  each 
having  its  initial  point  coinciding  with  the  final  point  of  the  pre- 
ceding step.  The  step  n.OG  is  also  the  resultant  of  the  steps 
ha  +  k$+  .... 

We  may  call  the  numbers  h,  k,  ...,  for  the  present,  the  multi- 
plicities of  the  steps  to  the  points  A ,  B,  .... 

Replacement  of  Groups  of  Points  by  Single  Points. — It  is 
worth  noticing  that  if  we  have  say,  m,  points  of  any  given  multi- 
plicities, we  may  divide  these  in  any  chosen  way  into  groups,  find 
the  mean  point  of  each  group,  then  suppose  each  group  replaced 
by  its  mean  point,  supposed  to  have  a  multiplicity  equal  to  the  suni  of 
the  multiplicities  of  the  group,  and  find  the  mean  point  of  the  final 
system,  which  will  be  that  of  the  original  system.  For  putting 
hv  hv  ...  for  the  multiplicities  of  the  points  of  one  group  the  ad 
to  which  from  the  origin  are  av  a,,  ...,  kv  k3...  for  the  multiplicities 
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of  another  group  the  steps  to  which  are  ^1,  ^2,  ...,  and  so  on,  we  see  by 
(9)  that  the  mean  point  of  the  system  is  given  by 

(hl+h2+...  +  kl+ka  +...  +  ...  )0G 

=  hlal+h1!a2+  ...  +  kipi  +  k£i  +  ...  + 


or  as  it  may  be  written 

(hl  +  h2+  ...  +kl  +  k.,+  ...  +  ...)0G 

+ (**+*.+ - ...)——-—..  (1Q) 

The  quantity  on  the  right  is  the  sum  of  the  products  obtained  by 
multiplying  the  step  to  the  mean  point  of  each  group  by  the  sum 
of  the  multiplicities  of  the  points  of  the  group.  Thus  the  theorem 
stated  above  is  proved. 

This  theorem  is  continually  employed,  as  will  be  seen  later,  in 
the  ordinary  process  of  finding  the  centre  of  inertia,  or  centre  of 
mass,  of  a  system  of  particles,  whether  discrete  or  forming  a  con- 
tinuous body. 

As  an  example,  we  may  find  from  (9)  how  to  construct  the  result- 
ant of  the  steps  0AX,  0A2,  where  Av  A,  have  multiplicities  h,  k 
respectively.  Let  OG  (where  G  lies  on  AYA2)  be  the  direction  of 
the  resultant.  G  is  the  mean  point  of  At,  Ait  as  we  have  seen. 
Then 

and 

or 

^=-  (11) 

GA3    h  K     ' 

Thus  G  divides  Av  At  into  two  parts  Afi  GAV  which  are  inversely 
as  the  multiplicities  of  the  initial  and  final  points.  The  resultant  of 
the  steps  0AV  0AS  is  represented  by  (h  +  k)OG. 

21.  Properties  of  the  Mean  Point. — Returning  to  the  case  of  a 
system  of  particles  at  points  A,  B,  ...  and  of  multiplicities  h,  h,  ... 
let  the  mean  point  of  the  system  be  taken  as  origin,  and  any  straight 
line  be  drawn  through  this  point.  The  step  from  G  to  the  point  ^1 
may  be  compounded  of  two  steps,  a  step  px  from  G  along  this  straight 
line,  and  a  second  step  a  perpendicular  to  this  straight  line  from  the 
final  point  of  p,  to  A.  Thus  a  =  pi  +  a.  Similarly  the  step  GB 
may  be  compounded  of  p3  and  £',  the  former  along,  the  latter  perpen- 
dicular to  the  straigh!  line  through  G.     Thus  we  get  by  (9) 
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h(Pl  +  a')  +  k(Pt  +  l3')+ =0, 

or 

hPl  +  kP,  +  ...  +  ha'  +  kp  +  ...  =»  0. 

It  is  obvious  that  hpx  +  kp2  +  ...  is  equivalent  to  a  step  along  the 
given  straight  line,  while  ha,  k$,  ...  are  steps  in  the  direction  of  a, 
/3',  ...  respectively.  The  interpretation  of  the  equation  just  found  is 
of  course  that  if  these  steps  be  taken  in  succession,  in  their  proper 
directions,  they  will  give  a  closed  polygon.  But  the  steps  ha,  kfi', 
. . .  thus  taken  will  lie  in  a  plane  perpendicular  to  the  straight  line, 
and  hence  we  must  have 

hpl  +  kp9  +  —  =0. 

Thus  if  each  of  the  points,  A,  B,  ...  were  transferred  to  the  foot 
of  the  perpendicular  let  fall  from  the  actual  position  of  the  point  to 
any  straight  line  through  the  mean  point  of  the  system,  the  mean 
point  would  not  be  altered. 

Now  consider  any  number  n  of  steps  A  Bv  A2Br  ...  drawn 
from  a  set  of  initial  points  Av  A2,  ...,  An,  to  a  set  of  final  points 
Bv  Br  ...,Bn.  The  steps  OBv  OB2, .'..,  OB„  to  the  points  Bv  B2,  ...,  Bn, 
from  any  origin  0,  have  a  resultant  n.OGB  where  GB  is  the  mean 
point  of  Bv  B2,  ...,  Bn.     But 

n.0GB  =  OBx  +  OB0+....  +  OBn 

=  OA\  +  A1Bl  +  OA2  +  A2B2  + +  0A„  +  A  nB„. 

If  0  be  the  mean  point  of  Av  Av  ...,  An,  we  have  identically 

OA^OA^ +  OAn  =  0, 

and  therefore 

n.OGB  =  A1Bl  +  A2B2+....  +  AnBH. 

The  resultant  of  the  n  given  steps  is  thus  n  times  the  step  joining 
the  mean  points  of  the  groups  of  initial  and  final  points. 

Any  step  OA  may  be  resolved  into  any  number  of  steps  of  which 
it  is  the  resultant.  For  these,  if  taken  in  succession,  will  form  an 
unclosed  polygon,  not  necessarily  plane,  the  initial  point  of  which  is 
0,  and  the  final  A. 

22.  Calculation  of  Length  and  Direction  of  Resultant  Step. — It 
is  frequently  necessary  to  calculate  the  numerical  length  of  the  resul- 
tant of  two  steps,  when  their  lengths  and  the  angle  between  them  is 
given.  Thus,  taking  the  arrangement  of  Fig.  5,  let  8V  s2  be  the 
lengths  of  AB,  BC.  The  angle  between  these  steps  we  take  as  the 
angle  between  AB  produced  and  BC.  Let  it  be  denoted  by  6.  Then 
if  s  be  the  length  of  A  C  the  resultant,  we  have  by  an  elementary 
theorem  of  the  trigonometry  of  the  triangle, 

s>  =  s*  +  s2-  +  2s1s2cos6,  (12) 

which  gives  s. 
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The  angle  BAG  which  s  makes  with  AB  must  also  clearly  fulfil 
the  relation 

cos  BG  A  —  J 2 , 


similarly  we  have 


T>n  a        s,  +  s.cosd 
cos  BC  A  =  -3 > 


L    (13) 


If  we  have  given  any  number  of  steps,  and  it  is  required  to  find 
the  length  and  direction  of  their  resultant,  we  may  use  this  theorem 
to  find,  first,  the  length  and  direction  of  the  resultant  of  two  of  the 
given  steps,  which  may  then  be  supposed  replaced  by  their  resultant. 
The  resultant  of  this  and  a  third  step  may  then  be  calculated  in  the 
same  way,  and  so  on  until  the  whole  system  given  is  exhausted. 

23.  Rectangular  Resolution  of  Steps.  Mean  Point  found  by 
Rectangular  Steps. — As  a  particular  case  of  such  resolution,  we  may 
resolve  OA  into  two  steps  at  right  angles  to  one  another,  or  into 

Fig.  9. 


three  steps  which  are  mutually  at  right  angles.  This  last  mode  of 
resolution  will  be  very  often  useful  in  the  treatment  of  a  system  of 
steps,  and  we  shall  choose  for  each  step  the  same  directions  of  resolu- 
tion. Thus  in  Fig.  9  the  three  steps,  OM,  MX,  NA,  are  supposed 
to  be  in  the  directions  OX,  OY,  OZ  respectively,  and  their  sum  is 
equivalent  to  OA.  We  shall  denote  unit  steps  along  OX,  OY,  OZ 
respectively  by  i,  j,  k,  and  the  numbers  of  such  units  in  OM,  MX, 
XA  by  x,  y,  z,  so  that  0M=-  xi,  MX=  yj,  XA  =-■  zk.     Thus 

OA  =  xi  +  yj  +  zk. 

OX,  OY,  OZ  are  called  the  axes  of  co-ordinates,  and  are  ref erred 
to  as  the  axes  of  x,  y,  z  respectively. 

The  projection  of  a  step  OA,  on  another  OB,  is  the  step  OM, 
intercepted  between  0  and  the  foot  of  a  perpendicular  AM  let  fall 
from  A  on  OB  ;  x,  y,  z  are  the  lengths  of  the  projections  of  OA  on 
these  axes  of  co-ordinates. 

"We  may  exemplify  this  mode  of  resolution  by  applying  it  to 
the  discussion  of   the  mean  point  of  a  system  of   particles,  §  19. 
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Let  three  mutually  rectangular  directions,  OX,  OY,  OZ,  be  chosen, 
along  which  i,  j,  k  are  unit  steps,  and  let  x^  yv  zx,  x3,  y3,  z%,  ...  be 
quantities  such  that 

OA=xli  +  yJ  +  zlk 
OB  =  xj  +  yj  +  z£ 


The  equation 

(h1+h,+  ...)OG  =  n.OG  =  h1.OA+hrOB  +  ... 

gives,  if  x,  y,  z  be  the  lengths  of  the  steps  along  OX,  OY,  OZ  which 
taken  together  are  equivalent  to  OG, 


nx  =  A,t1  +  h.,x.,  +  h3x3  +  . .  . 
nz=hizl  -/,.,z2+h3z3+... 


(14) 


If  x '=  y  =  z  =  0,  that  is  if  0  be  the  mean  point  of  the  system 
the  quantities  on  the  right  of  (14)  are  each  zero.     Equations  (14) 


Fig.  10. 


A* 


% 


A, 


will  be  of  great  use  in  the  determination  of  the  centres  of  mass  of 
systems  of  particles. 

24.  Connection  between  Length  and  Direction  of  Step  and  its 
Rectangular  Components. — If  the  number  of  units  of  length  in  OA 
be  I,  it  is  easy  to  prove  that 


I*  =  x'{  +  y{  +  Z{. 


(15) 


For  let  Fig.  10  represent  a  rectangular  prism,  the  edges  of  which, 
meeting  at  0,  lie  along  the  axes  OX,  OY,  OZ,  and  which  is  such  that 
OAx  =  xv  0A2  =  yv  OA3  =  zv  so  that  OA  =L.  Let  rx  be  the  length  of 
the  step  AXA,  then  since  OAxA  is  obviously  a  right  angle,  we  have 
l{  =  x{  +  r,2 ;  and  since  r*  =  y*  +  z*,  we  obtain  the  relation  stated 
above. 
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Again,  if  av  0P  y,  be  the  angles  between  the  step  OA  and  the 
axes,  it  is  easy  to  see  by  Fig.  10  that 

(16) 


_^i 


COSa^-i,    cOS^p,    COSyj  =  -^ 


These  cosines  (called  usually  the  direction-cosines  of  the  step)  are 
connected  by  the  relation 


COS2at  +  COS2/3j  +  COS'-'yj  =  1 , 


0<) 


as  is  obvious  from  (15).     Similarly  the  direction-cosines  a2,  p2,  yr 
Of  OB  are  xjlt,  yJK,  zt/l3,  where  l2  is  the  length  of  OB. 

The  sum  of  the  projections  on  a  step,  OA,  of  any  number  of  suc- 
cessive steps  beginning  at  0,  and  ending  at  B,  is  also  OM.     This  is 


Fig.  11. 


obvious  from  Fig.  11,  in  which  the  steps  Oa,  ah, 
as  not  coplanar. 
But  we  have 

OB  =  x2i  +  yJ+z2k, 


may  be  regarded 


and  the  lengths  of  the  projections  of  x2i,  yj,  z2Jc  on  OA  are  respec- 
tively x%xjlv  y2yxjlx,  z2zilh'  Thus  if  6  denote  the  angle  A  OB  between 
the  two  steps  OA,  OB,  we  obtain  the  equation 


costf  =  -=M  + 


COS  6  =  COS  a,  COS  a2  4-  COs£xCOS0,  +  COSy,COSy2. 


(18) 


25.  Relative  Displacement. — We  shall  now  consider  displace- 
ments of  a  system  of  particles  relatively  to  a  particle  which  itself  has 
suffered  displacement.  Let  the  system  consist  first  of  a  single 
particle  B,  and  let  A  be  the  particle  relatively  to  which  the  displace- 
ment is  to  be  determined.  Let  a,  fi  be  the  displacements  to  which 
A,  B  have  been  respectively  subjected.  "We  define  the  displacement 
of  B  relatively  to  A  as  the  total  step  made  by  B  when,  after  the  dis- 
placements a,  /3  have  been  effected,  both  particles  are  given  a  displace- 
ment equal  and  opposite  to  that  of  A ,  that  is  a  displacement  —  a. 
Thus  it  is  0  -  a. 
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The  displacement  of  B  with  respect  to  A  is  the  displacement  to 
which  /3  is  changed  by  imposing  on  both  A  and  B  displacements  equal 
and  opposite  to  a.  By  this  process  A  is  brought  back  to  its  original 
position  with  respect  to  the  geometrical  system  of  reference,  while  the 
configuration  of  the  particles  in  space  is  not  changed. 

26.  Relative  Displacement  of  Mean  Points  of  Two  Groups. — 
Now  consider  two  groups  of  points  Ax,  A2,  ...,  Am,  Bv  B2,  ...,  Bn,  all 
of  the  same  multiplicity,  unity  say,  and  let  these  receive  displace- 
ments av  a2,  ...,  am,  ft,  ft,  ...,  pn.  The  displacement  of  the  mean 
point  GA  of  the  first  group  is  (al  +  a2+  ...+  ftj/m,  and  that  of 
GB  the  mean  point  of  the  second  group  is  (ft  +  ft  +  . . .  +  ft,)/?*- 
The  displacement  of  GB  relatively  to  GA  is 

(ft  +  ft  +  . . .  +  ft,)/**  —   (a,  +  a2  +  . . .  +  am)jm, 

and  that  of  GA  relatively  to  GB  is  the  same  quantity  with  the  opposite 
sign.  If  this  quantity  vanishes  the  mean  points  of  the  groups  suffer 
no  relative  displacement. 

If  the  multiplicities  of  the  points  of  the  groups  be  gv  gv  ...,  g,„, 
A„  A,,  ...,  hH  we  must  write  in  the  formula?  just  obtained  gxav  g2a2, 
■■■■>  Umflm  f°r  <*!>  a2,  ...,  am,  Ajft,  hp2,  ...,  A„ft,  for  ft,  ft,  ...,  ftt  and 
9i +  9s  +  •  ■  •S'jmj  h1  +  h2+  ...+hH  for  >/*,  n  respectively.  Thus  the 
displacement  of  GB  relatively  to  GA  becomes 

rrrz     zr  (AA  +  *^»  +  ■  •  •  +  hM 

n1  +  n2+  ...  +  nH 

(9iai  +  92a2+  — •  +*»•*)• 


9i  +  9o+  ■■■+9« 


27.  Rotation  of  a  System  of  Particles  round  an  Axis. — We  now 
consider  the  displacement  of  a  system  of  n  particles  by  simple  revolution 
round  an  axis.  The  displacement  is  expressed  by  the  statement  that 
the  perpendiculars  let  fall  from  the  particles  of  the  system  to  the  axis 
are  all  turned  (while  remaining  perpendicular  to  the  axis)  round 
their  extremities  at  the  axis  through  the  same  angle  6.  It  is  clear 
that  since  the  particles  are  not  relatively  displaced  and  the  perpen- 
diculars remain  of  the  same  length  as  before,  the  perpendicular 
let  fall  from  the  mean  point  of  the  system  to  the  axis  also  remains 
of  the  same  length,  and  is  turned  through  the  same  angle.  Also 
the  mean  point  of  the  system  is  not  changed  by  turning  the 
whole,  without  relative  displacement  of  the  particles,  round  an  axis 
which  passes  through  the  mean  point  in  the  initial  position  of  the 
system. 

28.  Multiplication  of  Steps  by  Complex  Numbers.— If  a  step  p 
be  turned  through  180°  it  becomes  -p.  Thus  we  may  call  multi- 
plication by  -  1  the  operation  which  reverses  the  direction  of  a 
step.  This  reversion  of  direction  may,  however,  be  regarded  as  the 
result  of  two  successive  turnings  of  the  step  through  a  right  angle 
in   any   definite  plane.     Thus  if  r  =  -  1 ,  i  is  an  operator  multipli- 
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cation  by  which  turns  a  step  through  90°  in  that  plane.  The 
operator  may  be  positive  or  negative,  that  is  the  step  may  be  turned 
through  90°  in  the  positive  or  in  the  negative  direction.  The 
direction  of  turning  is  positive  when  to  an  observer  regarding  the 
line  it  appears  to  turn  oppositely  to  the  hands  of  a  watch,  the  face 
of  which  is  seen  in  the  plane  of  turning  by  the  obsexwer.  If  i  is  the 
operator  which  turns  a  step  thi'ough  90c  in  this  direction,  -  i  is  the 
operator  which  turns  it  through  90°  in  the  reverse  direction.     Thus 
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multiplication  by  +  i  followed  by  multiplication  by  -  i,  or  vice  versa, 
is  equivalent  to  multiplication  by  +  1,  that  is  the  process  leaves  the 
step  unaltered. 

Thus  if  a,  /3  be  any  two  steps  a  +  ifi  is  the  resultant  of  the 
step  a  and  a  step  j3  turned  through  a  right  angle  in  the  positive 
direction  from  that  of  /3.  The  step  i(a  +  i/3) 
or  ia-fi  is  a  step  of  the  same  length  as  a  +  i/3 
but  turned  through  +90°  from  the  direction  of 
that  step.  This  is  easily  verified  by  a  diagram 
(Fig.  12) :  ia  is  a  turned  through  +  90°,  and  the 
combination  of  this  with  p  reversed  must  give  a 
resultant  perpendicular  to  o  +t/3. 

If  a,  b  be  the  number  of  units  of  length  in  a,  |S 

■-— t —  respectively,  the  number  of  units  of  length  in  each 

of   the  steps  a  +  r/3,  a  -*/3»  *o  —  /3,  ia+fl  is  the 
same,  namely  Ja-  +  b2.      The    positive    numbers 
a,  b  may  be  called  the  moduli  of  a,  /3,  and  N/a-  +  b-  (always  taken 
positive)  is  the  modulus  of  each  of  the  resultant  steps  exhibited. 

Multiplication  of  a  step  by  a  positive  number  x  simply  multiplies 
the  modulus  of  the  step  by  x,  that  is  it  alters  the  length  of  the  step 
to  x  times  its  former  length.  Multiplication  by  -  x  alters  the 
length  of  the  step  in  the  same  ratio,  and  reverses  its  direction. 
Hence  multiplying  by  xi  alters  the  length  in  the  ratio  of  x  to  1,  and 
turns  the  step  through  +  90  .  Multiplication  by  -xi  effects  the 
same  stretch,  as  we  may  call  it,  and  turns  through  -  90°. 

A  quantity  x  +  yi  where  x,  y  are  any  positive  or  negative  real 
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numbers,  and  i  is  the  operator  just  defined,  is  called  a  complex  number. 
The  positive  number  Jx2  +  y2(  =  r)  is  its  modulus,  and  the  number 
x-  +  y-  is  called  its  norm.  If  6  be  such  that  cosd  =  x/r,  sind  =  y/r,  6 
is  called  the  argument  of  the  complex  number. 

When  a  step  a  is  multiplied  by  the  complex  number  x  +  yi, 
where  x  and  y  are  positive  real  numbers,  the  result  is  the  step 
xa  +  yia.  The  first  part  is  the  original  step  a  stretched  in  the 
ratio  of  x  to  1  ;  the  second  part  is  a  stretched  in  the  ratio  of  y  to  1 , 
and  turned  through  +  90°  (see  Fig.  12').  If  the  complex  number 
be  x  -  yi,  the  result  is  the  same  as  before  except  that  the  angle  of 
turning  for  the  second  part  is  —90°.  If  the  number  is  —x  +  yi 
the  first  part  is  reversed  in  direction,  the  second  part  remains  yia. 
If  the  number  is  —x-yi,  the  result  is  —  (xa  +  yia)  that  is  the 
first  result  reversed.  The  length  of  the  new  step  in  each  case  is 
Jx2  +  y2  x  the  length  of  the  step  a. 

Again,  multiplication  by  two  complex  numbers,  x  +  yi,  x  +  y'i, 
in  succession,  where  x,  x,  y,  y  are  any  real  numbers,  is  equivalent 

Fig.  13. 


to  multiplication  by  the  complex  quantity  xx  -  yy  +  {x'y  +  xy')i, 
which  is  the  product  of  the  complex  numbers.  This  will  be  seen 
at  once  by  performing  the  multiplications.  The  modulus  of  this 
complex  number  is  J(xx  —  yy')2  +  {xy  +  x'y)2  or  Jx2  +  y2  Jx'2  +  y'2, 
the  product  of  the  moduli  of  the  separate  numbers.  In  the  same 
way  the  result  of  multiplying  by  n  complex  numbers  in  succession 
can  be  found.  It  is  the  same  as  that  of  multiplying  by  a  single 
complex  number  which  is  the  product  of  the  n  complex  factors  : 
the  modulus  of  this  is  the  product  of  the  moduli  of  the  factors ;  its 
argument  is  the  sum  of  the  arguments  of  the  factors. 

29.  Continuous  Displacement.  Generation  of  a  Curve  by  Point 
moving  along  a  Turning  Line.  Speed. — We  have  now  to  consider 
displacement  progressing  in  time.  With  the  metaphysical  idea  of 
time  we  are  not  here  concerned  :  it  must  be  taken  for  granted.  The 
succession  of  ideas  and  of  events  gives  a  notion  of  the  flux  of  time, 
and  we  shall  here  consider  it  as  a  quantity  capable  of  being  divided 
into  successive  measurable  intervals  of  any  degree  of  smallness.  The 
practical  definition  of  equal  intervals  of  time  is  considered  above  in 
chapter  i.,  and  it  will  be  further  dealt  with  in  the  fuller  discussion 
to  follow  of  Measures  and  Instruments. 

Let  a  geometrical  curve  be  conceived  as  generated  by  the  motion 
of  a  point  along  a  straight  line  which  is  turning  round  the  point,  as 
in  Fig.  13.     If  the  curve  lies  in  a  plane,  or  is,  as  it  is  called,  a  plane 
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curve,  the  line  lies  always  in  one  plane.  The  straight  line  in  any  one 
of  its  positions  is  called  the  tangent  to  the  curve  at  the  point. 

We  have  first  to  consider  the  motion  of  the  point,  then  that  of  the 
line.  Let  it  be  supposed  that  in  an  interval  of  time  t  the  point 
describes  a  distance  along  the  curve  equal  to  s.  Then  we  call 
the  ratio  sjt  the  average  speed  of  the  point  during  the  interval  t. 
If  the  motion  is  such  that  when  t  is  divided  into  any  number  n  how- 
ever great  of  equal  parts  the  distance  described  by  the  point  in  each 
of  these  has  the  same  value,  sjn,  the  speed  of  the  point  is  said  to  be 
uniform  during  the  interval  t. 

The  speed  may,  however,  be  variable.  If  it  varies,  we  suppose 
that  the  amount  of  change  of  speed  which  takes  place  in  any  interval 
of  time  t/n,  however  small,  bears  always  a  determinate  ratio  to  the 
interval,  that  is  we  suppose  the  variation  of  speed  to  be  con- 
tinuous. 

30.  Angular  Velocity. — The  motion  of  the  line  in  any  interval  of 
time  is  measured  by  the  angle  through  which  the  line  has  turned  in 
that  interval.  This  angle  is  measured  by  drawing  from  a  point  A, 
say,  two  lines  parallel  to  the  positions  of  the  turning  line  at  the 
beginning  and  end  of  the  interval.  Then  if  a  circle  be  described 
from  A  as  centre  so  as  to  cut  the  two  lines,  the  angle  is  the  ratio  of 
the  length  of  the  arc  intercepted  between  the  lines  to  the  length  of 
the  radius.  Or  if  the  radius  have  unit  length  the  angle  is  simply 
the  length  of  the  arc.  The  unit  angle  is  thus  the  angle  subtended 
at  the  centre  of  the  circle  by  an  arc  of  length  equal  to  the  radius. 

Let  the  angle  turned  through  in  an  interval  t  be  6,  then  6jt  is 
called  the  mean  angular  velocity  of  the  line  during  the  interval  t. 
If  when  t  is  divided  into  any  number  n  however  great  of  equal  parts, 
the  angle  turned  through  is  always  in  the  same  plane,  and  of  amount 
6/n,  the  angular  velocity  is  said  to  be  uniform  during  the  interval  t. 

As  is  the  case  with  the  speed  of  the  point,  the  angular  velocity  of 
the  line  may  be  variable.  If  it  varies  we  suppose  that  the  amount  of 
change  which  takes  place  in  any  interval  of  time  t/n,  however  small, 
bears  always  a  determinate  ratio  to  the  interval,  that  is  we  suppose 
the  variation  of  angular  velocity  to  be  continuous. 

31.  Continuity  of  Motion  of  Line  and  Point. — The  angles  turned 
through  in  the  successive  small  intervals  of  time  t/n  are  in  the  general 
case  neither  equal  nor  in  one  plane.  We  exclude  here  not  only 
sudden  changes  in  the  amount  of  the  angular  velocity,  but  also 
sudden  changes  of  the  plane  of  turning,  that  is,  if  </>'  -  <f>  be  the  angle 
between  the  planes  in  which  the  line  is  turning  at  the  beginning  and 
end  of  an  interval  t/n,  the  value  of  (<£'  -  (f>)/(t/n)  has  always  a  finite 
and  determinate  value. 

The  subject  of  varying  velocity,  whether  linear  or  angular,  will 
be  considered  more  fully  later,  after  some  further  general  considera- 
tions have  been  stated. 

We  impose  the  condition  upon  the  motion  of  the  line  and  point 
that  the  line  does  not  in  any  interval  of  time  during  which  the 
motion  of  the  point  is  considered  make  an  infinitely  great  number  of 
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finite  changes  of  direction.  Thus  if  in  any  interval  of  time  r  chosen 
however  short,  the  point  describes  a  distance  CD  (Fig.  14)  on  the 
curve  AB,  we  exclude  all  such  cases  as  that  in  which  if  the  element 


Fig.  15. 


-'^J*AW«*WlvU 


CD  of  the  curve  were  sufficiently  magnified  it  would  be  found  to  be 
of  the  form  CD'. 

32.  Special  Cases. — Some  special  cases  of  the  mode  of  generating 
a  curve  mentioned  above  may  be  here  shortly  referred  to.  If  the 
point  comes  to  rest  on  the  line  at  a  point  A  (Fig.  15)  and  then 
begins  to  gain  speed  in  the  opposite  direction  along  it,  while  the 
line  continues  to  turn  in  the  same  direction  as  before,  we  have  the 
case  represented  in  the  figure.  If  the  line  reverses  its  angular 
motion  at  the  same  time  as  the  point  reverses  its  linear  motion  at 
the  point  A,  the  curve  has  a  form  like  that  shown  in  Fig.  16.  The 
points  A,  A  are  called  cusps. 

Fig.  16.  Fig.  17. 


If,  however,  the  point  continues  in  motion  while  the  angular 
motion  of  the  line  becomes  zero  at  A,  and  is  thereafter  reversed,  we 
have  the  case  shown  in  Fig.  17,  where  A  is  what  is  called  a  point  of 
inflection. 

33.  Velocity. — The  speed  of  a  point  moving  uniformly  has  been 
defined  above.  We  now  consider  the  velocity  of  a  moving  point. 
The  idea  of  velocity  is  wider  than  that  of  speed,  as  it  includes  the 
direction  of  the  motion  as  well  as  its  amount.  In  what  has  been 
stated  above  we  have  excluded  the  case  of  an  abrupt  change  of 
direction  of  motion,  that  is  the  line  along  which  the  point  is  moving 
is  not  (except  in  some  special  cases  to  be  dealt  with  when  they  arise) 
to  suffer  a  finite  change  of  direction  in  an  interval  of  time  which  for 
practical  dynamical  purposes  is  infinitely  short. 

A  velocity  thus  has  a  definite  directed  value  at  each  instant  of 
time :  how  that  value  and  its  variation  are  to  be  reckoned  we  now 
proceed  to  discuss. 

In  the  case  of  varying  velocity,  as  in  that  of  uniform  velocity, 
the  numerical  value  of  the  rate  of  displacement  is  reckoned  by  the 
number  of  units  of  distance  travelled  per  unit  of  time.     That  unit  of 
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time  may  be  anything — a  year,  an  hour,  a  minute,  a  second,  or  any 
fraction  of  a  second.  Thus  the  speed  of  a  point  may  be  equally 
expressed  by  saying  that  it  is  a  mile  per  minute,  88  feet  per  second, 
or  8*8  feet  per  ^  of  a  second.  Also  that  particular  speed  may  be 
possessed  by  the  point  only  at  one  particular  instant,  and  it  may  be 
retained  unaltered  for  no  interval  of  time  however  short.  Thus  the 
speed  of  a  body  falling  freely  from  rest  under  gravity  at  a  certain 
place  is  32  "2  feet  per  second  at  the  instant  at  which  the  first  second 
of  its  fall  ends  and  the  next  second  begins,  is  64*4  feet  per  second 
at  the  end  of  the  second  second  of  fall  and  the  beginning  of  the  third, 
and  so  on,  while  the  body  does  not  retain  any  of  the  successive  speeds 
it  attains  for  any  interval  of  time  however  short. 

34.  Definition  of  Measure  of  Varying  Velocity. — In  order,  when 
the  velocity  is  varying,  to  define  it  for  a  particular  instant,  we  proceed 
as  follows.  An  interval  of  time  including  the  instant  in  question  is 
taken,  and  the  distance  travelled  by  the  body  in  that  interval  is 
supposed  measured.  Let  it  be  expressed  by  s  units  of  distance. 
Then  if  t  be  the  measure  of  the  interval  of  time  in  terms  of  a  chosen 
unit,  the  average  speed  during  the  interval  is  expressed  numerically 
by  s/t.  Let  now  the  interval  of  time  be  made  smaller  and  smaller, 
but  be  always  taken  so  as  to  include  the  instant  in  question,  then,  if 
the  velocity  vary  continuously,  the  ratio  sjt  will,  as  t  is  made  smaller 
and  smaller,  approach  a  limiting  value,  which  we  define  as  that  of  the 
speed  at  the  instant.  The  direction  of  motion  is,  in  the  limit,  that 
of  the  distance  represented  by  s.  Thus  the  velocity  is  completely 
defined. 

The  justification  of  this  process  rests  in  the  fact  that  we  have  a 
previous  notion  that  if  the  motion  is  continuous  there  must  exist  at 
each  instant  a  true  rate  of  displacement,  and  all  that  is  here  done  is 
to  render  this  idea  definite.  That  the  idea  of  continuity  of  motion 
involves  the  notion  of  a  definite  rate  of  displacement  at  each  instant 
may  be  seen  from  the  following  illustration.  Let  two  trains  run  on 
parallel  lines  of  rails  in  the  same  direction,  one  running  uniformly, 
the  other  gradually  getting  up  speed  from  rest.  Let  now  the  trains 
be  imagined  to  be  so  long  that  a  passenger  in  the  latter  train  has  during 
his  observation  the  uniformly  moving  train  opposite  to  him.  If  he 
fixes  his  attention  on  the  carriage  opposite,  and  withdraws  it  from  his 
own  motion,  he  will  be  conscious  at  first  only  of  a  motion  of  that 
carriage  past  him  in  the  direction  in  which  both  trains  are  moving. 
As,  however,  his  own  train  gets  up  speed  this  relative  motion  will 
fall  off  to  zero,  and  thereafter  the  carriages  of  the  uniformly  moving 
train  will  seem  to  him  to  be  moving  backward.  There  was  no 
interval  of  time,  however  short,  of  transition,  but  at  an  instant,  the 
dividing  mark  between  two  intervals,  the  two  trains  were  relatively 
at  rest.  The  speed  of  the  train  the  motion  of  which  varies  was  at 
that  instant  precisely  the  same  as  that  of  the  uniformly  moving 
train.  As  the  latter  is  perfectly  definite,  and  may  be  anything,  the 
speed  in  the  other  case  is  perfectly  definite  at  every  instant,  provided 
the  motion  is  continuous. 
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85.  Rate  of  Growth  of  a  Step. — Let  P  (Fig.  18)  be  the  position 
of  a  particle  at  any  instant,  and  let  the  direction  of  its  motion  at  that 
instant  be  PT.  In  an  interval  of  time  dt,  let  the  particle,  at  the 
rate  of  motion  it  has  at  P,  have  moved  to  Q,  then  the  chord  PQ  is 
the  amount  by  which  the  step  OP  must  be  increased  to  give  OQ. 
We  call  this  dp.  As  dt  is  taken  more  and  more  nearly  equal  to  zero 
the  chord,  the  arc,  and  the  tangent  approach  more  and  more  nearly 
to  coincidence  at  P.  Thus  dp/dt,  when  dt  is  taken  indefinitely  small, 
represents  in  magnitude  and  direction  the  velocity  at  P.  It  is  the 
rate  at  which  a  step  of  displacement  in  the  direction  PT  is  growing 
up.     We  shall  usually  denote  this  by  p. 

The  distinction  between  p  and  s,  or  between  dp/dt  and  dsjdt,  is 
that  the  former  represents  the  rate  of  growth  of  step,  that  is  of 


Fig.  18. 


displacement  including  direction,  the  latter  usually  denotes  only  the 
speed. 

36.  Specification  of  Velocity. — It  is  to  be  remarked  that, 
while  we  must  have  recourse  to  an  infinitely  diminishing  interval  of 
time  in  defining  the  velocity  of  a  particle  at  a  particular  instant,  we 
do  not  generally  specify  a  velocity  as  measured  numerically  by  the 
ratio  of  the  measure  of  a  very  small  distance  traversed  to  that  of  the 
very  small  interval  of  time  in  which  it  is  described.  The  interval  of 
time  used  in  the  specification  may  be  any  interval  whatever.  Thus 
in  the  expression  dsjdt  employed  to  denote  some  definite  speed,  ?' 
say,  it  is  possible  to  consider  dt  as  a  time-interval  not  necessarily 
very  small,  but  of  quite  arbitrary  value.  The  value  of  ds,  if  this  is 
done,  is  the  corresponding  distance  given  by  the  equation  ds  =  vdt. 
The  meaning  of  the  expression  is  then  that  the  rate  of  displace- 
ment at  the  instant  is  such  that  if  it  endured  without  alteration 
for  any  interval  dt,  a  space  ds  would  be  described  in  that  time. 

37.  Varying  Angular  Velocity.  Curvature. — The  same  mode  of 
defining  the  varying  of  a  particle  is  applicable  mutatis  mutandis  to 
the  definition  of  varying  angular  velocity.  The  turning  motion  of 
the  line  by  which  the  change  of  direction  of  the  motion  of  a  point  in 
a  curve  is  defined  is  supposed  to  vary  continuously,  so  that  at  each 
instant  the  rate  of  description  of  angle  is  perfectly  definite. 

We  shall  sometimes  denote  angular  velocity  by  the  symbol  6,  6 
denoting  the  angle,  at  the  instant  under  consideration,  between  the 
line  and  some  fixed  direction  in  the  plane  in  which  the  line  is  then 
turning. 

The  ratio  8js  of  the  value  of  6  at  any  instant  to  that  of  s  at  the 
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same  instant  is  called  the  curvature  of  the  curve  at  the  position  of 
the  moving  point.  This  is  clearly  the  limiting  value  of  the  ratio  of 
the  angle  between  the  tangents  at  the  extremities  of  an  element  ds, 
of  the  curve  (Fig.  19)  and  the  length  of  the  element,  when  the  latter 
is  diminished  infinitely  towards  zero. 

The  reciprocal  of  this  ratio  s/0  is  called  the  radius  of  curvature  of 
the  curve  at  the  same  point.  This  radius  is  supposed  drawn  from 
the  point  of  contact  in  the  direction  perpendicular  to  and  in  the 
plane  of  motion  of  the  tangent,  and  towards  the  concave  side  of  the 
curve.  Thus  in  Fig.  19,  G,  the  point  of  intersection  of  lines 
drawn  from  P  and  Q  in  the  plane  of,  and  at  right  angles  to,  the 
tangents  at  these  points,  is  approximately  the  centre  of  curvature  for 
P  or  Q,  if  the  element  of  arc  PQ,  which  we  denote  by  ds,  is  small. 

Fig.  19. 


r 


For  a  circle  6js=  1/r,  so  that  the  centre  of  the  circle  is  the  centre 
of  curvature  for  every  element.  Then  for  an  element  ds  of  any  curve 
we  may  take  G  as  the  centre  of  a  circle  an  element  of  which  coincides 
with  ds,  and  for  which  the  ratio  of  the  rate  of  turning  of  the  tangent 
to  the  rate  of  displacement  along  the  circle  of  the  point  of  contact  is 
the  same  as  in  the  curve  at  the  element  ds. 

38.  Illustrations  of  Varying  Velocity. — To  illustrate  what  has 
been  stated  let  us  suppose  that  by  observation  it  is  found  that  the 
space  s  described  by  a  moving  particle  in  any  time-interval  t  is 
expressed  by  the  equation 

s  =  v0t  +  ^atr,  (19) 

where  v0  and  a  are  constants.  In  an  immediately  succeeding  interval, 
t,  the  space  described,  <r  say,  is  given  by 

<r  =  v0(t  +  t)  +  %a(t  +  rf  -  v0t  -  hat2  -  v0t  +  -Ja(2f  r  +  r2), 

which  lies  between  (v0  +  at)r  and  [v0  +  a(t  +  r)]T.  If  a  be  positive 
<r  will  be  greater  than  the  former  of  these  values,  and  less  than  the 
second,  and  vice-versa  if  a  be  negative.  Now  when  t  is  made  smaller 
and  smaller  the  difference,  ar,  between  these  values  becomes  smaller 
and  smaller  in  comparison  with  either,  that  is  the  ratios 

*gT*  and *ai* 


(v0  +  at)r  [«0  +  a(t  +  r)]T 

approach  more  and  more  nearly  the  same  limit,  so  that 
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Limit   —=  v  +at, 

T 

is  the  speed  at  time  t  and  uniformly  increases  at  rate  a. 

For  any  actual  interval  r  the  distance  \a-r  represents  the  dis- 
tance travelled  in  virtue  of  the  change  of  speed  during  the  interval. 
If  the  particle  were  to  move  throughout  the  interval  r,  (1)  with  the 
speed  it  has  at  the  beginning,  viz.  r0  +  at,  (2)  with  the  speed  it  has 
at  the  end,  viz.  v0  +  a(t  +  r),  the  spaces  travelled  would  be  re- 
spectively (v0  +  at)r,  [v0  +  a(t  +  r)] r.  The  true  value  lies  between 
these  limits,  and  in  comparison  with  it  the  difference  ar  (which 
represents  twice  the  extra  space  just  considered)  becomes  smaller 
and  smaller  as  t  is  diminished. 

39.  Calculation  of  Velocities. — In  general  let  the  space  de- 
scribed in  time  t  from  some  chosen  era  of  reckoning  be  denoted  by 
f(t),  that  is  be  given  by  a  certain  algebraic  expression  involving  t 
and  constant  quantities.  Then  the  space  o-  described  in  time  t  is 
accurately  given  by  the  equation 

<r=f(t  +  r)  -f(t), 

since  after  the  further  lapse  of  t,  t  has  become  t  +  t  and  the  space 
described  from  the  era  of  reckoning  has  become  f(t  +  t). 

Now  let  this  be  capable  of  being  expressed  by  the  equation 

<r  =  [f(t)  +  e]r,  (20) 

where /'(0  *s  another  function  of  t.  Then  if,  as  r  is  made  smaller 
and  smaller,  e  becomes  smaller  and  smaller,  and  ultimately  vanishes 
when  r  does, 

where,  by  L  -  we  denote  the  limit  to  which  <t/t  approaches  as  r  is 

continually  diminished. 

If  we  take  ds,  dt  any  values  of  o-  and  r  which  fulfil  the  equation 

H  =fif)i  (22) 

then  the  numerical  value  of  the  ratio  dsjdt  is  that  of  the  speed  at 
time  t.  As  stated  above,  it  is  possible  to  regard  the  interval  dt 
as  having  any  magnitude,  whether  one  considered  finite,  or  one  con- 
sidered infinitesimal,  provided  ds  have  the  corresponding  value  given 
by  the  equation  ds  =f(t)dt,  where  f(t)  is  the  limiting  value  of  the 
ratio  8s/8t  when  8t  is  made  to  vanish.  In  general,  however,  when 
ds  and  dt  are  considered  as  actual  quantities,  for  example  in  pro- 
cesses of  integration,  they  are  taken  as  indefinitely  small  quantities 
fulfilling  the  relation  just  stated. 

We  may  remark  here,  that  when  the  relation  between  the  distance 
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traversed  in  a  given  time  and  the  time  is  known,  the  speed  at  any 
instant  can  at  once  be  calculated  by  the  help  of  rules  which  have 
been  constructed  for  algebraic  functions.  These  rides  are  indeed 
those  for  what  is  called  the  differentiation  of  functions,  and  the 
theory  and  applications  of  the  processes  of  differentiation  form  what 
is  called  the  differential  calculus.  The  fundamental  notion  of  this 
calculus  is,  however,  simply  that  of  a  rate  of  variation,  which  we  have 
endeavoured  to  explain  in  connection  with  the  idea  of  speed.  The- 
reader  may  usefully  exercise  himself  in  finding  the  value  of  the 
speed  by  first  principles  when  s  is  given  by  simple  functions  of  t. 

The  simplest  case  is  that  in  which  the  relation  is  s  =  vt  +  c,  where 
v  and  c  are  constants.  In  this  case  the  speed  f(t)  is  the  constant  v, 
and  the  distance  8  increases  in  simple  proportion  to  the  time.  But 
in  the  general  case,  when  s  =f(t),  the  value  which  f'(t)  has  for  any 
assigned  value  of  t  is  the  speed  for  that  instant  in  precisely  the  same 
sense  as  that  in  which  v  is  here  the  speed  for  every  instant. 

A  very  important  case  is  that  of  a  particle  moving  in  a  straight 
line  in  such  a  manner  that  its  distance  s  from  a  fixed  point  in  the 
line  is  given  by  the  equation 

s  =  acosnt,  (23) 

where  a  and  n  are  constants.  Increasing  t  by  any  interval  8  t  say, 
and  supposing  the  corresponding  increase  of  s  to  be  8  s,  we  have 
*  +  8s  =  acosn(t  +  8t) ;  and  hence 

8s  =  acosn(t  +  8t)  —  acosnt  =  -  2asinn(t  +  %8t)sin(fyi8t). 

Therefore  8s  a     .      ,.     ,  .,»  .    ,,     .  .x  1 

-  =  -2asmn{t+k8t)sm(hn8t)-. 
8t  "'Si 

But  if  8t  be  made  smaller  and  smaller  towards  zero  am.(hi8t)j8t, 
approaches  more  and  more  closely  the  limiting  value  hi,  so  that  the 
limiting  value  of  the  ratio  8sj8t,  which  as  before  we  denote  by  dt 
is  given  by  the  equation 

—  =  -ansinnt.  (24) 

Instead  of  dsjdt  the  symbol  s  is  very  frequently  used  with  exactly 
the  same  signification.  This  is  known  as  the  fluxional  notation,  from 
the  fact  that  it  was  adopted  by  Newton  in  his  theory  of  Fluxions, 
or  the  rates  of  flow,  that  is  of  variation,  of  varying  quantities.  From 
its  brevity  and  convenience  as  serving  to  keep  in  mind  the  relation 
between  velocity  and  displacement  we  shall  often  employ  it. 

40.  Graphical  Representation  of  Velocity. — It  is  clear  that  since 
a  velocity  is  a  step  of  displacement  effected  per  unit  of  time,  a 
velocity  is  capable  of  representation  by  a  straight  line  drawn  in  the 
direction  of  motion,  and  made  as  many  units  of  length  as  there  are 
units  of  velocity.  The  unit  of  length  chosen  may,  of  course,  be  any 
whatever ;  what  is  essential  is  that  when  different  velocities  are  repre- 
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sented  in  a  diagram,  the  same  unit  should  be  employed  for  all.  The 
discussion  of  the  composition  and  resolution  of  steps,  given  above,  is 
directly  applicable  in  all  its  processes  and  results  to  velocities. 

Let  then  OA  (Fig.  20)  represent  the  velocity  of  a  particle  at  some 
specified  instant  of  time.  It  is  to  be  understood  that  the  motion  is 
in   a   direction   parallel    to 

that  given  from   0  to   A,  Fig.  20. 

and  that  its  magnitude  is 
the  number  of  times  the 
length  OA  contains  the 
chosen  unit  of  distance.  At 
a  subsequent  instant  let  the 
velocity  be  represented  by 
OB,  where,  to  take  the 
general  case,  OB  is  not 
merely  different  in  direc- 
tion from  OA,  but  is  of  different  length.  The  velocity  OB  is 
evidently  equivalent  to  the  two  velocities  OA  and  AB.  Of  these 
OA  is  the  previously  existing  velocity,  AB  is,  whatever  the  manner 
of  change  has  been,  the  resultant  of  the  changes  in  the  interval. 
Since  when  compounded  with  OA  it  gives  OB,  AB  is  in  a  very 
proper  sense  the  change  of  velocity  that  has  taken  place  in  the 
interval. 

The  student  may  consider  a  case  in  which  OA  and  OB  are  of  the 


Fig.  21. 


Ai  A, 


same  length,  and  note  the  direction  and  amount  of  AB  in  such  a 
case.  Clearly  if  the  change  of  direction  be  6,  the  length  of  AB  is 
2 v  sin 0/2,  if  v  denote  the  length  of  OA.  Thus,  the  change  of  the 
velocity  v  in  the  interval  in  which  the  angle  6  is  turned  through  by 
the  direction  of  motion  is  a  velocity  2v sin  6/2,  inclined  at  an  angle 
7r/2  +  6/2  (the  supplement  of  OAB)  to  the  positive  direction  of  the 
initial  velocity.  The  resultant  velocity  OB  is  unchanged  in  amount, 
but  it  is  nevertheless  a  very  different  velocity  from  OA . 

41.  Example.     Particle  moving  in  Circular   Path. — Take  now 
the  case  of  a  particle  moving  with  uniform  speed  round  a  circle,  and 
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draw  lines  0AV  0AV,  0A3,  ...  from  any  point  0  in  the  direction  of 
the  velocities  at  successive  points  Pv  Pv  Pv  ...  in  the  circle,  and  all 
of  the  same  length,  that  expressing  the  speed  of  the  particle.  The 
extremities  Av  Aa,  A3  lie  on  a  circle.  The  chords  AtA2,  A^A3,  ... 
represent  the  changes  of  velocity  in  the  successive  intervals. 

For  an  interval  of  a  quarter  of  a  period  of  revolution  of  the 
point  roimd  the  circular  path,  as  from  Px  to  PA  the  velocity  changes 
in  direction  through  a  quarter  of  a  revolution,  from  0 A ,  to  0 A  A. 
To  the  velocity  0AX  at  the  beginning  of  the  interval  there  has  been 
added  a  velocity  AXAA  of  amount  2rsin45c,  inclined  at  an  angle  of 
135°  with  the  positive  directions  of  the  initial  and  final  velocities  as 
shown  in  the  right-hand  diagram  of  Fig.  21. 

After  an  interval  of  half  the  period  of  revolution,  the  velocity 
has  been  reversed  in  direction ;  that  is  to  say,  in  that  interval  a 
velocity  2v  in  the  direction  opposed  to  the  original  velocity  has  been 
generated. 

Fig.  22. 


These  examples  may  help  to  correct  the  ordinary  impression  of 
the  beginner  in  dynamics,  that  when  a  particle  moves  with  unvary- 
ing speed  in  a  circle,  the  velocity  of  the  particle  does  not  undergo 
change. 

42.  Hodograph.— If  a  particle  move  in  any  path,  whether  a  plane 
curve,  or  a  curve  in  space,  and  Pv  Ps,  ...  (Fig.  22)  be  successive  posi- 
tions of  the  particle,  and  lines  0AV  0Ar  ...  be  drawn  from  a  chosen 
point  0,  in  the  proper  directions  and  of  the  proper  lengths  to  repre- 
sent the  velocities  at  Pv  P2,  ...  respectively,  the  points  Av  Ar  ... 
will,  if  the  motion  vary  continuously,  lie  on  a  curve  of  continuous 
curvature,  which  will  be  fully  specified  when  the  motion  in  the  path 
is  known.  This  curve  is  called  the  hodograph  of  the  motion  of  the 
particle,  and  is  of  great  importance  in  discussions  of  the  kinematics 
of  a  particle.*  Examples  of  its  use  will  be  given  later  when  the 
subject  of  acceleration  has  been  dealt  with. 

43.  Simple  Harmonic  Motion. — Returning  now  to  the  example 
of  §  39,  for  which  (23)  gives  the  displacement,  let  AA',  BB'  be  per- 
pendicular diameters  of  a  circle,  of  radius  a  and  centre  0,  and  let  P 
be  a  point  on  the  circumference  which  moves  with  uniform  speed 
round  the  circle  in  the  direction  of  the  arrow,  let  p  be  the  foot 
of  the  perpendicular  let  fall  from  the  point  P  on  the  diameter  AA'. 
Then  as  P  moves  round  the  circle  from  A  to  B,  p  moves  from  AtoO; 

*  The  name  is  due  to  Sir  William  Rowan  Hamilton  who  invented  and  made 
great  use  of  the  hodograph,  especially  in  the  discussion  of  elliptic  motion. 
It  had,  however,  previouslv  been  discovered  and  used  bv  Mobius,  Media  nik 
ties  Himmels,  §  22  (1843). 
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us/'  moves  from  B  through  A'  to  B',p  moves  from  0  along  the  diameter 
to  A'  and  back  to  0 ;  and  as  P  returns  from  B'  to  A,  p  moves 
from  0  to  A.  It  is  also  to  be  observed  that  P  has  a  velocity  which 
may  be  regarded  as  compounded 
of  two  simultaneous  velocities, 
one  parallel  to  the  radius  OA, 
and  one  perpendicular  to  OA. 
The  former  of  these  is  the  velocity 
with  which  the  line  pP  is  ad- 
vancing perpendicularly  to  itself, 
the  other  that  at  which  pP  is 
shortening  or  lengthening.  For 
example  for  the  position  of  P 
shown  in  Fig.  23,  the  velocities 
are  one  from  A  to  0,  and  another 
from  p  to  P.  The  former  is  the 
velocity  of  the  line  pP  from  A 
to  0,  the  other  is  the  rate  at 
which  pP  is  lengthening,  that  is  at  which  P  is  moving  away  from 
the  line  A  A'. 

Let  now  in  Fig.  23  CP,  which  is  in  the  direction  of  motion  of 
the  point  in  the  circle  when  it  is  at  P,  represent,  on  a  proper  scale, 
the  velocity  of  P,  namely  v,  then  Cp  will,  on  the  same  scale,  repre- 
sent the  velocity  of  p.  But  (dealing  in  what  follows  only  with 
numerical  magnitudes)  we  have  Cp=  CPsmpPC  =  CPsinpOP.  If 
a  be  the  length  of  the  radius  of  the  circle,  and  a>  the  angular  velocity 
of  the  radius  OP  (which  also,  it  is  to  be  noticed,  is  the  angular  velocity 
of  the  turning  line  CP  along  which  the  point  P  is  moving),  the  length 
of  CP,  that  is,  the  magnitude  of  v,  is  aa>.  Also  the  angle  pOP  is  the 
angle  turned  through  from  the  instant  at  which  P  was  at  A.  Let 
that  instant  be  the  zero  of  reckoning  for  t,  then   Z  pOP  =  at.     Thus 

s~  -a  a  smut.  (25) 

This  is  exactly  the  same  as  the  expression  given  in  (24)  (§  39)  if 
we  put  o>  =  n.  Thus  we  have  the  interpretation  of  n  as  the  angular 
velocity  of  the  circular  motion  by  which  that  of  p  is  defined.  The 
value  of  s  given  in  (23)  is  Op  of  Fig.  23,  which  clearly  is  acosj^OP. 

The  motion  of  p  here  defined  is  of  great  importance,  and  is  gene- 
rally called  simple  harmonic  motion.  The  time  taken  by  the  point 
P  to  move  once  round  the  auxiliary  circle  is  called  the  period  of  the 
motion;  clearly  its  value  is  2irjn.  This  is  usually  denoted  by  T. 
The  reciprocal  \\T  of  the  period,  that  is,  the  number  of  periods  per 
second,  is  called  the  frequency  of  the  motion. 

If  instead  of  reckoning  the  time  from  the  instant  at  which  P  is 
at  A  (Fig.  23)  as  zero,  we  reckon  it  from  the  instant  at  which  P  is  at 
Q  say,  then  the  angle  POQ  is  now  tot.  Denoting  AOQ  by  c,  we  have 
pOP  =  at  —  e,  and  the  equations  for  s  and  s  now  become 


s  =  acos(<ot  —  e) 


(26) 
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(27) 


s=  —coasin(a>t-  e). 

The  angle  e  is  called  the  epoch  of  the  motion.      If  measured  in  time 
it  is  £  /a. 

The  distance  OA,  that  is  a,  is  called  the  amplitude  of  the  motion. 


Fig.  24. 


Fig.  25. 


44.  Modes  of  producing  S.H.M. — There  are  various  modes  of 
realising  simple  harmonic  motion.  The  to-and-fro  motion  of  the 
cross-head  at  the  junction  of  the  piston-rod 
of  a  steam  engine  with  the  connecting-rod 
is  approximately  simple  harmonic,  if  the 
crank  runs  with  uniform  angular  velocity. 
This  it  nearly  does  if  the  speed  of  the  engine 
is  equalised  throughout  the  stroke  by  a  fly- 
wheel. The  motion  would  be  exactly  simple 
harmonic  if  the  connecting-rod  were  infi- 
nitely long.  The  arrangement  is  shown  in 
Fig.  24,  in  which  the  radius  OB  is  sup- 
posed to  revolve  with  uniform  speed,  while 
the  extremity  A  of  the  rod  AB  moves  in  a 
straight  line.  The  point  A  would  clearly 
describe  simple  harmonic  motion  if  AB 
were  infinitely  long  ;  as  it  is,  the  varying 
inclination  of  A  B  to  the  line  in  which  A 
moves  is  considerable. 

An  arrangement  which  gives  an  accurate 
simple  harmonic  motion  is  shown  in  Fig.  25. 
A  crank  represented  by  the  radius  OP  turns 
with  uniform  angular  velocity,  while  a  pin 
at  P  moves  along  a  slot,  the  successive 
positions  of  which  are  kept  parallel  to  one 
another  by  guides,  i,  5,  in  a  line  at  right 
angles  to  the  slot. 

The  up-and-down  motion  of  a  weight 
attached  to  a  spiral  spring  which  has  been 
elongated  beyond  the  equilibrium  position 
and  then  left  to  itself  is  very  nearly,  if 
not  perfectly  simple  harmonic.  So  also  is 
the   backward-and-forward    motion    of    the 

prongs  of  a  vibrating  tuning-fork. 

45.  Resolution  of  any  Periodic  Motion  to  S.H.M. — It  will  be 

shown  later  that  any  periodic  motion  whatever  may  be  resolved  into 
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simple  harmonic  motions  of  different  periods,  epochs,  and  amplitudes 
compounded  together.  On  this  fact  depends,  among  other  things, 
the  theory  of  musical  sounds,  and  their  analysis  by  the  ear  and 
resonators,  and  the  analysis  of  the  varying  height  of  the  tide,  into 
the  parts  due  to  the  various  tide-producing  constituents  of  the  action 
of  the  sun  and  moon. 

46.  Acceleration.  —  "We  now  consider  more  fully  change  of 
velocity  and  acceleration.  It  is  necessary  in  the  first  place  to  dis- 
tinguish between  the  change  which  the  velocity  sustains  in  a  given 
time,  and  the  rate  at  which  it  is  changing  at  a  given  instant.  This 
distinction  is  important,  and  must  be  clearly  apprehended  at  the 
outset. 

Let  the  velocity  of  a  particle  at  a  given  instant  be  represented  by 
OA,  and  at  the  end  of  a  certain  interval  of  time  be  represented  by 
OB,  then,  as  we  have  explained  above,  the  change  of  velocity  which 

Fig.  26. 


has  taken  place  in  the  interval  is  represented  by  AB.  The  change 
may  conceivably  have  taken  place  in  any  steps,  Aa,  ab,  bB  (Fig.  26), 
the  resultant  or  total  change  is  still  AB.  Let  t  be  the  interval  of 
time  in  which  AB  has  grown  up,  then  we  define  the  ratio  AB/t  as 
the  average  acceleration  during  the  interval. 

It  is  to  be  noticed  that  this  ratio  as  stated,  like  that  by  which 
velocity  has  been  defined  above,  transcends  the  ordinary  arithmetical 
signification  of  a  ratio,  inasmuch  as  the  quantity  denoted  by  it  has 
direction,  namely,  that  of  AB. 

We  shall  suppose  now  that  the  velocity  changes  continuously, 
that  is  suffers  sudden  change  neither  of  direction  nor  of  amount. 
The  change  that  has  taken  place  in  any  interval  of  time  is  then  per- 
fectly definite.  This  amounts  to  assuming  that  at  each  instant  of 
time  the  rate  of  turning  of  the  line  specified  above  (§  29),  along 
which  the  particle  is  supposed  to  be  moving  at  each  instant,  and  the 
rate  of  motion  of  the  particle  along  it,  are  both  quite  definite  and 
continuously  vary. 

47.  Measure  of  Acceleration  defined.  —  To  define  then  the 
acceleration  at  a  given  instant,  let  an  interval  of  time  t  be  taken 
including  the  instant,  and  let  it  be  found  that  AB/t  for  that  interval 
can  be  brought  as  near  a  determinate  limit  as  we  please  by  taking  t 
sufficiently  nearly  equal  to  zero ;  that  limiting  value  is  the  accelera- 
tion at  the  instant. 
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This  definition  assumes  that  such  a  limiting  value  exists,  and  it 
is  essential  that  this  assumption  should  be  mentioned.  For  let, 
during  a  certain  interval  of  time,  velocity  be  continually  generated 
in  the  direction  AC  (Fig.  27),  and  then  let  the  direction  of  change 
alter  suddenly  to  CB,  and  endure  for  another  interval.  If  then  we 
took  a  short  interval  of  time  which  the  instant  of  change  of  direction 
from  A  C  to  CB  divides  into  two  parts,  we  should  get  ab  for  the 
direction  of  the  acceleration  at  the  instant  of  change,  and  that  direc- 
tion would  entirely  depend  on  the  ratio  of  the  two  parts  of  the 
interval,  in  the  limit  when  it  is  taken  infinitely  short,  and  would  not 
be  definite  at  all.  We  could,  of  course,  define  the  acceleration  for  an 
instant  infinitely  near  the  instant  of  change,  before  it  or  after  it ; 
for  the  former  it  would  be  along  A  C,  for  the  latter  along  CB.  The 
acceleration  at  the  instant  of  change  itself  would  have  no  meaning 
if  the  change  of  direction  of  velocity  at  C  were  perfectly  sudden. 

Fig.  27. 


It  is  necessary  to  exclude  the  existence  of  such  cases  as  this,  or 
to  divide  the  whole  interval  of  change  into  parts,  to  any  element  of 
each  of  which  the  definition  can  be  applied,  and  take  account  of  the 
sudden  changes,  if  any,  where  they  occur. 

48.  Acceleration  in  Path  is  Velocity  in  Hodograph. — It  is  now 
possible  to  exhibit  the  elegant  graphical  method  of  discussing  accele- 
ration which  the  hodograph  affords.  Let  a  line  OA  turn  round  the 
extremity  0  so  as  to  remain  always  parallel  to  the  direction  of  motion 
of  the  particle  in  its  path,  and  change  in  length  so  as  always  to 
represent  the  amount  of  the  velocity.  The  point  A  will  then  trace 
out  the  hodograph  of  the  particle's  motion,  which  will,  as  explained 
above,  be  either  a  curve  of  continuous  curvature,  or  one  made  up  of 
parts  each  of  continuous  curvature. 

Now,  clearly,  from  the  definition  of  acceleration  given  above,  the 
rate  of  motion  of  A  in  the  hodograph  is  in  magnitude  and  direction 
precisely  the  acceleration  in  the  path,  or,  as  it  is  sometimes  put, 
11  the  velocity  in  the  hodograph  is  the  acceleration  in  the  path."  For 
the  rate  of  motion  of  A  is  to  be  finally  interpreted  as  an  acceleration. 
It  represents  the  rate  of  change  of  OA,  and  OA,  though  a  distance 
in  the  diagram,  represents  distance  travelled  per  unit  of  time,  that 
is  a  velocity.  The  rate  of  change  of  OA,  the  so-called  velocity  in  the 
hodograph,  is  thus  the  rate  of  change  of  velocity.  This  remark 
seems  necessary  to  obviate  the  difficulty  which  beginners  seem  often 
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to  have  in  understanding  how  what  is  spoken  of  as  a  velocity  in  one 
curve  can  be  an  acceleration  in  another. 

49.  Examples  of  Hodograph. — We  now  consider  one  or  two 
simple  cases  of  the  hodograph. 

(1)  For  a  particle  moving  in  a  straight  line  with  uniform  velocity. 
The  hodograph  is  plainly  a  point,  the  outer  extremity  of  the  straight 
line  which  represents  the  velocity.     The  acceleration  is  zero. 

(2)  For  a  particle  moving  in  a  straight  line  with  varying  speed. 
The  hodograph  is  a  straight  line  in  the  same  direction. 

(3)  For  a  particle  moving  in  any  manner  under  the  action  of 
gravity  only.     In  this  case,  as  we  shall  see  later,  the  direction  of  the 

Fig.  28. 
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acceleration  is  always  vertical.  Thus,  unless  the  particle  like  a 
meteorite  traverses  an  extensive  path,  the  hodograph  is  a  straight 
line  drawn  in  the  vertical  direction. 

The  formation  of  the  hodograph  for  the  case  of  a  football  or  pro- 
jectile describing  a  parabolic  path,  is  shown  in  Fig.  28.  There  the 
velocities  after  equal  successive  intervals  of  time  are  shown  by  OA, 
OB,  OC,  ...,  for  which  the  vertical  steps  AB,  BC,  ...  are  all  equal, 
and  represent  the  equal  changes  of  vertical  velocity  which  gravity 
produces  in  those  intervals. 

50.  Path  of  a  Body  under  Constant  Acceleration.  Theory  of 
Unresisted  Projectile. — That  the  path  of  a  body  moving  with 
uniform  acceleration  is  a  parabola  can  easily  be  seen  from  the  facts 
that  the  velocity  perpendicular  to  the  acceleration  remains  constant 
in  magnitude  and  direction,  while  equal  increments  of  velocity  in 
the  direction  of  the  acceleration  are  produced  in  equal  successive 
intervals  of  time.  To  fix  the  ideas  we  take  the  equivalent  case  of  a 
free  unresisted  projectile,  under  the  action  of  gravity,  which  we 
suppose  to  produce  a  constant  downward  acceleration.     The  lines 

OA,  OB,  in  Fig.  28,  represent  the  directions  of  motion  in  this 

case,  that  is  the  tangents  to  the  path,  after  successive  equal  intervals 
of  time ;  in  other  words,  the  tangents  at  the  extremities  of  vertical 
ordinates  which  are  at  successive  equal  horizontal  distances  apart. 
Thus,  if  p  be  the  tangent  of  the  angle,  MPT,  6  say,  of  Fig.  28',  which 
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the  direction  of  motion  makes  at  any  instant  with  the  horizontal, 
then  p=2}0~ai  where  p0  is  the  value  of  the  tangent  at  a  point  P0 
on  the  curve  which  is  the  position  at  any  chosen  instant  of  reckoning. 
But  if  u  be  the  horizontal  velocity  and  v  the  vertical  velocity  of  the 
particle  at  the  point  P  where  the  tangent  of  the  inclination  of  the 
direction  of  motion  to  the  horizontal  is  p  we  have 

1}      v       •>_  —  v> 
p  =  —  —  ^ 


u     u        u 

But  v0  —  v  is  the  change  of  vertical  velocity  effected  in  time  t , 
and  this  is  gt,  if  g  be  the  downward  acceleration  due  to  gravity. 
Thus  a  =  g/u.  If  x  be  the  horizontal  distance  of  P  from  PQ  we 
have  x  =  ut,  and  t  —  x/u.     Thus  we  get 

That  is  the  change  of  tan0  is  directly  proportional  to  the  change  of 
abscissa  of  the  curve.  This  is  well  known  to  be  a  property  of  the 
parabola. 

The  equation  of  the  curve  can  be  found  as  follows.  In  any  time 
t  from  the  instant  of  projection  (with  velocities  u,  v,  say)  the  particle 
has  travelled  a  distance  x  =  ui  horizontally  and  a  distance  vt  —  %gt2 
vertically  upwards  (§§  38,  90).  We  shall  denote  this  by  -  y,  so  that 
y  is  taken  positive  when  measured  downwards.  Replacing  t  in  this 
expression  by  x/u  we  obtain 

which  is  the  equation  of  the  curve. 

If  the  point  of  projection  be  the  highest  point  the  velocity  of 
projection  must  be  it,  and  v  =  0.  Thus  the  equation  of  the  curve 
becomes 

»-£*  (*o 

The  equation  of  the  curve  can  also  be  found  by  remembering  that 
p  =  —  dy/dx,  and  integrating  the  equation 

-    =^E—  & 
dx     v- 

The  integral  is 

2u- 

where  C  is  a  constant  which  must  be  zero  if  y  is  measured  from  the 
highest  point  of  the  curve. 

Since  (28')  gives  for  any  possible  value  of  y  two  values  of  x, 
which  are  numerically  equal  but  of  opposite  signs,  it  is  evident  that 
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the  curve  is  symmetrical  about  the  line  AB  (Fig.  28')  drawn  per- 
pendicular to  the  (horizontal)  tangent  at  A.  This  line  is  called  the 
axis  of  the  curve. 

The  resultant  velocity  at  any  distance  y  below  the  highest  point 
is  J(u2  +  g2t2),  since  gt  is  the  vertical  velocity  acquired  in  the  fall 
from  that  point.  Hence  denoting  the  resultant  velocity  by  V,  and 
taking  account  of  y  =  \gi\  we  have 


r,-*Ky+0 


Thus  V  is  the  velocity  that  would  be  acquired  by  a  particle  in 
falling  under  uniform  downward  acceleration  g  through  a  distance 
y  +  u2/2g,  that  is  in  falling  to  the  point  x,  y  in  the  curve  from  a  hori- 
zontal line  CD  in  its  plane  at  a  distance  u2/2g  above  the  highest 
point. 

It  may  easily  be  verified  by  the  reader  that  if  a  point  F  on  the 
axis  of  the  curve  at  a  distance  u2j2g  below  the  highest  point  be  taken, 
the  vertical  distance  of  any  point  P  on  the  curve  from  the  straight  line 
CD  is  equal  to  the  distance  PF,  and  that  if  V  be  the  resultant 
velocity  at  P 

PF=  V2/2g. 

CD  is  called  the  directrix  of  the  curve  and  F  its  focus. 

We  have  evidently  u=  Fcos0,  v—Vs\.n.B;  and  as  the  particle 
moves  freely  under  the  action  of  gravity,  V  and  0  both  vary  so 
that  Fcos0  remains  constant.  This  may  be  contrasted  with  the 
fact,  which  will  be  noticed  again  later,  that  if  a  particle  be  guided 
by  a  curve  so  as  to  travel  under  gravity  from  one  given  point  to 
another  at  a  lower  level  in  the  shortest  time,  the  curve  (which  lies 
wholly  in  the  vertical  plane  through  the  two  points)  fulfils  the 
condition  (cos  &)j  V  =  constant. 

Let  t  be  the  time  of  flight  of  a  particle,  that  is  the  interval  between 
the  particle's  leaving  any  level  and  its  return  to  the  same  level,  and  V 
the  velocity  of  projection,  then  t  =  (2  Vsind)/g;  the  range  R  on  a  hori- 
zontal plane  through  the  point  of  projection  is  given  by 

9  V2  V2 

R  =  ±L  sin0cos6)  =  ~sm20 

9  9 

This  is  clearly  a  maximum  when  2  6  =  tt/2,  or  0  =  7r/4. 

For  a  given  range  R  other  than  the  maximum  there  are  evidently 
two  values  of  d  given  by  this  equation.  For  if  77-/ 4  —  a  be  a  value  of 
6  which  satisfies  the  equation,  7r/4  +  a  must  clearly  be  another,  since 
these  two  values  make  up  tt/2. 

In  order  to  find  the  direction  in  which  a  particle  must  be  projected 
from  a  given  point  P,  with  a  given  speed  V,  in  order  that  it  may 
pass  through  another  given  point  Q  (not  necessarily  on  the  same 
level),  it  is  to  be  noticed,  first,  that  the  path  must  be  in  the  vertical 
plane  through  the  two  points,  and  that  PF  and  QF  must  be  equal  to 
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the  distances  of  P  and  Q  respectively  from  the  directrix.  But  the 
distance  PF  is  fixed  by  the  value  of  V,  and  is  V2j2g.  If  the 
ordinates  of  P  and  Q  be  y  and  y  respectively,  the  distance  of  Q  from 
the  directrix  is  V2/2g  -{y-  y').  The  distance  QF  is  also  fixed  and 
has  this  value. 

If  now  the  inclination  6  of  the  direction  of  V  to  the  horizontal  be 
varied  F  moves  on  a  circle  of  radius  V2/2g  round  P  as  centre.  Let 
this  circle  be  described  and  also  a  circle  with  QF  as  radius.  These 
two  circles,  if  there  is  a  solution,  will  intersect  in  two  points,  which 
may  of  course  coincide.  These  points  are  the  foci  of  two  parabolic 
paths  by  which  the  particle,  projected  as  stated  from  P,  will  reach  Q. 
If  the  two  points  coincide  there  is  only  one  possible  path.  If  the 
circles  do  not  intersect  there  is  no  solution. 

Fig.  29. 


51.  Acceleration  of  a  Particle  moving  in  a  Circular  Path. — For 
a  particle  which  describes  a  circle  with  uniform  speed,  clearly  the 
hodograph  is  another  circle,  each  radius  of  which  represents  the 
speed  of  the  particle  at  a  particular  instant.  Let  (Fig.  29)  the  circle 
of  centre  C  and  radius  r  represent  the  path,  that  of  centre  0  the 
hodograph,  the  radius  of  which  is  the  speed  in  the  path.  Let  the 
radius  OA  of  the  hodograph  represent  the  velocity  of  the  particle 
when  in  the  position  P,  and  a  denote  the  rate  of  motion  of  the 
point  A.  The  two  points  P  and  A  must  describe  the  circles  in  the 
same  time,  since  OA  must  always  remain  parallel  to  the  tangent  at  P, 
that  is  perpendicular  to  CP.  But  2nr  being  the  circumference  of 
the  circle,  the  time  of  describing  it  by  P  is  2nr/vf  and  similarly  the 
time  of  description  of  the  hodograph  is  27rv/a,  and  these  give  the 
equation  27rrjv  =  2Trv/a;  or, 

a  =  -.  (29) 

v 

This  gives  the  amount  of  a.  As  to  its  direction,  it  is  that  of  the 
tangent  to  the  hodograph  at  A  ;  that  is,  the  acceleration  of  P  is  from 
P  toward  C,  the  centre  of  the  path. 

Equation  (29)  may  be  put  into  other  convenient  forms  by  using 
the  angular  velocity  of  the  radius  CP,  and  the  period  of  revolution. 
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Thus  if  co  be  the  angular  velocity,  and  T  the  period,  we  have  v  =  ar, 
and  T='2irja>.     Thus  (29)  becomes 

a=--r^  =  ^r.  (29') 

That  the  acceleration  in  this  case  has  a  finite  value  if' /r,  and  is 
directed  towards  the  centre  of  the  circular  path,  are  results  which 
give  much  trouble  to  students  who  have  conceived  hitherto  accelera- 
tion only  as  affecting  a  body  moving  continually  in  a  straight  line, 
for  example,  a  body  falling  under  the  action  of  gravity  ;  and  their 
ideas  having  been  prematurely  fixed  by  this  imperfect  treatment  of 
the  subject,  they  ask  how  a  body  can  be  continually  accelerated 
towards  the  centre  of  the  path  while  its  velocity  remains  unchanged. 
The  fallacy  lies  in  supposing  the  velocity  to  be  unaltered.  The 
velocity  is  continually  undergoing  change.  In  describing  any  por- 
tion of  the  circular  path,  the  particle  has  the  direction  of  its  velocity 
altered  through  the  angle  between  the  radii  drawn  to  the  extremities 
of  that  portion  of  the  circle.  If  the  portion,  for  example,  be  half  the 
circle,  the  velocity,  so  far  from  remaining  the  same,  has  actually  been 
reversed.  The  change  in  any  interval  is  the  integral  effect  of  the 
centre  ward  acceleration  during  the  interval. 

We  shall  see  presently  (§  55)  that  when  a  particle  moves  in  any 
curved  path,  it  has  in  general  at  each  point  an  acceleration  in  the 
line  of  motion,  and  an  acceleration  of  amount  tfjR  towards  the  centre 
of  curvature  for  that  point  of  the  path,  wThere  v  is  the  speed  of  the 
particle  at  the  point,  and  R  is  the  length  of  the  radius  of  cur- 
vature. 

52.  Elliptic  Motion. — We  shall  consider  later  the  hodograph  of 
a  particle  moving  in  an  elliptic  path  with  an  acceleration  always 
directed  towards  one  of  the  foci  of  the  ellipse,  and  varying  inversely 
as  the  square  of  the  length  of  the  radius  drawn  from  the  focus  to  the 
particle.  This  is  the  case  of  the  undisturbed  motion  of  a  small 
satellite  round  a  primary  body  attracting  the  satellite  according  to 
the  known  law  of  gravitational  attraction.  It  will  be  seen  that  in 
this  case  also  the  hodograph  is  a  circle,  and  that  the  origin  0,  from 
which  the  lines  representing  the  velocities  are  drawn,  is  an  eccentric 
point. 

53.  Acceleration  in  S.H.M.  Analytical  Formulae  for  S.H.M. 
— We  may  now  resume  the  consideration  of  the  particle  describing 
.simple  harmonic  motion,  and  investigate  its  acceleration.  Just  as 
the  point  p  (Fig.  23,  §  43)  has  at  each  instant  the  velocity  which  P 
has  along  the  diameter  A  A',  so  it  has  also  the  acceleration  of  P  in 
the  same  direction.  But  the  total  acceleration  of  P  is  from  P 
towards  0,  and  is  of  amount  arr.  The  component  of  this  along  A  0 
is  of  amount  a>-rcosPOp,  and  this  is  the  acceleration  of  p,  which 
thus  is  directed  towards  0.  But  rcosPOp  is  the  displacement  Op, 
and  the  acceleration  of  p  is  thus  the  product  of  co2  into  the  displace- 
ment, and  is  directed  towards  the  fixed  point  0.     The  acceleration 
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bears  thus  a  fixed  ratio  to  the  displacement,  which  may  be  expressed 
numerically  (without  regard  to  sign)  by  the  equation 

acceleration  _     ,      47r  /.™\ 

displacement  T'1 

The  student  should  bear  this  relation  in  his  memory. 

We  may,  for  convenience  of  reference,  group  together  here  the 
formulae  we  have  stated  above  for  a  particle  describing  simple  har- 
monic motion.  In  addition  to  s  and  s  for  the  displacement  and  the 
velocity  respectively,  we  shall  use  the  symbol  s  for  the  acceleration 
or  time-rate  of  change  of  s.     "We  have  then 

s  =  acos(nt  —  e).  ^ 

s=  -nasin(nt-  e).  >-    (31) 

s  =  —  n2a  cos  (nt  —  e). 

The  minus  sign  on  the  right  in  the  second  and  third  equations,  it 
will  be  seen,  is  at  once  given  by  Fig.  23.  The  component  velocity 
along  A  A'  of  the  point  in  the  circular  path  is  from  A  towards  0 — 
that  is  in  the  direction  to  diminish  the  displacement — whereas  in  the 
first  equation  the  displacement  is  taken  as  positive.  Also  the 
acceleration  of  P,  being  from  P  towards  0,  has  a  component  from  p 
towards  0,  which  is  increasing  numerically  the  velocity  in  the  same 
direction,  that  is  the  acceleration  as  well  as  the  velocity  must  have 
the  negative  sign. 

The  reader  will  do  well  to  account  for  the  signs  for  any  possible 
value  of  t,  that  is,  for  a  position  of  P  in  each  of  the  four  quadrants 
of  the  circle. 

54.  Harmonic  and  Exponential  Functions. — It  will  be  noticed 
that  the  third  equation  of  (31)  is  derivable  from  the  second  by  a 
precisely  similar  analytical  process  to  that  by  which  in  §  39  the  second 
of  (31)  was  derived  from  the  first.  It  will  be  useful  to  note  that  the 
successive  differentiation  with  respect  to  t  of  the  function  acos(nt  —  e ) 
is  effected  by  alternately  changing  the  function  from  cos  to  sin,  and 
from  sin  to  cos,  multiplying  each  time  by  n,  and  changing  sign  when 
the  function  is  altered  from  cos  to  sin.  Thus  if  we  denote  the  time- 
rate  of  variation  of  dsjdt  by  d2sjdt2,  that  of  d2s/dt2  by  (Psjdf,  and  so 
on,  and  if  s  —  acos(nt  -  c) ;  then 

=  -  na  sin  (nt  —  t),  -rr-,—  -  n2acos(nt  -  e),  -^rT>  =  n,a'cos(nt  —  t), 
dt  v  '        df  v  ;'       dt3  •      v  ' 

and  so  on. 

We  have  not  space  here  to  discuss  this  subject  at  length,  but  it 
will  be  useful  later  to  note  that  these  results  are  connected  with 
another  which  it  is  easy  to  obtain.  Let  the  function  emt  be  given  by 
the  equation 
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where  the  quantity  on  the  right  is  an  infinite  series  the  law  of  forma- 
tion of  the  terms  of  which  is  indicated  by  the  examples  given. 

If  we  suppose  now  t  to  be  changed  to  t  +  t,  on  both  sides,  and 
take  the  limit  towards  which  the  quantity  on  the  right  approaches 
when  t  is  made  to  approach  infinitely  near  to  zero,  we  see  at 
once  that 


d(emt)         i 
dt            \ 

mH1 
L2  + 

1.2.3 

d(emt)  _ 
dt 

:  memt. 

,-  we 

have 

ex 

=  1  +  x  + 

d{<?) 
dx 

XT 

L2  + 

=  ex. 

that  is 

J/  -mt\ 

(33) 

(34) 
and 

(35) 

Thus  the  rate  at  which  ex  increases  with  x  is  ex  itself :  x  is  called  the 
logarithm  of  e1  to  the  base  e.  The  value  of  e,  as  the  reader  may 
verify,  is  2*71828....  It  is  an  incommensurable  number,  and  the 
base  of  the  system  of  logarithms  invented  by  Napier. 

This  result,  though  we  cannot  stop  to  prove  it,  holds  strictly, 
whether  m  is  positive  or  negative,  integral  or  fractional,  real  or 
complex.  Now  it  is  shown  in  books  on  trigonometry  that,  emt  having 
the  value  indicated,  and  i  denoting  J  —  1. 

cosnt  =  ^{efHt  +  e-iHt)}     sinnt  =  ~{eint  -  e~int).  (36) 

The  differentiation  of  trigonometrical  functions  is  thus  reduced  to 
that  of  exponential  functions,  and  the  reader  may  verify  from  these 
formulae  that  d(cosnt)/dt=  —  sinnt,  and  d(sm.nt)/dt  =  n  cosnt.  The 
relations  between  the  two  kinds  of  function  will  be  again  referred 
to  in  connection  with  the  subject  of  vibrations  damped  out  by  friction 
or  other  retarding  forces. 

55.  Acceleration  in  any  Path. — We  now  consider  the  acceleration 
of  a  particle  moving  in  any  path.  Let  s,  as  heretofore,  denote 
the  length  of  the  curve  from  a  fixed  point,  chosen  as  zero,  up  to  the 
position  of  the  moving  point  P,  Fig.  30,  and  let  p  denote  the 
step  from  the  origin  0  to  P.  Let  Q  be  an  adjacent  point  on  the 
curve,  distant  ds  from  P,  which  P  will  have  reached  after  a  short 
interval  of  time  dt,  and  let  dp  be  the  step  from  P  to  Q  (the  chord 
PQ),  so  that  the  step  OQ  is  p  +  dp.  Let  dTS  be  a  step,  also  of  length 
ds,  along  the  tangent  at/5.  Then,  as  dt  is  made  smaller  and  smaller 
without  limit,  dp  and  dVJ  both  approach  without  limit  of  closeness  to 
coincidence  with  the  element  of  the  path  the  length  of  which  is  ds. 
Hence  any  very  short  step  whether  along  PQ  or  along  the  tangent, 
of  any  length  8s,  is  given  in  magnitude  and  direction  by  the  product 
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dp/ds.bs;   that  is    dpjds  represents  a   unit  step  along  the    tangent 
at  P. 

The  rate  then  at  which  the  particle  is  proceeding  along  the  curve, 

Fig.  30. 


Path 


Bodograpk 

that  is  at  which  the  step  p  is  increasing,  is  clearly  the  ratio  dpjds 
multiplied  by  s.     Thus  we  have  (see  §  35  above) 

,'=%.  (37) 

ds 

Now  let  thehodograph  of  the  particle's  motion  be  drawn,  Fig.  30, 
and  let  the  step  Op  represent  p  for  the  point  P  of  the  path.  Then 
Oq  will  represent  the  velocity  for  the  adjacent  point  Q  of  the  path, 
that  is  p  -f  dp.  Hence  pq  must  represent  dp,  and  we  have  just  seen 
that 


*-■«(&} 


But  pq  consists  of  two  parts,  one  rq  along  oq,  and  another  part 
pr  at  right  angles  to  oq.  Now,  if  the  element  of  time  dt  from  P  to 
Q  be  diminished  without  limit,  oq  will  approach  without  limit  of 
closeness  to  op,  and  rp  to  perpendicularity  to  op.  Hence  in 
approaching  the  limit  we  may  regard  rq  as  being  in  the  direction  of 
the  tangent  to  the  path  at  P,  and  pr  as  at  right  angles  to  that 
direction,  in  the  direction,  as  will  be  seen  from  the  diagrams,  of  the 
centre  of  curvature  of  the  path. 

The  latter  part  of  dp  brings  about  no  change  in  the  length  of  op, 
that  is  in  s,  and  involves  only  the  change  in  the  unit  step  dpjds 
along  the  tangent  at  P  caused  by  the  change  of  direction  poq.  There- 
fore approximately  for  an  element  of  time  dt 

pr  =  s.d^P,  (88) 

ds 

where  d  {dpjds)  is  the  change  in  dpjds. 
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The  other  part  rq,  which  in  the  limit  is  along  Op,  involves 
no  change  in  dpjds,  but  arises  from  the  change  in  s.  Hence  again 
approximately  for  the  element  of  time  dt 

rq  =  d£ds.  (39) 

Hence  for  the  total  change  dp  of  the  velocity  in  the  time  dt  we 
have,  with  approximation  which  is  without  limit  of  closeness  as  the 
interval  dt  is  diminished 

dp  =  sd-£  +  -?-ds. 
ds        da 

In  the  same  way  we  have 

dt=ds. 
s 

Hence 

dp  _  jj  d  dp     dp  ds 
dt  ds  ds     ds  dt 

or  with  the  notation  explained  in  §  53. 

*&*♦&  <*» 

To  interpret  this  result  we  note  that  drpjdtf  is  the  rate  of  varia- 
tion with  s  of  dpjds,  and  the  latter,  as  we  have  seen,  is  a  unit  step 
along  the  tangent   at  the  extremity  P  of   ds.  .  . 

This  for  the  point  Q  has  become  dpjds  +  d(dp/ds),  FlG-  31  ■ 

but  is  still  a  unit  step  along  the  tangent.    Hence 
if  ca,   cb,    Fig.    31  represent   these    unit   steps 
d(dp  ds)  is  ab.     But  since  ca  and  cb  are  each 
unity,  the  length  of  ab  is  the  angle  acb  between 
the  two  tangents  at  the  extremities  PQ  of  ds  in 
Fig.  30,  and  the  ratio  of  this  length  to  ds  is  the 
curvature  of  the  path,  §  37.     Thus  d-pjds2  which 
is  from  a  to  b,  that  is  at  right  angles  to  the 
tangent,    and   towards   the   centre   of   the    curvature,   is  the  ratio 
of  a  unit  step  at  right  angles  to  dp  to  the  length  of  the  radius  of 
curvature.     If  o-  denote  a  unit  step  directed  from  P  to  the  centre  of 
curvature,  and  R  be  the  length  of  the  radius  of  curvature,  we  have 


d- 
and  therefore 


*J*  =  Z.,  (41) 

df     R  v     ' 


fi=(T~  +  TXs,  (42) 


where  ST,  as  before,  denotes  a  unit  step  along  the  tangent  at  P. 
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Fig.  32. 


The  total  acceleration  thus  consists  of  two  parts,  one  numerically 
s?jR,  towards  the  centre  of  curvature,  the  other  numerically  s ,  in  the 
direction  of  motion. 

56.  Curves  in  Space.  Osculating  Plane.  Tortuosity. — The  case 
of  motion  along  a  curve  in  space  (or  a  tortuous  curve  as  it  is  called) 
requires  a  little  further  explanation.  We  have  denned  the  motion 
along  any  curve  as  that  given  by  the  motion  of  a  point  along  a 
straight  Hne  which  itself  is  turning  round  the  point.  Now  though 
at  any  instant  of  course  the  plane  in  which  the  line  is  turning  is  per- 
fectly definite,  the  plane  may  be  changing  its  direction  by  turning 
round  the  line.  This  plane  for  any  position 
of  the  point  is  called  the  osculating  plane 
for  that  position  of  the  plane. 

Returning  to  Fig.  31  we  have  there  the 
osculating  plane  coincident  with  the  plane 
of  the  paper.  Let  a  line  cd  of  unit  length 
be  drawn  in  the  osculating  plane,  from  the 
fixed  point  c,  at  right  angles  to  ca.  The 
extremity  d  as  P  moves,  lies  always  on  a 
sphere  of  unit  radius  described  from  c  as 
centre.  The  rate  at  which  cd  is  turning 
round  ca  per  unit  of  distance  travelled 
along  the  curve,  is  the  measure  of  the  tor- 
tuosity of  the  curve. 

57.  Motion  in  Equiangular  Spiral  with 
Uniform  Angular  Velocity. — The  case  of  a 
particle  moving  in  an  equiangular  spiral 
with  uniform  angular  velocity  round  the  pole  is  of  great  interest  for  its 
application  to  resisted  vibrational  motion,  and  will  form  an  excellent 
illustration  of  the  theorems  established  above.  We  shall  treat  the 
problem  by  means  of  the  theorem  of  tangential  and  normal  resolution 
of  acceleration,  then  show  how  the  same  results  may  be  very  easily 
obtained  by  means  of  the  hodograph. 

An  equiangular  or,  as  it  is  sometimes  called,  a  logarithmic  spiral, 
is  a  plane  curve  sue  h  that  the  tangent  at  any  point  of  it,  P,  is  inclined 
at  a  constant  angle  to  the  line  drawn  to  P  from  a  fixed  point  called 
the  pole.  Thus  in  Fig.  32,  0  is  the  pole,  and  the  angles  OBC,  OPT 
are  equal,  each  being  about  82°.  The  angle  of  the  curve,  taken  as 
in  the  diagram,  for  the  tangent  drawn  in  the  direction  along  the 
curve  towards  the  pole,  cannot  exceed  jt/2. 

The  relation  between  the  length  r,  of  the  radius-vector  drawn 
from  the  pole  to  any  point,  and  the  angle  6,  which  the  radius  makes 
with  a  fixed  line  in  the  plane  of  the  curve  is 

r  =  ae  (43) 

where  a  is  a  constant  for  the  curve.     The  fixed  line  is  thus  the 
radius-vector  of  length  equal  to  1 . 

We  can  easily  prove  that  the  curve  given  by  this  equation  fulfils 
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the  condition  stated.     For  let  P,  Q  be  adjacent  points  on  the  curve, 
0  the  pole,  then  OP  =  r  =  a  ,  and  as  6  is  supposed  to  increase  as  P  is 


0  +  dO 


Hence 


taken  further  from  the  pole,  OQ  =  r  +  dr  =  a 

dr  =  r(add-l).  (44) 

For  equal  increments  dd  of  6,  therefore,  the  increments  of  r  vary 
directly  as  r.  But  if  q  (Fig.  33)  be  the  foot  of  the  perpendicular  let 
fall  from  P  on  OQ,  Qq  is  dr,  and  if  d6  be  the  very  small  angle  POQ. 
Pq  is  approximately  rdd.     But  if  OQP  be  denoted  by  <£ 


tand)  =  — - — ,  or  dr  =  rdd.  cotd> ; 
dr 


(45) 


and 


r--rOcotcf).  (46) 

Equation  (45)  agrees  with  the  former  result  that  for  equal  small 


successive  increments  of  6,  the  corresponding  increments  of  r  are 
proportional  to  r.  A  comparison  of  the  two  values  of  dr  found  in  (44) 
and  (45)  gives  the  equation 

cot(j>dd  =  add-l. 

which  since  dd  is  small  is  equivalent  to  cot<£  =  loga. 

Now  consider  a  particle  moving  in  an  equiangular  spiral,  so  as  to 
recede  from  the  pole,  with  uniform  angular  velocity  8  round  the  pole. 
The  velocity  of  the  point  is  .9.  But  from  Fig.  33,  resolving  s  along 
r,  that  is  along  OP,  we  have 

s  =  r ^rd    .1.  .  (47) 


COS(£ 


sin$ 


If  then,  as  supposed  above,  6  be  constant,  s  is  proportional  to  r. 

The  centreward  and  tangential  components  of  acceleration  are 
therefore 
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o  2/1*2     1      sin  d>        •     r  ■■       .\9C0sm  ,JOV 

s-  x  curvature  =  r202~ i  =  0- ,    s  =  rO2  .     y  .         (48) 

sirr<£     r  sin^>  sin-0 

The  student  may  verify  at  once  by  resolution  that  these  are 
equivalent  to  a  component  rd-/sin2<f)  in  the  direction  PO,  Fig.  33, 
and  a  component  2r02cosc£/sin2(£  along  the  tangent  and  with  the 
motion. 

It  may  also  be  noticed  that  if  the  point  move  towards  the  pole 
the  component  accelerations  are  not  changed.  The  tangential 
acceleration  however  now  acts  against  the  motion. 

58.  Derivation  of  Resisted  S.H.M.  from  Motion  in  an  Equi- 
angular Spiral. — Consider  now  a  point  moving  in  a  fixed  straight 
line  BB'  through  the  pole  so  as  to  be  always  at  the  foot,  p,  of  the 
perpendicular  let  fall  from  P  upon  the  straight  fine,  while  P  moves 
along  the  curve  toioards  the  pole.  Let  ^  be  the  angle  between  OP 
and  OB  (Fig.  32).  The  component  along  BB'  of  the  velocity  of  P  is  the 
velocity  of  p,  and  the  component  in  the  same  direction  of  the  accelera- 
tion of  P  is  the  acceleration  of  p.  Let  the  distance  of  p  from  0  be  s, 
and  denote  its  velocity  by  s.     Then  from  Fig.  32  we  get 

v6 
s' ~ rcos^,    s'  —  scosty  +  </>)  =  —. cos(^  +  <p) 

by  (47).     Also  ^  =  0,  so  that,  by  (46),  s'  =  r0(cos^cot0  —  sin^). 

The  velocity  s'  is  regarded  here  as  in  the  direction  of  increasing 
s,  that  is  from  0  to  B,  but  the  actual  direction  of  motion  of  p  will,  of 
course,  depend  on  the  sign  of  the  numerical  value  of  the  quantity  on 
the  right.  When  \^  +  $  =  n,  the  point  in  the  spiral  is  abreast  of 
the  pole  and  is  moving  parallel  to  BB' .  When  ijr  +  (f>  =  ir/2,  p  is  at 
the  extremity  of  its  range  and  is  at  the  instant  at  rest. 

Resolving  along  BB'  the  tangential  and  normal  accelerations  of 
P  we  obtain  for  the  total  acceleration  of  p  in  the  direction  from  B 
towards  B' : 

r6- \L — rJ  -  r6-- — -*-  cos(i^  +  <p). 

sin<£  sin2</> 

This  may  be  written  in  the  form 

,     6- 


sin-0 


2s'8cot4>. 


The  acceleration  of  p  consists  therefore  of  two  parts,  one  propor- 
tional to  and  in  the  opposite  direction  to  the  displacement  s'  of  p 
from  0,  the  other  proportional  to  and  opposed  to  the  speed  s  of  p. 

If  we  put 

n-  =  -r-l  ,     k  =  dcot<f>,  (49) 

and  -  V  for  the  whole  acceleration  of  p  we  have  the  equation 
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s'  +  2ks+n2s'  =  0,  (50) 

which  is  the  differential  equation  of  vibrational  motion  of  a  particle 
subject  to  a  retardation  proportional  to  the  speed  of  the  particle. 

If  a  be  the  angle  between  BB'  and   the  line  from  which  6  is 
measured  we  have  0  =  a  +  •*//■,  and  therefore  6  =  yjr. 
Thus  we  get 

a 

s'  —  rcos^  =  a  cos(a  -  6).  (51) 

The  displacement  s'  has  a  numerical  maximum  when  s'  is  zero,  that 
is  whenever  cos(<j>  +  \js)  is  zero,  and,  as  the  diagram  shows,  this 
maximum  is  diminished  each  time  the  radius-vector  makes  a  half- 
turn.     To  find  the  rate  of  diminution  we  notice  that  as  ^  changes 

from  tv  to  0,  8  changes  from  a  +  it  to  a,  and  &  changes  from  «a  +  7rcos7r 

to  aacos0,  that  is  from  a* aa  to  aa.     The  amplitude  is  therefore 

diminished  in  the  ratio  of  a*  to  1  in  each  half-turn.  The  successive 
amplitudes  are  as  indicated  in  Fig.  32. 

The  rate  of  diminution  of  r  for  each  half -turn  is  exactly  the 
same.  The  amount  of  diminution  per  unit  of  time  is  by  (46) 
rOcotcj)  or  kr,  so  that  the  rate  of  diminution  of  r  per  unit  of  time  per 
unit  of  length  is  k. 

59.  Calculation  of  Acceleration  by  Hodograph. — The  method  of 
the  hodograph  leads  much  more  briefly  and  elegantly  to  the  value 
found    above    for    the    acceleration    of 

the    particle    moving    in     the     spiral.  Fig.  34. 

Since  the  velocity  is  proportional  to  r 
the  hodograph  is  an  equiangular  spiral 
of  the  same  angle  as  the  path.  Let 
AS,  Fig.  34,  represent  the  velocity  at 
P,  then  the  acceleration  is  along  the 
tangent  ST  to  the  hodograph.  Also, 
if  ST  represent  the  magnitude  as  well 
as   the    direction    of    the    acceleration 

it  must  be  derivable  from  AS  by  precisely  the  same  operation  as 
gave  AS  from  OP.  But  the  magnitude  of  AS  is  r0/sin$,  and  there- 
fore the  magnitude  of  ST  is  rd2jsin.2(j>.  Thus  the  acceleration  is 
completely  determined. 

Resolving  ST  into  two  components  represented  by  UT  in  the 
direction  with  the  motion,  and  SU  in  the  direction  PO  (Fig.  33),  we 
easily  obtain  (since  clearly  /_  UTS  =  L  STJT  =  <p)  for  the  value  of  the 
former  2r 6'2 cos 0/sin20,  and  for  that  of  the  latter  rd2/sin2(f>,  values 
which  are  identical  with  those  obtained  by  the  process  first 
employed. 

60.  Resultant  of  Two  S.H.M.s  in  one  Line. — We  now  consider 
the  motion  which  is  the  resultant  of  two  or  more  simultaneously 
existing  simple  harmonic  motions.  First  let  the  motions  be  of  the 
same  period  and  in  one  line,  and  let  the  concentric  circles  A  A',  BB' 

D 
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(Fig.  35)  be  those  of  the  auxiliary  circular  motions  which  define  the 
simple  harmonic  motions  (of  the  points  p,  q,  along  the  diameter  A  A'), 
which  are  to  be  compounded.  Let  P,Q  be  the  positions  of  the  points 
in  the  circular  motion  at  time  t,  reckoned  from  the  instant  at  which 
P  was  at  G.  The  epoch  of  the  motion  of  P  is  COG  in  angle,  and 
clearly,  if  GOH=POQ,  Q  must  have  been  at H at  the  zero  of  reckon- 
ing of  time.  Thus  the  epoch  of  Q  is  COH,  and  the  difference  of 
epochs  GOH  or  POQ. 

Complete  the  parallelogram  POQR,  and  draw  the  diagonal  OR  ; 
then  as  OP  and  OQ  revolve  at  the  same  rate,  OR  remains  throughout 
of  the  same  length,  and  inclined  at  the  same  angles  to  OP  and  OQ. 
The  displacement  of  the  particle  describing  the  resultant  motion  is 


Fig.  35. 


the  sum  of  the  displacements  Op,  Oq,  which,  being  the  sum  of  the 
projections  of  OP,  OQ,  that  is,  of  OQ,  QR,  in  OC,  is  equal  to  the 
projection  of  OR  on  OC,  that  is,  Or.  Clearly  r  describes  a  simple 
harmonic  motion,  and  the  resultant  motion  is  one  of  amplitude  equal 
to  OR,  of  the  same  period  as  the  constituent  motions,  and  of  phase 
L  ROP  behind  the  motion  of  P,  and  l  QOR  before  the  motion  of  Q. 
If  a,  b,  c  be  the  lengths  of  OP,  OQ,  OR,  and  6  be  the  difference  of 
phase  "of  the  motions  compounded,  a,  0  the  angles  POR,  ROQ,  we  have 

(52) 

(53) 


c  =  Jar  +  b-  +  2ab  cos  8 
_,«  +  bcosd 


n  _,b  +  acos$ 

(3  =  cos    ' 


This  result  is  easily  obtained  analytically.     Let  e  denote  the  angle 
AOG,  u,  v,  the  displacements  of  p,  q.     Then 

u  =  acos(nt-e),  v  =  bcos(nt  -e  -6) 
it  +  v  =  acos(nl  —  e)  +  bcos(nt  -  e  -  6) 

=  (a  +  bcos6)cos{nt  - 1)  +  bs\Q6sin{nt-e). 
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If   we  put  a  +  bcosd  =  ccos<p,  and    bsin6  =  csincf),  this    may   be 
written  u  +  v  —  ccos(nt  —  e  —  <f>),  where 

6sin0 


c  =  Ja-  +  b-  +  2abcosd,  $  =  tan 


a  +  bcosB 


which,  since  <£  is  obviously  the  angle  denoted  above  by  a,  agrees  with 
the  result  already  obtained. 

In  the  same  way  a  third  simple  harmonic  motion,  of  the  same 
period,  and  in  the  same  line,  may  be  compounded  with  that  just 
found,  and  so  on  to  the  resultant  of  any  number  of  simple  harmonic 
motions  of  the  same  period  and  in  the  same  line. 

61.  Resultant  of  Two  Opposite  Circular  Motions  of  Equal 
Periods. — Another  important  case  is  that  in  which  two  concentric 
circular  motions  of  the  same  period, 
but  of  different  amplitudes  and  in 
opposite  directions,  are  compounded. 
Let  OP,  OQ  (Fig.  36)  be  the  radii 
drawn  to  the  points  P,  Q  describing 
the  circular  orbits.  Then  if  the  radii 
were  together  along  OB,  the  angles 
BOP,  BOQ  are  equal.  Describe  the 
parallelogram  POQR,  then  OR  is 
the  resultant  displacement,  and  the 
motion  of  R  is  the  resultant  motion. 
But  the  displacement  of  R  is  com- 
pounded of  the  two  displacements 
Op,  Oq  along  the  line  OA,  and  the 
two  Op',  Oq  along  the  line  OB.  The 
motions  of  p,  q  are  both  simple  har- 
monic in  the  diameter  A  A ',  and  if 
Q'  be  the  point  in  which  Qq  produced 

meets  the  smaller  circle,  these  motions  may  be  regarded  as  the 
projections  on  the  diameters  of  motions  of  the  points  P,  Q',  which 
traverse  the  circles  in  the  same  direction.  Hence  the  motions 
compound  by  the  preceding  theorem  into  a  single  harmonic  motion. 
Similarly  the  motions  of  p ',  q  give  a  single  harmonic  motion  in  the 
diameter  BB' .  Thus  the  motion  of  B  is  compounded  of  two  simple 
harmonic  motions  in  lines  at  right  angles  to  one  another. 

Let  x,  y   be  the  displacements  of  R  along   OA,   OB. 
OP  =  a,OQ  =  b,  ^BOP=  -.BOQ  =  nt, 

x  =  asinnt  —  bsinnt  =  (a  —  b)sinnt 
y  =  acosnt  +  bcosnt  —  (a  +  b)cosnt. 

The  amplitudes  along  OA ,  OB  are  a  —  b,  a  +  b  respectively. 

The  relation  between  the  x  and  y  of  any  point  in  the  path  of  R 
may  be  found  by  eliminating  nt  between  the  two  equations  just 
written.     Thus  by  squaring  and  adding  we  get 


Then  if 


}       (W) 


(a -by     (a  +  bf 


=  1, 


(55) 
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which  represents  an  ellipse,  the  semi-axes  of  which  are  a  -b,  a  +  b 
(see  §§  69,  75). 

If  b  were  equal  to  zero  we  should  have  a  single  uniform  circular 
motion,  which  therefore  is  equivalent  to  two  equal  simple  harmonic 
motions  in  lines  at  right  angles  to  one  another,  and  of  90°  difference 
of  phase. 

62.  Elliptic  Motion  produced  by  rolling  One  Circle  inside 
another. — It  is  interesting  to  look  at  this  case  of  motion  in  the 
manner  indicated  by  Fig.  37.  Let  a  circle  of  diameter  OS  in  internal 
contact  with  a  circle  of  double  its  radius  roll  along  the  latter  in  the 

direction  indicated  by  the  arrow,  that 
is  remain  in  contact  while  its  centre  P 
moves  with  angular  velocity  n  round 
0,  and  each  radius  of  the  smaller  circle 
turns  with  equal  angular  velocity  in 
f/f     n.     /     \  \        the  opposite  direction  round  P.     Let 

\  PS0  be  a  radius  which  was  along  OA 
when  OP  was  in  the  same  direction, 
and  let  R  be  any  point  on  that  radius, 
or  on  that  radius  produced.  The  angle 
SPS0  is  clearly  2  l  SO  A.  Hence  the 
arc  of  circumference  SSq  of  the  smaller 
circle  is  equal  to  the  arc  SA  of  the 
larger,  and  therefore  the  successive 
points  of  SSq  have  come  into  contact 
with  those  of  SA,  without  relative  motion  along  the  tangent,  or 
slipping  as  it  is  called,  that  is  the  motion  is  one  of  pure  rolling. 
Clearly  the  motion  of  R  is  precisely  that  of  the  point  R  in  Fig.  36, 
which  has  just  been  discussed.  Hence  when  a  circle  rolls  internally 
on  another  of  twice  its  radius,  any  point  fixed  in  the  rolling  circle 
describes  an  ellipse ;  and  if  the  rolling  take  place  with  uniform 
angular  velocity,  the  motion  is  compounded  of  two  simple  harmonic 
motions  at  right  angles  to  one  another. 

The  ellipse  becomes  a  straight  line  or  diameter  of  the  larger  circle 
in  the  case  in  which  the  point  R  lies  on  the  circumference  of  the 
rolling  circle.  The  opposite  extremity  of  the  diameter  through  R 
describes  the  diameter  perpendicular  to  that  described  by  R.  These 
results  will  be  easily  made  out  as  particular  cases  of  those  just 
found. 

63.  Eesultant  of  Two  Equal  and  Opposite  Circular  Motions. — 
It  follows  from  the  above  that  the  composition  of  two  equal  and 
opposite  circular  motions  gives  a  simple  harmonic  motion  of  the 
same  period  and  of  amplitude  equal  to.  twice  the  radius  of  the  circle, 
in  the  line  bisecting  the  angle  between  the  radii  drawn  to  the  posi- 
tions of  the  particles  at  any  instant.  Thus  in  Fig.  38  let  P,  Q  be  the 
positions  of  the  particles  whose  motions  in  the  circle  APQ  are  to  be 
compounded,  and  let  CA  be  drawn  perpendicular  to  PQ.  The  com- 
ponents of  the  two  motions  taken  perpendicular  to  CA  cancel  one 
another,  so  that  the  resultant  is  a  motion  in  the  radius  CA  equal  to 
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the  sum  of  the  equal  components  of  the  circular  motions  along  that 
line.     Obviously  the  direction  of  CA  is  fixed. 

04.  Resultant  of  Opposite  Circular  Motions  of  Unequal  Periods. 
—If,  however,  the  angular  velocities  of  OP  and  OQ  be  unequal,  the 
line  CA  will  change  its  direction  with  angular  velocity  equal  to 
half  the  difference  of  angular  velocities  of  the  two  radii,  and  will 
turn  round  C  in  the  same  direction  as  the  more  quickly  moving 
radius. 

Thus,  if  T  denote  the  period  of  P,  T'  that  of  Q,  the  angular 
velocities  n,  ri  are  2tt/T,  2ttJT',  and  half  the  difference,  the  angular 
velocity  of  CA,  is  rr(l/T-  IjT).  If  T<  T  the  line  CA  turns  round 
C  in  the  direction  shown  by  the  arrow  in  the  period  2/(l/T-  1/T'), 

Fig.  39. 


Fig.  38. 


that  is  2TT'j{T'-T).  The  path  of  the  particle  which  has  the 
resultant  motion  is  a  star-shaped  curve  like  Fig.  39,  in  which, 
however,  to  avoid  confusion,  the  rays  are  not  carried  into  the  centre. 
In  the  particular  case  here  represented  the  period  of  revolution  of 
the  resultant  motion  is  about  twelve  and  a  half  times  that  of  either 
of  the  components. 

These  cases  of  motion  are  of  great  importance  in  the  theory  of 
plane  polarised  light,  and  of  the  rotation  of  the  plane  of  polarisation 
in  media  like  quartz,  solutions  of  sugar,  tartaric  acid,  &c.,  and  in 
magneto-optic  theory  generally. 

65.  Resultant  of  Two  Similar  Circular  Motions  of  Unequal 
Period  and  Radius. — The  case  of  a  particle,  the  motion  of  which  is 
the  resultant  of  two  concentric  circular  motions  in  the  same  direc- 
tion, unequal  both  in  period  and  in  radius,  is  important  and  interest- 
ing. The  displacement  of  the  particle  evidently  varies  from  a 
minimum  equal  to  the  difference  of  the  radii  to  a  maximum  equal  to 
their  sum  and  back  again  alternately. 

The  amount  of  the  displacement  is  given  by  the  equations 

x  =  asm.nt  +  bsin.n't  \       ,-*\ 

y  =  acosnt  +  bcosn't,  ) 
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which  are  what  (54)  become  when  the  period  of  P  is  2-rr/n,  and  that 
of  Q  is  2irjn,  and  the  circular  motions  have  the  same  sense. 

To  interpret  these  equations  for  this  case,  let  the  zero  of  reckon- 
ing of  t  be  one  of  the  instants  at  which  the  displacements  in  the 
circular  motions  are  in  the  same  direction.  Then  clearly  at  any 
subsequent  instant  6  =  {n  —  n')t  supposing  n  >  ri.  Thus,  for  the 
amplitude  of  the  resultant  motion  and  the  phase-angle  <p  (  =  L  POR  of 
Fig.  35),  we  have 


c  =  Jar  +  b2  +  2abcos(n  —  n')t ;  ,~-x 

and  ^   '* 

.         isin(n  —  n^t  /--'\ 

tan  6= =—i-j '-—.  {oi) 

a  +  ocos(n-n)t 

When  (n  -  n')t  =  m,Tr,  where  m  is  a  whole  number,  we  have 
c  =  a  +  b  or  c  =  a  —  b,  according  as  m  is  even  or  odd,  and  when 
(ft  -  n')t  =  (2m  +1)  7r/2  we  have  c  =  Jd-  +  6*. 

The  value  of  <p  is  always  such  that  the  resultant  displacement  lies 
between  the  two  moving  radii  in  the  angle  which  is  less  than  it,  except 
in  the  critical  positions,  when,  in  passing  through  zero,  it  changes 
over  from  one  side  of  the  more  quickly  moving  radius  to  the  other. 

The  reader  may  work  out  from  first  principles  (by  assigning  a 
small  change  dt  to  t,  calculating  the  corresponding  change  d6  of  6,  and 
finding  the  limiting  value  of  dOjdt  when  dt  is  made  infinitely  small) 
the  angular  velocity  of  the  resultant  displacement  at  each  instant. 

[The  results  for  the  case  of  two  unequal  motions  in  different 
periods  in  opposite  directions  are  to  be  obtained,  of  course,  from  the 
results  in  the  case  just  discussed  by  changing  the  sign  of  ft'.] 

66.  Case  of  Two  Similar  Circular  Motions  of  Equal  Radius  and 
Unequal  Period. — In  the  particular  case  of  the  preceding  motion  in 
which  the  component  displacements  are  equal,  it  is  clear  that  the 
resultant  displacement  is  then  2acosi(n  —  n')t,  and  that  its  direc- 
tion always  bisects  the  angle  (less  than  ir)  between  the  two  moving 
radii.  The  angular  velocity  of  this  bisecting  line  is  evidently 
|(ft  +  ft');  or,  n{ljT+l/Tr).  In  the  infinitely  short  interval  in 
which  the  revolving  radii  pass  through  a  position  of  opposition,  the 
line  bisecting  the  angle  between  them  passes  through  an  angle  it  from 
one  side  to  the  other  of  the  two  lines,  and  then  moves  with  angular 
velocity  |(«,  +  n')  until  opposition  is  again  attained,  and  so  on. 

The  resultant  motion  may  be  regarded  as  simple  harmonic  with 
varying  phase,  and  its  amplitude  changes  from  zero  to  double  the 
amplitude  of  either  circular  motion,  and  back  again  alternately,  as 
the  direction  changes  (Fig.  40).  When  2ntjT=  2nt/T'  +  nir  we  have 
Trt(l/T+l/T')  =  2rrt/T'  +  nirj2.  Thus,  having  started  from  coinci- 
dence, the  directions  of  the  components  are  then  coincident  or  opposed, 
and  by  (57)  the  amplitude  is  the  sum  of  the  radii  or  zero.,  according 
as  ft  is  even  or  odd. 

The  variation  of  the  amplitude  can  be  traced  from  Fig.  40  by 
drawing  radii  to  the  curve  there  shown  from  the  point  0,  at  which 
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the  amplitude  is  zero.  If  the  arrows  are  followed,  it  will  be  seen 
that  the  curve  is  a  kind  of  spiral  consisting  of  two  branches,  an  out- 
ward and  an  inward,  passing  into  one  another  at  m.  The  outward 
is  described  by  the  particle  as  it  moves  away  from  0  until  it  reaches 
m,  when  it  returns  on  the  inward  branch  to  0,  to  again  describe  the 
outward  path,  and  so  on. 

Figs.  89  and  40  may  be  regarded  also  as  examples  of  cycloidal  and 
trochoidal  curves,  and  will  be  encountered  again  in  connection  with 
vibrational  motion. 

67.  Curve  of  Displacements. — The  varying  displacement  of  a 

Fig.  40. 


point  is  frequently  represented  as  in  Fig.  41,  where  distance  OM 
along  the  line  OX  is  proportional  to  the  time  from  the  chosen  zero 
of  reckoning,  and  the  distance  MP  of  the  point  P  from  OX  the  dis- 
placement or  a  quantity  proportional  to  it.  The  displacement,  of 
course,  may  be  of  any  kind  whatever,  e.g.,  distance  of  the  moving 
point  from  a  fixed  point,  a  fixed  line,  or  a  fixed  plane,  or  distance 
measured  along  any  curve  from  a  fixed  point  to  the  moving  one. 

If,  as  we  suppose  to  be  the  case,  the  curve  of  displacements  thus 
obtained  be  continuous,  a  definite  tangent  PT  to  the  curve  can  be 
drawn  at  any  point  P,  and  this  will  in  the  limit  coincide  with  an 
infinitesimal  element  PQ  of  the  curve.  The  rate  at  which  MP  is 
changing  per  unit  of  increase  of  OM,  that  is  QpjMN  is  thus  pre- 
cisely tan</>,  where  0  is  the  inclination  of  PT  to  OX.  Hence  tan$ 
is  proportional  to  the  particular  speed  of  the  point  P  corresponding 
to  the  displacement  represented  by  MP. 

68.  S.H.M.  represented  by  Curve  of  Sines.  —  An  important 
application  of  this  graphical  process  is  to  simple  harmonic  motion. 
Here  OM  (Fig.  42)  represents  the  time  from  the  zero  of  reckoning,  and 
MP  the  displacement  s  =  acos(nt  -  e).  Thus  OA  represents  in  time 
the  epoch  of  the  motion,  AB  the  maximum  positive  displacement, 
and  MqMf  MXM2  half  the  period. 
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The  distances  M0A,  M0M,  ....  are  proportional  to  the  corresponding 
angles  B'CM0,  P'CM0,  shown  in  the  circle  of  centre  C,  and  radius 
equal  to  AB ;  and  the  ordinates  are  therefore  proportional  to  the 
sines  of  these  angles.  Hence  the  name  usually  given  to  the  curve 
traced  out  by  P,  the  curve  of  sines. 

It  will  be  seen  at  once  from  the  figure  that  the  velocity  of  the 
point  is  a  numerical  maximum  at  the  middle  position,  that  is,  when  P  is 
on  the  axis  OM .  The  velocities  at  the  different  points  of  the  curve 
are  capable  of  graphical  representation  also  by  a  curve  of  sines.     For, 


draw  a  new  circle  (Fig.  43)  with  centre  0,  and  radius  equal  to  that 
of  the  circle  in  Fig.  42.  Let  the  point  P  represent  the  particle  in 
the  defining  circular  motion,  and  the  line  P T,  carried  round  by  the 
revolving  radius  OP,  the  constant  speed  of 
the  particle  in  the  circle.  (If  a  be  the 
radius  of  the  circle,  and  n  the  angular 
velocity  2n/T,  PT  represents  na.) 

The  projection  pt  of  PT  on  the  line  OA 
represents  the  velocity  of  P  resolved  parallel 
to  OA ,  that  is  the  velocity  in  the  simple  har- 
monic motion,  and  is  in  amount  PTsinPOjy, 
or  ")iasm(nt  —  e). 

Thus  the  displacement  being  represented 
by  Op,  that  is,  OPcosPOp  oracos(nt  —  e),  the 
corresponding  velocity  is  —  nasin.(nt  —  e), 
and  its  successive  values  also  give  a  curve 
of  sines.  This  curve  is  sometimes  called  the  first  derivative  of  the 
former  curve.  It  is,  in  fact,  the  former  curve  with  its  ordinates  all 
multiplied  by  n,  and  shifted  towards  the  left  along  OX  through  a 
distance  representing  three  quarters  of  a  period. 

In  the  same  way  the  first  derivative  of  this  curve,  the  second 
derivative  of  the  former,  may  be  plotted,  and  since  the  ordinates  of 
the  curve  so  obtained  are  proportional  to  the  rates  of  variation  of 
those  of  the  second  curve,  they  represent  on  the  scale  adopted  in  the 
diagram  the  accelerations  in  the  first  curve.  We  return,  in  fact,  to 
the  curve  originally  plotted,  with  the  change  that  each  of  its  ordi- 
nates is  multiplied  by  »*,  and  is  turned  in  the  opposite  direction. 
G9.  Generation  of  Curve  of  Sines  from  Circular  Cylinder. — The 
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curve  of  sines  is  the  curve  generated  by  marking  on  a  sheet  of 
paper,  wound  round  a  right  circular  cylinder,  the  outline  of  a  plane 
section  of  the  cylinder  taken  oblique  to  the  axis,  and  then  bringing 
the  paper  again  into  a  plane  sheet.  A  plane  perpendicular  to  the 
axis  and  passing  through  the  centre  of  the  oblique  section  intersects 
the  paper  in  a  line  which,  in  the  plane  sheet,  is  the  axis  of  the  curve. 
This  construction  is  obvious  since  the  ordinates  of  the  curve  are  pro- 
jections of  the  ordinates  of  the  circle  of  Fig.  42  drawn  in  a  circular 
section  of  the  cylinder,  and  projected  on 
the  oblique  section  by  the  generators  of 
the  cylinder. 

The  curve  of  section  of  the  cylinder  is 
that  called  an  ellipse,  and  is  of  great  im- 
portance in  physical  astronomy,  the  theory 
of  elasticity  and  other  branches  of  physics. 
It  is  worth  noticing  here,  though  the  curve 
will  be  discussed  in  §§  74-80,  and  in  con- 
nection with  its  applications,  that  an  ellipse 
may  be  derived  from  a  circle,  by  shorten- 
ing (or  lengthening)  all  ordinates  at  right 
angles  to  a  perpendicular  diameter  in  the  same  ratio,  as  in  Fig.  44. 
There  the  ellipse  AbA'  is  derived  from  the  circle  A BA'  by  diminishing 
all  the  ordinates  (as  MP  to  Mp)  in  the  ratio  of  OB  to  Ob.  This  is 
obvious  from  the  mode  of  derivation  just  explained. 

70.  Composition  of  S.H.M.s  by  Means  of  Their  Sine-Curves. — 
Two  or  more   simple   harmonic   motions   of  different   periods   and 
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epochs,  but  in  the  same  line,  are  compounded  by  simply  adding 
together  the  displacements  in  the  different  motions  for  each  instant. 
The  resultant  displacement  is  the  displacement  at  that  instant  in  the 
resultant  motion.  This  may  be  done  graphically  by  drawing  with  a 
common  axis,  OX  (Fig.  45),  the  curves  of  sines  representing  the 
different  motions,  and  then  drawing  the  curve  the  ordinates  of 
which  are  each  the  sum  of  the  corresponding  ordinates  of  the  curves 
representing  the  constituent  motions.  Thus  Figs.  45  and  46  repre- 
sent the  resultant  of  the  two  motions. 
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sx  =  ajCos  (nt  —  £j),     s3  =  a3cos(2nt  — «,), 

for  the  cases  in  which  a3  =  \av  and  (1)  e,  -  f?  =  0,(2)  et  -  e3=  \ir.    The 
period  of  the  second  motion  is  half  that  of  the  first. 

71.  Mechanical  Composition  of  S.H.M.s.  Tide  Gauges  and  Tide 
Predicters. — The  resultant  of  a  series  of  simple  harmonic  motions  in 
one  line  can  be  traced  graphically  by  giving,  by  means  of  proper 


mechanism,  the  resultant  displacement  at  each  instant  to  a  pen  or 
pencil  which  inscribes  the  resultant  curve  on  a  sheet  of  paper,  drawn 
uniformly  past  the  pen  by  clock-work  in  a  direction  perpendicular  to 
the  line  in  which  the  marking  point  is  free  to  move.  Thus  in  a 
tide-gauge,  a  pen,  moved  in  a  vertical  line  by  a  float  on  the  surface  of 
the  water  in  a  harbour  or  dock,  marks  the  varying  height  of  the  tide 
on  a  convenient  scale  on  a  sheet  of  paper  constantly  drawn  past  the 
pen  by  a  properly  regulated  clock,  which  likewise  registers  time  at 
equal  intervals  by  a  slight  motion  of  the  pen.  Data  are  thus  obtained 
for  the  setting  of  another  machine  which  also  compounds  harmonic 
motions,  and  draws  curves,  the  ordinates  of  which  represent  the 
heights  of  the  tide  at  successive  instants  of  a  considerable  interval  of 
future  time. 

In  this  tide-predicting  machine,  which  is  the  invention  of 
Lord  Kelvin,  a  fine  chain  passes  half  round  each  of  a  number  of 
pulleys,  all  of  the  same  size,  arranged  in  two  rows  along  the  top  and 
bottom  of  a  vertical  plate,  and  so  placed  that  the  chain  passes  from 
row  to  row  as  it  passes  from  one  pulley  to  another,  and  that  the 
parts  of  the  chain  not  on  the  pulleys  are  all  parallel.  The  centres  of 
the  pulleys  are  carried  on  pieces  which  are  each  constrained  to  describe 
simple  harmonic  motion,  in  lines  parallel  to  the  free  parts  of  the 
chains,  by  a  crank-pin  traversing  a  circle  and  working  in  a  trans- 
verse slot  as  described  above,  §  1-t.  These  crank-pins,  having  been 
set  to  the  proper  relative  amplitudes  and  epochs  are  driven  by  a  train 
of  wheel-work  in  the  proper  relative  periods  from  a  single  handle 
turned  by  the  operator.  The  motion  of  each  crank-pin  corresponds 
to  a  tidal  constituent,  and  as  the  pulleys  move  the  length  of  the  free 
end  of  the  chain,  to  which  the  marking  point  is  attached,  rises  or  falls 


KINEMATICS,    OR   THE   GEOMETRY   OF   MOTION.         59 

in  any  time  through  a  distance  which  is  the  resultant  of  the  displace- 
ments of  the  pulleys  in  that  time,  and  the  varying  height  of  the 
water  is  registered  upon  a  ribbon  of  paper  drawn  past  the  marking 
point  by  the  driving  mechanism.  Of  course,  variations  of  the  speed 
of  driving  cannot  affect  the  result,  as  the  speeds  in  the  different 
harmonic  motions  and  that  of  the  paper  are  all  affected  in  the  same 
ratio. 

72.  Uniform  Circular  Motion  derived  from  Two  S.H.M.s. — As 
was  pointed  out  in  §  62  a  uniform  circular  motion  is  equivalent  to 
two  simple  harmonic  motions  in  perpendicular  diameters  of  the 
circle.  These  motions  are  such  that  the  displacement  in  either  is 
zero  when  that  in  the  other  is  a  maximum ;  in  fact,  if  the  simul- 
taneous displacements  in  the  motions  be  represented  by  x,  y,  we  have 

•-«Mr«f-«)  )     (58) 

These  equations  may  be  put  in  the  same  form  thus  : 

x  =  acos(nt  —  e)  }        /,-qv 

y  =  acos(nt-r})  j 

where  tj  =  £  +  tt/2.  The  phases  e,  rj  of  the  two  motions  thus  differ 
by7r/2. 

Conversely  it  is  clear  that  two  simple  harmonic  motions  of  the 
same  period  in  perpendicular  lines,  and  as  here  differing  in  phase 
by  7r/2,  give  uniform  circular  motion  when  compounded.  Squaring 
the  equations  of  (58)  and  adding  we  obtain 

x-  +  7f  =  a2. 

which  shows  that  the  point  P  lies  on  a  circle  of  radius  a. 

73.  Projection  of  Circle  into  Ellipse. — Now  consider  the  projec- 
tion by  parallel  lines  of  a  circle  on  a  plane  inclined  at  any  angle  to 
the  plane  of  the  circle.  The  projection  is  a  closed  curve,  called  an 
ellipse,  some  of  the  properties  of  which  we  now  investigate. 

It  is  clear  that  straight  lines  in  the  plane  of  the  circle  project 
into  straight  lines,  and  that  parallel  lines  project  into  parallel  lines. 
Also  it  is  clear  that  the  lengths  of  all  parallel  lines  are  altered  by 
the  projection  in  the  same  ratio,  and  therefore  the  ratio  of  any  two 
parallel  lines  is  equal  to  the  ratio  of  their  projections. 

The  angle  between  the  projections  of  two  lines  is,  however,  in 
general  different  from  the  angle  between  the  lines.  Thus  two  chords 
of  the  circle  at  right  angles  to  one  another  are  in  general  projected 
into  two  chords  of  the  ellipse  inclined  at  a  different  angle.  Thus 
the  diameters  A  A',  BB'  of  the  circle  are  in  Fig.  47  projected  into  the 
lines  (also  diameters)  of  the  ellipse,  aa,  bb' . 

74.  Properties  of  Ellipse. — If  P  Q  be  any  chord  of  the  circle 
divided  in  any  ratio  by  a  point  C,  the  projection  pq  of  the  chord  is 
divided  in  the  same  ratio  by  the  point  c,  which  is  the  projection 
of  C.     A  diameter  of  a  circle  bisects  all  chords  at  right  angles  to 
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itself,  and  is  projected  into  a  line  bisecting  the  projections  of  the 
chords  of  the  circle.  Any  two  diameters  of  a  circle  are  projected 
into  two  chords  of  the  ellipse  which  bisect  one  another,  and  the 
point  of  intersection  is  the  projection  of  the  centre  of  the  circle.  All 
chords  passing  through  this  point  are  there  bisected ;  it  is  therefore 
called  the  centre  of  the  ellipse,  and  any  line  drawn  through  it  to 
meet  the  ellipse  on  both  sides  is  called  a  diameter. 

A  line  cutting  the  circle  is  projected  into  a  line  cutting  the 
ellipse,  and  a  line  touching  the  circle  into  a  line  touching  the  ellipse. 


For  if  a  line  cutting  the  circle  in  two  points  be  turned  round  one  of 
these  points  until  the  other  has  moved  up  to  coincidence  with  the 
former,  the  projection  of  the  moving  point  will  move  along  the 
ellipse  to  coincidence  with  the  projection  of  the  former  point,  so  that 
the  line  and  its  projection  become  tangents  simultaneously. 

Since  a  diameter  of  a  circle  bisects  all  chords  parallel  to  the 
tangents  at  its  extremities,  and  parallel  lines  project  into  parallel 
lines,  a  tangent  to  an  ellipse  is  parallel  to  the  chords  bisected  by  the 
diameter  drawn  to  the  point  of  contact,  and  the  tangents  at  the 
opposite  extremities  of  a  diameter  are  parallel.  Thus  if  bb',  Fig.  47, 
be  a  diameter  of  an  ellipse  it  is  bisected  at  o  by  the  centre,  and  the 
tangents  at  b,  b'  are  parallel  to  one  another  and  to  the  chords  bisected 
by  bb'.  The  diameter  aa',  which  is  parallel  to  the  tangents  at  the 
points  b,  b'  and  the  diameter  bb'  are  said  to  be  conjugate,  inasmuch 
as  the  tangents  at  the  points  a,  a  are  parallel  to  bb',  and  each 
diameter  bisects  all  chords  parallel  to  the  other. 

Let  AA',  Fig.  48,  be  a  diameter  of  the  circle  and  aa  the  corres- 
ponding diameter  of  an  ellipse  obtained  by  projection  perpen- 
dicular to  the  plane  of  the  circle.  As  the  plane  A  A' a  a  is  turned 
round  the  line  of  centres,  the  length  aa'  of  the  diameter  changes, 
and  is  clearly  a  maximum  when  the  lines  Aa,  A' a  have  their  greatest 
difference  in  length,  and  a  minimum  when  they  are  of  the  same 
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length.  But  a  line  of  given  length  as  AA',  to  have  its  maximum 
projection  on  the  oblique  plane,  must  be  drawn  at  right  angles  to  the 
line  of  intersection  of  the  two  planes,  that  is  at  right  angles  to  those 
lines  of  the  two  planes  which  are  parallel.  Its  projection  is  there- 
fore at  right  angles  to  such  lines.  Hence  the  maximum  diameter 
of  the  ellipse  is  perpendicular  to  the  minimum. 

They  are  also  conjugate  diameters.  For  let  BB',  Fig.  48,  be  the 
diameter  of  the  circle  which  projects  into  the  minimum  diameter 
bb'  of  the  ellipse.  The  tangent  to  the  circle  at  B  projects  into  the 
tangent  to  the  ellipse  at  b,  and  since  bb'  is  parallel  to  BB'  it  is  per- 
pendicular to  the  plane  defined  by  Bb  and  the  tangent  at  B.  Hence  it 
is  perpendicular  to  the  tangent  at  b  which  lies  in  that  plane.  Similarly 
bb'  is  perpendicular  to  the  tangent  at  b'.  The  conjugate  diameter  aal 
therefore  cuts  bb'  at  right  angles,  and  the  tangents  at  its  extremities 
are  parallel  to  bb' .     It  coincides  with  the  maximum  diameter. 

75.  Equation  of  Ellipse. — Let  the  points  marked  by  small  letters 
in  Fig.  47  represent  the  projections  of  the  points  marked  by  capital 
letters  in  the  circle  indicated  at  the  top  of  the  diagram  ;  then  if  A  A', 
BB'  be  perpendicular  diameters  of  the  circle  act',  bb',  their  projections, 
are  conjugate  diameters  of  the  ellipse.  Let  P  be  a  point  on  the 
circle,  OM,  ON(  =  MP)  the  co-ordinates  of  P  taken  with  respect 
to  OA,  OB  as  axes,  om,  on(  =  np)  their  projections.  Now,  since  the 
ratios  of  the  parallel  lines  are  not  altered  by  projection,  we  have 


But 


OM  _  om         0N~  _   on 
OA  ~~~    o~a  '       OB  ~   ob 


OM-     OJP  =  1 
OA*  +  OB2 


and  therefore  the  preceding  equalities  give 

om~       on*  _  , 
oar        ob2 

If  we  write  a,  b,  for  the  lengths  of  the  conjugate  semi-axes  oa,  ob,  and 
x,  y  for  the  lengths  of  om,  mp,  respectively,  the  last  equation  becomes 

T  +  ■£ .-  *  (6°) 

a-        b" 

which  is  the  relation  fulfilled  by  the  co-ordinates  of  a  point  on  an 
ellipse  referred  to  a  pair  of  conjugate  axes,  as  axes  of  co-ordinates. 
The  relation  just  found  may  be  written. 

on-        ,        om2  _  (oa  +  om)  (oa-om)  __  a'm.ma . 
ob'-  oa2  oar  oar 

or 

a'm.ma  =  -r~mp2,  (61) 

ob- 
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which  may  be  contrasted  with  the  relation  fulfilled  by  points  on  the 
circle 

A'M.MA  =  ~MFH  =  MP*). 
OB-        v  ' 

It  follows  also  from  the  permanence  of  the  ratios  of  parallel  lines 
that  the  rectangles  under  the  segments  of  intersecting  chords  are  pro- 
portional to  the  squares  on  the  parallel  diameters.  Thus  let  peg, 
p'cq  be  any  two  chords  intersecting  in  c,  and  oa,  ob',  the  lengths  of 
the  parallel  semi- axes  then 

'2 

r>c.cq  —  —cr;p'c.cq\.  (Q"2) 

ob  ~ 

76.  Principal  Diameters  of  Ellipse.  Polar  Equation  of  Ellipse. 
— Let  a  tangent  be  drawn  to  a  point  p  of  the  ellipse  and  let  it  meet 
the  conjugate  diameters  ad,  bb',  Fig.  49,  in  s  and  t,  and  draw  the 
semi-diameter  oq  parallel  to  st.    In  the  circle  from  which  these  lines 


are  projected  the  diameters  AA',  BB'  are  at  right  angles  to  one 
another,  and  OQ  is  the  radius  parallel  to  the  tangent,  and  we  have 

SP.PT=  OQ2. 

Since  the  ratios  of  parallel  lines  are  not  altered  by  projection  we 
have  also  in  the  ellipse, 

sp.pt  =  oq2. 

This  relation  enables  the  principal  axes  of  the  ellipse  to  be  deter- 
mined when  a  pair  of  conjugate  axes  are  given  in  position  and  magni- 
tude. 

For,  Fig.  50,  take  a  point  r  on  oa  produced  such  that  oa.ar  =  ob'J, 
and  from  a  centre  c  in  the  tangent  at  a  draw  a  circle  through 
o,  r,  cutting  the  tangent  ac  in  the  points  d  and  e.  Then,  since 
ea.ad  =  oa.ar  =  ob'1,  oe,  od  must  be  along  conjugate  semi-axes, 
and  they  are  perpendicular,  since  the  angle  eod  is  in  a  semi- 
circle. The  longer  principal  axis  is  called  the  major  axis,  the  other 
is  called  the  minor  axis.  We  shall  denote  the  lengths  of  the 
principal  semi-axes  by  a,  b. 

Putting  now  p  for  the  length  of  the  radius-vector  drawn  from 
the  centre  to  any  point  on  an  ellipse,  6  for  the  angle  the  radius- 
vector  makes  with  a  fixed  line  in  the  plane  of  the  ellipse,  a  for 
the  angle  the  positive  semi-axis  major  makes  with  the  fixed  line,  we 
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have    Loap  =  0-a.     We  have  also  x  =  pcos(6-a),    ?/  =  psin(0- a). 
Hence  equation  (60)  becomes 


lr 


p~     l-e2cos-(0-a)  ' 


(63) 


where  e2  =  (a2  -  ¥)jd-.  This  gives  p  for  any  value  of  B.  It  will  be 
observed  that  the  equation  gives  two  equal  and  opposite  values  of 
p  for  a  given  value  of  6. 

Let  (f>  be  the  angle  between  the  perpendicular  from  the  centre 


Fig.  50. 


on  a  tangent  and  the  radius-vector  to  the  point  of  contact,  then  by 
calculating  psin$[  =  p~dd/(dp''  +  p2<i02)*]  the  reader  may  verify  that 
the  length,  £7,  of  the  perpendicular  from  the  centre  on  a  tangent 
touching  at  the  extremity  of  a  radius-vector  p  is  (if  a  =  0)  given  by 


CT  = 


bjl  -e-'cos-  6 
Jeicos-d(ei  —  2)  +  1 


(64) 


77.  Area  of  an  Ellipse. — If  A  be  the  area  of  any  plane  figure  the 
area  of  its  projection,  by  lines  at  right  angles  to  its  plane,  on  a  plane 
inclined  at  an  angle  6  to  the  former  (that  is  for  which  the  angle 
between  two  lines  drawn  in  the  planes,  and  perpendicular  to  the  line 
of  their  intersection,  is  6)  is  Ajcosd.  For  imagine  the  area  divided 
into  very  narrow  strips  having  their  sides  all  perpendicular  to  the 
line  of  intersection  of  the  planes.  Each  strip  is  a  rectangle  plus  a 
small  portion  at  each  end  given  by  the  curved  boundary  of  the  area. 
The  length  of  any  rectangular  portion  if  I  is  changed  to  I /cos  6  while 
its  breadth  remains  unchanged.  If  A'  be  the  sum  of  the  area  of  the 
rectangles,  the  sum  of  the  areas  of  their  projections  is  A' /cos  6.  In 
comparison  with  A'  the  difference  A'  —  A  may  be  made  as  small  as 
we  please  by  taking  the  strips  sufficiently  narrow,  and  hence  we 
obtain  accurately  for  the  projected  area  the  value  A  /cos  6. 

Similarly,  if  the  area  be  projected  on  the  second  plane  by  lines 
perpendicular  to  the  latter,  the  area  of  the  projection  is  ^IcosS. 
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These  results  it  is  to  be  observed  are  independent  of  the  position  of 
the  given  figure  in  its  plane. 

We  see,  therefore,  that  if  a  square  be  described  round  a  circle,  and 
the  figure  be  projected,  the  circle  -will  become  an  ellipse,  and  the  sides 
of  the  square  four  tangents  forming  a  circumscribing  parallelogram. 
If  a,  b'  be  the  lengths  of  the  conjugate  semi-axes  parallel  to  the 
tangents,  and  6  the  angle  between  them,  we  have  for  the  area  of  the 
parallelogram  the  value  4a'6'sin  0,  and  this  holds  for  all  pairs  of  con- 
jugate axes.  Therefore,  if  a,  b  be  the  lengths  of  the  principal  semi- 
axes,  a'b'smd  =  ab. 

Also  the  area  of  the  circle   being  %b-   (supposing  the  semi-axis 

b   to   be    equal  to  the  radius  of  the 
Fig.  51.  circle)  the  area  of  the  ellipse  is  nab. 

o     For  the  semi-axes  a',  b'  this  becomes 

7ra'6'sin  0. 

78.  Foci  and  Focal  Properties  of 
Ellipse. — Space  does  not  permit  of 
further  discussion  of  the  geometry  of 
the  ellipse,  but  from  the  results  given 
above  various  properties  of  the  curve 
can  be  deduced  with  great  ease.  For 
example,  taking  the  principal  axes 
as  axes  of  co-ordinates,  and  fixing  two 
points  SS'  (Fig.  51)  on  the  major 
axis,  such  that  S'C=CS  =  J  a2  -b2, 
the  reader  may  prove  at  once  that  if  as  before  e  =  sl{a2  -  b2)ja,  then 
S'P  =  a  —  ex,  SP  =  a  +  ex,  so  that 

SP  +  S'P  =  2a. 

The  ratio  e  is  called  the  eccentricity  of  the  ellipse. 

The  points  S,  S'  are  called  the  foci  of  the  ellipse,  and  play  a  great 
part  in  the  discussion  of  the  properties  of  the  curve.  An  ellipse  of 
semi-axes  a,  b,  that  is  of  eccentricity  J(a2  —  b'2)ja,  may  be  generated  in 
the  following  manner.  Fix  two  pins  on  a  sheet  of  paper  at  a  distance 
apart  of  2ea,  and  place  over  them  a  thin  string,  the  ends  of  which 
have  been  knotted  together  so  as  to  give  a  closed  length  of  2(1  +  e)a. 
Then  keeping  the  string  taut  against  the  pins  by  pressing  against 
it  with  one  side  of  a  sharp  pencil  point,  while  the  point  is  carried 
round  pressing  against  the  paper,  a  closed  curve  will  be  described, 
which  will  be  found  to  be  an  ellipse  of  the  dimensions  required. 

Again,  if  a  tangent  to  an  ellipse  be  drawn  at  any  point  P  as  in 
Fig.  51,  and  produced  so  as  to  meet  the  circle  described  on  the  major 
axis  of  the  ellipse  as  diameter  in  the  points  PP,  the  lines  SP,  /S'P/ 
drawn  from  the  foci,  are  perpendicular  to  the  tangent,  and 
SP.S'P'  =  b2  ;  or,  which  is  the  same  thing,  if  PS  be  produced  to  meet 
the  circle  again  in  T,  PS.ST=b2.  This  property  will  be  of  great 
service  in  the  discussion  of  elliptic  motion,  that  is  the  motion  of  a 
particle  in  an  elliptic  orbit,  under  an  acceleration  constantly  directed 
towards  one  of  the  foci. 
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The  student  may  also  verify  that  the  lines  &P,  SP  drawn  from 
the  foci  to  any  point  make  equal  angles  with  the  tangent  at  P,  and 
that,  therefore,  the  normal  at  any  point  bisects  the  angle  between 
the  focal  radii  of  the  point.  Also  he  may  verify  the  property, 
generally  made  the  definition  of  the  curve,  that  the  distance  of  any 
point  P  on  the  curve  from  one  of  the  foci,  S'  say,  bears  a  constant 
ratio  e  (less  than  unity)  to  its  distance  from  a  straight  line  called  the 
directrix,  which  is  drawn  perpendicular  to  the  major  axis,  and  cuts 
it  in  a  point  X  at  a  distance  AX  from  the  vertex  equal  to  FA/e. 

79.  Focal  Polar  Equation  of  Ellipse. — The  polar  equation  of  the 
ellipse  with  one  focus  as  pole,  that  is  the  relation  between  the  length 
of  the  radius  vector,  drawn  from  the  focus  to  any  point  of  the  curve, 
and  the  angle  6  its  direction  makes  with  a  fixed  direction  in  the 
plane,  is  easily  obtained.  Take  as  pole  the  focus  S  on  the  left  of  the 
centre  in  Fig.  51,  and  let  the  angle  which  the  radius-vector  makes  with 
the  positive  direction  of  the  major  axis  be  d  —  a.  Since  p  =  a  +  ex,  and 
x  =  pcos(0  -  a)  +  ae,  we  have  p  =  a{\  —  e2)  +  epcos(0  -  a),  which  gives 

a(l-f) 

M     l-ecos(0-a)'  (65) 

If  a  =  0,  that  is  if  Q  be  measured  from  oa,  the  equation  is 

p-jfizfL  (66) 

r     l-ecos<9  x     ' 

The  perpendicular  from  the  focus  on  the  tangent  at  any  point 
is  p2ddjjp2d62  +  dp2.     The  last  equation  gives 

b2 

ZS  = .  (07) 

«N/1  -  2ecosd  +  e2 

80.  Sections  of  a  Cone. — In  the  ellipse  e  is  always  less  than  1, 
but  another  curve,  the  hyperbola,  exists,  defined  also  by  the  focus  and 
directrix  property,  with  the  difference  that  e>  1.  The  properties  of 
this  curve  correspond  exactly  to  those  of  the  ellipse,  though  they  are 
by  no  means  identical  with  the  latter.  A  third  curve,  the  parabola, 
is  obtained  by  making  e=  1,  that  is  the  distance  of  any  point  of  the 
curve  from  the  focus  equal  to  its  distance  from  the  directrix. 

The  curves  may  be  obtained  by  cutting  sections  of  a  double  right 
circular  cone.  A  section  by  a  plane  making  an  angle  with  the  axis 
greater  than  the  semi-vertical  angle  of  the  cone  gives  an  ellipse,  a 
section  by  a  plane  making  an  angle  with  the  axis  less  than  the  semi- 
vertical  angle  gives  a  hyperbola,  which  it  will  be  seen  has  two  infinite 
branches  (since  the  sheets  of  the  cone  are  supposed  to  be  infinite), 
while  a  parabola  is  given  by  a  section  parallel  to  a  generating  line. 
Thus  the  parabola  consists  of  a  single  infinite  branch. 

This  mode  of  generating  curves  accounts  for  their  ordinary  name — 
the  conic  sections.  The  reader  may  observe  the  curves,  by  throwing, 
by  means  of  a  small  source  of  light,  such  as  the  flame  of  a  small 

E 
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candle,  the  shadow  of  a  circular  disk  (a  soup-plate  for  example)  on 
the  floor,  or  on  the  wall  of  a  room.  In  the  former  case,  if  the  flame 
be  higher  than  every  part  of  the  disk,  the  shadow  on  the  floor  will 
be  an  ellipse,  becoming  a  straight  line  of  course  when  the  disk  is 
edge-on  to  the  source  of  light.  If  the  flame  be  at  a  height  above  the 
floor  intermediate  between  those  of  the  highest  and  lowest  points  of 
the  disk,  the  edge  of  the  shadow  will  be  one  branch  of  a  hyperbola 
thrown  by  the  part  of  the  edge  of  the  disk  below  the  flame.  The 
rays  produced  backward  from  the  upper  part  of  the  edge  of  the  disk 
would  mark  out  on  the  floor  the  other  branch  of  the  curve.  It  is 
clear  that  the  branches  are  infinite,  since  the  horizontal  rays  only 
meet  the  floor  at  an  infinite  distance. 

If  the  luminous  source  be  on  a  level  with  the  highest  point  of 
the  disk  the  second  branch  cannot  be  regarded  as  existing  at  all. 
The  curve  is  then  a  parabola. 

81.  S.H.M.s  in  Conjugate  Diameters  of  Ellipse  giving  Elliptic 
Motion. — Returning  now  to  simple  harmonic  motion  producing 
circular  motion,  we  see  that  the  rectangular  components 

x  =  acos(nt  -  e),     y  =  acos(nt  -  c  +  7r/2) 

project  into  simple  harmonic  motions  in  the  conjugate  diameters  of 
an  ellipse  of  amplitudes  a ,  b'  the  lengths  of  the  conjugate  semi-axes, 
and  differing  in  phase  by  w/2  in  angle,  or  a  quarter  of  a  period  in 
time.  Further,  the  resultant  of  the  two  simple  harmonic  motions 
thus  specified  is  an  elliptic  motion  which  can  be  obtained  by  pro- 
jection from  a  uniform  circular  motion. 

It  is  to   be   noticed   that   the    difference   in   phase   is   not   the 

angle  between  the  conjugate  diameters.     The  time  taken  by  the 

radius,  drawn  from  the  centre  of  the  ellipse  to  the  projection  of  the 

particle  moving  in  the  circle,  to  pass  through  any  of  the  four  angles 

in  the  ellipse  between  one  conjugate  semi-axis  and  the  other,  is,  of 

course,  a  quarter  of  a  period.     The  angular  velocity  of  the  radius  to 

the  particle  in  the  elliptic  motion  is  a  maximum  at  the  extremities  of 

the  minor  axis,  and  a  minimum  at  the  extremities  of  the  major  axis. 

82.  Velocities  in  the  Elliptic  Motion. — The  magnitudes  of  the 

linear  and  angular  velocities  at  any  point  in  the  elliptic  orbit  may  be 

found  as  follows.     The  radius  drawn  from  the  centre  of  the  circle  to 

the  particle  moving  in  the  circumference  has  angular  velocity  n,  and 

describes  equal  areas  in  equal  times.     Thus  in  a  short  time  dt,  the 

area  swept  over  is  ^r2ndt,  since  it  is  very  approximately  a  triangle  of 

base  rndt  and  height  r.     Thus  \r2n  is  the  rate  at  which  the  radius 

describes  area.     If  successive  intervals  all  of  one  length  dt  be  taken, 

the  successive  areas  \r2ndt  will  be  equal,  and  their  projections  on  the 

plane  of  the  ellipse  will  be  equal.     If  now  «  be  the  angular  velocity 

of  the  radius-vector  for  any  position  of  the  point  in  the  ellipse,  v  the 

linear  velocity  of  the  point,  p  be  the  length  of  the  radius- vector,  and  CT 

that  of  the  perpendicular  let  fall  from  the  centre  on  the  tangent  at  the 

point,  the  area  described  in  time  dt  is  ^p2a>  dt  —  \  VSvdt.    Thus  we  have 
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<o  =  r2n/p2cosd,  and  v  =  r2n/T3cosd,  where  6  is  the  angle  between  the 
planes  of  the  circle  and  ellipse  in  Fig.  47.  The  angular  velocity  is  thus 
inversely  proportional  to  the  square  of  the  length  of  the  radius- vector, 
the  linear  velocity  is  inversely  as  the  perpendicular  from  the  centre  on 
the  tangent.  The  lengths  of  the  radius-vector  and  the  perpendicular 
from  the  centre  on  the  tangent  at  its  extremity  are  given  in  §  76  above. 
83.  Composition  of  S.H.M.s  in  Rectangular  Directions. — When 
the  motions  to  be  compounded  are  in  directions  at  right  angles  to 
one  another,  but  do  not  differ  in  phase  by  a  quarter  of  a  period,  the 
resultant  motion  is  still  elliptic,  as  may  be  seen  in  the  following 
manner.     Let  the  given  components  be 

x  =  acos(nt-e)  )       /(iQ, 

y  =  bcos(nt-r,).  \       v3*) 

These  expanded  give  x  =  xl  +  xv    y  =  yi  +  y3  where 

a5j  =  acos£COS?i^,     x2  =  asva.tsm.nt 
y1  =  bcosr]COsnt,     y2  =  bsinr)  sin  nt. 

The  components  xv  yl  give  simple  harmonic  motion  in  a  straight 
line,  the  equation  of  which  is 

Scosij.iCj  -  acost.yx  =  0. 

The  components  xv  ys  give  also  a  rectilinear  simple  harmonic  motion 
in  the  line 

6sini7.a;2-  asinf.y2  =  0. 

Thus  we  have  in  these  lines  the  two  simple  harmonic  motions 


sl  =  \A*2COS2£  +  62COS2?;.COS7l£ 

*a  =  Ja?  shore  +  b2sin-rj.sinnt. 
They  are  inclined  at  the  angle 

tan-1(6  cos  rjja  cose)  -  tan'^isin^/asinc) 


}      (69) 


and  differ  in  phase  by  a  quarter  of  a  period.  They  therefore  give 
motion  in  an  ellipse  of  which  these  two  lines  are  conjugate  diameters. 
The  lengths  of  the  conjugate  semi-axes  are  the  co-efficients  of  cosnt, 
sinnt  in  the  values  of  sv  s2  above. 

When  the  periods  of  the  two  simple  harmonic  motions  to  be 
compounded  are  not  quite  exactly  equal,  the  amount  of  inequality  is 
equivalent  to  a  difference  of  epoch  added  each  period.  The  motion 
is  very  closely  in  an  ellipse  at  any  instant  of  time,  but  in  consequence 
of  the  change  of  phase  thus  growing  up  the  position  of  the  axes  of  the 
ellipse  is  continually  undergoing  change.  Thus  with  an  apparatus 
for  recording  the  continually  varying  path  this  phenomenon,  which 
is  analogous  to  that  of  the  revolution  of  the  apses  of  the  orbit  of  a 
planet,  can  be  studied. 

84.  General  Case  of  Composition  of  S.H.M.s. — If  we  have  any 
number  of  simple  harmonic  motions  of  any  amplitudes  and  epochs 
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and  in  any  directions  whatever,  but  of  the  same  period,  it  can  be 
shown  that  they  are  equivalent  to  two  components  having  a  dif- 
ference of  phase  of  */2,  and  therefore  give  elliptic  motion  of  the  kind 
just  discussed.  For  let  s  =  acos(nt  -  e)  be  a  specimen  motion  in  a 
line  the  direction  cosines  of  which  are  I,  m,  n,  then  we  can  resolve  it 
into  components  along  the  axes  of  x,  y,  z,  which  are 

x  =  la  cos  £  cos  nt  +  la  sin  e  sin  nt 
y=ma  cos  e  cos  nt  +  ma  sin  e  sin  nt 
z  =  na  cosecosnt  +  na  sintsvant. 

Doing  this  for  all  the  motions  and  adding  we  get  (denoting  the 
sum  of  the  values  of  any  quantity  x  by  2(&)  ) 

2  (x)  =  A  cosnt  +  A '  sinnt  ~\ 

^(y)  =  B  cosnt +  B' sinnt  I      (70) 

v  (z)  =  C cosnt  +  C' sinnt  J 

where   A  =  2(lacose),    B=2(ma  cose),  C=2(raa  cose),   A'  =  2(lasine), 

We  may  now  compound  the  motions  given  by  the  three  first  terms 
on  the  right  into  a  single  harmonic  motion,  the  motions  given  by  the 
three  second  terms  into  another.  The  former  is  along  the  line  the 
direction  cosines  of  which  are 


A/JA-  +  B*  +  C\    B/JA-  +  B-  +  C2,    C/JA-  +  B'+C2, 
an  d  is  represented  by 

s  =  J  A*  +  B2+C2  cos  nt.  (71) 

The  latter  is  along  the  line  the  direction  cosines  of  which  are 
A'ljA"i+B'2  +  C"2,  &c.,  and  is  given  by 


8=JA'2  +  B'2+C2  sinnt.  (72) 

Thus  the  motion  is  reduced  to  two  in  lines  inclined  to  one  another 
at  the  angle 

AA'  +  BF  +  CC 


cos" 


J  A2  +  B2+C2  JA'2  +  B'2  +  C'2 


with  a  difference  of  phase  of  a  quarter  of  a  period.  Thus  again 
the  resultant  motion  is  motion  in  an  ellipse  of  which  the  lines  just 
determined  are  the  conjugate  axes. 

85.  Composition  of  S.H.M.s  in  Rectangular  Directions  and  of 
Periods  in  the  Ratio  of  1  :  2. — Let  us  consider  now  very  briefly  two 
simple  harmonic  motions  in  rectangular  directions,  in  periods  which 
are  in  the  ratio  of  two  whole  numbers,  and  with  epochs  differing  by 
any  specified  amount.     Thus  let  the  motions  be  represented  by 

x  =  acos(mi  —  e),     y  =  bcosnt, 
where  m,  n  are  whole  numbers.     The  equation  of  the  resultant  path 
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is  to  be  obtained  by  eliminating  I  between  the  two  equations,  and  so 
finding  a  relation  connecting  x,  y  and  the  three  constants  a,  b,  e. 

We  may  take  one  or  two  particular  cases.  Thus  let  m/n  =  2 
(corresponding  to  the  interval  of  an  octave  in  music),  the  equations 
of  the  motions  are 

x  =  acoi>(2nt  —  e),     y  =  bcosnt. 


Expanding  the  value  of  x  and  substituting  y/b  for  cosnt,  Jl  -  y2jb2 
for  sin  nt,  we  obtain 

*H(¥_1)C0S£+K/^sin£}        (73) 

for  the  equation  of  the  path. 

If  e  =  0,  the  equation  reduces  to 

y2=~(x  +  a),  (74) 

which  represents  a  parabola,     The  path  is  thus  an  arc  of  a  parabola 
symmetrical  about  the  axis  of  y,  and  limited  by  the  extreme  values  of 
x  and  y.     It  is  shown  in  the  first  diagram  of  the  series  in  Fig.  52. 
If  e  =  7r/2  the  equation  of  the  path  is 

bix2  =  ±a2y2(b2-y2).  (75) 

This  represents  a  curve  passing  through  the  origin.  Its  nature  near 
the  origin  may  be  made  out  by  considering  what  the  equation  becomes 
for  very  small  values  of  y.  Then  the  term  in  y*  is  very  small  in 
comparison  with  that  in  y2,  and  the  equation  is  approximately 

b2x2  =  ±a?y2, 

which  is  equivalent  to  the  two  bx  —  2ay  =  0,  bx  +  2ay  =  0.  These 
represent  two  lines  inclined  to  the  axis  of  x  at  the  supplementary 
angles  tan-  lbj2a,  tan-  J(  -  b/2a)  to  the  axis  of  x.  Thus  the  curve  at 
the  origin  has  the  form  of  a  St.  Andrew  cross.  These  lines  are  the 
tangents  at  the  origin,  which  is  also  a  point  of  inflection  for  each  of 
the  two  portions  of  the  curve  that  cross  there. 

Again,  when  x  =  0  we  have  y2(y2  —  b2)  =  0,  which  gives  y  =  ±  0, 
y—  ±6.  Thus  the  axis  of  y  cuts  the  curve  in  four  points,  two 
coincident  at  the  origin  (one  on  each  part  of  the  curve),  and 
normally  in  two  others  equidistant  from  the  origin.  Lastly,  since 
the  curve  is  symmetrical  about  the  axes  of  x  and  y,  for  its  equation  is 
satisfied  by  equal  positive  or  negative  values  of  x  for  a  given  value 
of  y,  and  there  are  two  pairs  of  such  values  of  y  for  a  given  value  of 
x,  it  has  the  form  of  a  "figure  of  eight."  When  a  —  b  the  ampli- 
tudes of  the  component  motions  are  equal,  and  the  curve  is  shown 
in  the  fifth  diagram  of  the  series  in  Fig.  52.  The  same  curve  would 
be  obtained  if  the  difference  of  epochs  were  any  odd  multiple  of 
n/2,  as  the  reader  may  verify. 
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When  the  difference  of  epochs  is  neither  a  multiple  of  n  nor  an 
odd  multiple  of  r/2,  the  curve  lies  in  form  between  a  parabola  and  the 
figure  of  eight.  The  series  of  sixteen  curves  in  Fig.  52  are  drawn  for 
values  of  c  increasing  by  steps  of  £rr  from  0  up  to  2n.  Further  like 
increase  of  e  would  only  result  in  a  repetition  of  the  same  series  of 
paths. 

When  the  periods  of  the  simple  harmonic  motions  are  very  nearly, 
but  not  quite  exactly,  in  the  ratio  of  1  to  2,  the  resultant  motion  is 

Fig.  52. 


at  each  instant,  and  even  for  a  moderate  interval,  very  approximately 
along  the  curve  which  would  be  followed  throughout  if  the  relation 
were  exact ;  while  the  non-fulfilment  of  the  relation  has  its  effect  in  a 
continual  change  of  the  difference  of  epochs,  so  that  the  path  is 
carried  in  succession  through  every  possible  variety  of  form.  This 
succession  is  illustrated  in  Fig.  52. 

86.  Two  Rectangular  S.H.M.s  of  Periods  in  the  Ratio  of  2  :  3. — 
When  the  periods  are  in  the  ratio  of  2  :  3  (corresponding  to  the 
interval  of  a  perfect  fifth  in  music)  the  resultant  path  is  more  com- 
plicated. Fig.  53  gives  the  curve  for  a  difference  of  epoch  varying 
from  0  to  57r/8  by  steps  of  £rr.  Fig.  54  shows  the  still  more  complex 
path  for  two  motions  of  periods  in  the  ratio  3:4,  and  of  epochs 
differing  as  before. 

87.  Realisation  of  Resultant  Curves. — These  harmonic  curves 
may  be  realised  in  different  ways.     We  shall  describe  three,  and 
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it  will  be  a  good  exercise  for  the  student  to  try  them,  and  follow  out 
for  himself  the  formation  of  the  curve  in  different  cases. 

Take  a  glass  cylinder  (a  wide  glass  bottle  will  do)  and  lay  down  on 
good  transparent  tracing-paper  a  curve  of  sines  on  such  a  scale  that 
say  two  periods  of  the  curve  are  obtained  in  a  distance  AB  aloDg  the 

Fig.  53. 


Fig.  54. 


axis  of  x  equal  to  the  circumference  of  the  tube.  Then  roll  the 
paper  round  the  tube  so  that  the  line  A  BC  forms  a  circumference. 
If  the  tube  is  placed  in  a  vertical  position  and  looked  at  horizontally 
from  a  sufficient  distance,  the  curve  on  the  cylinder  will  appear  to  be 
projected  by  parallel  lines  on  a  vertical  plane  perpendicular  to  the 


Fig.  55. 


Fig. 


Fig.  57 


direction  of  vision.  If  the  tube  be  then  turned  round  its  axis  the 
projected  curve  will  pass  through  its  successive  forms,  of  which 
specimens  are  given  in  Figs.  55,  56,  57.  If  two  diametrically  opposite 
points  in  which  the  curve  cuts  the  line  of  abscissae  are  in  line,  the 
figure  seen  is  the  figure  of  eight ;  if  two  maximum  ordinates  or  two 
minimum  ordinates  are  placed  in  the  vertical  plane  through  the  axis 
of  the  tube  and  the  eye,  the  curve  is  the  parabola  ;  and  so  on.  Figs. 
55,  56,  57  were  obtained  in  this  way  by  winding  two  periods  of  a 
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curve  of  sines  round  a  cylindrical  glass  bottle,  and  photographing 
the  whole  from  a  distance. 

If  the  curve  drawn  on  the  tracing-paper  has  three  periods,  and  is 
just  long  enough  to  pass  twice  round  the  tube,  the  ratio  of  periods 
is  2  :  8  ;  and  a  series  of  curves  comprising  those  given  in  Fig.  53  will 
be  observed  in  viewing  the  tube  as  before,  and  turning  it  round  its  axis. 

The  curves  may  also  be  drawn  as  follows.  Lay  down  on  paper  a 
rectangle  having  sides  proportional  to  the  ranges  of  motion  2a,  26. 
Then  if  the  period  of  the  motion  of  range  2a  be  to  that  of  the 
motion  of  range  26  in  the  ratio  m/n,  divide,  in  the  following  manner, 
the  side  2a  of  the  rectangle  into  pm  parts,  and  the  side  26  into  pn 
parts,  where  p  is  any  convenient  whole  number.      On    the  sides 


Fig 

58. 

^■r^Ti 

fl\ 

/        / 

2a  and  26  as  diameters  describe  semi-circles,  and  divide  the  circum- 
ferences respectively  into  pm  and  pn  equal  parts.  Then  project  the 
points  of  division  of  each  semi-circle  on  the  diameter  by  lines  perpen- 
dicular to  the  latter.  Lines  then  drawn  through  these  points  thus 
found  parallel  to  the  sides  of  the  rectangle  will  divide  the  latter  into 
p2mn  small  rectangles,  of  sizes  varying  from  the  centre  to  the  sides 
of  the  large  rectangle. 

Then  starting  from  any  corner  of  one  of  these  rectangles  draw  a 
line  diagonally  across  an  adjacent  rectangle,  and  continue  it  diagonally 
across  the  next,  and  so  on  until  one  of  the  rectangles  at  the  outside 
is  reached.  The  line  should  then  be  continued,  but  made  to  curve 
round,  touching  the  side  at  the  remote  corner  of  this  rectangle  so  as 
to  turn  back,  and  go  diagonally  across  the  next.  The  line  is  then 
continued  as  before  until  either  one  of  the  corners  of  the  large 
rectangle  is  reached  or  a  symmetrical  figure  is  completed  by  the  line 
returning  to  the  first  point,  going  in  the  same  direction  as  at  starting. 
Further  motion  of  the  tracing  point  would  merely  retrace  the  curve. 
If  a  corner  is  reached,  the  curve  is  to  be  retraced  and  continued 
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beyond  the  starting-point  until  a  corner  is  again  reached.     After 
this  the  curve  is  again  merely  retraced. 

Fig.  58  illustrates  this  construction  for  the  case  of  m  =  4,  n  =  3, 
and  ])  =  2. 

88.  The  Blackburn  Pendulum. — But  perhaps  the  easiest  way  of 
drawing  the  curves  is  by  means  of  the  double  pendulum  invented  by 
Professor  Blackburn.  The 
arrangement  is  shown  in 
Fig.  59.*  Cords  of  equal 
length  are  attached  at 
points  AB  in  a  horizontal 
beam,  and  meet  at  C,  where 
there  is  attached  a  single 
cord  carrying  a  heavy  bob 
P.  The  bob  is  generally 
a  ring  of  lead  encircling 
a  funnel  containing  fine 
dry  sand,t  which  may  be 
confined  by  a  small  plug  in 
the  mouth  of  the  tube  until 
an  experiment  is  to  be 
made.  Below  on  the  table 
is  a  board  painted  a  dull 
black,  which  can  be  re- 
moved when  required  and 
replaced  by  another. 

It  will  be  seen  that 
this  contrivance  really  con- 
sists of  two  pendulums  of 
different  lengths,  free  to 
vibrate  in  planes  at  right 
angles  to  one  another.  For 
the  whole  suspended  system  may  turn  about  the  line  AB,  or  the 
lower  part  alone  about  the  point  C  in  the  plane  ABC.  Any  motion 
given  to  the  lower  part  perpendicular  to  this  plane  would  cause 
motion  of  the  upper  part  as  well,  so  that  there  are  only  the  two 
independent  motions  specified. 

By  means  of  a  double  cord  and  a  small  ring  which  can  be  pushed 
along  it  the  position  of  C  and  the  relative  lengths  of  the  two  pendu- 
lums can  be  altered  at  pleasure.  Any  variation  in  the  total  vertical 
height  caused  by  changing  the  length  of  the  fork  can  be  corrected 
by  carrying  the  ends  of  the  cord  through  rings  or  over  pulleys  at  AB, 
and  securing  the  ends  round  cleats  on  the  posts  as  shown. 

It  is  proved  in  §  138  that  the  bob  of  an  ordinary  simple  pendu- 
lum (that  is  a  pendulum  consisting  of  a  massive  particle  suspended 

*  Fig.  59  is  taken,  with  some  changes,  from  Practical  Acoustics,  by  C.  L. 
Barnes  (Macmillan  and  Co.). 

t  It  is  sometimes  difficult  to  get  fine  white  sand.  The  fine  powdered 
sugar  called  "  castor  sugar  "  is  very  cheap,  and  does  quite  as  well. 
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by  a  fine  thread)  describes  approximately  simple  harmonic  motion, 
and  the  more  approximately  the  smaller  the  arc  of  oscillation,  and 
that  the  period  varies  directly  as  the  square  root  of  the  length  of  the 
pendulum.  Thus,  by  adjusting  the  position  of  D,  the  periods  may 
be  brought  very  exactly  into  any  required  relation,  except,  of  course, 
that  of  equality,  which  can  only  be  roughly  obtained  owing  to  the 
impossibility  of  bringing  A  C,  CB  into  a  horizontal  line. 

The  pendulum  may  be  initially  deflected  to  any  desired  extent, 
and  secured  by  a  fine  thread  attached  to  the  bob  and  an  upright, 
carried  by  a  heavy  foot  so  that  it  can  be  shifted  if  necessary  after 
the  thread  has  been  fixed.  The  plug  having  been  withdrawn  and 
any  motion  of  the  bob  set  up  having  died  out,  the  thread  is  burned 
by  the  flame  of  a  match,  and  the  bob  released  to  begin  the  descrip- 
tion of  the  path,  which  is  shown  by  the  white  sand  on  the  black 
ground  of  the  board  beneath. 

As  starting  the  pendulum  from  rest  in  this  way  involves  e  =  0, 
it  is  better,  for  the  exhibition  of  the  curve  for  any  required  difference 
of  phase,  to  have  the  relation  of  periods  slightly  inaccurate,  and, 
having  started  the  pendulum,  to  sweep  off  the  sand  from  the  board 
without  touching  the  bob,  until  by  the  accumulation  of  difference  of 
epoch  the  motions  are  in  the  required  phase.  Then  the  pattern 
having  been  completed,  the  board  can  be  slipped  from  under  the 
bob,  and  the  path  photographed  if  a  record  of  it  is  to  be  preserved. 

The  pendulum  serves  exceedingly  well  for  the  demonstration  of 
the  slowly"  varying  elliptic  motion  produced  by  two  motions  not 
exactly  in  unison.  The  fork  C  is  pulled  up  as  near  to  the  horizontal 
line  AB  as  possible,  so  that  the  periods  are  rendered  almost  equal. 
It  must  be  remembered,  however,  that  with  a  heavy  bob  the  tension 
of  the  nearly  horizontal  cords  will  be  great,  so  that  a  strong  cord 
must  be  chosen. 

It  is  very  interesting  to  watch  the  gradual  alteration  of  phase  as 
shown  by  the  change  of  form  of  the  path,  and  also  the  slow  diminu- 
tion of  amplitude  due  to  frictional  resistance  to  the  motion  of  the 
bob.  As  the  stream  of  sand  forms  a  perfectly  flexible  nearly  friction- 
less  style,  the  chief  cause  of  diminution  of  amplitude  is  the  action  of 
the  air  on  the  bob.  The  motions  compounded  are  thus  cases  of  the 
resisted  motion  discussed  above,  §  59.  A  pen  or  pencil  is  sometimes 
substituted  for  the  sand  stream,  and  a  simple  harmonic  motion  of 
the  record-sheet  is  sometimes  superposed,  as  in  Tisley's  and  other 
forms  of  apparatus  for  producing  harmonic  curves.  It  is  perhaps 
worth  while  applying  the  method  of  obtaining  a  stream  of  ink  from 
a  fine  nozzle,  not  touching  the  record-sheet,  which  is  adopted  in  Lord 
Kelvin's  "  Siphon  Recorder."  There  the  ink  is  contained  in  a  metal 
box,  which  is  electrified.  The  paper  rests  on  an  uninsulated  metal 
roller,  and  so  the  ink  is  forced  out  in  a  stream  of  fine  drops  by  electric 
attraction. 

The  curves  here  described  seem  to  have  been  first  experimentally 
produced  by  Lissajous,  and  his  method  of  exhibiting  them  will  be 
explained  later  in  the  section  of  this  work  dealing  with  Acoustics. 
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89.  Curve  of  Velocities.  Distance  travelled  in  Given  Time. — 
The  distance  travelled  in  any  direction  in  any  time  by  a  particle 
moving  in  a  given  manner  can  be  found  by  taking  what  is  called  the 
integral,  that  is  simply  the  sum,  of  the  distances  travelled  in  succes- 
sive exceedingly  small  intervals  of  time,  the  proper  mean  velocities 
for  each  of  which  are  calculated  from  the  known  law  of  variation  of 
the  velocity.  This  process,  which  apart  from  the  technical  rules  for 
carrying  it  out  in  certain  cases  is  exceedingly  simple  in  conception, 
will  be  easily  understood  from  the  examples  which  follow.  Let  a 
curve  be  constructed  with  as  ordinates  successive  values  of  the  velocity 
for  which  the  space  described  in  a  given  time  is  to  be  computed. 


Fig.  61. 


,W 


Fig.  60. 


Let  Fig.  60  represent  such  a  curve,  and  let  the  ordinate  A K  repre- 
sent the  speed  at  time  t0,  the  beginning  of  the  interval,  BL  the 
speed  at  time  tv  the  end  of  the  interval,  and  RV  the  speed  at  time  t, 
an  intermediate  instant.  The  numerical  value  of  the  space  described 
in  a  short  interval  of  time  dt  including  the  instant  which  marks  the 
time  t  lies  between  vdt  the  area  of  the  rectangle  SU,  Fig.  61,  and  that 
of  the  rectangle  QW.  For  these  are  obtained  by  multiplying  the 
interval  dt  in  the  first  case  by  the  speed  at  the  beginning  of  the 
interval,  in  the  second  by  the  speed  at  the  end,  and  the  interval  is 
taken  so  short  that  the  change  of  speed  during  the  interval  has  been 
throughout  an  increase  or  a  diminution. 

Dividing  then  the  whole  interval  tx  — t0  up  into  elements  of 
length  dt,  not  necessarily  equal,  but  very  small,  we  see  that  the 
whole  distance  traversed  in  the  time  tx  - 10  is  less  than  the  sum 
of  the  areas  of  the  rectangles,  the  tops  of  which  are  the  steps  of, 
so  to  speak,  the  upper  staircase,  and  greater  than  the  sum  of  the 
areas  of  those  which  have  as  their  tops  the  steps  of  the  lower 
staircase.  Clearly  the  narrow  zig-zag  string  of  small  areas  which 
forms  the  difference  between  these  values  approaches  zero  indefinitely 
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Thus,  RV  being  denoted  by  v 


as  dt  is  taken  shorter  and  shorter, 
and  denoting  by 

lo 

simply  the  sum  of  the  products,  of  which  vdt  is  a  specimen,  for  the 
elements  into  which  the  time  tx  — 10  is  divided,  we  see  that  the 
limiting  value  of  this  sum,  when  all  the  elements,  dt,  are  taken 
infinitely  short,  is  the  area  of  the  figure  contained  within  the  terminal 
ordinates  AK,  BL,  the  curve  KVL,  and  the  axis  AB.  Then  to  indi- 
cate that  the  limiting  value  is  taken  we  use  instead  of  the  Greek 
sigma  for  sign  of  summation  the  sign  f,  which  is  merely  an  old- 
fashioned  long  s,  and  is  called  the  sign  of  integration.  It  has 
nothing  more  than  the  simple  meaning  which  has  just  been  explained. 

The  process,  however,  by  which  the  value  of  /  '  vdt  can  be  calcu- 

lated  when  the  relation  of  v  to  t  is  known, 
Fig.  61'.  is  a  technical  matter,  and  is  part  of  what  is 

called  the  integral  calculus.  The  funda- 
mental ideas  on  which  this  calculus  is  based 
are  quite  simple,  and  exist  in  a  more  or 
less  latent  state  in  the  mind  of  nearly 
everybody. 

90.  Integral    of    Curve    of    Velocities. 

Uniformly  Accelerated  Motion. — We  may 

now  take  one  or  two  examples.     It  will  not 

matter    to    the    results,   but    it    will    save 

printing  if  in  these  we  take  t0  as  zero,  that  is  reckon  the  time  from 

the  beginning  of  the  interval. 

Let  the  speed  vary  directly  as  the  time,  that  is  let  the  rate 
of  gain  of  speed  be  a  constant,  a,  and  let  it  be  required  to  find 
the  space  traversed  in  time  t  =  tv  This  is  the  case  of  constant 
acceleration  in  the  direction  of  motion.  If  the  speed  at  time  t  =  Q 
was  v0,  at  time  t  it  will  be  v0  +  at.  If  A,  Fig.  61',  represent  t0,  which 
we  take  as  zero,  AB  represents  tv  Let  AK  and  BIT  represent  v0  and 
vx  respectively,  then  the  speed  at  any  intermediate  instant,  H,  will 
be  obtained  by  joining  LM  by  a  straight  line,  and  taking  EL  parallel 
to  AK  or  B M.  Thus  the  distance  traversed  is  represented  by 
the  area  ABMK,  which  is  h(AK  +  BJI).AB  or  ^(vg  +  v^t.  But 
v1  =  v0  +  atv     Hence 

*i  =  *Vi  +  hati\ 
and  of  course  for  any  time  t  we  have 

s=v0t  +  haf.  (76) 

Substituting  for  t  its  value  (v  —  v0)ja,  we  obtain 
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or,  as  we  may  write  it, 

o»  =  **»->,*.  (77) 

This  last  equation  is  of  great  importance,  as  will  be  seen  in  the 
sequel  in  connection  with  the  theory  of  energy. 

91.  Integral  of  Curve  of  Velocities.  Resisted  Motion. — As 
another  example,  let  us  find  the 

space  described  in  an  interval  t  Ym.  62. 

by  a  particle  the  velocity  of 
which  is  given  by  the  formula 
v0e~xt,  where  X  is  constant.  This 
is  the  case  of  a  particle  moving 
under  a  retardation  proportional 
to  the  velocity.  The  curve  of 
velocities  is  shown  in  Fig.  62,  in 
which  OA  represents  t,  and  OK 
and  AL  represent  v0  and 

v{  =  v0e-^t) 

respectively. 

The  curve  represents  a  velocity  diminishing  in  geometrical  pro- 
gression as  the  time  increases  in  arithmetical  progression.  For  if  t 
be  divided  up  into  n  successive  intervals  of  equal  length  dt,  so  that 
t  =  nd,t,  the  velocities  at  the  end  of  the  first,  second, ...,  nth  of  these 
are  by  the  expression  given 


Xdt 


,  -  2Xdt. 


,  -  n\dt 


The  space  described  in  time  t  will  thus  be  less  than 

v0dt  +  v0e  ~  xdtdt  +  . . . .  +  v0e  ~  <w  "  V  xdtdt, 

and  greater  than 

v0e  ~  xdtdt  +  v0e  ~  2Xdtdl  +...  +  v0e~  nXdtdt, 

for  the  first  of  these  is  the  space  that  would  be  described  if  the  speed 
of  the  particle  throughout  each  interval  dt  had  the  value  given  by 
the  formula  for  the  beginning  of  the  interval,  and  the  second  is  the 
space  that  would  be  described  if  the  speed  throughout  each  interval 
had  the  value  given  by  the  formula  for  the  end  of  it.  The  first 
value  exceeds  the  second  by  v0dt  -  v0e~nXdtdt,  or 

v0dt(l-e~xt), 
which  may  be  made  as  nearly  zero  as  we  please  by  making  dt  suffi- 
ciently small. 

Call  the  sum  of  the  first  series  sv  and  multiply  it  term  by  term 
by  e~xdt,  then  we  get  s^"***,  which  is  the  second  series.  Thus  by 
subtracting  the  second  series  from  the  first  we  obtain 

?i(l  _  e ~ **)  =  Vodt(l  -  e ~ nMt)  -  vAl  ~  ' ~  X<) ; 
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and  therefore 

tyft(l-e-x<)_iyft(l-e~XQ 
*i-     1_e-^dt  i-e~xt/n      '  *       (78> 

the  limiting  value  of  this  when  dt  is  made  indefinitely  small,  that  is 
when  n  is  made  indefinitely  great,  is  the  distance  traversed.  The 
denominator  in  the  expression  for  st  can  be  written  (see  the  expo- 
nential theorem  in  §  54  above)  in  the  form  of  the  infinite  series 

\t       \H2   +     \H3 
n     1.2.  n?     1.2.3.W* 

the  terms  of  which  are,  after  the  first,  each  less  than  the  correspond- 
ing terms  of  the  geometric  progression 

\t  _  XV      XV_ 

n         n2        n3 


This  may  be  written 


fl-«+Mf-.A 

\        n       n~  ) 


The  limiting  value  of  the  series  in  brackets  is  unity  when  n  is 
made  indefinitely  great,  and  thus  the  limiting  value  of  the  sum  of 
the  geometric  series  is  Xtjn.  This  is  evidently,  from  what  has 
been  stated,  also  the  limiting  value  of  1  -  e^t'n.  Thus  if  s  be  the 
limiting  value  of  st  we  have  instead  of  (78) 

..agip-.-^l.--^  (79) 

The  summation  here  effected  is  much  more  quickly  carried  out 
by  the  use  of  the  rules  of  the  integral  calculus.  The  process  is, 
however,  given  at  length  as  an  illustration  of  the  theory  of  limiting 
values. 

92.  Uniplanar  Kinematics  of  a  Rigid  System. — We  now  consider 
the  kinematics  of  a  rigid  body,  that  is  a  body  the  particles  of  which 
have  a  constant  relative  configuration,  or,  in  other  words,  a  body  in 
which  the  distance  between  every  pair  of  particles  remains  un- 
changed. We  also  impose  here  the  condition  that  every  point  of 
the  body  is  compelled  to  move  parallel  to  a  given  plane.  We  need 
consider  only  the  displacements  of  points  lying  in  a  parallel  plane  of 
the  body,  since  all  lines  in  the  body  at  right  angles  to  the  plane  at 
any  one  instant  preserve  throughout  the.  same  direction.  We  shall 
consider  then  the  motion  of  a  plane  of  the  body  which  slides  on  a 
plane  fixed  in  space.  We  shall  call  the  former  the  moving  plane,  or 
the  carried  plane,  the  latter  the  fixed  plane. 

93.  Displacement,  with  one  Point  fixed,  effected  by  Rotation. — 
First  then  any  displacement  of  the  body,  from  any  initial  to  any 
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final  position,  may  be  effected  by  rotating  the  body  through  an  angle 
about  a  determinate  axis  perpendicular  to  the  plane  of  motion.  For 
let  AB,  Fig.  63,  be  any  line  in  the  plane  of  motion  in  the  initial 
position  of  the  body,  and  A '  B  the  final  position  of  the  line.  Join 
A  A'  and  BB'.  Through  the  points  of  bisection  of  AA'  and  BB'  draw 
perpendiculars  to  these  lines,  and  let  these  perpendiculars  meet  in 
/.  Then  AB  may  be  transferred  to  A'B'  by  a  rotation  round  /,  and 
the  same  will  hold  for  the  corresponding  displacement  of  any  other 
line  in  the  body.  For  joining  AI,  BI  and  A  I,  BI,  we  see  that  the 
triangles  A  IB,  A' IB!  are  equal  in  all  respects,  and  the  angle  A I  A' 


Fig.  63. 


is  therefore  equal  to  the  angle  BIB".  Hence  AB  can  be  brought  into 
the  position  A'B"  by  a  rotation  of  the  body  through  the  angle 
0  =  lAIA'=  lBIB.  This  proof  breaks  down  in  the  particular 
case  in  which  the  lines  bisecting  AA',  BB  coincide,  as  in  Fig.  64. 
The  axis  in  this  case  is  at  /  where  the  lines  AB,  A'B  meet.  If 
AB,  A'B'  be  parallel,  the  axis  I  is  at  an  infinite  distance. 

Also  if  G  be  any  other  point  of  the  body  the  position  of  C  must 
evidently  be  C,  given  by  the  same  rotation.  Since  the  body  is  rigid 
in  the  sense  defined  above,  the  configuration  of  any  three  points 
A,  B,  G  must  remain  unaltered.  The  triangles  ABC,  A'BC  must 
therefore  be  equal  in  all  respects,  and  C  is  brought  to  C  also  by  a 
rotation  about  /  through  the  angle  6. 

94.  Continuous  Uniplanar  Displacement. — In  the  continuous 
uniplanar  displacement  of  a  rigid  body,  the  motion  of  the  body  at 
any  instant  is  capable  of  being  regarded  as  one  of  rotation  round  an 
axis  perpendicular  to  the  plane.  In  any  such  motion  the  extremities 
of  any  straight  line  in  the  plane  of  motion  describe  curves  in  that 
plane,  and  the  motion  may  be  regarded  as  one  in  which  the  straight 
fine  moves  with  its  extremities  on  these  two  curves.  This  will  specify 
the  successive  positions  geometrically,  since  all  parts  of  the  body  are 
rigidly  connected,  and  all  displacements  are  parallel  to  one  plane. 
Let  S,  S',  Fig.  65,  be  the  curves  on  which  the  line  AB  moves,  AB, 
A'B  two  positions  of  the  line.  A  has  moved  to  A',  and  B  to  B  along 
the  elements  AA',  BB  of  the  curve.  The  change  from  AB  to  A'B 
may  be  effected  by  a  rotation  of  the  body  about  an  axis  found  by 
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bisecting  the  chords  A  A',  BB'  of  the  curves  and  drawing  perpendi- 
culars to  these  chords  through  the  points  of  bisection,  as  in  Fig.  63. 
Different  positions  of  the  axis  will  be  given  by  the  different  pairs  of 
chords  AA',  BB',  A' A",  BB",  &c.  Thus  as  the  body  moves  the  axis 
moves  also,  and  changes  its  position  both  in  the  body  and  in  space. 
The  motion  of  the  axis  is  continuous  if  that  of  the  body  is  con- 


Fig.  66. 


tinuous  ;  and  the  position  of  the  axis  about  which  the  body  is  moving 
at  any  instant,  say  when  the  line  is  in  the  position  A  B,  is  clearly 
the  limiting  position  found  by  making  the  chords  A  A',  BB  infinitely 
short,  that  is  the  intersection  of  the  perpendiculars  from  the  tangents 
to  the  curves  at  A,  B.  This  is  called  the  instantaneous  axis  of  the 
body  for  its  position  as  defined  by  AB.  It  is  clear  from  what  has 
been  stated  above,  with  respect  to  the  displacement  shown  in  Fig.  63, 
that  there  is  at  each  instant  only  one  such  axis,  and  that  it  can  be 
obtained  by  considering  the  motion  of  any 
line  of  the  body  in  the  plane  of  displace- 
ment. 

95.  Centrodes.  —  In  general,  as  has 
already  been  stated,  the  intersection  of  the 
instantaneous  axis  with  the  fixed  plane 
describes  a  curve  in  that  plane,  and  like- 
wise a  curve  in  the  plane  of  the  body  which 
is  coincident  with  the  fixed  plane.  These 
paths  are  called  centrodes.  The  former  is 
called  the  space-centrode,  the  latter  the  body- 
centrode.  We  shall  denote  the  former  curve 
by  Ct  the  latter  by  C». 
We  may  find  the  position  of  the  instantaneous  axis  as  follows. 
Let  OX,  OY,  Fig.  66,  be  rectangular  axes  fixed  in  the  plane  of 
motion,  and  let  x,  y  be  the  co-ordinates  of  the  instantaneous  axis  /. 
Since  the  axis  is  at  rest  at  the  instant  under  consideration,  and  all 
other  points  are  turning  round  it  with  angular  velocity  a>,  we  can 
easily  find  the  component  velocities  of  any  other  point  P,  the  co- 
ordinates of  which  are  a,  @,  say.     If  I  be  the  distance  IP,  the  velocity 
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of  P  is  in  the  direction  shown  in  Fig.  66,  and  is  of  amount  lco. 
Thus  if  d  be  the  angle  IP  makes  with  OX,  and  u,  v  be  the  velocity 
components  of  P,  we  have 

-  u  =  lasixi  6  —  a>  (j3  —  y) 
v  =  l(ocos0  =  <a(a  -x). 
Thus 


u 


(80) 


y~fi+- 


which  determine  the  position  of  the  axis  in  terms  of  o,  /3  and  their 
time-rates  of  change  u,  v  and  the  angular  velocity  a. 

Equations  (80)  involve  the  time,  inasmuch  as  a,  /3,  u,  v,  <o  are  in 
general  functions  of  t.  The  equation  of  the  space-centrode  is  found 
by  eliminating  t  between  the  two  equations  of  (80). 

96.  Equation  of  the  Body-Centrode. — The  body-centrode,  Cb,  is 
as  stated  above  the  curve  traced  out,  in  that  plane  of  the  body  which 
coincides  with  the  plane  of  motion,  by  the  successive  positions  of  the 
instantaneous  axis  in  the  body.  Take  as  axes  two  lines  fixed  in  the 
body  and  let  the  co-ordinates  of  the  point  /  just  considered  be,  at 
time  t,  £,  rj  with  respect  to  these  axes.  Also  let  the  angle  which  the 
axis  of  £  then  makes  with  OX  be  0'.  The  co-ordinates  of  P  with 
respect  to  these  axes  are 

|  +  Zcos(0  -  6»') 
7  +  Zain(0-0'), 

that  is,  since  ZcosS  =  a  —  x,    Isind  =  fi  -  y, 

g  +  (a-x)  cos  d'  +  (/3  -  y)  sin  6' 
T)  +  (fi-  y)  cos  6'  +  (a  -  x)  sin  6'. 

But  since  /  is  the  instantaneous  axis  we  have  seen  that 

x  =  a  —  v/a,   y  =  fi  +  u/co, 

so  that  these  co-ordinates  become 

£  +  —  cos©'-—  sin0' 

CO  CO 

rj  -_cos0  +  — sin0  . 

w  to 

If  now  the  origin  of  |,  rj  coincide  with  P  these  values  are  zero,  and 
therefore 


g=  -—  cos0  +— sin0 

CO  Cl> 

^  =  _COS0  -  — COS0 


(81) 
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These  equations  give  by  elimination  a  relation  between  |,  tj  and 
constants,  which  is  the  equation  of  Cb  with  reference  to  axes  fixed 
in  the  carried  plane. 

The  loci  Cb,  Cg  are  two  sequences  of  points  such  that,  as  the  body 
moves,  each  point  of  the  former  sequence  in  its  order  comes  into 
coincidence  with  a  corresponding  point  of  the  latter,  and  as  it  does 
so  comes  to  rest,  though  it  need  not  remain  at  rest  for  any  interval 
of  time  however  short.  Thus  a  point  Ib  of  Cb  becomes  the  instan- 
taneous axis  when  it  comes  to  rest  in  coincidence  with  a  point  Is  of 

Cg.     The  position  in  space  of  Ig  changes 
Fig.  67.  with  velocity  x,  y,  and  acceleration  x,  y, 

to  be  calculated  from  the  values  of  x,  y 
given  in  equations  (80). 

97.  Velocity  of  Instantaneous  Axis 
along  Body-Centrode. — The  velocity  in 
space  of  the  point  Ib,  which  is  in  coin- 
cidence with  Is  at  the  instant,  is  of  course 
zero.  We  shall  show  that  the  velocity 
with  which  the  position  of  Ib  is  changing 
along  Cb  is  the  same  as  the  velocity  of 
Ig  along  Cg,  and  that  the  two  curves 
have  a  common  tangent  at  the  instantaneous  axis  (Fig.  67). 

Let  I  be  the  instantaneous  axis,  and  Is,  Ib  points  of  Cg,  Cb,  which 
after  an  infinitesimal  interval  of  time  dt,  come  into  coincidence  for 
the  new  position  of  /.  Then  since  the  body  is  turning  round  I,  Ib 
is  approaching  It  in  a  direction  at  right  angles  to  the  line  IIb,  with 
a  speed  IIb.<o ;  and  since  <u  is  finite  the  direction  of  any  part  of  the 
element,  II b  of  Cb  can  alter  only  infinitesimally  in  dt.  Consequently, 
in  the  limit,  as  I  moves  up  to  Ib,  the  direction  of  motion  of  Ib  does 
not  change,  and  is  throughout  at  right  angles  to  II b.  But  IbIt  is 
small  in  comparison  with  IIb,  being  of  the  order  IIb.a>dt;  hence  77,  is 
in  the  limit  coincident  with  II b.  The  two  curves  have  therefore  a 
common  tangent  at  I,  and  the  speed  with  which  the  space-point  at  I 
is  moving  along  C,  is  equal  to  the  speed  s,  say,  with  which  the  co- 
incident body-point  is  moving  along  Cb. 

98.  Acceleration  of  Body-Point  at  Axis. — Since  II b  is  sdt,  the 
speed  of  Ib  in  space  is  at  the  instant  under  consideration  sadt, 
and,  since  Ib  comes  to  rest  at  It,  this  must  be  annulled  in  time  dt. 
Hence  the  acceleration  of  Ib  is  sa>  in  the  direction  opposed  to  the 
motion  due  to  rotation.  The  component  of  acceleration  a'2sdt,  from  Ib 
to  /,  is  infinitely  small  in  comparison.  The  acceleration  of  the  body- 
point  at  /  is  thus  as,  and  is  towards  the  centre  of  curvature  of  Cb. 

99.  Acceleration  of  any  Body-Point. — It  is  to  be  observed  that 
this  result  gives  for  the  acceleration  of  every  body-point  P,  Fig.  68,  at 
distance  p  from  I  besides  the  components  d>p  perpendicular  to  IP  in 
the  direction  of  motion,  and  a>2p  from  P  to  I,  a  component  as  in  the 
direction  at  right  angles  to  the  tangent  at  /  as  shown  in  Fig.  68. 

The  latter  component  is  due  to  the  motion  of  I  along  Ct.  Its 
existence  at  P  may  be  shown  as  follows.     In  the  interval  dt  let  the 
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body-point  move  from  P  to  P.  Let  Pp,  Fig.  68',  perpendicular  to 
IP,  represent  the  velocity  of  P  round  /,  and  Pp  the  velocity  of  P1 
round  It.  [Since  we  otherwise  take  into  account  the  acceleration 
due  to  change  of  <o,  and  change  of  position  of  P,  we  here  suppose  « 
constant  and  P  fixed,  during  the  interval  dl.]  Pp  is  proportional 
to  IP,  Pp  to  IgP,  and  the  angle  pPp  is  equal  to  IPIt.    The  triangles 


v  N 


IPI„,  pPp'  are  therefore  similar,  and  since  Pp,  Pp  are  perpen- 
dicular to  PI,  Pig,  pp  is  perpendicular  to  II f.  Also  pp  =  IIg.PpjPI. 
But  Pp  =  a>.PI,  so  that  pp  =a>.IIg  =  <osdt.  The  change  of  velocity 
in  time  dt  is  thus  asdt,  that  is  the  acceleration  is  a>s,  and  in  the 
direction  IN  perpendicular  to  the  curve  at  /. 

The  acceleration  of  P  may  be  obtained  by  the  algebra  of  steps  as 
follows.  Denoting  IP  by  p  we  have  for  the  velocity  of  P  the  value 
iwp,  which  represents  the  rate  at  which  P  is  moving,  and  indicates 
that  the  motion  is  in  the  direction  perpendicular  to  IP,  as  shown  in 
Fig.  68.  The  rate  of  variation  of  this  is  iwp  +  iwp.  But  p  is  the 
rate  of  change  of  p,  and  therefore  is  equal  to 

velocity  of  P  —  velocity  of  I  =  iwp  —  ws. 

Hence  iuip  +  iwp  =  —  w-p  —  iios  +  iwp,  that  is  the  acceleration  of  P 
consists  of  to2p  from  P  towards  /,  of  -iu>s  at  right  angles  to  s,  and 
iwp  in  the  direction  of  motion  of  P.  Since  ip  is  used  to  denote 
a  step  turned  round  from  IP  to  the  direction  of  motion,  —  iojs  denotes 
an  acceleration  the  direction  of  which  is  that  of  s  turned  through  a 
right  angle  in  the  opposite  direction,  that  is  -  ius  is  in  the  direction 
of  the  arrow  on  the  dotted  line  through  P  in  Fig.  68. 

100.  Curvature  of  Path  of  any  Point  deduced  from  Accelera- 
tion.— The  acceleration  of  any  point  P  enables  the  curvature  of  the 
path  described  by  P  while  the  body  rolls  to  be  determined.  The 
component  at  right  angles  to  the  direction  of  motion  of  P  at  any 
point  is  equal  to  the  square  of  the  velocity  in  the  path  multiplied  by 
the  curvature. 

Let  G,  C,  Fig.  70,  be  the  centres  of  curvature  of  Gb,  C,  for  the 
point  /,  r,  r  the  radii  of  curvature.     Then  we  have 

sdt  =  r.ICIb  =  r'.IC'It. 
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ICI,  +  ICI,  =  sdt(-  +  X 


84 
Hence 


and  this  is  the  angle  between  the  tangents  at  I6,  Ig. 

When  I  has  moved  to  Ig,  CIb  and  ItC  are  in  line,  and  the  body 
has  turned  through  the  angle  ICIb  +  IC'It. 
Fig.  69.  This  is  accomplished  in  time  dt.     Hence 


HH> 


For  the  acceleration  of  the  body-point  at 
I  we  have  therefore 


(OS  =  0)"- 


r  +  r 


(82) 


This  is  on  the  supposition  that  the  curva- 
tures are  oppositely  directed  as  in  Fig.  69. 
If  they  be  similarly  directed,  and  r,  r  denote 
as  before  the  positive  numerical  values  of 
the  radii,  the  results  just  obtained  become 


0)S  =  to"- 


(83) 


For  the  point  P,  Fig.  68',  the  acceleration  along  the  normal 
PI  to  the  path  of  P  is,  by  §  99,  w-p  -  wscosd,  where  0  is  the  angle 
between  the  normal  IN  to  Cs  at  /  and  IP.  Hence,  since  the  speed 
of  P  is  wp  at  right  angles  to  IP,  the  curvature  of  the  path  of  P  is 
(w-p  -  wscosd)/w-p-,  that  is  by  (82)  and  (83) 

1       1     rr 
curvature  of  path  of  P  =  -  —  —  — — -  cos#, 
p    p-r  ±r 

according  as  the  curvatures  of  the  centrodes  are  oppositely  or  similarly 
directed. 

It  will  be  observed  that  this  acceleration  vanishes  for  all  points 
for  which  p  =  rr'cosd/(r  ±  r),  which  is  a  circle  of  diameter  rr'/(r  ±  r). 
This  diameter  is  directed  along  the  normal  IJ\r  to  the  centrode. 
Since  IP  may  be  drawn  in  any  direction,  6  may  have  any  value,  and 
so  every  point  of  this  circle  is  at  any  one  instant  passing  through  a 
point  of  zero  curvature  of  its  path,  or,  as  it  is  called,  a  point  of 
inflexion.  The  diameter  of  the  circle  is,  however,  constantly  varying, 
and  therefore  the  points  of  inflexion  pass  from  circle  to  circle  of 
points  as  the  rolling  proceeds. 

It  is  clear  that  the  acceleration  tangential  to  the  path  of  P  is 
w/?-w»sin0,  which  vanishes  for  all  points  for  which  p  =  u>ssmQjw, 
which  is  a  circle  of  diameter  ws/w.  This  diameter  is  directed  tan- 
gentially  to  the  centrode  at  /,  and  hence  the  two  circles  intersect  at 
right  angles  at  /.  At  /,  however,  the  length  p  is  zero,  as  well  as 
the  acceleration  normal  to  the  path  of  P.     The  tangential  accelera- 


KINEMATICS,    OR   THE    GEOMETRY  OF   MOTION. 


85 


tion  is,  however,  there  -cos.  At  every  other  point  of  the  second 
circle  the  tangential  acceleration  is  zero,  and  at  the  other  point  of 
intersection  of  the  two  circles  the  normal  acceleration  is  zero  as  well. 
101.  Boiling  and  Slipping. — The  motion  of  the  body  just  dis- 
cussed is  one  of  what  is  called  pure  rolling  of  the  curve  Cb  upon  the 
curve  Cs.  At  each  instant  the  normals  to  the  two  curves  at  the 
common  point  /  are  in  one  line,  the  Vxxly  is  turning  round  the  point 
of  contact,  and  the  speed  at  which  the  point  of  contact  is  changing 
its  position  in  Cb  is  always  equal  to  that  at  which  it  is  moving  along 
Cs,  so  that  the  length  sb  of  the  part  of  Cb  which  has  been  brought 


Fig.  70. 


into  contact  with  Ct,  in  any  time  is  equal  to  the  distance  sc  which 
the  contact-point  has  travelled  along  C8.  If  sb  were  greater  or 
smaller  than  sc,  the  body-centrode  would  be  said  to  have  slipped 
along  the  space- centrode,  in  the  first  case  against  the  direction  of 
motion  along  Cs,  in  the  second  case  in  the  opposite  direction. 

A  familiar  example  is  a  wheel  rolling  along  a  rail.  "When  the 
rolling  is  pure  there  is  no  relative  motion  of  the  rail  and  the 
point  of  the  wheel  in  contact  with  it.  The  body-centrode  is  the 
line  round  the  rim  of  the  wheel  in  which  it  touches  the  rail,  the 
space-centrode  is  the  line  of  contacts  along  the  rail.  If  there  be  no 
slipping,  the  distance  through  which  the  centre  of  the  wheel  has 
advanced  is  just  equal  to  the  number  of  turns  the  wheel  has  made  multi- 
plied by  the  circumference  of  the  wheel,  that  is  by  the  length  of  Gb. 

When  the  brakes  are  applied  to  some  of  the  wheels  of  a  railway 
train,  these  have  their  angular  velocity  suddenly  reduced,  and  they 
slip  along  the  rails  in  the  direction  of  motion.  On  the  other  hand 
when  a  locomotive  is  starting  a  heavy  train  forward,  the  driving 
wheels  slip  on  the  rails  in  the  backward  direction,  and  sand  is 
frequently  thrown  on  the  rails  in  front  of  the  engine  to  make  the 
wheels  "  grip,"  that  is,  to  bring  about  more  nearly  pure  rolling. 

102.  Roulettes. — The  curve  traced  out  in  the  fixed  plane  by  any 
point  in  the  moving  plane  as  the  curve  Cb  rolls  on   Ct  is  called  a 
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roulette.  "When  Cb  is  a  circle  and  Cg  a  straight  line,  the  curve  traced 
out  by  a  point  in  Cb  is  called  a  cycloid,  and  that  traced  out  by  any 
other  point  in  the  moving  plane  is  called  a  trochoid.  If  Cg  be  also  a 
circle  as  in  Fig.  70,  a  point  in  Cb  is  said  to  generate  a  cycloidal  curve 
and  any  other  point  a  trochoidal  curve. 

If  the  circle  Cb  touches  the  circle  Cg  so  that  each  is  outside  the 
other,  as  in  Fig.  70  (a),  the  curve  traced  out  by  a  point  ?ca  Cb  is 
called  an  epicycloid,  and  that  by  any  other  point  Q  an  epitrochoid. 

The  curves  traced  by  P  and  Q  are  called  hypocycloids  and  hypo- 

trochoids,  if  Cb  be  surrounded  by  Cg  as  in  Fig.  70  (b),  and  epicycloids 

and  peritrochoids  if   Cg  be  surrounded  by  Cb  as  in  Fig.  70  (c).     The 

name   epicycloid   is   used   in   the   last   case 

Fig.  71.  instead    of    pericycloid    since,   as    will    be 

shown,  a  pericycloid  is  also  an  epicycloid  as 

defined  in  the  first  case. 

103.  Double  Generation  of  Pericycloids. 
— In  Fig.  71  let  a,  b  be  the  centres  of  the 
circles  Ct  Cb.  Draw  parallel  radii  ac,  bd, 
and  complete  the  parallelogram  abde.  The 
point  e  is  the  centre  of  a  circle  of  radius 
equal  to  the  difference  of  the  radii  of  Ct 
and  Cb,  and  intersecting  Cb  in  d.  Since  each 
of  the  angles  Ibd,  dec  is  equal  to  lac,  and 
bd  =  ac  +  ce,the  a,rcs!c,cdof  the  circles  centred 
at  a  and  e  are  together  equal  to  the  arc  Id  of  Gg.  Let  arclp  =  arc  Id, 
then  dc  =  pc.  Therefore,  as  Cb  rolls,  d,  regarded  as  a  point  fixed  on 
Cb,  comes  to  p,  and  as  the  circle,  centre  e,  rolls  in  the  same  direction, 
d  regarded  as  a  point  fixed  on  that  circle  also  comes  to  p.  Let  Gb 
be  rolled  through  any  angle,  so  that  the  point  upon  it  which  was  at  d 
comes  to  d',  while  I  comes  to  /',  b  to  b' ,  and  the  circle  of  centre  e 
remains  fixed.  Now  let  the  circle  of  centre  e  be  rolled  through 
the  same  distance  along  Cg  in  the  same  direction,  so  that  c  comes 
to  a  new  position  c,  and  the  point  formerly  at  d  to  a  new  position 
d".  It  is  clear  that  the  two  radii  ox',  b'd'  are  parallel  to  one  another, 
and  likewise  al ',  ed".  The  two  points  d',  d"  must  therefore  be  coin- 
cident. Thus  as  the  two  circles  are  rolled  forward  with  equal  angular 
velocities,  their  point  of  intersection  remains  the  same  point  of  both, 
and  the  path  described  by  the  point  is  given  by  the  motion  of  either 
circle.  Therefore  the  path  traced  out  by  any  point  of  Cb,  while  that 
circle  rolls  on  Cg,  is  also  traced  out  by  a  certain  point  of  the  circle 
of  centre  e,  while  the  latter  rolls  round  Cg  in  the  same  direction.  A 
pericycloid  is  thus  also  an  epicycloid. 

In  the  case  in  which  the  inner  circle  rolls  on  the  outer  a  similar 
construction  holds.  There  the  circle  of  centre  e  rolls  internally  to 
Cg,  and  any  point  traces  out  a  hypocycloid  which  can  also  be  traced 
by  the  rolling  of  Cb. 

104.  Involute  and  Evolute. — Let  the  moving  centrode  be  a 
straight  line.  It  is  then  a  tangent  at  /  to  the  space-centrode  Cg.  I  is 
the  centre  of  curvature  of  the  element  of  the  path  which  is  at  the 
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instant  being  described  by  any  point  P  of  the  straight  line.  Every 
such  path  is  called  an  involute  of  the  curve  touched  by  the  straight 
line.  A  given  pair  of  involutes  are  everywhere  at  the  same  distance 
apart  along  the  common  normal,  so  that  the  system  of  involutes  is 
made  up  of  an  infinite  number  of  parallel  curves.  The  curve 
Cs  touched  by  the  moving  straight  line  is  called  the  evolute  of  this 
system  of  curves,  and  is  evidently  the  locus  of  the  centres  of  curva- 
ture of  every  one  of  the  involutes. 

The  involutes  may  be  supposed  described   by  the  points  of  a 
thread  kept  taut  while  being  unwound  from  the  evolute.     It  is  clear 

Fig.  72. 


from  this  mode  of  description  that  the  length  IP  of  the  normal  to 
the  involute  equals  the  length  of  the  arc  I  A  of  the  evolute  from  which 
the  string  has  been  unwound. 

Fig.  72  shows  two  involutes,  PP1Pr..,  P'P^P^...,  of  a  system 
produced  by  unwinding  a  thread  from  the  curve  Cs,  which  is  their 
evolute.  The  points  /,  Iv  I2,  ...  are  the  centres  of  curvature  cor- 
responding to  the  points  P,  Pv  P%,  ...  of  each  of  the  involutes.  The 
tangent  at  P  to  any  involute  is  parallel  to  the  normal  at  I  (its 
centre  of  curvature)  to  the  evolute. 

The  reader  will  observe  that  if  the  positions  of  the  generating 
straight  line  be  taken  for  points  P,  Pv  Pv  ...,  which  are  very 
close  together,  each  position  contains  the  centres  of  curvature  for 
two  successive  elements.  This  fact  is  taken  advantage  of  in  the 
method  of  graphically  describing  curves  explained  in  the  following 
section. 

The  fixed  centrode  is  touched  by  the  common  normal  IP  to  the 
system  of  involutes  in  every  one  of  its  positions.  Hence  the  evolute 
is  called  the  envelope  of  these  normals. 

105.  Drawing  of  Curves  from  their  Curvature. — When  the 
velocity  and  acceleration  are  known  for  different  points,  the  path 
can  be  laid  down  on  paper  in  the  following  way.  From  any  point  0, 
Fig.  73,  draw  a  line  OP  in  length  equal  to  a  radius  of  curvature  of 
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the  path,  from    0   as   centre   with   OP  as   radius 
describe  a  short  circular  arc  PP',  and  join  0  to  P'. 
Then  PP  is  a  short  arc  of  length  da  of  the  path.       I 
Next    calculate   the    radius    of    curvature    for    an 
element  beginning  at  the  distance  ds  from  P,  that       Z 
is  at  P'.     Let  this  distance  laid  off  from  P'  be  P'O' ;       Z 


Fig.  73. 


then  0'  is  the  centre  of  curvature  for  the  next 
element  P'P",  which  is  described  as  a  short  circular 
arc  of  centre  0'.  0"  in  P'O'  is  then  found  in  like 
manner  as  centre  for  a  succeeding  element  P'P"', 
and  so  on.  In  this  way  Lord  Kelvin  and  Professor 
Perry  have  drawn  diagrams  of  capillary  surfaces  of 
revolution,*  of  which  some  account  will  be  given 
below  in  the  chapter  on  Capillarity.  The  lunar 
orbit  shown  in  Fig.  131  below  was  also  drawn  by 
this  method. 

Mr.  C.  V.  Boys  has  greatly  facilitated  this 
method  of  describing  curves  by  the  invention  of  his 
scale  of  reciprocals.  This  is  represented  in  Fig.  74. 
The  distance  between  successive  scale  divisions 
increases  with  distance  from  the  starting-point, 
and  so  finer  subdivisions  are  introduced  as  the 
openness  of  the  graduation  allows.  The  numbers 
marked  at  the  divisions  are  the  reciprocals  of  the 
distances  of  the  divisions  from  the  starting-point 
of  the  scale,  which  point  is  therefore  marked   oo. 

*  Nature,  July  22  and  29,  and  August  19,  1886. 


Fig.  74. 
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Thus  when  a  curvature  1/r  is  known,  the  division-mark,  found 
against  its  numerical  value  on  the  scale  of  reciprocals,  is  at  a  distance 
r  from  the  point  marked  o>. 

To  draw  the  curves,  therefore,  Mr  Boys  proceeds  as  follows. 
Using  a  ruler  which  has  been  graduated  in  this  way  (see  Fig.  75) 
and  carries  a  pen-point  projecting  through  a  small  hole  at  the 
point   oo  in  the  line  at  points  on  which  the  divisions  are  marked 


Fig 


he  places  it  in  the  chosen  initial  direction  on  the  paper.  Then 
he  places  a  small  tripod  with  needle-points  for  feet,  so  that  two  of 
the  points  rest  in  the  paper,  the  third  at  that  point  on  the  line 
just  referred  to  which  carries  the  number  measuring  the  curva- 
ture. This  third  point  forms  a  centre  round  which  the  rule 
can  turn.  The  rule  is  then  turned  through  a  small  angle,  and 
the  pen  describes  a  short  circular  arc  on  the  paper.  The  rule  is 
then  kept  fixed  in  the  new  position  while  the  tripod  is  moved 
along  it  and  set  so  that  the  needle-point  on  the  rule  is  placed  at 
the  division  corresponding  to  the  curvature  of  the  next  element, 
which  is  then  described  as  before,  and  so  on.  Of  course  if  no  division 
correspond  exactly  to  the  curvature,  the  proper  position  for  the 
needle  pivot  must  be  found  by  estimation  between  two  divisions,  and 
this  can  be  done  very  exactly.     This  process  obviates  the  continual 
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setting  of  compasses,  first  on  a  scale,  and  then  on  the  paper,  and  so 
diminishes  to  a  great  extent  errors  of  setting. 

The  curve  drawn  in  Fig.  75  is  the  meridian  curve  of  a  figure  of 
revolution,  of  which  COG'  is  the  axis.  The  needle-point  is  shown 
resting  at  the  division  the  scale-number  of  which  is  "84.  This  is 
the  curvature  of  the  element  which  is  being  described  by  the  pen  at 
the  point  oo.  The  curve  is  called  the  nodoid,  and  will  be  discussed 
under  Capillarity,  where  also  will  be  found  further  details  of  Mr. 
Boys'  process,  and  precautions  for  avoiding  inaccuracy.  It  may  be 
noted  here,  however,  that  the  two  needle-points  pressed    into  the 


paper  leave  marks  which  enable  the  third  point,  when  the  rule  is 
laid  aside,  to  be  taken  back  along  its  course,  and  its  successive  posi- 
tions marked  on  the  paper.  These  give  the  evolute  of  the  nodoid, 
which  is  shown  by  the  dotted  curve. 

106.  The  Cycloid. — Take  now,  as  an  example  of  the  preceding 
discussion  of  roulettes,  the  cycloid,  which  is  of  considerable  dynamical 
interest.  Let  0,  Fig.  7G,  be  the  centre  of  the  generating  circle  in 
one  of  its  positions,  /  the  instantaneous  axis,  P  the  generating  point, 
APEB  the  cycloid.  If  the  circle  makes  more  than  one  turn  the 
curve  produced  is  a  succession  of  cycloids,  and  clearly  has  a  cusp  at 
each  point,  as  A  and  B,  of  meeting  of  two.  Also  each  cycloid  is 
symmetrical  on  the  two  sides  of  a  line  BE,  at  right  angles  to  AB, 
and  of  length  equal  to  the  diameter,  2a,  of  the  rolling  circle.  Let 
cd  be  the  angular  velocity  of  the  rolling  circle,  then  the  velocity,  u, 
of  /  along  AB  is  a>a.  The  velocity  of  P  is  a.IP  at  right  angles  to 
IP,  and  therefore  by  §  99  the  acceleration  of  P  is  &>.IP  in  the 
direction  of  motion,  a?. IP  towards  /,  and  cow(  =  co2a)  in  the  direction 
perpendicular  to  and  from  AB.  Thus  if  0  be  the  angle  PI  A,  the 
total  acceleration  towards  /  is  a>2.IP  -  a>2a  sin  6,  that  is  a>-«sin0, 
since  IP  =  2asinO.  The  acceleration  in  the  direction  of  motion  is 
m.IP  +  a>2acos6,  that  is  a{2w  sin0  +  co2cos0). 

107.  Curvature  of  Cycloid.  Length  of  Arc  and  Area  of  a 
Cycloid. — From  the  former  acceleration  we  can  find  the  radius  of 
curvature  of  the  cycloid  at  P,  by  the  relation 

acceleration  —  velocity  squared  x  curvature. 
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Thus  we  get 


radius  of  curvature  =  4a  sin  6. 


Fig.  76'. 


This  might  be  obtained  from  the  following  simple  consideration, 
which  will  often  enable  the  centre  of  curvature  to  be  found  in  such 
cases.  In  an  element  of  time  dt  P,  Fig.  76',  moves  forward  a 
distance  2aasind.dt  at  right  angles  to 
IP,  and  in  the  same  time  /  moves 
along  AB  a  distance  coadt,  that  is 
through  a  distance  caasin  d.dt  at  right 
angles  to  IP.  The  normals  at  the 
extremities  of  the  element  of  the  curve 
will  therefore  meet  at  the  distance 
2 IP,  that  is  4a  sin0  from  P.  To  find 
C  the  centre  of  curvature,  therefore, 
it  is  only  necessary  to  produce  PI  to 
C  so  that  PI  =  IC. 

The  reader  will  observe  that  in  - 
general  in  roulettes  the  centre  of  cur- 
vature is  not  at  the  instantaneous 
axis,  since  that  is  in  motion  in  space. 
It  is  the  intersection  of  two  con- 
secutive normals  to  the  curve,  and 
these  must  pass  through  different 
points  on  Ct. 

From  the  radius  of  curvature  we 
can  easily  find  the  length  of  any  arc 

AP,  Fig.  75,  of  the  curve.  The  rate  at  which  the  arc  is  being 
generated  is  4a<usin0,  and  the  addition  made  to  it  when  the  line 
CP,  Fig.  75,  turns  through  an  elementary  angle  dd  is  4asin0o'0. 
But  this  we  have  seen  in  §  104  is  the  addition  made  to  the  quantity 
—  4acos0  by  increasing  0  by  the  amount  dd.     Thus 

&rcAP  =  -4acos0-(  -4acos0)  =  4a  (1  -cos0). 

Since  at  E,  the  vertex  of  the  curve,  d  =  irj2,  and  cosfl  =  0,  the 
semi-arc  AE  of  the  cycloid  has  length  4a,  and  the  whole  length  is 
8a.    The  arc  EP  has  the  length  4a  cos  0. 

It  is  easy  to  see  that  the  area  of  a  cycloid  is  Sn-a2,  that  is  three 
times  the  area  of  the  generating  circle.  For  the  area  of  a  triangle 
of  vertical  angle  dd,  having  its  base  on  the  curve  and  its  sides  con- 
secutive radii  of  curvature,  is  8a2 sin2 Odd.  The  smaller  triangle, 
CIP,  Fig.  76,  cut  oft'  from  this  by  the  element  //'  of  Cg  is  a  quarter 
of  this  area,  since  CI  =  IP.  Hence  the  part  of  the  cycloid  contained 
in  the  triangle  has  area  6a2sin20cZ0.  Adding  these  areas  for  the 
whole  cycloid  we  get  3n-a2. 

108.  Acceleration  of  Point  moving  along  Cycloid — If  the  circle 
is  rolled  with  uniform  angular  velocity,  <a  =  0,  and  the  acceleration 
along  the  tangent  becomes  «2acos0  from  P  towards  E.  Thus  the 
acceleration  tends  to  produce  velocity  of  P  towards  E,  and  it  is  easy 
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to  see  that  this  would  also  be  the  case  if  P  were  at  P'  between 
E  and  B.  Also  for  the  numerical  values  we  have,  taking  the 
displacement  of  P  from  E, 


acceleration  _  a>2a cosd  __  w2 
displacement      4a cos 0       4 


(84) 


Thus  the  motion  of  the  generating  point  in  the  cycloidal  path, 
produced  by  rolling  a  circle  with  uniform  angular  velocity  along 
a  straight  line,  is  one  of  simple  harmonic  motion  along  the  path, 


of  which  half  the  period  is  obviously  2ir/<a.  This  is  given  also  by 
§  52,  which  states  that  4«a/T2  =  o>2/4. 

Let  EPE',  Fig.  77,  be  a  cycloid  upon  the  base  EE',  and  let  C  be 
the  centre  of  curvature  for  the  point  P  on  the  curve.  C  is  (§  104)  a 
point  on  the  evolute  of  the  cycloid.  Draw  CG  at  right  angles  to 
PC,  meeting  in  G  a  line  parallel  to  EE'  and  at  a  distance  2a,  the 
diameter  of  the  generating  circle  of  the  cycloid,  from  it.  Marking 
the  angles  as  shown  we  see  that  since  CI=  2a  sin  0,  GC  is  2a  sin  <p. 
Thus  as  P  moves  along  the  cycloid  C  traces  out  an  equal  cycloid. 
"When  P  is  at  the  vertex  of  its  curve  C  is  at  the  cusp  A .  The  radius 
of  curvature  of  the  locus  of  C  is  4a cos 6,  and  GI  is  perpendicular  to 
EE'.  The  evolute  of  a  cycloid  is  thus  an  equal  cycloid  placed  as 
in  Fig.  77. 

109.  Cycloidal  Pendulum. — If  the  plane  of  the  diagram,  Fig.  77, 
be  the  vertical  plane  and  P  be  a  massive  particle  suspended  by  a 
massless  cord,  AGP,  of  length  4a,  wrapped  round  a  cycloid  from  A 
to  C,  and  unwrapping  as  P  moves  in  the  direction  of  the  arrow,  then, 
as  will  be  seen  from  §  137,  gravity  produces  an  acceleration  g  in  the 
vertically  downward  direction,  of  which  the  component  perpendicular 
to  the  tangent  is  annulled  by  the  action  of  the  cord.     The  tangential 
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component,  in  the  direction  of  motion,  is  thus  gcosd,  and  we  have 

seen  that  the  displacement  of  P  from  the  vertex  F  is  4a  cos  6.     Thus 

we  have 

acceleration       q  cos  8       q  /rv„, 

(8o) 


displacement     4a  cos  6 


9_ 
4a 


The  period  of  oscillation  is  thus  given  by  the  equation 

V    9 


(86> 


Fig.  78. 


and  the  pendulum  oscillates  in  the  period  of  a  simple  pendulum 

of  length    4a    (the    length   of  the 

semi-cycloid)    vibrating   in   an   arc 

of  infinitesimal  length.     The  period 

of  this    cycloidal   pendulum,    it   is 

important  to  notice,  is  independent 

of  the  amplitude  of  oscillation,  which 

may  be  anything  from  0  to  4a. 

110.  Description  of  Epitrochoid . 
— As  a  last  example  of  the  kine- 
matics of  roulettes  consider  the 
curve  described  by  a  point  P  in 
the  plane  of  a  circle  which  is  rolled 
on  another  of  different  radius,  as 
in  Fig.  78.  Let  a,  b  be  the  radii 
of  the  moving  and  fixed  circles,  c 
the  distance  of  P  from  the  centre 
C  of  the  latter.  Then  the  angle 
turned  through  by  the  rolling  circle 
in  time  dt.  that  is  dd,  is  ds(lja  +  1/6) 
where  ds  is  the  distance  described 
along  Cg,  and  this  is  the  angle  (f,  say) 
through  which  CP  has  been  turned. 
The  velocity  of  P  is  a,.  IP,  and  the 
acceleration  of  P  is  or.IP  towards 
I,  a. IP  along  the  direction  of 
motion  at  P,  and,  if  s  is  the  velocity 
of  /  along  the  fixed  circle,  as  in 

the  direction  at  right  angles  to  the  common  tangent  at  I,  that^i& 
along  the  dotted  line  at  P.  Thus,  since  s  =  a>.ab/(a  +  b),  if  6  be 
the  angle  IP  makes  with  the  common  tangent,  the  normal  accelera- 
tion is  or  {IP  -  absind/(a  +  b)}.  Now  the  angle  PCD  is  known,  being 
the  supplement  of  ICP,  that  is  of  s(l/a  +  1/b),  the  angle  0  through 
which  CP  has  been  turned  from  the  position  of  CP  coincident  with 
CI.  Also  we  have  IP  =  csin^/cos0,  so  that  the  normal  acceleration 
is  G>2{csin0/cos0  -  ab sin 6/ (a  +  b)}.  The  reader  may  verify  that  when 
P  is  on  the  rolling  circle,  and  b  is  infinite,  we  obtain  from  this  the 
acceleration  calculated  above  for  the  cycloid. 
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The  radius  of  curvature  r  of  the  epitrochoid  traced  out  by  P  is 
thus  given  by  the  equation 


{velocity)2 


2(a  +  b)cr  sin2  $ 


acceleration     [2(a  +  b)csin<p  -  absin20] cos0  '  (87) 

which,  when  b  is  infinite,  (f>  =  26,  and  c  =  a,  as  in  the  cycloid,  becomes 

4  a  sin  0. 

An  interesting  case  is  obtained  by  making  c  =  a  =  b,  that  is 
making  the  rolling  circle  equal  to  the 
fixed  circle.     We  have  then  (p  =  26, 


Fig.  79. 


r  =  §asin0, 


(88) 


that  is  f  of  the  length  IP. 

The  curve  described  by  the  carried  point 
P  is  in  this  case  that  called  the  cardioid. 
It  is  shown  in  Fig.  79. 

The  length  of  a  cardioid  from  the  cusp 
round  back  again  to  the  cusp  is  16a,  or 
twice  the  length  of  a  cycloid  generated  by 
the  circle  of  radius  a.  Its  area,  that  is  the 
area  outside  the  fixed  circle  in  Fig.  79,  is 
on  a2,  five  times  the  area  of  the  generating 
circle. 

111.  Equation  of  Circular  Roulette. — It  is  worth  noticing  that 
the  equation  of  any  epitrochoid,  or  indeed  any  circular  roulette,  may 
be  found  as  follows.  The  curve  may  be  regarded  as  generated  by 
the  motion  of  the  centre  of  the  moving  circle  round  the  centre  of 
the  fixed,  combined  with  a  motion  of  the  latter  round  its  own  centre 
with  an  angular  velocity  which  bears  a  certain  relation  to  that  of 
the  centre.  Thus  in  Fig.  78  the  angular  velocity  of  C  is  o>,  that 
of  P.  The  velocity  of  I  due  to  the  motion  of  C  round  C  is  <ob, 
and  that  is  exactly  neutralised  by  the  relative  turning  motion  of 
the  carried  circle  round  its  own  centre.  Hence  if  a  be  the 
angular  velocity  of  the  latter  motion,  we  have  a  -  <o  =  a>bja,  or 
a>  =<o(a  +  b)ja. 

Thus  for  the  co-ordinates  of  P  at  any  time  t  reckoned  from  the 
instant  when  P  was  in  the  line  of  centres  we  have,  taking  the  axis 
of  x  along  the  original  line  of  centres,  and  y  at  right  angles,  and  the 
origin  at  the  centre  of  the  fixed  circle, 


x  =  (a  +  b)cost»t  +  ccos(- at\ 

y  =  (a  +  b)sma>t  +  ccos( at\. 


By  elimination  of  t  the  equation  of  the  curve  is  obtained, 
example  let  a  =  b  =  c  and  we  have 


(89) 


For 
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x  =  2acos<B  t  +  acos  2a>t 
y=  2asin<af  +  asin2  wt, 


}     (90) 


from  which  the  properties  of  the  curve  can  be  deduced. 

The  curve  has  the  form  shown  in  Fig.  78,  and  is  the  cardioid 
already  described.  Its  polar  equation,  the  cusp  being  the  origin, 
may  be  written 

p  =  2a(l+cos0), 

as  the  reader  may  verify  at  once,  observing  that  Q  —  iot. 

112.  General  Displacement  of  a  Rigid  Body. — We  consider  now 
and  very  briefly  the  general  motion  of  a  rigid  body.  First  let  one 
point  of  the  body  be  fixed,  then  any 
displacement  of  the  body  may  be 
brought  about  by  the  motion  of  a 
sphere  of  which  the  fixed  point  is 
the  centre  upon  a  fixed  concentric 
spherical  surface. 

Let  two  points  A,  B  (Fig.  80) 
on  the  surface  of  the  moving  sphere 
be  displaced  to  coincidence  with 
positions  A',  B'  on  the  fixed  surface. 
The  displacement  of  the  body  may 
be  effected  by  turning  it  round  an 
axis  through  the  fixed  point.  Draw  arcs  of  great  circles  of  the 
sphere  joining  A  A  ,BB ',  and  bisect  these  in  points  C,  D  and  draw 
great  circles  of  the  sphere  through  CD  at  right  angles  to  A  A', 
BB'.  These  will  intersect  in  two  diametrically  opposite  points  IT . 
The  diameter  IT  is  an  axis  round  which  if  the  body  be  turned  A 
will  be  brought  to  A',  and  B  to  B'.  The  angle  of  turning  is  that 
at  /  between  the  tangents  to  the  two  great  circles  which  there  meet. 
The  reader  may  exercise  himself  in  realising  the  full  truth  of  this 
proposition. 

113.  Translation  and  Rotation  in  one  Plane  equivalent  to  a 
Rotation. — Let  a  body  be  displaced  so  that  a  plane  in  it  moves  on  a 
plane  fixed  in  space,  first  by  translation  in  a  direction  parallel  to  the 
fixed  plane,  then  by  rotation  round  an  axis  perpendicular  to  the 
fixed  plane.  The  resultant  of  these  displacements  may  be  effected 
by  simply  turning  the  body  through  an  equal  angle  about  a  parallel 
axis.  For  any  two  points  AB  in  the  moving  plane  come  finally 
to  A'B',  that  is  the  line  AB  comes  to  A'B '.  This,  by  §  93,  can  be 
brought  about  by  a  rotation  as  specified.  If  2s  be  the  linear  displace- 
ment and  20  the  angular,  the  distances  of  the  second  axis  from  the  first 
are  plainly  8  along,  and  s/tan0  at  right  angles  to  the  line  of  motion. 

The  body  may  be  moving  with  linear  velocity  s,  and  at  the  same 
time  turning  with  angular  velocity  d  round  an  axis  A  at  right  angles 
to  s,  and  moving  with  the  body.  The  motion  is  equivalent  to  one  of 
pure  rotation  round  an  axis  A'  parallel  to  and  at  a  distance  sjd  from 
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the  first  measured  in  a  direction  perpendicular  to  s,  as  shown  in 
Fig.  81. 

114.  Screw  Motion  of  a  Rigid  Body. — The  most  general  dis- 
placement of  a  rigid  body  in  space  may  be  brought  about  by  a 
rotation  through  a  determinate  angle  about  a  certain  axis,  and  a 
displacement  without  rotation  of  the  whole  body  parallel  to  that  axis. 
Let  a  point  A  on  the  body  be  carried  from  its  initial  to  its  final 
position  A'  along  the  line  joining  them.    Then,  as  just  seen,  the  body 

can  be  turned  about  an  axis  through  the  point 

Fig.  81.  till  it  takes  up  its  final  position.     The  points 

a'  in  the  body  which  lie  in  any  plane  at  right 

.  «■ • *:  angles  to  that  axis  are  turned  round  in  their 

"r  own  plane,  and  in  the   preceding   translator}- 

.- ...  motion  the  successive  positions  of   the  plane 

y'  "N  were  parallel  to  one  another,  and  the  direction 

/  \       of  motion  of    each   point   is   inclined   at   the 

!  «      same  angle  to  the  plane.     Thus  the  displace- 

A* *■  i     ment  may  be  given  by  translating  first   the 

\  s      i      body  in  the    direction   perpendicular   to   this 

plane,  then  in  a  direction  parallel  to  the  plane, 

\^  .-'  and  finally  giving  it  the  motion  of  rotation 

"        '"  just  considered.      But  the  last  two  motions, 

the  motion  along  the  plane  and  the  rotation 

about  an  axis  at  right  angles  to  it,  may  be  combined  in  a  rotation 

about   a   parallel    axis,    found  as   described  in  §  93,  and  therefore 

the  whole  displacement  may  be  effected  by  carrying  the  body  bodily 

without  rotation  in  a  certain  direction,  and  then  turning  it  round  an 

axis  parallel  to  that  direction  as  stated  above. 

The  rotation  may  take  place  simultaneously  with  the  translatory 
motion,  and  so  that  the  ratio  vjw  of  the  translational  to  the  angular 
velocity  is  constant  throughout. 

115.  Pitch  of  Screw.  The  Displacement  called  a  Twist. — The 
motion  just  found  is  that  of  a  nut  relatively  to  the  axis  of  a  screw 
on  which  it  turns.  The  nut  travels  along  the  axis  of  the  screw 
while  rotating  about  it.  Hence  the  motion  may  be  called  a  screw- 
motion,  and  vjoa  the  pitch  of  the  screw.  In  engineering,  however, 
the  pitch  of  a  screw  is  2nv/u>,  the  distance  the  nut  advances  on  the 
screw  per  turn.  The  angular  velocity  is  taken  as  the  measure  of 
the  motion ;  the  linear  velocity  is  the  product  of  the  angular  velocity 
and  the  pitch.  If  the  pitch  be  zero  the  motion  is  a  pure  rotation, 
if  the  pitch  be  infinite  the  motion  is  pure  translation.  These,  how- 
ever, are  only  particular  cases  of  the  general  one,  and  need  not  be 
treated  separately. 

For  a  given  displacement  of  a  rigid  body  there  is  only  one 
equivalent  screw  displacement.  For  the  particles  of  the  body  which 
initially  lay  in  the  axis  of  rotation  remain  in  that  line  in  the  final 
position  of  the  body.  This  could  not  possibly  be  the  case  with  any 
other  screw. 

In  what  follows,  then,  we  shall  conceive  a  displacement  of  a  body 
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as  effected  by  attaching  the  body  to  a  nut  turning  round  a  very  thin 
cylinder  on  which  a  screw-thread  of  the  proper  pitch  is  cut.  Such  a 
displacement  is  called  a  twist.  A  twist  is  specified  when  the  axis, 
the  pitch  of  the  screw,  and  the  angle  of  turning,  or  amplitude,  are  given. 

116.  Composition  of  Angular  Velocities.— If  a  body  have  the 
point  0  fixed  and  be  turning  with  angular  velocities  av  a>2  about 
axes  OA,  OB  inclined  at  an  angle  6,  we 

can  show  that  the  motion  is  equivalent  Fig.  S2. 

to  a  single  motion  of  rotation  of  angular  o 

velocity 

<a  =  Ju>?  +  <o22  +  ^WjCBgCOSd, 

about  an  axis  OC  inclined  to  OA  at  an 
angle  cos-1  {(g^  +  o>2cos0)/o>}. 

For  let  the  lengths  OA,  OB,  Fig.  82, 
along  the  axes  be  taken  proportional  to 
<al,  <u2,  and  construct  the  step  0C{  =  a), 
which  is  their  resultant,  §  17.  Its 
magnitude  has  the  value  just  stated. 
OC  is  the  diagonal  passing  through  0 
of  the  parallelogram  of  which  adjacent 
sides  are  OA,  OB.  Now  take  any 
point  P  in  the  plane  of  A  OB,  and 
outside  that  angle.  Then  it  is  easy 
to  prove  that  the  sum  of  the  areas  of 
the  triangles  POA,  P OB  is  equal  to 
the  area  of  the  triangle  POC.    But  if 

h,  k,  p  be  the  distances  of  P  from  the  lines  OA,  OB,  OC,  we  have 
2  area  POA  =  aji,  2  area  POB  =  mjc,  and  the  sum  of  these  is  the 
velocity  of  P  due  to  the  two  rotations.  But  2  area  P0C=a>p,  and 
therefore  wp  is  also  the  velocity  of  P  due  to  the  single  rotation  about 
OP.  If  P  be  situated  within  the  angle  A  OB,  aft,  wjc  have  opposite 
signs,  and  «,p  is  then  equal  to  their  algebraic  sum. 

This  discussion  shows  that  angular  velocities  may  be  treated  as 
directed  quantities  and  resolved  like  velocities  and  accelerations.  To 
represent  an  angular  velocity  about  any  axis  graphically  take  a 
distance  along  the  axis  equal  to  the  angular  velocity,  and  take  the  posi- 
tive direction  of  this  line  towards  that  side  of  a  plane,  at  right  angles 
to  the  line,  from  which  the  rotation  in  the  plane  seems  to  an  observer 
to  be  in  the  direction  oppposite  to  that  in  which  the  hands  of  a  watch 
would  be  seen  by  him  to  turn,  if  its  face  were  at  the  same  time  seen 
by  him  in  the  plane.  This  direction  we  shall  call  the  left-handed  or 
the  counter-clock  direction  of  turning.  It  is  that  which  the  arrows 
in  Fig.  82  are  intended  to  represent. 

Thus  we  see  that  points  in  the  plane  of  the  axes  are  rotating 
round  OC,  and  therefore  so  must  be  all  the  points  of  the  rigid 
body. 

117.  Moments,  Composition  of  Moments  in  one  Plane. — The 
products  axh,  a2k,  ap  may  be  called  moments  about  the  point  0  of  the 
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angular  velocities  a>1,  &>,,  «  which  the  body  has  round  OA,  OB,  OC 
respectively,  and  we  have  the  theorem,  which  will  be  of  great  service 
later,  that  the  sum  of  the  moments  of  any  two  directed  quantities 
about  any  point  in  their  plane  is  equal  to  the  moment  of  their 
resultant  about  the  same  point.  The  sum  of  the  moments  is  zero, 
if  the  point  be  on  the  resultant,  and  is  not  zero  unless  this  is  the  case. 
This  fact  is  of  great  service  in  finding  the  direction  of  the  resultant 
in  actual  cases. 

By  continued  application  of  this  theorem  it  can  be  shown  that 

the  sum  of  the  moments  of  any  number  of  quantities  directed  along 

coplanar  lines  which  meet  in  a  point,  taken  round  any  point  in  their 

plane,    is    equal    to    the    moment  of     their 

resultant  about  the  same  point. 

118.  General    Theorem   of    Composition 
of    Moments. — This  theorem  is  only  a  par- 
ticular case  of  a  more  general  theorem,  namely 
that  the  resultant  moment,  about  any  point 
whatever,  of  quantities  directed  along  lines 
which  meet  in  a  point,  is  equal  to  the  moment 
of  their  resultant  about  the  same  point.     For 
let  two  directed  quantities  be  represented  by 
the  lines  OA,  OB,  Fig  83  (in  the  immediate 
application  here  they  are  angular  velocities 
o)2,  a,  of  the  rigid  body).     The  moments  of 
these  quantities  about  any  point  P  are  numeri- 
cally equal  to  twice  the  areas  of  the  triangles  POA ,  POB.    The  moment 
of  the  resultant  of  OA,  OB  about  P  is  the  moment  of  OC  about  P, 
and  its  numerical  value  is  twice  the  area  of  the  triangle  POO. 

But  these  moments  are  themselves  directed  quantities,  and  may 
be  represented  by  straight  lines  passing  through  one  point  and  drawn 
at  right  angles  to  the  areas  which  represent  the  moments.  The 
positive  directions  of  these  lines  determine  the  aspect  of  each  area 
which  is  to  be  taken  as  positive,  and  are  settled  as  follows.  Let  the 
boundary  of  each  area  be  described  by  a  point  which  in  its  course 
traverses  the  line  representing  a  quantity  {e.g.,  the  line  OA)  in  the 
positive  direction,  then  the  positive  direction  of  the  line  represent- 
ing the  area  is  towards  that  side  of  the  plane  from  which  the 
moving  point  is  observed  to  traverse  the  area  in  the  so-called  left- 
handed  or  counter-clock  direction.  Thus  if  the  lines  of  the  circuit 
POA  P  are  traversed  in  the  directions  indicated  by  the  order  of  the 
letters,  OA  is  traversed  in  the  positive  direction,  and  (0  being  the 
near  point  of  OB)  the  line  representing  the  area  POA  is  to  be  drawn 
towards  the  observer.  Similarly  the  lines  representing  POB,  POC 
are  respectively  to  be  drawn  towards  the  right  from  the  plane 
of  POB,  and  towards  the  side  of  POC  on  which  A  lies.  We  shall 
call  the  lines  thus  specified  the  step-values  of  the  areas. 

119.  Step- Values  of  Areas. — An  area  is  thus  to  be  regarded  as 
a  directed  quantity,  and  obeys  all  the  laws  of  directed  quantities. 
Its  step-value  may  be  resolved  into  two  components,  one  at  right 
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angles  to  any  plane  on  which  the  areas  are  projected,  and  the 
other  parallel  to  that  plane,  and  these  are  the  step-values  of  the 
projections  upon  planes  perpendicular  to  them  of  the  corresponding 
area.  If,  then,  the  sum  of  the  projections  of  any  set  of  areas  upon 
any  plane  whatever  is  equal  to  the  projection  on  that  plane  of 
an  area  S,  the  sum  of  the  components  of  the  step-values  of  the 
areas  taken  perpendicular  to  the  plane  of 
projection  must  be  equal  to  the  compo- 
nent in  the  same  direction  of  the  step- value 
of  S. 

Thus  if  the  step-values  be  drawn  in  the 
proper  directions  from  one  point,  the  step- 
value  of  S  must  be  the  resultant  of  the  steps 
representing  the  other  areas,  otherwise  the 
condition  just  stated  could  not  be  fulfilled. 

Now  the  projection  of  the  parallelogram 
OA  OB  upon  any  plane  is  always  a  parallelo-  *' 

gram,  so  that  on  whatever  plane  the  lines  of 
Fig.  83  are  projected  the  result  is  always  /'' 

a  diagram  in  that  plane  in  which  lines  are  'a 

drawn  from  the  projection  p  to  the  pro- 
jections o,a,c,boi  the  four  points  0,A,0,B,  and  these  fulfil  the 
condition  that  the  area  poc  =  area  poa  +  area  pob.  Thus  the  pro- 
jection of  POG  upon  any  plane  whatever  is  equal  to  the  sum  of  the 
projections  of  POA ,  POB  upon  that  plane,  and  if  the  step-values  of 
the  moments  of  w,,  w2,  w  about  0  be  each  resolved  at  0  into  two 
components,  in  and  perpendicular  to  a  chosen  plane,  two  projection 
diagrams  will  be  obtained,  for  each  of  which  the  relation 

area  poc  =  area  poa  +  area  pob 

holds,  Hence,  since  the  theorem  is  true  of  the  components,  the 
moment  of  00,  that  is  of  co,  round  P  is  the  resultant  of  the  step- 
values  of  the  moments  of  a>v  a,  about  P. 

The  step-values  obtained  by  projection  on  any  plane  are  the 
moments  of  wl5  w2,  w  round  an  axis  through  P  perpendicular  to  that 
plane  (§  155). 

If  a  rigid  body  have  two  angular  velocities  <ov  a>,  about  parallel 
axes  A,  B,  the  same  theorem  holds.  This  case  requires  special  con- 
sideration, though  the  result  might  be  inferred  from  the  former  case. 

Let  P,  Fig.  84,  be  any  point,  a,  fl  its  distances  from  A,  B,  the 
intersections  of  the  axes  with  a  plane  perpendicular  to  them,  and 
passing  through  P.  Then  if  aw,,  /3a>2  be  taken  as  steps  along  AP, 
BP  respectively,  iaa>v  i/3o>2  are  steps  along  Pa,  Pb,  at  right  angles  to 
AP,  BP,  and  represent  the  velocities  of  P  due  to  the  angular  veloci- 
ties qj„  w2.  The  resultant  of  these  is  {(acoj^  +  /3o>2),  which  is  therefore 
at  right  angles  to  the  step  aal  +  (Z»r  the  resultant  of  the  steps  along 
AP,  BP  just  specified.  But  this,  as  we  have  seen,  §  20,  is  the  step 
joining  P  with  C,  the  point  which  divides  AB  so  that  AC/CB  =  o>i!<o1, 
and  is  (al  +  <o,)CP.      Therefore  we  have  i(aw1  +  /3co2)  =  i(w1  +■  co.,)CP. 
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Thus  the  point  P  turns  round  C  with  angular  velocity  av  +  <o2,  and 
the  numerical  value  of  its  linear  velocity  along  Pc  is  (a1  +  co2)CP. 

120.  Composition  of  Screw-Motions  and  Twists. — We  now  com- 
pound two  screw-motions  given  about  rectangular  axes  meeting  in  a 
point.  Let  the  directions  be  along  OX,  OY  of  Fig.  85,  and  the 
amounts  and  pitches  of  the  motions  be  av  (o2,pv  pr  The  translational 
velocities  of  the  two  motions  are  <&J>X,  <*2p2  respectively  along  OX,  OY. 
If  6  be  the  angle  the  direction  of  the  resultant  angular  velocity 
makes  with  OX,  we  have  for  that  resultant  o^cosfl-f-  a>2  sin  8  along 
OP.  Also  WjSinfl  -  w,cos0  =  0,  so  that  tan0  =  Og/o,,  which  determines 
the  direction  of  OP.  The  linear  velocities  resolved  along  and  at  right 
angles  to  this  direction  give  us 

cuj^cosfl  +  a>2p2sind,    Wj/JjSinfl  -  o2p2cos6. 


The  former  of  these  and  the  angular  velocity  a  (  =  J  a*  +  a22)  give  a 
screw-motion  about   OP,  of  pitch  {u>lp1cosd  +  a2ps  sin  0)/».      Hence 


Fig.  85. 


Fig.  86. 


since  wl  =  (oCOsd,  «2  =  ci>sin0,  we  have,  denoting  this  pitch  by  p, 

^=j?1cos20+^2sin20.  (91) 

Now  the  angular  velocity  <o  about  OP,  and  the  velocity 

aj)l  sin  0  —  a>2])  cos  0 

perpendicular  to  it  are  (§  113)  equivalent  to  a  rotation  about  an 
axis  parallel  to  OP,  and  above  the  plane  of  the  axes  OX,  OY,  at  a 
distance  given  by  the  relation  o»  z  =  mlp1smd-wsps  cos  6,  or,  since 
a  =  toJ  cos  0  —  a  J  sin  6, 

*=Hpl-p,)Bin2e.  (92) 


Thus  the  resultant  is  a  screw-motion  of  angular  velocity  Jo*  +  a.r 
about  a  line  parallel  to  OP  at  a  distance  Kj»,  -pj)  sin  2  0  above  the 
plane  of  OX,  OY. 
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The  same  result  holds  for  two  screw-displacements  or  twists  of 
amplitudes  represented  by  wp  wr 

The  line  may  be  constructed  as  follows.  Take  two  points  A,  B 
(Fig.  85)  on  OX,  OF  equidistant  from  0,  such  that  AB=px-  jo2,and  join 
AB.  On  AOB  describe  a  circle,  and  join  the  centre  G  (the  middle 
point  of  A B)  with  P.  The  angle  AGP  is  20,  and  CP  =  ±(pl-pt). 
Thus  PD  =  $(pl- pa)sin20.  Now  (Fig.  86)  draw  from  P  at  right 
angles  to  the  plane  of  the  circle  a  line  PP'  of  length  equal  to  PD, 
and  from  P  draw  a  line  parallel  to  PO.  This  latter  will  meet  the 
axis  OZ,  which  is  perpendicular  to  the  plane  of  XY,  in  a  point  0'. 
The  line  O'P  is  the  axis  of  the  resultant  twist,  that  is  the  axis  of 
the  screw  which  represents  the  given  motion. 

121.  The  Cylindroid. — If  we  suppose  0  to  vary  uniformly  by 
variation  of  a^,  <o2,  while  pv  p2,  on  which  0  does  not  depend,  are  kept 
constant,  we  get  a  succession  of  positions  of  the  axis  O'P'  of  the 

Fig.  87. 


resultant  twist.  Thus  as  0  varies  uniformly,  OP  turns  round  0,  and 
O'P'  turns  round  the  axis  00',  and  moves  along  00'  with  a  simple 
harmonic  motion  of  which  two  periods  are  contained  in  one  rotation. 
Thus  O'P  lies  on  a  surface  the  equation  of  which  is  to  be  found  as 
follows.  Let  the  co-ordinates  of  P  with  reference  to  OX,  OY  be 
x,  y,  and  that  of  P  be  z.     Then  we  have 

y  =  x  tan  0 

This  gives  at  once  y(cos  2  6)Jz  =  2xj(pl  -  p2\  But  cos  2  0  =  x2l(x?  +  y2), 
so  that  we  find 

2z(x2  +  y2)  =  (px  -p2)xy  (93) 

This  surface  is  called  the  cylindroid.     Fig.  87  shows  the  succes- 
sive positions  of  the  generator  O'P,  and  gives  an  idea  of  the  form 
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of  the  surface.  The  cut  (which  is  taken  from  Sir  Robert  Balls 
Theory  of  Screws)  represents  a  model ;  the  axis  from  which  the 
generators  spring  ought  to  be  made  infinitely  thin,  and  the  generators 
prolonged  to  infinity.  The  axis  00'  (Fig.  86)  is  called  the  directrix 
of  the  surface. 

122.  The  Pitch-Conic. — The  pitch  of  any  screw  on  the  cylindroid 
is  given  by  equation  (91).  If  we  construct  the  curve  (a  conic  section) 
the  equation  of  which  is 

Plx2+psf  =  K,  (94) 

where  H  is  any  constant  quantity  and  x  =  rcos6,  y  =  rsin6>,  we  see 
that  the  pitch  p  of  the  screw  for  a  generator  making  an  angle  6  with 
OX  is  Hjr2.  Thus  the  pitch  is  inversely  proportional  to  the  square  of 
the  radius  vector,  in  the  given  direction,  of  the  conic  represented 
by  (92). 

If  the  pitches  are  of  the  same  sign  (94)  is  an  ellipse,  if  of  opposite 
signs  a  hyperbola.  The  curve  may  be  called  the  pitch-conic.  If  it  is 
a  hyperbola  there  are  two  directions,  the  asymptotes  of  the  hyper- 
bola, for  which  the  radius  vector  is  infinite.  These  are  the  directions 
for  which  tan20=  -pjpr  For  these  the  pitch  given  by  the  conic  is 
zero,  and  the  corresponding  motion  is  one  of  pure  rotation. 

123.  Any  Two  Screws  lie  on  a  Cylindroid.  Equilibrant  of  given 
Twists  about  any  Two  Screws. — It  can  now  be  proved  that  a 
cylindroid  can  be  described  so  as  to  contain  any  two  screws, 
that  is  to  say  a  cylindroid  two  of  whose  generators  represent 
the  axes  of  the  screws,  and  the  distribution  of  pitch  on  which  is 
such  that  these  generators  have  also  the  pitches  of  the  given 
screws. 

If  6,  6',  p,  p,  z,  z  be  the  quantities  specifying  the  two  screws,  the 
differences  6-d',  p-p,  z-  z  (A,  ~,  h,  say),  and  p,  p  are  known.  In 
terms  of  these  the  reader  may  find  the  values  of  the  pitches  p.,  ps 
for  a  cylindroid  on  which  the  two  given  screws  lie,  and  the  values 
of  6  and  z.     It  is  easy  to  verify  that 


px  -p3  =  J&-  +  h-/siaA,    px  +p2  =p  +])'  -  hcotA, 
0  =  l{A-tsm-\&/h)},     z  =  $(h -&  cot  A). 

Let  a  body  receive  twists  of  amplitudes  a,  /3,  y  about  three  screws 
on  a  cylindroid,  and  let  the  axes  make  angles  0,  <p,  \p  with  OX.  The 
angular  displacements  of  the  body  about  the  axes  OX,  OY  are 
acos0  +  /3cos0  +  ycosii<,  asin0  +  /3sin0  +  yshn//;  the  linear  displace- 
ments along  the  axes  are  these  expressions  multiplied  respectively  by 
the  pitches  pv  ps  of  the  twists  about .  the  axes.  Each  of  the  four 
displacements  will  vanish  identically  if  the  relations 

(95) 


sin(^>-i£)     sin(\L-6)     sin(6-<(>) 
hold,  since   this   converts   each   of  the  angular  displacements  into 
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a  constant  multiplied  by  a  determinant  of  which  two  rows  are 
identical.  Hence  if  these  relations  are  fulfilled  the  resultant  of  the 
three  twists  is  zero,  and  the  body  has  not  been  displaced. 

There  are  many  other  very  interesting  results  in  this  theory,  but 
there  is  no  space  to  deal  with  it  here.  It  will  be  referred  to  again 
in  connection  with  the  dynamics  of  a  rigid  body,  but  the  reader 
should  consult  the  essay*  by  Sir  Robert  Ball,  to  whom  the  develop- 
ment of  this  mode  of  treating  rigid  dynamics  is  mainly  due. 

The  subject  of  the  degrees  of  freedom  of  a  rigid  body  and  their 
limitation  by  constraints  belongs  properly  to  kinematics,  and  can  be 
very  elegantly  treated  by  the  theory  of  screws.  It  will  be  more  con- 
venient, however,  to  defer  it  for  treatment  in  connection  with  the 
theory  of  equilibrium  of  a  rigid  system,  and  we  shall  return  to  it 
under  Statics. 

124.  Dimensions  of  Velocity  and  Acceleration.  —  Since  the 
numerical  measure  of  velocity  is  the  number  of  units  of  displacement 
divided  by  the  number  of  units  of  time  in  which  it  is  effected,  we  may, 
as  indicated  in  §  7,  write  for  any  actual  velocity  the  equation 

velocity  =  v[LT~l], 

where  v  is  the  numerical  value  of  the  velocity  in  terms  of  a  unit  of 
length  L  and  a  unit  of  time  T.  If  the  units  be  changed  from  L,  T  to 
L',  T',  where  L  =  \L',  T—tT\  we  have  for  the  same  velocity  the 
equation 

velocity  =  v\T-\LIT'-x\  =  v'[L'T'-1]. 

The  new  numerical  value  is  v'  =  v\r'1,  so  that  the  change  a itio 
is  Xr_I. 

For  example,  let  L  be  1  mile,  T  be  1  hour,  and  it  be  required 
to  find  the  change-ratio  v'/v  when  the  units  are  changed  to  1  foot 
and  1  second.  This  ratio  is  5280/3600  or  22/15.  Thus  the 
numerical  value  v  of  a  velocity  in  terms  of  the  latter  units  is  22/15 
of  the  numerical  value  v  in  terms  of  the  former  units. 

In  the  same  way  the  dimensional  formula  of  acceleration  can  be 
found.  The  numerical  value  of  an  acceleration  is  the  number  of 
units  of  velocity  generated  in  a  given  interval  of  time  divided  by  the 
number  of  units  of  time  in  the  interval.  The  unit  of  acceleration  is 
an  acceleration  in  which  the  unit  of  velocity  is  generated  in  the  unit 
of  time,  that  is  it  is  expressed  by  the  formula  [LT~2\  where  L  is,  as 
before,  the  unit  of  length  and  T  the  unit  of  time.  Hence  for  any 
given  acceleration  of  which  the  numerical  value  is  a  we  may  write 
the  equation 

acceleration  =  a[LT~2]. 

Thus  for  the  change  of  units  indicated  above  from  Z,  T  to  L',  T 

*  Theory  of  Screws.     Dublin  :  Hodges,  Foster  and  Co.     Fig.  86  is  taken 
from  this  work. 
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acceleration  =  aXr"2[Z'7T'~2]. 

If  Z,  L'  be  a  mile  and  a  foot,  and  T,  T  an  hour  and  a  second,  we 
have 

acceleration  =  a— — \L'T'~2~\  =  a'\L'T'~-\ 
36002L  J        L  J 

The  change-ratio  is  thus  11/27000,  so  that  a' =  u. 11/27000. 


CHAPTER  III. 
DYNAMICS. 

125.  Actions  between  Bodies.  Action  and  Reaction. — We  now 
come  to  the  consideration  of  dynamics  proper.  It  is  matter  of 
common  observation  that  bodies  act  on  one  another  so  that  the  rela- 
tive motions  of  the  different  parts  of  a  system  are  continually  under- 
going change.  A  stone  thrown  into  the  air  is  attracted  towards  the 
earth,  and  describes,  relatively  to  the  earth,  a  curve,  which  we  have 
already  shortly  considered.  A  stone  let  fall  from  a  height  travels 
vertically  downwards  with  uniformly  increasing  speed ;  and  we  are 
led  to  the  conclusion  that  this  acceleration  is  due  to  the  presence  of 
the  earth.  As  we  shall  see  presently,  the  action  is  mutual.  The 
earth,  we  say,  attracts  the  stone,  the  stone  attracts  the  earth. 

Between  the  two  bodies  there  is  said  to  exist  a  stress,  that  is,  a 
mutual  action,  which  has  two  aspects,  the  equal  and  opposite  actions 
on  the  two  bodies.  Thus  when  a  stretched  spiral  spring  has  two 
masses  attached  to  its  ends  there  exists  a  stress  in  the  spring,  and 
the  bodies  are  pulled  by  the  spring  in  opposite  directions,  and  if  the 
acceleration  of  the  matter  of  the  spring  itself  is  neglected  or  is  zero, 
the  pulls  are  equal  in  a  sense  which  we  shall  explain  later. 

It  is  very  important  to  keep  this  double  aspect  of  the  action 
between  every  pair  of  bodies  continually  in  view.  Without  it  the 
theory  of  energy,  on  which  we  shall  enter  presently,  becomes  in  view 
of  the  relativity  of  motion  unintelligible.  When  we  speak  below  of 
a  stress  as  applied  to  a  body  we  consider  one  only  of  its  aspects. 

There  is  a  common  idea  that  there  is  some  action  exerted  on  a 
moving  body  without  which  the  body  could  not  go  on  moving.  Thus 
Kepler  imagined  that  the  earth  was  held  between  rays  projecting 
from  the  sun  and  rotating  so  as  to  carry  the  earth  round  its  orbit. 
Again,  the  body  is  frequently  regarded  as  having  the  property  of 
putting  forth  a  certain  "  force "  when  it  meets  an  obstacle,  as,  for 
example,  when  a  falling  body  strikes  the  earth. 

These  ideas  are  generally  more  or  less  vaguely  expressed  ;  but  so 
far  as  they  have  any  definite  meaning  they  are  erroneous.  A  change 
of  motion  in  any  portion  of  matter  is  always  brought  about  by  the 
action  of  some  other  portion  of  matter. 

When  a  shell  explodes,  its  different  parts  are  driven  in  different 
directions  by  the  action  upon  them  of  the  gaseous  products  suddenly 
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generated  by  the  rapid  combustion  of  the  charge ;  the  well-polished 
curling-stone,  made  to  slide  along  -well-swept  smooth  ice,  moves  a 
much  longer  way  without  coming  to  rest  than  when  impeded  by 
obstacles  or  by  the  friction  of  a  rough  surface ;  the  skater  knows 
well  that  when  he  has  got  up  speed  he  cannot  change  his  direction 
of  motion  without  striking  to  one  side  or  the  other,  and  that  the 
distance  he  can  run  without  striking  depends  on  the  smoothness  of 
the  surface,  and  the  amount  of  any  resistance  he  experiences. 

126.  Newton's  First  Law  of  Motion. — The  real  truth  of  the 
matter  was  first  expressed  by  Newton  in  his  Philosophiae  Naturalis 
Principia  Mathematica,  in  his  First  Law  of  Motion. 

Cor]nis  omne  perseverare  in  static  suo  quiescendi  vel  movendi  uni- 
formiter  in  directum,  nisi  quatenus  illud  a  viribus  impressis  cogitur 
statum  suum  mutare. 

Every  body  continues  in  its  state  of  rest  or  of  uniform  motion  in  a 
straight  line,  except  in  so  far  as  it  is  compelled  to  change  that  state  by 
forces  impressed  upon  it. 

He  adds  the  following  brief  explanation  of  the  meaning  of  the 
law: 

Projectiles  continue  in  their  motions  except  in  so  far  as  they  are 
retarded  by  the  resisting  action  of  the  air  and  are  impelled  doicnicards 
by  the  action  of  gravity.  The  different  parts  of  a  lolieel  are  in  con- 
sequence of  their  connections  continually  made  to  deviate  from  motions 
in  right  lines,  and  the  wheel  does  not  cease  to  rotate,  except  in  so  far  as 
it  is  retarded  by  the  air.  Planets  and  comets,  however,  preserve  for  a 
very  long  time  their  translational  and  orbital  motions  since  their  bodies 
meet  with  less  resistance  in  the  spaces  in  which  they  move. 

It  is  affirmed  in  this  law  that  a  body's  motion  is  changed  only 
by  the  action  of  other  bodies.  Also  it  follows  from  the  statement 
that  if  a  body  can  be  found  which  there  is  sufficient  reason  for  be- 
lieving is  not  acted  on  by  other  bodies,  that  body  describes  equal 
distances  in  equal  times,  and  may  be  made  to  measure  time.  Also 
the  measurements  of  time  given  by  different  such  bodies  will  be 
consistent.  This  is  the  dynamical  method  of  reckoning  time  re- 
ferred to  above  (§  8)  by  which  the  uniformity  of  the  earth's  rotatory 
motion  is  to  be  tested,  and  by  which  an  attempt  has  already  been 
made  to  measure  the  rate  of  change  of  the  period  of  rotation.  We 
shall  endeavour  to  give  some  account  of  this  comparison  later. 

127.  Relativity  of  Motion. — It  is  necessary  to  notice  here  that 
motion  is  relative,  and  that  to  observe  and  measure  the  motion  of  a 
system  it  is  necessary  to  set  up  a  set  of  axes  of  reference.  These 
axes  may  be  set  up  on  any  body  whatever,  and  be  at  rest  relatively 
to  that  body.  Then  the  motions  referred  to  it  take  no  account 
of  changes  (relatively  to  some  other  reference  system)  which  are 
common  to  the  axes  and  the  body  the  motion  of  which  is  under 
consideration.  But,  though  we  might  consider  accelerations  relative 
to  these  axes,  and  obtain  a  corresponding  system  of  impressed  forces, 
the  realisation  of  the  method  of  reckoning  time  would  require  refer- 
ence to  axes  fixed  on  a  body  unacted  on  by  other  bodies,  and  so  we 


DYNAMICS.  107 

are  brought  face  to  face  with  the  difficulty  of  finding  such  a  body. 
Without  it  we  cannot  say  what  we  mean  by  a  straight  line  or  by 
uniform  motion. 

128.  Comparison  of  Abstract  Dynamics  with  Experience.  Defini- 
tion of  a  Particle. — The  way  out  of  these  difficulties  lies  in  regarding 
dynamics  as  founded  on  ideal  conceptions  just  as  geometry  is,  and 
depending  for  its  application  to  practical  problems  on  certain 
assumptions  to  be  justified  by  the  results  of  experience.  In  fact, 
abstract  dynamics  is  a  purely  ideal  science,  geometric  in  a  somewhat 
extended  sense  caused  by  the  introduction  of  certain  notions  not 
ordinarily  employed  in  purely  geometrical  processes.  So  long  as  we 
confine  ourselves  to  the  ideal  as  we  do  in  geometry  there  are  about  it 
only  difficulties  of  the  same  kind  as  we  have  in  geometrical  con- 
ceptions, and  these  we  do  not  here  discuss.  The  special  fundamental 
difficulties  arise  when  the  science  is  applied  to  the  interpretation  of 
nature,  and  any  solutions  obtained  by  its  aid  must  depend  on  hypo- 
theses to  be  justified  by  the  comparison  of  results  with  observation. 

It  is  not,  however,  desirable  to  discuss  dynamical  principles,  and 
build  up  the  science,  as  a  body  of  pure  abstractions  :  on  the  contrary 
as  >oon  as  the  fundamental  conceptions  are  laid  down,  we  may  and 
ought  to  have  recourse  to  experience  and  observation  at  every  step 
of  our  progress.  Abstract  dynamics  should  go  hand  in  hand  with 
practical  dynamics,  that  is,  should  have  continual  reference  to  and 
be  illustrated  as  far  as  possible  by  examples  from  physics  and 
engineering.  Without  this  it  is  made  a  mere  peg  on  which  to  hang 
examples  of  pure  geometry  and  analysis,  instead  of  the  proper 
theoretical  basis  for  the  great  experimental,  observational,  and 
mathematical  science  which  we  may  call  physical  dynamics. 

We  shall  often  in  what  follows  employ  the  term  particle.  A 
particle  may  be  ideally  regarded  as  a  mass  concenti-ated  at  a  geo- 
metrical point,  though  of  course  we  do  not  in  practice  have  to  deal 
with  a  single  particle  fulfilling  this  definition.  A  particle  may  in 
practice  be  regarded  as  a  body,  every  dimension  of  which  is  very 
small  in  comparison  with  the  distance  of  the  body  from  any  other. 

129.  Measurement  of  Time. — First,  then,  we  have  to  take  some 
standard  for  the  measurement  of  time.  In  this  we  are  guided  by 
the  idea  derived  from  the  law  of  motion  stated  above,  that  any  body 
in  relative  motion,  which  there  is  observational  evidence  for  conclud- 
ing is  not  changed  by  the  action  of  other  bodies,  may  be  taken  as 
timekeeper.  In  taking  the  earth's  rotation  as  our  standard  for  the 
measurement  of  time,  we  have  recourse  really  to  a  joint  result  of 
this  idea  and  the  equality  of  action  and  reaction  already  referred  to, 
a>  we  shall  show  in  what  follows.  Or  we  may  adopt  some  other 
time-measurer  either  suggested  by  this  idea  or  chosen  arbitrarily, 
and  its  suitability  for  physical  use  will  be  a  matter  merely  of  a 
jyoslerioi'i  verification. 

Having  agreed  upon  or  chosen  some  way  of  specifying  equal 
intervals  of  time,  the  next  step  is  to  set  up  a  system  Of  axes  of 
reference.     The   velocities   and   accelerations   of  different  particles 
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(§  125)  relatively  to  these  axes  are  considered.  The  particles  have  any 
accelerations  relatively  to  them  which  may  be  assigned  or  which  are 
deducible  from  data  given,  and  so  from  the  configuration  at  any 
given  epoch  that  at  any  other,  that  is,  to  speak  shortly,  the  motion 
can  be  found.  If  the  particles  do  not  change  their  configuration 
relatively  to  one  another,  limitations  are  imposed  on  the  motion,  the 
particles  constitute  a  rigid  body.  Thus  we  have  the  science  of  pure 
kinematics  with  which  the  preceding  chapters  have  been  occupied. 

130.  Passage  from  one  Reference  System  to  another. — Now  we 
may  suppose  our  reference  system,  which  we  may  call  A,  to  be  in 
motion  relatively  to  another  reference  system  B,  and  the  motion  of 
the  particles  referred  to  that  other  system  will  be  compounded  for 
any  instant  of  the  motion  which  the  particles  would  have  with  respect 
to  B,  if  they  were  rigidly  connected  with  A,  in  the  positions  they 
have  at  that  instant,  and  of  the  motions  which  the  particles  at  the 
same  instant  have  with  respect  to  A.  There  is  no  difficulty,  if 
the  motion  of  A  with  respect  to  B  is  specified,  in  finding  the  former 
part  of  the  motion  of  each  body.  It  will  vary,  it  is  to  be  remem- 
bered, with  the  changing  positions  of  the  particles  in  consequence 
of  their  motions  with  respect  to  A.  Examples  of  this  process  are 
afforded  by  the  uniplanar  motion  of  a  rigid  body  discussed  above, 
e.g.,  the  motion  of  the  tracing  point  of  a  cycloid  in  the  rolling  circle 
and  in  the  sheet  on  which  the  curve  is  traced. 

"We  can  push  the  reference  further  back,  and  so  pass  from  refer- 
ence system  to  reference  system  whenever  it  is  necessary  to  do  so. 
There  is  no  reason  to  believe  that  by  any  such  process  we  should 
ever  reach  axes  which  can  be  regarded  as  absolutely  fixed,  but  it  is 
the  process  by  which  corrections  suggested  by  experience  are  to  be 
introduced,  as  will  be  seen  below. 

It  is  found,  then,  by  observation  that  we  can  stop  at  some 
reference  system  fixed  on  actual  bodies,  it  may  be  the  first,  A,  which 
is  naturally  suggested  to  us  by  the  circumstances  of  the  case.  To  a 
certain  extent  we  can  consider  the  effect  of  referring  one  chosen 
reference  system  to  other  reference  systems  naturally  suggested,  and 
be  sure  that  the  additional  motions  necessary  for  the  parts  of  our 
system  are  imperceptible  or  negligible. 

Thus  we  refer  the  motion  of  a  projectile  to  three  axes  fixed  in  the 
earth,  say,  one  vertically  upwards,  one  drawn  north,  the  other  west, 
and  consider  the  motion.  We  find  that  the  results  of  considering 
this  set  of  axes  as  fixed  coincide  only  approximately  with  experience, 
and  we  have  to  correct  them  on  account  of  the  earth's  rotation 
relatively  to  the  fixed  stars.  It  may  be  that  there  are  other  correc- 
tions which  more  nearly  perfectly  exact  observations  might  disclose, 
but  there  is  no  evidence  for  their  existence. 

131.  Inertia  or  Mass. — So  far  the  ideas  have  been  purely 
kinematical ;  we  must  now  introduce  the  notion  of  inertia  or  mass. 
We  find  that  with  reference  to  our  naturally  chosen  system  of  axes 
of  reference,  different  bodies  have,  when  placed  in  what  we  are 
justified   by   experience   in    regarding    as   the  same   circumstances, 
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different  accelerations,  and  hence  we  get  the  idea  of  the  inertias  of 
bodies.  In  estimating  similarity  of  circumstances  we  assume  the 
constancy  of  the  physical  properties  of  bodies,  such  as  the  constancy 
of  the  matter  of  a  body,  of  the  elastic  properties  of  a  spring,  and  the 
like.  Thus  if  we  take  a  given  spiral  spring  and  apply  it  with  the 
same  stretch  in  it  to  the  same  body,  we  find  the  same  momentum 
given  to  the  body  in  the  same  time.  Since  we  find  the  results 
consistent  with  those  obtained  with  different  bodies  and  springs,  the 
possibility  of  pari  passu  variations  of  physical  properties  producing  a 
balance  of  results  need  not  be  considered. 

132.  Comparison  of  Inertias  of  Bodies. — Thus  applying  similar 
circumstances  (which  we  here  merely  typify  by  a  spring  with  a  given 
stretch)  to  different  particles,  we  find  the  accelerations  produced  to 
be  different,  and  so  are  led  to  a  comparison  of  the  inertias  of  the 
bodies.  For  example,  suppose  a  spring  with  a  given  stretch  in  it  to 
be  applied  for  a  second  to  each  of  a  number  of  particles,  and  let  the 
accelerations  produced  be  av  a2,  a3,  &c.  Then  if  we  take  quantities 
inversely  proportional  to  al5  a2,  a3, ...,  say  p/a^  p/av  ...,ftja3,  ...,and 
multiply  each  of  these  by  the  proper  acceleration,  we  obtain,  of 
course,  the  same  product,  p,  in  each  case.  This  we  take  as  a  measure 
of  the  stress  in  the  spring,  which  on  the  hypothesis  stated  above  is 
the  same  at  each  application,  at  the  point  at  least  at  which  the  spring 
acts  on  the  body,  and  which  we  regard  as  the  action  producing  the 
change  of  motion.  If  one  of  the  particles  have  the  chosen  unit  of 
inertia,  we  may  take  for  the  numerical  value  of  fi  that  of  the  acceleration 
a  of  this  body.  Then  another  particle  in  which  the  acceleration  pro- 
duced in  the  same  circumstances  is  at  will  give  for  the  stress  the 
numerical  value  a/avar  The  quantity  a/a1  measures  the  inertia  of  this 
body,  and  we  denote  it  by  mv  For  other  particles  the  accelerations  of 
which  are  a„  a3, . . .  the  inertia-values  are  m3  =  a/a v  m3  =  a/a3,  and  so  on. 

We  thus  obtain  a  comparison  of  the  inertias  of  different  particles 
by  taking  them  to  be  inversely  proportional  to  the  accelerations  pro- 
duced in  the  particles  when  placed  individually  under  the  action  of 
the  same  stress.  It  is  found  that  precisely  the  same  result  is  obtained 
if  the  comparison  is  effected  by  applying  any  other  constant  stress  to 
each  of  the  system  of  particles. 

It  is  not  necessary  to  limit  the  statement  made  here  to  particles. 
Bodies  of  finite  size  will  serve  equally  well  if  we  suppose  that  in 
every  case  considered  every  particle  of  the  body  has  produced  in  it 
the  same  acceleration.  The  action  of  the  spring  which  is  applied 
where  the  spring  is  attached  to  the  body  is  transmitted  through  the 
connections  of  the  particles  so  that  every  one  is  accelerated  to  the 
same  extent.  The  conditions  of  this  transmission  of  action  from 
particle  to  particle  of  a  body  are  given  by  the  Third  Law  of  Motion 
which  will  be  considered  presently.  That  the  inertia  of  a  body  is 
not  affected  by  the  distribution  of  its  matter  may,  however,  be 
regarded  a  result  of  experiment,  as  we  shall  see  later. 

133.  Comparison  of  Stresses. — On  the  other  hand,  when  we  com- 
pare the  motion-producing  effects  of  different  stresses,  §  125,  (typified 
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by  the  action  of  different  stretches  in  the  same  spring  or  in  different 
springs)  we  may  use  as  follows  any  system  of  bodies  for  which  the 
inertias  have  been  compared  as  described.  Let  us  suppose  that  by 
these  stresses  accelerations  a'j,  a',,  ...  are  produced  in  the  particles 
the  accelerations  of  which  were  formerly  at, a2,  ... ;  then  we  say 
that  the  stresses  applied  to  the  bodies  have  the  measures  m^i  v 
m,a'2,  ....  Thus  by  means  of  the  comparison  of  inertias  obtained 
by  applying  the  same  stress  to  each  of  a  number  of  different  par- 
ticles, we  obtain  a  comparison  of  stresses,  according  to  which  the 
stresses  applied  are  proportional  to  the  accelerations  they  produce 
in  equal  masses.  For  if  the  inertias  mv  mv  . . .  were  all  found  equal 
by  the  previous  comparison  the  stresses  would  be  proportional  to  a',, 
«',, The  products  m,^,  m2u2,  . . .  are  also  called  mass-accelerations. 

134.  Unit  of  Weight. — The  quantities  of  matter  in  bodies  are 
compared  by  the  method  of  weighing  with  a  balance  (see  chapter  on 
Measures  and  Instruments  below),  and  bodies  which  equilibrate  one 
another  in  the  scales  of  a  just  balance  in  vacuo  are  said  to  have  the 
same  weight.  The  word  weight  is  used  in  two  senses,  in  the  sense  of 
quantity  of  matter  in  a  body,  and  sometimes,  though  perhaps  more 
rarely  in  popular  language,  as  the  downward  force  of  gravity  on  a 
body  in  certain  specified  circumstances.  It  seems  impossible  to 
discard  the  former  use  of  the  term  even  in  scientific  speech,  and 
therefore  we  shall  use  the  word  generally  in  this  sense,  and  in  the 
latter  sense  speak  of  the  gravity  of  a  body. 

The  imperial  standard  pound  avoirdupois  is  the  legal  standard  of 
weight  in  this  country.  It  is  a  piece  of  platinum  marked 
"  PS.  1844,  1  lb.,"  preserved  in  the  Exchequer  Office,  and  is  consti- 
tuted the  "legal  and  genuine  standard  of  weight"  by  the  Act 
of  Parliament  referred  to  in  §  3  above;  and  it  is  provided  in 
the  same  Act  that  if  the  standard  is  lost  or  destroyed  it  is  to  be 
replaced  by  its  certain  specified  copies  kept  in  various  repositories. 

The  comparison  of  weights  will  be  discussed  in  the  chapter 
referred  to,  but  any  multiple  of  the  pound  is  got  by  forming  or 
obtaining  the  requisite  number  of  pieces  of  matter  which  all  equili- 
brate the  standard  pound,  or  an  accurate  copy  of  it.  These  are 
found  all  to  equilibrate  one  another  when  placed  in  the  scales ;  and 
the  required  multiple  is  a  piece  of  matter  which  placed  in  one  scale 
balances  the  whole  number  of  pounds  placed  in  the  other.  A 
submultiple  is  obtained  in  a  similar  way.  The  required  number  of 
pieces  of  matter  all  of  the  same  weight  is  obtained,  and  if  they 
together  equilibrate  a  pound,  each  is  the  submultiple  required. 

For  scientific  purposes  the  unit  generally  adopted  is  the  gramme. 
It  is  defined  as  1/1000  of  the  standard  kilogramme  which  is  pre- 
served at  Paris.     One  pound  is  453'G  grammes  nearly. 

135.  Unit  of  Inertia  and  Unit  of  Mass.  Density. — We  may 
take  the  inertia  of  a  body  as  a  measure  of  the  quantity  of  matter  in 
the  body  or,  as  it  is  called,  the  body's  mass,  and  we  shall  see  (§  144) 
that  the  comparison  of  masses  thus  obtained  must  agree  with  that 
carried  out  by  the  method  of  weighing.      The  body  of  unit  inertia 
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may  or  may  not,  however,  have  the  unit  of  weight ;  this  depends  on 
the  system  of  units  adopted.  According  to  the  system  here  chosen 
we  may  either  define  the  unit  stress  as  that  which  produces  unit 
acceleration  in  the  body  of  unit  inertia,  taking  as  the  unit  of  inertia 
that  of  the  unit  of  weight  arbitrarily  chosen,  or  we  may  previously 
define  the  unit  of  stress  and  then  choose  as  the  unit  of  inertia  that  in 
which  the  unit  of  stress  produces  unit  acceleration.  Thus  if  we  take 
a  body  which  has  the  same  inertia  as  a  pound  as  having  the  unit  of 
inertia,  the  unit  of  stress  will  be  that  which  gives  it  an  acceleration 
of  say  one  foot  per  second  per  second.  (This  unit  is  called  a  poundal.) 
If  we  take  as  unit  stress  that  exerted  on  a  pound  of  matter  by  gravity, 
the  inertia  of  the  body  to  which  this  stress  would  give  an  accelera- 
tion of  one  foot  per  second  per  second  would  be  g  pounds,  if  g  denote 
the  acceleration  in  foot-second  units  (about  32*198  in  England) 
produced  by  gravity  in  a  falling  body.  Thus,  while  we  compare  the 
masses  of  bodies  by  their  inertias,  the  unit  of  weight  and  the  unit  of 
inertia  may  be  quite  distinct ;  for  example,  the  former  may  be 
1  pound  and  the  latter  32*198  pounds,  or  the  former  1  gramme  and 
the  latter  981*4  grammes.  Very  frequently,  however,  the  two  units 
are  taken  so  as  to  coincide ;  e.g.,  as  both  1  pound  or  both  1  gramme. 
"VVe  can  now  define  the  density  at  any  point  of  a  body  as  the 
weight  there  per  unit  of  volume.  If  dm  be  the  weight  of  a  small 
volume  dv>  including  the  point,  the  density,  p  say,  is  the  limiting 
value  of  the  ratio  dmjdTo  when  dVJ  is  taken  infinitely  small. 

136.  Impressed  Force.  Newton's  Second  Law  of  Motion. — We 
have  now  seen  that  change  of  motion  of  a  body  is  a  result  of  stress 
acting  between  that  body  and  others,  or  arising  from  the  existence  of 
the  body  in  the  presence  of  others.  To  stress,  thus  regarded  as 
producing  change  of  motion  of  a  body,  Newton  gave  the  name 
impressed  force.  We  only  know  force  by  its  effects  in  producing 
change  of  motion,  and  by  the  system  just  discussed  it  is  measured 
by  the  product  of  the  measures  of  the  inertia  and  the  acceleration. 
This  system  is  really  laid  down  in  Newton's  Second  Law  of  Motion. 

Jfutationem  motus  proportionalem  esse  vi  molrici  impressae,  et  fieri 
secundum  lineam  rectam  qua  vis  ilia  imprimitur. 

Change  of  motion  is  proportional  to  the  moving  force  impressed,  and 
takes  place  in  the  direction  in  which  that  force  acts. 

Newton  adds  the  following  explanation,  which  must  of  course  be 
taken  along  with  the  law  : 

If  a  force  generate  any  motion,  a  double  force  will  generate  a 
double  motion,  a  triple  a  triple  motion,  whether  they  are  applied  simul- 
taneously and  at  once,  or  gradually  and  successively.  And  this  motion, 
if  the  body  was  already  moving,  is  either  added  to  the  previous  motion 
if  in  the  same  direction,  or  subtracted  from  it  if  directly  opposed, 
or  is  compounded  with  the  previous  motion  if  the  two  are  inclined  at 
an  angle. 

137.  Discussion  of  Second  Law  of  Motion. — This  law  is  some- 
times regarded  as  merely  stating  an  identity,  inasmuch  as  we  only 
know  force  by  the  change  of  motion  it  produces.     This,  however, 


112 


DYNAMICS,    PROPERTIES    OF   MATTER. 


Fig.  88. 


seems  too  hasty  a  conclusion.  From  the  point  of  view  here  adopted 
the  law  contains  the  theoretical  methods  of  comparing  masses  and 
forces  explained  above.  Moreover  a  further  very  important  inter- 
pretation of  it  is  furnished  by  the  explanatory  remarks  translated 
above.  It  is  that  when  a  body  is  placed  under  different  stresses  each 
is  to  be  regarded  as  having  its  full  effect  in  changing  the  motion  of 
the  body  irrespective  of  the  others.  For  example,  when  a  simple 
pendulum  consisting  of  a  heavy  particle  suspended 
by  a  thread  is  deflected  as  in  Fig.  88  and  then 
left  to  itself,  the  acceleration  the  bob  receives  in 
consequence  of  gravity  is  to  be  supposed  to  exist 
co-ordinately  with  that  produced  by  the  stress  in 
the  cord.  When  the  pendulum  hangs  vertically 
the  stretch  in  the  cord  may  be  taken  as  producing 
an  acceleration  equal  and  opposite  to  that  which 
gravity  produces  downwards,  that  is  the  action 
of  the  stress  in  the  cord  in  producing  accelera- 
tion is  directed  along  the  cord.  When  the 
pendulum  is  let  go  after  being  deflected  the 
stress  in  the  cord  is  to  be  taken  as  producing, 
as  in  the  former  case,  an  acceleration  along  the 
cord,  and  since  the  acceleration  is  at  that  instant 
along  the  tangent  to  the  circle  described  from 
0  as  centre  and  passing  through  AB,  the  action 
of  the  cord  simply  annuls  the  component  in  the  direction  OB  of 
the  acceleration  due  to  gravity.  Thus  if  a  be  the  angle  AOB 
and  m  the  inertia  of  the  bob  of  the  pendulum,  we  have  for  the  com- 
ponents of  the  mass-acceleration  of  the  bob  mg  cos  a  along  OB,  and 
7>^sina  along  the  tangent  towards  A.  The 
former  is  taken  off  by  the  stress  in  the  cord, 
and  thus  the  mass-acceleration  towards  0  from 
B  produced  by  the  cord  is  mg cos, a.  The  com- 
ponent mg  sin  a  sets  the  bob  into  motion  along 
the  circle. 

When  the  bob  has  received  a  velocity  v 
it  has  an  acceleration  v2jr  towards  0  if  OB  =  r. 
Thus  if  0  be  the  angle  OB  now  makes  with  OA 
the  mass-acceleration  towards  0  applied  by  the 
cord  is 

v2 

R  =  mgcosd  +  m —  (1) 

r 

13m.  Equilibrium  of  Deflected  Pendulum. 
Motion  of  Simple  Pendulum. — Again  let  the 
pendulum  be  held  at  rest  in  the  deflected 
position,  just  referred  to  above,  by  a  horizontal 
stress  applied  to  the  bob,  as  in  Fig.  89.     The 

cord,  as  before,  applies  a  stress  towards  0.    In  the  mode  of  regard- 
ing the  effects  of  the  stresses  just  explained  the  vertical  stress  due 
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to  gravity  gives  a  mass-acceleration  mg  vertically  downwards,  and 
now  this  is  neutralised  by  the  upward  mass -acceleration  due  to 
the  stress  in  the  cord.  The  horizontal  mass-acceleration  due  to  the 
latter  is  neutralised  by  the  horizontal  force  F.  Thus  if  we  write 
T  for  the  mass-acceleration  due  to  the  cord  we  have 

T=mg/cos6,   F=  Tsin 6  =  mg t&nd.  (2) 

These  are  called  the  equations  of  equilibrium  of  the  bob.  They 
merely  assert  that  the  mass-accelerations  for  which  the  single  symbols 
F,  T  are  put  on  the  left  hand,  have  the  values  on  the  right,  that  is 
that  the  stresses  acting  alone  would  produce  in  the  bob  the  mass- 
accelerations  stated.  The  idea  that  F,  T  on  the  left  denote  forces 
in  the  sense  of  causes  of  motion,  and  that  the  expressions  on  the  right 
are  effects,  is  a  fallacy.  Of  course  we  may  speak,  and  have  spoken 
above,  of  stresses  as  causing  motion  of  bodies,  but  the  point  here 
insisted  on  is  that  only  the  effects  of  stresses  inferred  by  such  con- 
siderations as  those  given  above  can  enter  into  dynamical  equations. 
If  the  force  F  do  not  exist,  and  the  pendulum  move  in  the  plane 
OAB,  the  particle  B  has  (§  137),  at  each  instant  of  its  motion,  rate 
of  change  of  momentum  mg  sind  along  the  tangent  to  the  circular 
path,  where  6  is  the  angular  deflection  of  the  thread  from  the 
vertical  at  the  instant.  If  6  be  always  small  and  be  taken  in 
radian  measure,  mgsind  is  approximately  mgd.  The  acceleration 
is  therefore  gd,  is  always  towards  the  equilibrium  position  A  of 
the  bob,  and  is  along  a  path  that  may  be  taken  as  a  horizontal 
line  through  A.  The  linear  displacement  of  B  from  A  along  this 
line  is  Id,  it  I  denote  the  length  of  the  thread.     Hence  numerically 

acceleration  _g 
displacement     I  ' 
and  by  §  53  the  motion  is  simple  harmonic  in  a  period  given  by 


-%/f  (3) 


T 

'  9 


This  equation,  however,  holds  only  for  small  arcs  of  vibration.  The 
complete  theory  will  be  given  under  Measures  and  Instruments. 

139.  Meaning  of  Applied  Forces  on  a  Single  Particle.      Unit 
of  Force. — Again  in  such  equations  as 

mx  =  X,     my  —  Y,     mz  =  Z,  (4) 

the  symbols  X,  Y,  Z  axe  generally  said  to  denote  applied  forces  acting 
on  the  particle  m  in  the  directions  of  x,  y,  z,  and  the  quantities  on 
the  left  the  rates  of  change  of  momentum  which  they  produce,  and 
the  former  are  frequently  spoken  of  as  if  they  were  entities  quite 
distinct  from  the  latter.  This  last  idea  seems  also  quite  fallacious. 
The  quantities  X,  Y,  Z  are  merely  put  temporarily  for  values  of 
mx,  my,  mz,  which  are  to  be  found  from  the  given  circumstances  of 
the  motion,  that  is  from  the  data  and  relations  stated  (see  §  140). 

H 
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There  is  no  end  served,  except  sometimes  brevity  of  expression,  in 
referring  to  X,  Y,  Z  as  causes  and  mx,  my,  m'z  as  effects. 

In  the  centimetre-gramme-second  system  of  units,  now  adopted 
for  scientific  purposes,  the  unit  of  force  is  the  dyne,  that  is  the  rate 
of  change  of  momentum  of  one  gramme  moving  with  an  acceleration 
of  one  centimetre  per  second  per  second.  Other  units  are  the 
poundal  (§  135),  the  force  of  gravity  on  a  body  of  one  pound  mass, 
and  the  force  of  gravity  on  a  body  of  one  gramme.  The  latter  two  are- 
respectively  32*198  poundals  and  981*4:  dynes  (nearly)  in  England. 

140.  Dynamical  Example  —  Spiral  Spring  stretched  by  a. 
Weight. — That  the  language  of  cause  and  effect  may  conduce  to- 
brevity  may  be  seen  by  an  example.  Let  a  particle  be  hung  by  a 
spiral  spring  (the  inertia  of  which  may  be  neglected)  which  the  stress 
exerted  on  the  particle  by  gravity  keeps  in  equilibrium  when  stretched 
by  a  length  s.  Then  we  know  (1)  that  by  the  interpretation  of  the- 
Second  Law  of  Motion  given  above,  the  stress  in  the  spring  just  gives- 
to  the  particle  an  upward  mass  acceleration  mg,  and  therefore  if  it 
acted  alone  would  give  the  particle  an  actual  upward  acceleration  g. 
Also,  since  experiment  shows  that  different  weights  hung  on  the 
spring  elongate  it  by  amounts  proportional  to  them,  we  know  (2V 
that  when  the  spring  is  stretched  by  an  amount  s  +  x  the  elastic 
reaction  would  produce  an  upward  acceleration  g(s  +  x)/s.  Hence 
at  the  elongation  s  +  x  the  resultant  upward  acceleration  of  the- 
particle  will  be  gx/s,  and  if  x  represent  downward  acceleration,  we 
get  the  equation  of  motion 

mx  =  —  mg— 
s 

which  is  ready  for  solution. 

"We  greatly  abbreviate  the  above  statements  by  saying  that  in. 
the  first  case  the  upward  force  exerted  by  the  spring  is  mg,  and  in 
the  second  (from  the  experimental  result)  mg(s  +  x)js.  The  resultant 
upward  force  on  the  particle  is  therefore  mgx/s,  or  —  rngx/s  in  the- 
downward  direction.  Then  -  mgx/s  being  put  for  X  in  the  equation 
of  motion  gives  'uhe  equation  stated  above. 

Thus  though  we  may  use,  and  do  use  constantly,  the  language  of 
cause  and  effect  in  this  connection,  it  ought  to  be  remembered  that 
when  matters  have  been  reduced  to  the  solution  of  a  dynamical 
problem,  we  have  a  purely  mathematical  process  to  carry  out  in 
which  we  render  explicit  only  that  which  is  already  implicitly  involved 
in  our  equations. 

This  in  no  way  does  away  with  the  consideration  of  stresses  as- 
physical  realities,  it  only  states  what  is  substantially  involved  in  the 
application  of  dynamics  to  physical  problems.  The  objectivity  of  force,, 
about  which  much  has  been  written,  does  not  concern  us. 

To  complete  the  solution  of  the  problem  stated  above  we  notice- 
that  we  have  -  x/x  =  g/s.  The  motion  is  therefore,  §  53,  simple 
harmonic,  and  of  period  given  by  the  equation  4n2/  T2  =  g/s,  or 


T=2 


Vr  (fl> 
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The  spring  therefore,  §  1 38,  vibrates  in  the  period  of  a  pendulum 
of  length  equal  to  the  distance  through  which  the  spring  is  drawn 
out  when  in  equilibrium  with  the  particle  attached. 

141.  Relativity  of  Force. — It  is  to  be  observed  that  since  the 
measure  of  force  in  Newton's  second  law,  namely  mib,  is  relative,  the 
forces  considered  must  also  be  relative.  Now  it  is  sometimes  stated 
that  as  our  idea  of  force  (that  is,  it  must  be  remembered,  our  notion 
of  the  existence  of  a  stress  in  a  body,  our  muscles  for  example)  is 
derived  from  sensation,  force  is  not  relative.  Our  muscular  sense 
certainly  informs  us  that  a  stress  in  a  body  as  distinguished  from  a 
mass-acceleration  exists,  but  in  no  case  as  to  what  in  any  absolute 
sense  are  the  forces  acting  on  the  body  considered.  The  force  we 
feel  does  not  depend  on  our  point  of  view ;  it  is  made  known  to  us 
by  a  sensation  aroused  by  the  displacement  of  certain  parts  of  the 
muscular  or  nervous  system  relatively  to  others,  or  perhaps  relative 
motions  of  different  parts  of  muscular  or  nervous  tissue ;  the  force 
we  regard  as  acting  on  the  body  certainly  does  depend  on  the 
acceleration  the  body  is  regarded  as  having.  An  acceleration  which 
we  observe  is  a  perfectly  real  thing,  but  the  acceleration  of  a  particle 
is  altogether  dependent  for  its  value  on  the  system  with  reference  to 
which  it  is  reckoned.  If  different  parts  of  the  body  of  a  man  have 
different  accelerations,  as  when  he  is  seated  in  a  swiftly  moving  train 
and  the  brakes  are  suddenly  applied,  he  is  conscious  of  the  existence 
of  a  stress  which  may  indeed  be  severe ;  he  is,  however,  unconscious 
of  the  equal  acceleration  which  every  particle  of  his  body  has  towards 
the  sun  or  towards  the  centre  of  the  circle  in  which  he  is  moving  in 
consequence  of  the  earth's  rotation.  Hence  the  force  acting  on  any 
pai-ticle  of  his  body  depends  upon  the  point  of  view  from  which  it  is 
regarded.  If  we  could  exhaust  the  totality  of  the  stresses  acting  on 
a  particle  as  a  part  of  the  universe  of  matter,  we  might  be  entitled 
to  speak  of  the  absolute  acceleration  of  the  particle,  but  that  totality 
is  perhaps  indeterminate. 

142.  Composition  and  Resolution  of  Forces. — It  is  evident  that 
the  theorems  of  resolution  and  composition  of  velocity  and  accelera- 
tion, and  of  directed  quantities  generally,  which  have  been  given 
above,  hold  also  for  forces.  Thus  we  get  the  theorems  of  the  triangle 
or  parallelogram  of  forces,  of  the  polygon  of  forces,  and  conversely 
of  the  replacement  of  forces  given  in  magnitude  and  direction  by 
components  in  specified  directions. 

The  triangle  of  forces  states  merely  that  if  two  forces  which  act 
on  a  particle  be  represented  in  magnitude  and  direction  by  the  two 
sides  AB,  BC  of  a  triangle  (Fig.  5,  §  17  above),  their  resultant,  mass- 
acceleration  of  the  particle,  is  represented  in  the  same  way  by  the 
third  side  AC. 

The  parallelogram  of  forces  is  really  the  same  proposition  in  a 
slightly  different  form.  From  A  (Fig.  5)  a  line  AD  is  drawn  in  the 
same  sense  and  of  the  same  length  as  BC,  and  therefore  represents 
equally  with  BC  the  force  in  that  direction.  The  resultant  A C  ia 
then  the  diagonal  through  A  of  the  parallelogram  ABCD. 
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The  polygon  of  forces  is  the  proposition  stated  for  steps  in  §  17. 
Any  number  of  forces  acting  on  a  particle  being  represented  by 
the  sides  OA,  AB,  ...,  NP  of  an  unclosed  polygon,  their  resultant  is 
represented  by  the  remaining  side  OP.  The  sequence  of  directions, 
from  0  to  A,  from  A  to  B,  and  so  on,  is  generally  expressed  by  saying 
that  the  sides  of  OA,  AB,  ...  are  taken  in  order.  The  resultant,  it 
must  be  carefully  observed,  is  taken  from  the  initial  point  0  to  the 
iinal  P.     If  P  coincide  with  0  the  resultant  is,  of  course,  zero. 

It  is  to  be  noticed  that  the  proposition  is  true  for  forces  not  in 
one  plane.  Each  successive  pair  of  sides  of  the  polygon  are,  of 
course,  in  one  plane,  but  no  three  need  be  coplanar. 

143.  Forces  on  Particle  describing  any  Path. — Since  the  accelera- 
tion of  a  particle  moving  in  any  path  is  resolvable  into  two  com- 
ponents, one  along  the  tangent  to  the  path  and  one  towards  the 
centre  of  curvature,  the  particle  is  acted  on  by  corresponding  forces 
in  these  directions,  equal  in  each  case  to  the  acceleration  multiplied 
by  the  measure,  m,  of  the  inertia  of  the  particle.  Thus,  §  55,  the 
forces  are  rris,  ms?jR,  where  s,  $  are  the  velocity  and  acceleration  along 
the  tangent,  and  E  is  the  radius  of  curvature. 

There  is  no  acceleration  at  right  angles  to  the  osculating  plane  at 
any  point,  and  the  forces  are  therefore  at  every  point  confined  to 
that  plane.  This  follows  from  the  fact  that  the  motion  along  two 
consecutive  elements  of  the  path  is  in  the  osculating  plane  ;  but  it  is 
easy  to  prove  it  analytically  by  finding  from  the  direction  cosines 
x/s,  yjs,  zjs  of  the  tangent  at  P  those  of  the  tangent  at  an  adjacent 
point,  and  hence  those  of  the  normal  to  the  osculating  plane.  It  will 
be  found  that  x,  y,  z  resolved  parallel  to  that  normal  will  give  a  zero 
result.  The  same  calculation  will  verify  that  the  force  towards  the 
centre  of  curvature  is  msrfR. 

144.  Bodies  have  Masses  proportional  to  their  Gravities. — The 
dynamical  method  explained  above  for  the  comparison  of  masses  is 
very  difficult  to  carry  out  with  any  accuracy ;  but  the  comparison 
can  be  effected  with  the  utmost  exactness  by  the  method  of  weighing, 
since  as  was  shown  first  by  Galileo,  and  again  proved  in  a  more 
refined  manner  by  Newton,  the  masses  of  bodies  are  proportional  to 
the  attractions  between  them  and  the  earth.  Galileo's  experiment  is 
well  known.  It  had  been  asserted,  and  it  was  strongly  held  by  the 
schoolmen  of  the  day,  that  of  two  different  weights  let  fall  together 
from  the  same  point,  the  greater  would  reach  the  ground  first. 
Galileo  dissented  from  this  view,  and  affirmed  that  they  would  reach 
the  ground  together.  To  put  the  matter  to  the  test  in  the  presence 
of  his  opponents,  he  took  a  number  of  pieces  of  matter  of  very 
different  weights,  and  let  them  fall  together  from  the  top  of  the 
leaning  tower  of  Pisa  to  the  pavement  beneath.  The  result  was  a 
triumphant  confirmation  of  Galileo's  prediction. 

Since  besides  reaching  the  ground  at  the  same  instant  the  bodies 
kept  pace  during  their  descent,  the  acceleration  at  each  instant  was 
the  same  for  all.  Denoting  by  Gv  Gv  ...  the  gravitational  forces 
exerted  on  the  bodies  by  the  earth,  reckoned  relatively  to  a  frame  fixed 
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with  reference  to  the  fixed  stars  (§  130)  that  is  the  rates  of  change  of 
momentum  which  the  bodies  experienced  at  any  instant,  by  m„  mt,  ... 
the  masses  of  the  bodies  as  obtained  by  the  dynamical  comparison, 
and  by  f  the  common  downward  acceleration  at  any  instant,  we  have 

that  is,  Gv  G2,  ...  were  proportional  to  the  masses  m,,  m3,  ....  But 
by  the  assumptions  made  above  as  to  similarity  of  circumstances, 
and  the  independence  of  forces,  Gv  Gv  ...  were  very  nearly  (see 
§  277)  those  forces  which  were  annulled  by  the  action  of  equal  and 
opposite  forces  when  the  bodies  were  at  rest  relatively  to  the  earth. 
Thus  bodies  which  in  the  scales  of  a  just  balance  equilibrate  one 
another,  have  equal  inertias  or  masses,  and  the  inertias  of  different 
bodies  can  be  compared  by  the  process  of  weighing. 

Newton  proved  the  same  thing  by  showing  that  pendulums  of 
the  same  length  consisting  of  different  masses  suspended  by  threads 
of  the  same  length  vibrated  in  the  same  period.  Some  account  of 
his  experiments  is  given  in  the  /Scholium  Generate  at  the  end  of 
Sectio  VI.  of  the  Second  Book  of  the  Principia.  It  appears  that 
he  suspended  a  round  wooden  box  by  a  thread  11  feet  long,  which 
was  attached  by  a  ring  at  the  upper  end  to  a  hook.  The  concave 
surface  of  the  hook  in  contact  with  the  ring  was  sharpened  to  an  edge. 
The  pendulum  was  made  to  oscillate  in  the  vertical  plane  at  right 
angles  to  the  plane  of  the  hook,  so  that  the  points  of  contact  of  the 
ring  and  hook  were  nearly  invariable.  The  box  was  filled  with  different 
metals,  and  the  wire  carefully  regulated  to  have  the  same  length  in 
each  case.  Newton  found  that  the  periods  were  the  same,  and  that 
further,  the  rate  of  falling  off  of  the  oscillation  corresponded  pre- 
cisely to  the  mass  of  the  pendulum.  In  two  sets  of  experiments 
made — (1)  with  the  empty  box,  (2)  with  the  box  filled  so  that  the 
total  weight  was  78  times  that  of  the  box,  he  found  that  in  (2),  with 
the  same  initial  amplitude,  77  oscillations  passed  before  the  range  of 
motion  was  reduced  by  the  amount  of  reduction  which  took  place 
in  one  oscillation  when  the  box  was  empty.  This  showed  that  the 
action  of  the  air  on  the  moving  mass  was  the  same  in  both  sets  of 
experiments,  and  therefore  depended  only  on  the  external  surface 
of  the  body. 

The  inference  from  the  equality  of  period  is  stated  clearly  in 
Prop.  xxiv.  Cor.  1  of  the  same  book,  namely  that  the  quantities 
of  matter  are  as  the  weights  of  the  bobs.  This  equality  of  periods 
can  be  easily  verified  by  the  reader  if  he  will  hang  a  number  of  balls, 
say  a  ball  of  wood,  a  ball  of  iron,  and  a  ball  of  lead,  of  about  the 
same  size,  by  threads  of  equal  length  from  points  in  a  horizontal 
line.  Thus  he  will  obtain  a  set  of  equal  pendulums  hanging  side 
by  side  with  their  bobs  in  a  line.  These  pendulums  should  be  all 
deflected  to  the  same  extent  by  pushing  the  bobs  to  one  side  by  a 
flat  strip  of  wood  laid  against  them,  and  then  left  to  themselves 
by  a  quick  withdrawal  of  the  piece  of  wood.  It  will  then  be  seen 
that  for  many  oscillations  the  pendulums  keep  pace  very  exactly  ; 
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though  after  a  large  number  of  periods  one  or  more  will  begin  to  lag 
on  account  of  greater  disturbance  of  its  motion  by  the  air. 

Let,  as  before,  the  actions  of  gravity  on  the  bobs  be  Gv  Gt,  ...,  and 
the  inclination  of  all  the  threads  to  the  vertical  at  any  instant  be  6. 
The  components  of  Gv  Gv  ...  along  the  line  of  motion  are  (§  lo") 
Gl sind,  GfSind,  ....    Let  the  common  acceleration  be  a,  and  the  masses 

of  the  bobs  according  to  the  dynamical  comparison  be  m,,  ms, Then 

neglecting  the  motion  of  the  pendulums  with  the  earth  we  have 

G1smd  =  m1a,    Gisind  =  mia,  ... 

that  is  again  Gv  G2,  ...  are  proportional  to  mv  m,,  .... 

In  the  Third  Book  of  the  Principia  (De  Mundi  Systemate), 
Prop.  vi.  Theor.  vi.,  Newton  describes  pendulum  experiments  which 
by  the  result  just  described  prove  that  all  bodies  of  equal  gravities 
have  equal  inertias,  or,  as  he  expressed  it,  contain  equal  quantities 
of  matter.     The  following  is  a  translation  of  the  passage  : 

"  That  the  descents  of  heavy  bodies  to  the  earth  (with  correction 
for  the  retardation  arising  from  the  very  slight  resistance  of  the  air) 
take  place  in  equal  times  has  long  been  a  known  result  of  observation. 
It  is  possible  to  observe  very  accurately  this  equality  of  time  in 
pendulums.  I  have  tried  the  experiment  with  gold,  silver,  lead, 
glass,  sand,  common  salt,  wood,  water,  and  wheat.  For  the  com- 
parison I  used  two  equal  round  wooden  boxes.  One  of  these  I  filled 
with  wood,  and  in  the  other  I  suspended  as  exactly  as  I  could  at  the 
centre  of  oscillation,  the  same  weight  of  gold.  The  boxes  were  hung 
by  equal  threads  eleven  feet  long,  and  constituted  pendulums  alto- 
gether equal  as  regards  weight,  figure,  and  resistance  of  the  air ;  and 
these  when  placed  in  proximity  vibrated  backwards  and  forwards  in 
equal  times.  Accordingly  the  quantity  of  matter  in  the  gold  was  to 
the  quantity  of  matter  in  the  wood  as  the  action  of  the  moving  force 
on  the  gold  was  to  the  action  of  the  moving  force  on  the  wood,  that 
is  as  the  gravity  of  the  gold  was  to  the  gravity  of  the  wood  ;  and  so 
in  the  other  cases.  In  these  experiments  it  was  quite  possible  to 
detect  a  difference  of  mass,  in  bodies  of  the  same  gravity,  less  than 
one  thousandth  part  of  the  total  mass." 

145.  Newton's  Third  Law  of  Motion.  Discussion  of  Action 
and  Reaction. — "We  come  now  to  the  Third  Law  of  Motion,  which 
was  stated  by  Newton  in  the  following  terms : 

Actioni  contrariam  semper  et  aequalem  reactionem,  sive  corporum 
duorum  actiones  in  se  mutuo  semper  esse  aequales  et  in  partes  contrarias 
dirigi. 

To  every  action  there  is  an  equal  and  contrary  reaction,  or  the 
mutual  actions  of  two  bodies  are  equal  and  opposite. 

To  this  he  added  the  following  explanatory  statement : 

Whatever  presses  or  draws  another  body  is  pressed  or  drawn  to  the 
same  extent  by  that  body.  If  one  presses  a  stone  with  the  finger,  the 
finger  is  pressed  by  the  stone.  If  a  horse  pulls  on  a  stone  by  a  rope,  the 
horse  is  pulled  equally  towards  the  stone,  for  the  rope  being  stretched  will 
urge  the  horse  towards  the  stone  and  the  stone  towards  the  horse ;  and 
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to  the  extent  in  which  the  forward  motion  of  the  one  is  aided  the  forward 
motion  of  the  other  is  impeded.  If  any  body  impinging  on  another 
body  has  changed  the  motion  of  the  latter,  the  impinging  body  has 
sustained  the  same  change  of  its  own  motion  by  the  action  of  the  other 
body  ;  the  changes  of  motion  (not  of  velocities)  produced  by  these  actions 
are  equal  provided  the  bodies  are  not  otherwise  impeded.  Inasmuch  as 
the  motions  are  equally  changed,  the  changes  of  velocity  made  in  opposite 
directions  are  reciprocally  proportional,  to  the  masses  of  the  bodies.  This 
law  holds  even  in  attractions,  as  will  be  proved  in  the  scholium  which 
follows. 

The  explanation  of  the  Third  Law  of  Motion  quoted  above  from 
Newton  has  frequently  been  misunderstood,  and  the  law  has  been 
stated,  by  many  of  those  peculiar  people  who  have  been  called  para- 
doxers,  to  be  obviously  untrue.  Because  action  and  reaction  are 
equal  and  opposite  in  the  case  (to  take  Newton's  illustration)  of  a 
horse  pulling  a  stone,  these  critics  of  dynamical  processes  imagine 
that  neither  the  horse  nor  the  stone  can  get  into  motion.  The  con- 
fusion arises  from  regarding  the  action,  which  is  a  forward  force  on 
the  stone,  as  being  cancelled  by  what  is  (if,  for  a  moment,  we  neglect 
the  mass  of  the  rope  or  chain  between  the  two  bodies)  the  equal  and 
opposite  force  which  acts,  and  this  is  what  is  overlooked,  not  upon 
the  stone,  but  upon  the  horse,  and  therefore  does  not  affect  the 
motion  of  the  stone. 

Besides  that  applied  by  the  rope  there  may  be  other  actions  on 
the  stone,  and  others  again  on  the  horse,  and  the  motion  of  each 
body  is  changed  by  the  actions  on  that  body  and  those  actions  alone. 
Thus  there  are  two  groups  of  actions,  one  group  applied  to  the  stone 
and  the  other  to  the  horse,  and  all  that  is  asserted  in  the  equality  of 
action  and  reaction  in  this  illustration  is  that  that  particular  action 
•of  the  first  group,  which  is  the  force  exerted  on  the  stone  by  the 
horse,  is  equal  to  that  action  of  the  second  group  which  is  the  force 
exerted  on  the  horse  by  the  stone. 

The  action  and  reaction  which  are  stated  in  Newton's  law  to  be 
■equal  and  opposite  are  always  merely  the  opposite  aspects  of  a  stress 
■existing  between  two  bodies ;  one  aspect  is  a  force  on  one  body,  the 
other  aspect  is  a  force  on  the  other  body.  These  forces  affect 
■different  bodies,  and  the  changes  of  motion  due  to  them  can  only 
be  regarded  as  balancing  one  another  for  a  system  which  includes 
both  the  bodies  concerned.  It  is  remarkable  that  the  persons  who 
have  difficulty  in  understanding  this  simple  matter  have  no  such 
difficulty  in  apprehending  correctly  a  perfectly  analogous  but 
financial  transaction.  Let  a  man  borrow  from  one  of  these  people 
a  sum  say  of  £100.  A  transaction  takes  place  between  the  parties, 
and  that  transaction  has  two  aspects,  one  which  affects  the  lender 
and  another  which  affects  the  borrower.  The  borrower  has  received 
£100,  the  lender  has  parted  with  £100.  Suppose  the  borrower 
were  to  say,  "My  receipt  of  the  £100  is  exactly  cancelled  by  your 
parting  with  it."  One  can  easily  imagine  the  nature  of  the  lender's 
reply.     He  would  say,  u  With   the  receipt   of   the   money  I  h&ve 
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nothing  to  do ;  the  phase  of  the  transaction  which  affects  me  is 
the  parting  with  the  money,  and  that  can  only  be  cancelled  by 
the  return  of  the  money  (together  with  the  consideration  for  its  use 
mentioned  in  our  agreement) ; "  a  view  in  which,  he  would  hint, 
he  would  be  likely  to  be  supported  by  the  county  court !  It  is 
astonishing  how  much  the  clearness  with  which  people  reason  depends 
upon  the  matter  of  the  reasoning,  not  to  speak  of  personal  considera- 
tions. 

It  is,  however,  very  important  to  observe  that  action  and  reaction 
are  most  properly  regarded  as  applied  at  the  same  place,  though  not 
to  the  same  thing.  Across  any  cross-section  of  the  rope,  in  ^Newton's 
illustration,  a  stress  acts ;  one  aspect  of  this  stress  is  a  forward 
force  on  the  part  of  the  cord  immediately  behind  the  cross-section, 
the  other  a  backward  force  on  the  part  of  the  cord  just  in  front  of 
the  cross-section.  An  excellent  example  is  the  action  and  reaction 
between  two  links  of  a  chain,  which  are  exerted  across  the  surface 
of  contact  between  the  links,  the  action  being  a  force  on  one  link, 
the  reaction  a  force  on  the  other  link.  Here,  as  in  all  other  cases, 
the  action  and  reaction  do  not  cancel  each  other,  simply  because 
they  are  applied  to  what  are  here  regarded  as  entirely  different 
things.  Of  course,  if  we  are  considering  the  motion  which  a  system 
consisting  of  different  parts  may  have  as  a  whole,  the  actions  and 
reactions  between  these  parts  do  cancel  one  another. 

It  will  make  this  matter  clearer  perhaps  if  we  consider  the 
action  and  reaction  across  a  cross-section — (1)  of  a  rod  or  wire  under 
longitudinal  pull  (a  tie  as  it  is  called  in  engineering),  for  example  a 
vertical  wire  supporting  a  weight  at  its  lower  end ;  (2)  of  a  beam 
under  end-thrust  (that  is  a  strict),  or  a  vertical  pillar  supporting  a 
load.  In  the  former  case  take  any  cross-section  A,  that  is  a  plane 
which  allows  us  to  divide  in  imagination  the  matter  on  one  side  from 
that  on  the  other  side  of  the  plane.  Across  A  is  exerted  by  the 
matter  on  either  side  of  A  on  the  matter  on  the  other  side  a  pulling 
force,  and  these  two  forces  are  equal  and  opposite.  Thus  in  the 
vertical  wire  the  part  above  A  pulls  across  A  on  the  part  below  A, 
and  the  part  below  exerts  an  equal  and  opposite  pull  on  the  part 
above  A .  These  two  pulls  do  not  cancel  one  another  since  they  are 
exerted  on  different  portions  of  matter. 

If  we  take  two  cross-sections  A  and  B  of  the  wire,  the  part  of  the- 
wire  between  A  and  B  is  pulled  upward  at  its  upper  end  by  the  part 
above  the  upper  section,  and  is  pulled  downward  at  its  lower  end  by 
the  part  below.  Thus  the  forces  applied  to  the  portion  of  wire,  at 
its  ends,  by  the  remainder  tend  to  increase  the  length  AB,  and  it  is 
said  to  be  under  tension  or  traction,  that  is  the  action  of  the  forces 
is  to  produce  a  stretch  in  the  wire.  The  same  thing  holds  of  course 
for  any  wire  or  bar  under  pull  applied  to  its  end. 

In  the  case  of  the  strut  or  pillar  the  portion  on  either  side  of  a 
cross-section  pushes  against  the  portion  on  the  other  side,  and  the 
pushes  thus  applied  are  equal  and  opposite,  and  just  as  before  must 
not  be  regarded  as  cancelling  one  another.     The  part  between  two- 
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cross-sections  AB  is  pushed  against  at  its  ends  by  the  portion  of  the* 
pillar  beyond  in  each  case,  so  that  the  portion  AB  is  acted  on  by 
opposite  forces  applied  to  its  ends  tending  to  shorten  it.  The  part  is- 
said  to  be  under  end-thrust  or  under  compression. 

In  the  discussions  of  physical  theories  given  in  this  book  an 
attempt  will  be  made  to  emphasise  the  view  that  every  action  upon 
a  body  is  due  to  the  existence  of  stress  in  matter  in  contact  with  the- 
body ;  and  that  therefore  if  it  be  found  that  the  presence  of  one- 
body  in  the  field,  so  to  speak,  of  another  gives  rise  to  a  force  on  the 
latter,  this  action  can  only  have  place  in  virtue  of  a  state  of  stress- 
set  up  in  a  medium  or  intermediary  between  the  two  bodies,  or  in. 
the  bodies  themselves  if  they  are  in  direct  contact.  Further,  if  any 
interface  (geometrical,  not  physical,  separating  surface)  be  taken  in. 
the  medium  or  intermediary  between  the  bodies,  then  whatever  action 
is  exerted  in  virtue  of  the  stress  across  any  area  of  that  interface  by 
the  matter  situated  on  one  side  a  on  the  matter  which  lies  on  the 
other  side  b,  an  equal  and  opposite  action  is  exerted  by  the  matter 
situated  on  the  side  b  on  the  matter  which  is  on  the  side  a. 

Another  view  of  action  and  reaction,  also  due  to  Newton,  will 
be  exemplified  by  the  theory  of  Work  and  Energy  discussed  in 
chapter  iv.  In  that  the  action  of  an  agent  (a  body  or  system  of 
bodies),  involved  in  any  force  applied  by  the  agent  to  another  body 
or  system,  is  measured  by  the  product  of  the  force  applied  by  the 
agent,  and  the  velocity  of  its  point  of  application  to  the  other  body 
or  system  resolved  in  the  direction  of  the  force.  The  reaction  is 
the  product  of  the  equal  and  opposite  force,  applied  by  the  second 
body  or  system  to  the  agent,  and  the  velocity  of  its  point  of  applica- 
tion to  the  latter  similarly  resolved. 

The  meaning  of  this  statement  will  be  clear  in  all  cases  if  we 
adopt  the  view  that  where  the  force  is  regarded  as  acting  on  one* 
body,  there  and  there  only  what  is  properly  called  the  reaction  is 
applied  to  the  other  body,  the  view  in  fact  that  all  mutual  action 
between  two  bodies  takes  place  across  an  interface  between  the  two 
bodies  at  which  they  are  in  contact,  or  taken  in  the  medium  by 
which  they  are  connected.  Then  the  surface  has  the  same  velocity 
for  both  forces  exerted  across  it,  and  as  these  are  equal  and  opposite 
the  product  of  any  element  of  the  one  force  by  the  velocity  of  its 
point  of  application  is  equal  and  opposite  to  the  product  of  the 
corresponding  reaction  by  the  same  velocity. 

But  the  product  of  a  force  by  the  velocity  of  its  point  of  applica- 
tion is  called  the  rate  of  working  or  activity  of  the  force,  and  thus 
the  activity  of  one  aspect  of  a  stress  exerted  across  an  interface  is 
exactly  equal  and  opposite  to  the  activity  of  the  other  aspect  of  the 
stress.  Here  again  there  is  no  cancelling  of  one  activity  by  the 
other.  They  are  two  aspects  of  one  transaction  which  affect  different 
bodies,  just  as  when  money  is  paid  over  there  are  two  persons 
affected  :  one  pays,  the  other  receives,  but  the  money  passes  over.  In 
many  cases  of  equal  and  opposite  activities  it  will  be  possible  to  note 
the  passage  of  what  will  be  called  kinetic  energy  (§  214)  from  one 
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body  to  the  other,  in  others  though  there  is  undoubtedly  redistribu- 
tion of  energy  the  fact  of  transf erence  is  not  so  clear. 

As  an  example  we  take  the  case  of  two  billiard  balls,  one  at 
rest,  the  other  moving  (without  spin)  along  the  lines  joining  the 
centres.  They  strike,  and  are  both  compressed  at  the  place  of 
contact.  As  will  be  proved  in  the  articles  dealing  with  the  dynamics 
of  collision  (chap,  xv.)  the  interface  of  contact  of  the  two  balls  moves 
throughout  the  collision  with  half  the  speed  of  approach  which  the 
balls  had  before  collision  began.  Also  throughout  the  collision,  in 
consequence  of  the  tendency  to  relief  of  the  state  of  elastic  strain  set 
up  in  the  two  balls,  the  ball  impinged  on  has  its  velocity  increased, 
the  one  impinging  has  its  velocity  diminished,  and  is  finally  left 
at  rest.  The  former  finally  moves  off  with  only  a  very  little  less 
than  the  velocity  which  the  latter  had  before  impact,  the  latter 
remains  at  rest. 

Here  there  have  been  equal  and  opposite  activities  throughout 
the  collision,  and  the  kinetic  energy  of  the  impinging  ball  has  as  a 
consequence  been  transferred  to  the  other.  In  fact  the  whole  pro- 
cess of  transference  and  redistribution  of  energy  by  the  mutual  actions 
of  bodies  affords  illustration  of  the  Third  Law  of  Motion ;  in  the  laws 
of  that  process  is  summed  up  the  whole  of  physical  science.  The 
theory  of  work  and  energy  will  be  considered  in  chapter  iv. 

The  real  difficulty  in  connection  with  this  law  of  motion  arises  in 
connection  with  the  choice  of  the  system  of  reference  axes.  None  of 
the  mutually  acting  bodies  can  be  taken  as  part  of  the  reference 
frame ;  otherwise  that  body  would  have  to  be  regarded  as  without 
acceleration,  and  therefore  either  as  possessing  infinite  inertia,  or  as 
unacted  on  by  force.  Neither  of  these  suppositions  is  admissible : 
the  action  of  the  body  {e.g.,  its  attraction)  on  other  bodies  must  be 
finite,  and  if  the  force  on  it  is  zero  the  law  of  action  and  reaction  does 
not  hold  for  it.     See  also  §  195. 

146.  Dynamical  Example.  Atwood's  Machine. — As  an  example 
we  may  take  here  the  case  of  a  thin  flexible  string  of  very  small  mass 
passed  over  a  smooth  horizontal  fixed  peg  so  that  the  two  parts 
not  on  the  peg  are  kept  stretched  in  vertical  lines  by  two  weights 
hung  at  the  extremities.  We  shall  suppose  the  length  of  the  string 
to  be  invariable. 

Let  to,  to'  be  the  masses  of  the  two  bodies,  and  let  to  be  greater 
than  to'.  The  string  exerts  an  upward  pull  on  each  mass,  and 
if  there  is  no  friction  at  the  peg  this  must  be  the  same  throughout 
the  string.  For  consider  the  string  on  one  side.  If  the  inertia  of 
the  string  is,  as  we  here  suppose  it  to  be,  negligible  in  comparison 
with  to  and  to',  the  upward  force  on  the  upper  end  is  to  this  approxima- 
tion equal  to  the  downward  force  on  the  lower  end.  Any  difference 
which  exists  is  only  that  which  is  required  for  the  acceleration  of  the 
part  of  the  cord  considered.  We  shall  here  assume,  what  will 
be  justified  under  Statics,  that  the  stretching  force  is  the  same  in  the 
parts  of  the  string  on  the  two  sides  of  the  peg. 

Putting  T  for  the  mass-acceleration  due  to  the  force  applied  to 
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either  mass  by  the  string,  and  a  for  the  numerical  value  of  the  down- 
ward acceleration  of  m  and  the  upward  acceleration  of  m,  we  have 

ma  =  mg  -  1\    m'a  —T-  mg. 

These  give,  according  as  a  or  T  is  eliminated, 

m     2mm  m-m  ,„,. 

l=-——,9,    a= — ; — j9-  (6) 

m+m  m+m 

If  the  masses  were  equal  a  should  be  zero,  and  the  value  of  T  would 
take  the  value  mg,  which  it  is  clear  without  calculation  it  would 
have. 

The  arrangement  here  discussed  is  an  elementary  form  of  Atwood's 
machine  for  the  illustration  of  the  laws  of  motion.  In  this  machine 
the  cord  passes  over  the  grooved  rim  of  a  vertical  wheel,  the  axle  of 
which  rests  on  anti-friction  rollers  (§  230).  The  inertia  of  the  wheel 
prevents  the  stretching  force  in  the  cord  from  being  the  same  on  the 
two  sides  of  the  wheel,  so  that  the  simple  theory  given  for  the  string 
on  the  peg  is  not  applicable.  The  effect,  however,  of  the  inertia  of  the 
wheel  on  the  acceleration  may  be  taken  into  account  by  adding 
an  inertia-equivalent  p.  for  the  wheelwork  to  m  +  m  in  the  expression 
for  a,  so  that  the  second  equation  of  (6)  stands 

'     9-  (60 


m  +  m 

The  meaning  of  the  quantity  n  will  be  fully  understood  by  the 
reader  when  he  has  read  the  sections  which  follow  on  rotational 
motion.  The  results  obtained  by  means  of  Atwood's  machine  may, 
however,  be  here  simply  stated. 

Two  equal  masses  are  attached  to  the  string  in  the  first  instance. 
These  may  consist  of  two  cylindrical  boxes  containing  shot  so  that  the 
total  mass  is  capable  of  easy  adjustment.  The  difference  m—  m  is 
produced  by  laying  on  top  of  one  of  the  boxes  a  cross-bar  of  this  mass. 
This  bar  projects  beyond  the  box,  and  is  removed  by  a  ring  which  can 
be  adjusted  at  any  point  R  on  a  vertical  scale  along  which  the 
descending  weight  passes.  The  heavier  box  is  placed  at  a  higher 
point  S  on  the  scale,  and  supported  by  a  catch  which  is  removed 
either  by  hand  or  by  completing  the  circuit  of  an  electromagnet.  Let 
the  top  of  the  box  be  at  S,  and  let  the  catch  be  removed  at  an  instant 
marked  by  a  time- registering  apparatus  (for  example  an  electric 
chronograph  or  a  "  fly-back  "  stop-watch).  The  masses  get  gradually 
into  motion,  and  the  instant  at  which  the  heavier  weight  has  descended 
so  that  its  top  has  been  brought  on  a  level  with  the  ring  is  registered 
by  the  chronograph.  The  additional  weight  is  removed  by  the  ring, 
and  that  the  further  motion  is  uniform  is  verified  by  noticing  that 
the  times  taken  by  the  weight  to  descend  further  distances  are  pro- 
portional to  those  distances.    The  velocity  acquired  is  given  of  course 
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from  any  such  further  distance  and  the  time  taken  to  describe 
it.  Thus  it  is  verified  experimentally  that  the  velocity  acquired 
is  proportional  to  the  time  of  fall  from  S  to  E. 

Also  by  taking  different  distances  sv  8V  ...  between  S  and  R, and 
noting  the  times  tv  tt,  ...  taken  to  describe  them,  it  is  verified  that 

s}  =  ctl~,   sJ  =  ctf,  ..., 

where  c  is  a  constant.     This  constant  by  (6')  above  is  ^a.    (See  §  90.] 

Again,  by  using  different  additional  weights  m  —  m  and  keeping 
the  total  weight  m  +  m'  attached  to  the  string  constant,  and  again  by 
keeping  m  —  m  constant  and  varying  m  +  m,  the  value  corresponding 
to  that  given  above  for  a  can  be  verified. 

The  machine  cannot,  however,  be  used  as  even  a  fairly  exact  means 
of  determining  the  value  of  the  acceleration  produced  by  gravity. 
The  best  method  of  doing  this  is  by  careful  observation  of  the  period 
of  oscillation  of  a  pendulum  of  known  length,  in  the  manner  shortly 
described  under  Gravitation.  Very  fairly  approximate  results  can, 
however,  be  obtained  by  means  of  a  simple  pendulum  made  with  a 
pellet  of  lead  and  a  thin  thread  hung  in  an  ordinary  room,  and 
observed  with  the  eye  placed  in  a  vertical  plane  through  the  point 
of  support,  and  perpendicular  to  the  plane  of  oscillation.  This 
vertical  plane  may  be  that  of  the  edges  of  a  couple  of  books  set  upon 
end  on  a  table.  The  pendulum  is  set  oscillating  through  an  arc  not 
exceeding  10°  in  total  range,  and  the  observer  with  his  eye  in  this 
plane  gives  by  a  sharp  tap  a  signal  at  the  instant  when  the  pendulum 
passes  across  the  plane,  and  another  notes  the  time  as  given  by  the 
seconds-hand  of  his  watch.  The  pendulum  goes  on  vibrating  and 
the  instants  of  the  completion  of  the  10th,  the  20th,  the  30th,  tfcc. 
oscillations  are  noted.  From  these  the  period  T  can  be  got  witl 
very  considerable  accuracy,  and,  from  this  and  I,  g  can  be  found 
by  (3). 

147.  Centre  of  Inertia  or  Centroid. — "W  e  can  now  deduce  some 
conclusions  of  great  importance  from  the  laws  of  motion.  Mos1 
of  these  refer  to  what  is  called  the  centre  of  inertia  of  a  system  oi 
particles,  and  it  is  therefore  necessary  first  to  specify  the  meaning 
of  this  term. 

The  centre  of  inertia  of  a  system  of  particles  may  be  defined  a! 
a  point  the  distance  x  of  which  from  any  plane  whatever  is  giver 
by  the  equation 

-  m  m,x1  +  mp1  +  m3x3+....  ^  ~, 

m1  +  mt  +   m3  +  .... 

where  mv  m,,  m3,  ...  are  the  masses  of  the  particles,  and  xv  x„  x3 
...,  their  respective  distances  from  a  chosen  plane  of  reference. 

The  centre  of  inertia  is  thus  coincident  with  the  mean  point  o 
a  system  of  points  of  multiplicities,  mv  mv  vi3,  ...,  as  explained  a' 
§  19  above. 
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To  define  the  position  of  the  point  we  may  take  three  planes 
mutually  at  right  angles  to  one  another,  one  from  which  the  dis- 
tances of  the  particles  are  xt,  xv  x3,  ...,  a  second  from  which  the 
distances  are  yvyryv  ...,  and  a  third  from  which  the  distances 
are  zv  zv  z3,  ....  The  distance  x  of  the  centre  of  inertia  from  the 
iirst  is  given  by  (7),  its  distances  y,  z  from  the  others  are  given  by 

-_m1y1  +  miyi  +  m3y3+.... 
ml   +  m%   +  m3   +  .... 

;  _  miz\  +  "Vs*  +  ^3*3  +  . . .  . 


mx  +  ma  +  m3  + .... 
We  may  abbreviate  these  equations  somewhat  by  the  notation 

-  =  2mx       -     Sray       5  =  ^?  (A\ 

2m'      J      2/rc'  Sm'  V  ' 

where,  for  example,  2  m  denotes  the  sum  ml  +  m1+ ...  of  the 
masses,  Smx,  the  sum  of  all  products  of  the  form  mlxl,  mjcv  ..., 
and  so  on. 

148.  Momentum  of  Material  System  relatively  to  Centroid  is 
Zero. — In  what  follows  we  shall  for  brevity  generally  use  the  term 
centroid  for  centre  of  inertia. 

Let  x,  y,  z,  be  the  co-ordinates  of  the  point  x,  y,  z  relatively  to 
axes  through  the  centroid  parallel  to  the  axes  of  x,  y,  z,  then  we  have 
■x  =  x  +  x,  y  —  y  +  y,  z  —  z  +  z,  so  that 


x  =  x  +  x,    y  =  y  +  y,    i='z  +  z\ 
x=:t  +  xi   y  =  y  +  y,   z  —  z  +  'z 


}        (9) 


Also  by  (8) 
so  that 


2ma'  =  0,    2my'  =  0,    2mz'  =  0,  (10) 


2mo;'  =  0,    2ray'  =  0,    2m«=0 
2  mx  =  0,    2mi/'  =  0,    2  m?  =  0 


}      (11) 


149.  Theorem  of  Grouping  of  Particles.  Determination  of 
Centroids. — As  proved  at  §  20  above,  the  particles  may  be  divided  up 
into  groups,  the  centre  of  inertia  of  each  group  found,  and  the  group 
replaced  by  a  particle  the  mass  of  which  is  equal  to  the  sum  of  the 
masses  of  the  particles  of  the  group.  The  centre  of  inertia  of  the 
new  system  is  the  same  as  the  centre  of  inertia  of  the  original 
system. 

This  theorem  is  of  great  use  in  the  determination  of  the 
centroids  of  bodies,  for  it  is  generally  convenient  to  proceed 
according  to  some  particular  plan  of  dividing  up  the  body  into 
groups  of  particles.  For  example,  a  thin  triangular  plate  of  mass 
per  unit  of  area  the  same  at  every  point  may  be  divided  into  narrow 
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strips  of  uniform  breadth  parallel  to  one  of  the  sides.  The  centroid 
of  each  strip  is,  of  course,  at  its  centre,  and  so  the  triangle  may  be 
replaced  by  a  group  of  particles  situated  at  the  centres  of  these 
strips,  each  having  a  mass  equal  to  that  of  the  strip  which  it. 
replaces.  As  these  particles  lie  on  the  straight  line  joining  the 
centre  of  the  side  parallel  to  which  the  strips  are  taken  with  the 
opposite  vertex,  the  centroid  of  the  plate  lies  on  this  line.  But  the 
triangle  might  have  been  divided  into  narrow  strips  parallel  to 
either  of  the  other  two  sides ;  it  therefore  lies  on  the  line  joining 
the  centre  of  either  of  the  two  sides  with  the  opposite  vertex,  and 
therefore  is  at  the  point  of  crossing  of  these  lines.  We  infer  the 
well-known  result  of  geometry  that  the  three  lines  joining  the 
vertices  of  a  triangle  with  the  middle  points  of  opposite  sides  meet 
in  a  point.  If  D  be  the  point  of  bisection  of  the  side  BC,  which 
is  opposite  A,  the  reader  will  see  that  the  centroid  of  the  plate  is  on 
AD  at  G,  where  DG  =  \DA. 

Again,  consider  a  tetrahedron,  that  is  a  four-sided  solid  having 
each  side  a  triangle.  This  may  be  divided  up  into  groups  of  particles- 
forming  thin  plates  parallel  to  one  of  the  faces,  the  centroid  of  each 
can  be  found  as  in  the  last  example,  and  the  series  of  plates  can  be 
replaced  by  particles  at  their  centroids,  as  already  described.  These 
lie  in  the  line  joining  the  centroid  of  the  base  with  the  vertex; 
hence  the  centroid  of  the  tetrahedron  lies  on  this  line.  In  the  same 
way  it  can  be  shown  that  the  centroid  lies  on  the  line  joining  the 
centroid  of  either  of  the  other  sides  with  the  opposite  vertex ;  hence 
it  lies  where  those  two  lines  intersect.  We  can  infer  the  other  well- 
known  result  of  geometry  that  the  lines  joining  the  centroids  of  the 
faces  of  a  tetrahedron  to  the  opposite  vertices  meet  in  a  point :  that 
point  is  the  centroid  of  the  tretrahedron. 

The  reader  may  prove  that  this  point  is  at  a  distance  from  any 
vertex  of  the  tetrahedron  of  three  quarters  of  the  length  of  the  line 
joining  the  vertex  with  the  centroid  of  the  opposite  face.  This  is 
easily  done  by  the  properties  of  similar  triangles. 

Again,  in  determining  the  centroid,  say  of  a  uniform  hemi- 
spherical shell,  we  may  divide  the  shell  up  into  a  series  of  circular 
rings  all  parallel  to  the  circular  base  of  the  hemisphere.  The  centroid 
of  each  ring  will  be  at  its  centre,  and  the  shell  can  thus  be  replaced 
by  a  series  of  particles  of  masses  equal  to  those  of  the  corresponding 
rings,  distributed  along  the  line  joining  the  centre  of  the  circular 
base  with  the  middle  point  of  the  curved  surface.  This  calculation 
can  be  carried  out  completely  by  the  aid  of  the  integral  calculus,  and 
it  would  be  found  that  the  centroid  is  at  the  middle  point  of  this  line. 
This  result  might  be  arrived  at  without  calculation  from  the  known 
fact  that  the  curved  surface  of  the  portion  of  a  sphere  intercepted 
between  two  parallel  planes  is  precisely  equal  to  the  portion,  inter- 
cepted between  those  two  planes,  of  the  curved  surface  of  a  cylinder 
circumscribed  to  the  sphere,  with  its  axis  perpendicular  to  the 
planes. 

Again,  the  centroid  of  a  hemisphere  of  uniform  density  might  be 
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found  by  dividing  it  into  a  series  of  thin  circular  plates  all  parallel  to 
the  plane  base  of  the  hemisphere ;  thus  the  sphere  would  be  replaced 
by  a  series  of  particles  as  in  the  last  case,  and  the  centroid  would  be 
found  by  calculation  to  be  at  a  point  on  the  line  joining  the  centre 
of  the  circular  base  at  a  distance  of  three-eighths  of  the  radius  from 
that  point. 

150.  Method  by  Integration. — The  determination  of  centres  of 
inertia  is  to  be  carried  out,  except  in  a  few  easy  and  obvious  particular 
cases,  by  the  methods  of  the  integral  calculus.  A  body  of  continuous 
mass  and  known  distribution  of  matter  is  divided  up  in  imagination 
into  a  large  number  of  parts  or  elements,  so  small  that  every  point  of 
each  may  be  supposed  to  be  at  the  same  distance  from  a  chosen 
plane  of  reference,  and  that  the  element  may  be  supposed  through- 
out of  uniform  density  equal  to  the  density  at  any  interior  point  of 
it.  Then  if  dffi  be  the  volume  of  one  of  these  elements  of  the 
system,  p  its  density,  and  x  its  distance  from  a  plane  of  reference, 
we  have 


fpxdTS 
JpdVS 


(12) 


where  the  numerator  stands  for  the  sum  taken   for  the  body,  or 

system  uf  bodies,  of  the  products  of  the  form  pxdTJ  (that  is  the  mass 

pdT3  of  the   element  multiplied  by  x,  the 

distance  of  the  element  from  the  plane  of 

reference),  and  the  denominator  stands  for 

the  sum  of  the  products  of  the  form  pdTH, 

that    is    the    total   mass   of    the   body   or 

system. 

151.  Theorems  of  Pappus. — The  follow- 
ing theorems  enable  the  centre  of  inertia 
to  be  found  with  great  ease  for  a  large 
number  of  commonly  occurring  cases. 

A  uniform  linear  distribution  of  matter 
in  one  plane,  that  is  a  distribution  along 
a  curve  in  which  the  amount  of  matter  per 
unit  length  of  the  curve  is  the  same  at 
every  point,  is  turned  through  any  angle 
about  an  axis  in  the  plane  of  the  curve. 
The  area  of  the  surface  of  revolution  traced 
out  is  equal  to  the  length  of  the  curve  multi- 
plied by  the  length  of  the  path  described  by  the  centre  of  inertia  of 
the  linear  distribution.  This  may  be  proved  in  the  following 
manner.  Let  the  curve  be  divided  into  successive  short  elements 
dsv  dsr  ...,  and  let  these  be  replaced  by  particles  mlf  mv  m3,  ...  of 
masses  equal  to  the  masses  in  the  elements  dsv  dss,  ds3,  ...  at  their 
centres.  Let  xv  xv  x3,  ...  be  the  distances  of  these  particles  from  the 
axis  AB,  say  as    shown    in   Fig.    90,   then   the   centre   of    inertia 
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•of  these  particles,  which  is  also  the  centre  of  inertia  of  the  curve,  is 
at  a  distance  x  from  the  axis  given  by 

5-^).  (13) 

Let  the  curve  be  turned  through  an  angle  6  about  the  axis  AB;  the 
.arc  described  by  ml  is  xx6  and  so  on,  while  that  described  by  the 
.centre  of  inertia  is  xd.     But  by  (69) 

_     2(mxd) 
0Sm 

But  if  a  be  the  mass  per  unit  of  length  in  the  curve  we  have 
■ml^=a-dsv  m2  =  <rds2,  ...  <fcc,  and  so  2m  =  <rs,  where  8  is  the  length  of 
the  curve,  and  2,mxd  =  (r2ixdds.     Hence  the  equation  is 

sxd  =  2(xdds),  (14 

.but  xdds  is  the  length  of  the  path  xd  described  by  a  particle  multi- 
plied into  the  distance  along  the  curve  between  the  particle  and  the 
next,  that  is  the  area  of  the  zone  of  the  surface  of  revolution  between 
the  two  paths.  The  sum  of  these  on  the  right  of  (14)  is  the  area  of 
the  surface,  and  the  expression  on  the  left  is  the  length  of  the  curve 
*  multiplied  into  the  length  xd  of  the  path  described  by  the  centre 
of  inertia. 

To  this  there  is  a  companion  theorem  which  the  reader  can  easily 
prove  in  a  similar  manner.  If  an  area  be  enclosed  by  a  plane  curve, 
the  volume  of  the  solid  swept  out  by  the  rotation  of  this  area 
through  any  angle,  about  any  axis  in  its  own  plane,  is  equal  to  the 
product  of  the  revolved  area  by  the  length  of  the  path  described  by 
the  centroid  of  the  area  regarded  as  a  uniform  laminar  distribution 
of  matter,  that  is  as  a  thin  plate  having  everywhere  the  same  amount 
•of  matter  per  unit  of  area. 

These  are  known  as  the  theorems  of  Pappus  of  Alexandria, 
a  Greek  geometer  who  nourished  towards  the  end  of  the  fourth 
century  of  our  era.  They  are  also  sometimes  attributed  to  Paul 
Guldin,  a  French  mathematician  of  the  beginning  of  the  seventeenth 
century. 

152.  Examples  of  the  Theorems  of  Pappus. — As  an  example  of 
ithe  use  of  these  theorems  we  may  find  the  centroid  of  an  arc  AB  of 
a  circle  uniformly  loaded  with  matter,  and  subtending  an  angle  a  at 
the  centre  0,  as  in  Fig.  91. 

It  is  clear  from  symmetry  that  the  centre  of  inertia  lies  on  the 
line  joining  0  with  the  middle  point  C  of  the  arc.  Let  the  arc  be 
•turned  through  a  complete  revolution  about  an  axis  in  the  plane 
of  the  arc  at  right  angles  to  OC  ;  it  sweeps  out  a  zone  of  a  spherical 
surface  of  radius  r.  Then  if  /  be  the  centroid,  and  01  be  denoted 
by  x,  2nx  is  the  length  of  the  path  described  by  /.  If  r  be  the 
radius  the  length  of  the  arc  is  ra,  and  the  area  swept  out  is  ra  x  2w x . 
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But  the  area  of  the  zone  of  the  spherical  surface  is  equal  to  the 
length  of  the  chord  AB  multiplied  into  2irr,  that  is  2rsin£a  x  2nr. 
Hence  equating  these  two  values  we  obtain 


2r  .   a 

x  =  — sin-. 

a       2 

If  the  arc  be  a  complete  semi-circle  we  have 

2r 


(15) 


(16) 


Again,  let  it  be  required  to  determine  the  position  of  the  centre 
of  inertia  of  a  thin  uniform  lamina  in  the  form  of  a  segment  AGB 


Fig.  91. 


Fig.  92. 


of  a  circle  (Fig.  92),  the  circular  boundary  of  which  subtends  an  angle 
a  at  the  centre  0.  Let  the  segment  be  revolved  through  a  com- 
plete turn  about  an  axis  through  the  centre  parallel  to  the  chord 
AB.  The  centre  of  inertia  is  at  some  point  /  on  the  line  OC  which 
bisects  the  segment.  The  path  described  by  /  is  2ttx.  The  area 
of  the  segment  is  |ar2-  |r2sina.  Hence  the  volume  swept  out  is 
7rr2ax  —  nr-xsina.  But  this  volume  is  the  volume  swept  out  by 
the  sector  OACB  minus  the  volume  swept  out  by  the  triangle  OAB, 
that  is  ^7rrssinia(l  -  cos2  J  a).     Hence  we  have 


x  —  ^r ? — . 

a  -  sina 

If  the  segment  be  the  complete  semi-circle  we  have  a  =  ir,  and 

Sir 


(17) 


(18) 


153.  Total  Momentum  of  System  of  Particles. — Returning  to 
equation  (8), let  us  denote  by  xv  x3,  ...  the  velocities  of  the  particles 
wij,  mv  ...  parallel  to  the  axis  of  x,  by  yv  yv  ...  their  velocities 
parallel  to  the  axis  of  y,  and  by  zv  zv  ...  their  velocities  parallel  to  the 
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axis  of  z  ;  then  it  follows  from  these  equations  that  the  components- 
x,  y,  i  of  the  velocity  of  the  centroid  are  given  by 

^     2ma*      _•     2my      j     2ms;  /,QY 

2m  2m  2m 

To  prove  this  consider  a  specimen  particle  of  mass  m  and 
distance  x  from  the  plane  of  reference.  In  a  small  interval  of 
time  t  this  distance  will  have  changed  to  x  +  xt,  and  x  will  have 
changed  to  sc  +  xt.  Thus  by  the  equations  for  the  position  of  the 
centroid  we  have 

2m(«  +  a;T) 


x  +  xt  ■ 


2m 


Subtracting  from  this  the  equation  sc  =  2ma;/2m  we  get  x—  2mx/2m,. 
and  so  on  for  the  others. 

By  throwing  the  equations  thus  found  into  the  form 

22m  =  2?me,    ^2m  =  2my,    z2m  =  2mi:,  (20) 

we  see  that  the  sum  of  the  momenta  of  the  system  of  particles  in  any 
direction  is  equal  to  the  momentum  which  the  system  would  have  if 
it  were  collected  into  a  single  particle  at  the  centroid,  and  moved 
with  the  velocity  of  the  centroid.  Further,  it  follows  that  whatever 
the  motions  of  the  separate  particles  may  be,  if  the  sum  of  their 
momenta  is  zero  in  every  direction  the  centroid  is  at  rest. 

154.  Rate  of  Change  of  Momentum  of  System  of  Particles. — In 
precisely  the  same  way  we  obtain,  denoting  the  accelerations  of  the 
particles  parallel  to  x,  y.  z  by  the  symbols  xv  x^  . . .,  y.,  yv  ...,  L,  zs,  . . ., 
and  the  components  of  acceleration  of  the  centroid  by  x,  y,  z,  the 
equations 

a     2mx      „     2my     M     2m£  ,-.-. 

x=  2^'   ^  =  ^T'    *=2^T  (ll> 

or  as  we  may  write  them 

x2m  =  2maj,    ^2m  =  2my,    S2m  =  2ms.  (22) 

in  the  latter  form  these  equations  assert  that  the  sum  of  the  rates  of 
change  of  momentum  of  the  system  of  particles  in  any  direction  is 
equal  to  that  which  the  system  would  have  if  it  consisted  of  a  single 
particle  coinciding  with  the  centroid  of  the  system. 

155.  Moments  of  Directed  Quantities. — The  moment,  about  an 
axis,  of  a  directed  quantity  acting  in  a  specified  line  is  defined  as 
follows.  The  directed  quantity  is  resolved  at  any  point  in  its  line  of 
action  into  two  components,  one  parallel  to  the  axis,  and  another 
at  right  angles  to  the  axis,  in  the  plane  of  the  former  and  the 
quantity  itself.  Thus  let  AB,  Fig.  93,  be  the  axis  and  P  the  directed 
quantity,  and  make  the  resolution  at  the  point,  0,  which  is  at  the 
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shortest  distance  from  AB.  Pis  resolved  at  0  into  Q parallel  to  A B, 
and  R  perpendicular  to  AB  and  in  the  plane  of  Q  and  P.  R  is,  in 
general,  not  in  the  plane  of  AB  and  0.  Let  p  be  the  perpendicular 
distance  between  AB  and  the  line  of  action  of  A',  then  the  moment  of  P 
round  AB  is  Rp.  This  is  taken  positive  or  negative  by  an  observer 
looking  along  the  axis  from  A  towards  0,  according  as  R  seems  to 
turn  the  armp  as  shown  in  the  diagram,  or  in  the  reverse  direction. 

It  may  be  represented  graphically  by  a  distance 
taken  along  AB,  and  towards  or  from  the  observer  Fig.  93. 

according  as  the  moment  is  positive  or  negative. 

The  directed  quantity  may  be  anything  what- 
ever; most  frequently  it  is  a  force,  and  then  the 
definition  above  gives  the  moment  of  a  force  about 
an  axis.  If  the  quantity  is  the  momentum  of  a 
particle,  we  have  the  moment  of  momentum  of  the 
particle  about  the  axis,  and  so  on.  \...P.. 

The  moment  round  P  (Fig.  83)  of  each  of  the 
components  of  the  directed  quantity  w  in  §  118, 
which  are  obtained  by  projecting  the  diagram  on 
any  plane,  is  the  moment  of  that  component  round 
an  axis  drawn  through  P  perpendicular  to  that 
plane.  It  is  there  shown  that  the  moment  of  w 
round  any  axis  whatever  is  equal  to  the  sum  of 
the  moments  of  its  components  about  the  same 
axis.  We  shall  now  show  that  it  is  equal  to  the  sum  B 
of  the  moments  of  the  quantity  about  axes  of  x,  y,  z 
passing  through  a  point  of  the  axis,  and  exhibit  the  values  of  these 
moments. 

Let  X,  Y,  Z  be  the  components  of  the  directed  quantity,  whether 
force,  moment  of  momentum,  or  other  physical  magnitude.  If  P  be 
the  resultant  the  cosines  of  the  angles  it  makes  with  the  axes  of  x,  y,  z 
are  XjP,  Y/P,  ZjP  respectively.  Let  the  axis  AB  pass  through  the 
origin,  and  X,  n,  v  be  the  cosines  of  the  angles  it  makes  with  the  axes 
of  x,  y,  z.  Let  also  the  co-ordinates  of  the  point  0  be  z,  y,  z.  It  is 
obvious  that  a  plane  can  be  drawn  through  the  axis  parallel  to  P : 
let  \p  be  the  angle  between  a  line  drawn  in  this  plane  parallel  to  P 
and  the  direction  of  the  axis.  The  length  p  of  a  perpendicular  let 
fall  from  any  point  (x,  y,  z)  on  the  line  of  P  to  this  plane  is  shown 
in  treatises  on  analytical  geometry  to  be 

{x{Yv  -  Zfi)  +  y(Z\  -  Xv)  +  z{Xyi  -  Y\)}/Psmxp. 

By  the  definition  the  moment  sought  is  the  product  of  this  per- 
pendicular into  the  component  Psin^/  of  P  perpendicular  to  AB,  that 
is  moment  =  Pp  sin  \p,  and 

Pp sin 4>  =  x(Yp-  Zp)  +  y(Z\  -  Xv)  +  z(A>  -  Y\).  (23) 

If  we  represent  this  moment  graphically  by  a  length  laid  off  as 
specified  above,  along  the  line  AB,  it  resolves  itself  into  three  com- 
ponents Zy  -  Yz,  Xz  -  Zx,  Yx  —  Xy,  along  the  axes  of  x,  y,  z,  which 
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are  the  moments  of  P  round  these  axes.  The  reader  may  verify  that 
if  these  component  moments  he  denoted  by  H ,  H„  H.,  and  H  denote 
Pp&mxf,,  then  H=J{H*  +  H,2  +  &*}. 

For  example  the  components  of  momentum  of  a  particle  are  mx, 
my,  mz,  and  the  components  Hv  11 \,  Ht  of  moment  of  momentum  are 
respectively 

m(%  -  Vz\    m(xz  -  zx),    m(yx  -  xy). 
.Now  consider  any  system  of  particles.     The  quantities 
2m(zy-yz),  2m(xz-zx),  2m{yz-xy) 

are  the  sums  of  the  moments  of  momentum  of  the  particles  of 
the  system  about  the  axes  of  x,  y,  z  respectively.  For  any  particle  m 
at  the  point  the  co-ordinates  of  which  are  x,  y,  z  has  components  of 
velocity  x,  y,  z,  and,  with  the  definition  given  above,  it  is  easy 
to  show  that  the  moment  of  any  quantity  round  an  axis  is  equal  to 
the  sum  of  the  moments  of  its  components  about  the  axis.  The  first 
of  these  components  by  the  definition  has  no  moment  round  the  axis 
of  x,  the  moments  of  the  others  are  (for  axes  of  x,  y,  z  directed  as 
shown  in  Fig.  3),  —  myz,  and  mzy,  so  that  the  moment  of  momentum 
of  the  particle  is  m(zy  -  yz)  ;  and  so  for  the  other  axes.  It  is  to  be 
noticed  that  the  time-rates  of  change  of  these  sums  are 

~Lm{zy  -  yz),  2ra(aJ2  —  zx),  2m(yx  —  xy), 

and  these  will  appear  below  in  equations  of  motion,  which  are 
of  great  importance. 

If,  as  at  §  348  above,  x  =  x  +  x,  y  =  y  +  y  ,  z  =  i  +  z  so  that  x,  y ',  z 
are  the  co-ordinates  of  a  particle  relatively  to  parallel  axes  through 
the  centroid,  the  moment  of  momentum  of  the  system  about  the  axis 
of  x  is 

2rn{(i  +  z'){y  +  y')-(y  +  y'){Z+z')}. 

But  by  the  properties  of  the  centroid  we  know  that  Zmyz  =  0, 
2my'z  =  0,  &c.,  so  that  this  moment  of  momentum  becomes 

2m(z'y'  —  yz)  +  Sm(3y  -  i/z). 

This  is  the  sum  of  the  moment  of  momentum  of  the  system  round  an 
axis  through  the  centroid  parallel  to  the  axis  of  x,  and  the  moment 
of  momentum  round  the  axis  of  x  of  the  whole  system  supposed 
collected  at  the  centroid,  and  moving  with  the  velocity  of  that 
point. 

Since  the  axis  of  x  may  be  taken  in  any  direction  this  is  true  of 
all  axes.  By  properly  choosing  the  axes  of  co-ordinates  the  moment 
of  momentum,  or  its  rate  of  change,  about  any  axis  can  be  calculated 
by  the  expression  just  given.  Or  if  Hv  Ht,  H3  denote  the  com- 
ponents of  moment  of  momentum  about  the  axes  of  x,  y,  z,  that 
is  Sm(y«  —  zy),  &c.,  the  moment  of  momentum  about  an  axis  through 
the  origin  the  direction  cosines  of  which  are  I,  m,  n  is,  as  the  reader 
may  verify,  IH1  +  mff^  +  nHy 
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156.  Equations  of  Motion  of  System  of  Particles.  External 
and  Internal  Forces.  Conservation  of  Momentum.— Now  consider 
any  system  of  particles  whatever,  whether  or  not  forming  a  rigid 
body.  Let  the  particles  of  the  system  be  denoted  by  m„  mt,  mv  ..., 
and  their  co-ordinates  by  xv  yv  zv  xv  ya,  zv  ...,  so  that  xv  y\,  zv 
*v  Vii  %v  •••  are  the  component  accelerations  of  the  particles.  These 
accelerations  are  due  to  the  components  of  actions  on  the  particles  in 
the  directions  of  the  axes.  Each  action  is  the  resultant  of  the  forces 
applied  to  the  particles  from  without  the  system,  and  the  forces  due 
to  the  other  particles  of  the  system.  Thus  on  the  particle  m.,  in  the 
direction  of  x,  there  acts  a  force  X,  +  X\,  in  which  X,  denotes  the 
rate  of  change  of  momentum  along  x  which  the  external  action  on  ml 
would  produce,  and  X',  denotes  the  same  thing  for  the  internal 
action  on  my     Thus  we  get 

m^xx  =  Xx  +  X'v 

Similarly  equations  are  obtained  for  the  other  directions  and  the 
other  particles,  so  that  we  have 

mlx1  =  Xl  +  X\,    m1y1=Yl  +  Y\,    mlzl  =  Zl+Z\ 

mp:a  =  Xa  +  X'v    m3?/2=Ys+Y't,    m£t  =  Zt  +  Z't  (24) 


there  being  a  group  of  three  equations  for  each  particle.  We  shall  call 
the  forces  Xv  Yv  Zv  ...  the  external  applied  forces,  the  forces 
X\,  Y'v  Z\,  ...  the  internal  forces.  If  we  add  together  first  all  the 
x-equations,  then  all  the  y-equations,  then  all  the  ^-equations 
we  obtain 

2raa;  =  2X,    2my  =  2  7,    2to2  =  2^,  (25) 

in  which  the  quantities  on  the  right  are  the  sums  of  the  external 
applied  forces  only.  The  sums  of  the  internal  forces  vanish  by  the 
third  law  of  motion,  since  the  "  internal  force  "  on  any  particle,  mx  say, 
is  the  resultant  of  the  forces  exerted  on  that  particle  by  the  other 
particles  of  the  system.  Now  each  force  exerted  by  a  particle 
m2  on  m,  is  accompanied  by  an  equal  and  opposite  force  exerted 
on  m2  by  mv  and  this  comes  into  the  account  when  the  total  action 
on  m,  is  considered.  Thus  when  the  forces  are  added  as  above, 
the  sums  of  the  internal  forces  on  the  particles  vanish  identically. 

The  force  X,  Y,  Z  is  here  supposed  applied  to  a  particle  at  the 
point  x,  y,  z,  and  so  for  the  other  forces.  Of  course,  to  many  of  the 
particles  of  the  system  no  external  force  may  be  directly  applied ; 
for  each  of  these  X,  Y,  Z  is  zero.  Again,  in  some  cases  the  force 
X,  Y,  Z  may  not  be  directly  applied  to  any  particle  of  the  system 
considered,  but  applied  to  some  framework  or  link  connected  with 
the  system,  the  motion  of  which  is  to  be  found  ;  for  example  a  force 
may  be  regarded  as  applied  at  any  point  of  a  cord  by  which  pull  is 
applied  to  the  system.  In  fact,  as  the  reader  ought  to  notice,  all  the 
theorems  given  below  as  to  the  action  of  forces  are  independent  of 
the  point  in  the  line  of  action  of  a  force  which  is  taken  as  the  point 
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at  which  the  force  is  applied.  This  result,  which  is  often  assumed 
as  the  basis  of  statics,  follows  naturally  from  the  dynamical  method 
given  by  Newton. 

By  §  153  above  we  see  that  equations  (24)  may  be  written 

l2m  =  2l,    y2m  =  2Y,    l2m  =  2Z,  (26) 

which  state  that  the  acceleration  of  the  centroid  of  the  system  is  the 
same  as  that  which  a  particle  of  mass  2  m,  equal  to  the  total  mass  of 
the  system,  would  have  if  it  were  acted  on  by  the  external  forces 
applied  to  it  without  change  of  magnitude  or  direction. 

Thus  the  internal  forces  have  no  effect  whatever  in  altering  the 
momentum  of  a  system  of  particles.  If  the  external  forces  be  zero 
for  any  direction,  the  momentum  of  the  system  in  that  direction  does 
not  change. 

157.  Equations  of  Moments. — Now  multiply  the  first  re-equation 
of  (24)  by  yv  the  second  a; -equation  by  ys,  ...,  and  add  the  resulting 
equations  together ;    then  multiply  the  y-equations   by  xv  xt,   ... 
respectively,  and  add  the  resulting  equations ;  finally,  subtract  the 
first  sum  from  the  second.     We  thus  get 

2m(yx  -  xy)  =  2  {(7+  Y')x  -  (X  +  X')y}. 

Treating  in  the  same  way  the  remaining  equations  we  obtain  two 
other  equations  of  the  same  form.  It  is  to  be  observed  that  for  the 
same  reason  as  stated  above  we  must  have  identically  2Y'x  =  Q, 
'2iX'x  =  0,  and  so  on.     Hence  the  equations  obtained  finally  are 

Xm{zy-yz)  =  Z{Zy-Yz)  \ 

2m(xz-zx)  =  2(Xz-Zx)  V  (27) 

Vm{yx-xy)  =  21(Yx-Xy).  ) 

The  quantities  on  the  right  of  (27)  are,  by  §  155,  the  moments  of 
the  external  applied  forces  round  the  axes  x,  y,  z,  which  pass  through 
the  origin  of  co-ordinates,  and  the  quantities  on  the  left  are  the 
moments  of  the  rates  of  change  of  momentum  of  the  particles  about 
the  same  axis,  or  since 

yx-xy=-(yx-xy),     ,    , 


dV 


the  quantities  on  the  left  are  (§  155  above)  the  rates  of  change  of  the 
moments  of  momentum  of  the  system  about  the  axes.  Thus  the 
equations  assert  that  the  rate  of  change  of  the  moment  of  momentum 
of  the  system  of  particles  (or  as  it  is  sometimes  put,  the  sum  of  the 
moments  of  the  effective  forces)  about  any  axis  is  equal  to  the  sums  of 
the  moments  of  the  external  applied  forces  about  the  same  axis. 
Since  the  origin  may  be  taken  anywhere,  and  the  axis  in  any 
direction,  the  theorem  thus  holds  for  any  axis  whatever. 

158.  Equations  of  Moments.     Properties  of  the  Centroid. — By 
§  148  equations  (27)  can  be  written  in  the  form 
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2m{^  +  z')(y  +  y')-(y  +  y')(l  +  z')\  =  Z{Z(y  +  y)-Y{i  +  z)} 


(28) 


But  since  these  equations  are  true  for  all  axes  they  must  be  true  for 
the  axes  just  supposed  drawn  through  the  centre  of  inertia,  and  hence 
the  equations  just  written  split  into  two  sets  : — 
(1)  The  set 

2m{(l  +  z')y  -(y  +  y')z\  =  ^{Zy  -  Yz') 


•which,  sinoe  Xrnyx  =y2nix',  and  2?ttx'  =  0,  ...,  may  be  written 

2  m(zy'  -  yz')  =  2  (Zy  -  Yz)  ) 

2 m(xz  - zx)  =  2 (Xz  -  Zx)  \  (29) 

2m(yV  -  xy)  =  2(1V  -  Xy). 
(2)  The  set 

^m(zy_-yz)  =  ^{Zy-Yl)  } 

2  m(xz  -  zx)  -  2(X5  -  Zx)  V  (30) 

2m(yx  -  xy)  =  2(7a;  -  Xy). 

Equations  (29)  state  that  the  sum  of  the  moments,  round  any 
axis  through  the  centroid  of  the  system,  of  the  rates  of  change  of 
momentum  of  the  particles  of  the  system  relatively  to  the  centroid,  is 
equal  to  the  sum  of  the  moments  of  the  applied  forces  round 
the  same  axes.  It  is  to  be  noticed  that  the  accelerations  of  the 
centre  of  inertia  do  not  enter  into  the  result. 

Equations  (30)  state  that  the  sum  of  the  moments,  taken  round, 
any  axis,  of  the  so-called  effective  forces  on  the  particles  of  the  system, 
supposed  transferred  to  the  centroid  without  change  of  magnitude  or 
direction,  is  equal  to  the  sum  of  the  moments,  round  the  same  axis,  of 
the  external  applied  forces. 

Let  now  rz  =  Jx2  +  y2  be  the  length  of  a  perpendicular  let  fall 
from  any  particle  on  the  axis  of  z,  and  let  yfr  be  the  angle  this  per- 
pendicular makes  with  the  axis  of  x.     We  have 

x  =  rzcosi\r,    y  =  rzsmy\r. 

Then  we  obtain  by  a  double  differentiation  with  respect  to  t  and 
reduction 

yx-xy  =  2rzrz^  +  rz2$. 

If  (p,  x  ^e  the  angles  the  perpeudiculars  from  the  particle  on  the 
axes  of  x  and  y  make  similarly  with  the  axes  of  y  and  z,  and  rx,  ru 
be  the  lengths  of  these  perpendiculars,  we  have 

2m(%  -  yz)  =  2m(2rxvx  +  r/ip) 

with  two  similar  equations. 

But  since  Yx  -  Xy  =  /-(Fcos^  -  A'sin^)  =  rzRz  where  Rz  is  the 
force  on  the  particle  at  right  angles  to  rz  and  to  the  axis  of  z,  and 
similarly  for  the  others,  we  see  that  equations  (27)  may  be  written 
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2m{rx*<j>  +  2rxrxi>)  =  2Bxrx  \ 

2m(r/x  +  2V,X)=2V,  \  (31> 

Sm(f^  +  Irf.Y)  =  2  Bzrz  J 

That  these  results  hold  for  pgrallel  axes  through  the  centroid,  can 
of  course  be  deduced  from  equations  (29).  They  are  not  sufficient  to- 
determine  the  motion  of  a  non-rigid  system  :  it  is  necessary  for  this 
purpose  to  know  either  all  the  forces  on  each  particle,  or,  what  is 
really  the  same  thing,  the  geometrical  relations  connecting  the 
positions  of  the  particles. 

The  reader  will  notice  carefully  that  if  there  be  no  moment  of 
forces  round  an  axis  there  can  be  no  rate  of  change  of  moment  of 
momentum  about  that  axis.  This  simple  result  is  of  great  use  in 
explaining  the  behaviour  of  rotating  bodies  such  as  tops,  gyrostats,  <fcc. 

159.  Equations  of  Moments  for  a  Rigid  Body.  Conservation  of 
Moment  of  Momentum. — Let  now  the  system  of  particles  be  a  rigid 
system,  and  take  axes  through  the  centroid.  Then  if  px,  pv,  pz  be  the 
distances  of  any  particle  from  the  axes  of  x,  y\  z  through  the  cen- 
troid, these  will  replace  rx,  rv,  rx.  But  since  the  system  is  rigid  the 
centroid  is  fixed  relatively  to  it,  so  that  px,  py,  pz  are  zero  for  every 
particle.  Also  0,  x>  ^  and  <p,  x,  fy  must  be  the  same  for  every 
particle  at  any  given  instant.     Hence  we  obtain 

$2mPx*  =  2Bxp„    x2wp,2  =  22?WV,    y2mp2  =  ZBzpz. 

If  the  system  be  rigid  and  turn  round  a  fixed  axis  through  the 
origin,  r  is  zero  for  every  particle,  and  the  quantities  <j>,  x,  ^  are 
the  same  for  each  particle  at  any  given  instant.  Equations  (31) 
become 

$2mrx*=2Bxr„    x2mr1/2  =  2Byr„    $2mr*  =  2Bzrz.  (32) 

Since  the  axis  is  fixed  its  direction  cosines  are  (§  24  above)  ^/o^ 
x/a>,  y^/ir,  where  u>  is  the  angular  velocity  of  the  body  about  the 
axis,  viz.,  J<p2  +  jf  +  \y2.  The  angular  accelerations  <f>,  x,  $  must 
clearly  be  proportional  to  the  component  angular  velocities,  that  is- 
the  direction  cosines  of  the  axis  are  also  <j>/d>,  £/•»  ^/w.  From  this 
we  could  show  that  the  rate  of  change  of  the  moment  of  momentum 
of  the  system  about  the  axis  is  equal  to  the  sum  of  the  moments  of 
the  external  applied  forces  about  the  axis ;  but  the  same  result  is- 
obtained  at  once  by  taking  the  axis  as  coincident  with  that  of  a*,  say. 
Then  X,  ^,  x  Y  are  zero,  and  we  have  the  single  equation 

£2ror*  =  2.ffr,  (33) 

in  which  the  suffixes  are  dropped  as  no  longer  necessary. 

The  conclusions  more  than  once  referred  to  above,  that  the  internal 
forces  of  the  system  have  no  effect  in  changing  the  momentum  of  the 
system  in  any  direction,  or  its  moment  of  momentum  about  any  axis,, 
should  be  most  carefully  noticed.  Thus  the  total  momentum  in  any 
direction  of  the  bodies  of  the  solar  system  remains  unchanged  by  their 
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mutual  actions,  as  does  also  the  total  moment  of  momentum  round 
any  axis.  These  can  only  be  changed  by  the  actions  of  bodies  out- 
side the  system. 

Again,  if  any  of  the  bodies  of  the  system  increase  or  diminish  in 
bulk  under  internal  forces  only  (it  may  be  taken  as  certain  that  they 
are  all  contracting,  and  that  those  that  are  not  gaseous  are  also 
cooling),  their  period  of  rotation  will  in  the  former  case  increase,  in 
the  latter  diminish,  inasmuch  as  their  moments  of  momentum  about 
their  axes  of  rotation  must  remain  constant.  Thus  the  cooling  of 
the  earth  and  its  consequent  contraction  must  tend  to  diminish  the 
length  of  the  day. 

160.  Moment  of  Momentum  as  Rate  of  Description  of  Area. 
Axis  of  Maximum  Moment  of  Momentum. — The  moment  of  momen- 
tum of  a  system  round  any  axis  through  the  origin  may  be  repre- 
sented in  the  following  manner  as  a  sum  of  rates  of  description  of 
area.  Let  a  plane  through  the  origin  and  perpendicular  to  the  axis 
be  taken.  Then  let  a  particle  of  the  system  in  an  element  of  time 
dt  describe  an  element  of  path  sdt,  and  let  this  elementary  displace- 
ment be  projected  on  the  plane  referred  to,  and  its  extremities  joined 
to  the  origin.  These  joining  lines  are  of  very  approximately  the 
same  length,  p  say.  The  area  included  between  the  lines  and  the 
projection  of  the  element  of  path  is  ^p2ddt,  where  6  is  the  angular 
velocity  of  the  particle  round  the  axis,  and,  if  m  is  the  mass  of  the 
particle,  \mp2Q  is  clearly  the  moment  of  momentum  of  the  particle 
about  the  axis.  The  total  moment  of  momentum  of  the  system  about 
the  axis  is  therefore  |2mp!0,  that  is  it  is  half  the  sum  of  the  rates 
of  description  of  the  areas  thus  taken  on  the  plane  perpendicular  to 
the  axis. 

Now  take  this  sum  of  rates  round  each  of  the  rectangular  axes 
of  x,  y,  z  through  the  origin,  and  denote  the  sums  obtained  by 
Hv  ff2,  Hy  Then  these  resolved  in  the  usual  way  give  a  resultant 
H  about  an  axis  making  with  the  axes  of  co-ordinates  angles  the 
direction  cosines  of  which  are  HxjH,  HJH,  HJH.  From  the  fact, 
as  shown  above,  §  118,  that  areas  may  be  represented  by  steps,  it 
follows  that  H  is  the  sum  of  rates  obtained  directly  for  the  plane 
at  right  angles  to  the  axis  thus  defined.  The  reader  may,  however, 
supply  a  separate  analytical  proof  (see  §  155). 

The  sum  of  the  projections  of  these  rates  on  any  plane,  the 
direction  cosines  of  the  normal  to  which  are  I,  m,  n,  is  IH1  +  mll2  +  nHz 
or  II cos <p,  if  <p  be  the  angle  between  the  direction  of  H  and  the 
line  I,  m,  n.  Thus  H  is  the  maximum  value  of  the  sum  of  areas 
described  per  unit  of  time,  that  is  of  the  moment  of  momentum. 

161.  Conservation  of  Moment  of  Momentum.  Invariable  Plane. 
Invariable  Line. — Let  now  the  system  be  self-contained,  that  is  sub- 
ject to  no  external  forces.  The  forces  are  then  only  actions  and  re- 
actions between  the  particles,  and  the  sum  of  the  moments  of  all  tho 
forces  between  parts  of  the  system  is  zero  for  every  axis.  The 
moment  of  momentum  of  the  system  about  any  axis  therefore  remains 
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unaltered,  and  H,  the  maximum  moment  for  the  origin  (which  may- 
be any  point),  is  constant  both  in  magnitude  and  direction.  The 
plane  through  the  origin  at  right  angles  to  the  axis  of  H  is  called  the 
invariable  plane  at  the  origin.  It  remains  throughout  all  changes  of 
the  configuration  of  the  system  unaltered  in  position.  The  invaria- 
bility of  H  has  been  called  by  writers  on  physical  astronomy  the 
conservation  of  areas. 

The  line  through  0  at  right  angles  to  the  invariable  plane  is 
called  the  invariable  line  at  0. 

162.  Invariable  Plane  for  Different  Points. — The  invariable  plane 
is  not  the  same  for  different  points  of  space.  To  find  it  for  any  point 
taken  as  origin,  let  I,  m,  n  be  the  direction  cosines  of  sdt  for  the 
representative  particle.  We  shall  put  m  for  the  mass  of  this  par- 
ticle to  prevent  confusion  with  the  direction  cosine  m.  Its  projection 
on  any  plane  is  sdt  simp,  if  \p  be  the  angle  between  the  line  I,  m,  n, 
and  the  normal  to  the  plane.  Now  let  p  be  the  length  of  the  common 
perpendicular  to  the  axis  of  H  and  the  line  of  s;  the  product 
pssinxpdt  is  r'J8dt.  But  if  x,  y,  z  be  the  co-ordinates  of  the  particle 
describing  sdt,  and  X,  /x,  v  be  the  cosines  of  the  normal  to  the  invari- 
able plane,  p  is  the  length  of  the  common  perpendicular  between  the 
line  In,  m,  n  passing  through  x,  y,  z,  and  the  line  X,  it,  v  passing 
through  the  origin.     The  length  of  this  line  is  easily  found  to  be 

{x(rnv  —  nfx)  +  y(n\  —  lv)  +  z{lfi  —  mX)}/sin^. 
Hence  (since  si  =  x,  sm  =  y,  sn  —  z) 

pssin^  =  x(yv  —  zfj.)  +y{z\  —  ir)  +  z(x  /x  —  yX). 

Now  let  X  =  1,  p  =  v  —  0,  then  we  obtain 

2(m 'pssux^)  =  -Hx  =  1.ni  (yz  —  zy); 

and  similarly  ffJ  =  1m'(zx  -xz),  H3  =  1m'{xy  -  yx),  expressions  al- 
ready obtained  in  §  155. 

Again  if  for  X,  it,  v  be  put  HJH,  HJH,  HJH  where  H  is  the  re- 
sultant of  Hv  Hr  Hv  that  is  if  the  axis  be  taken  through  the  origin 
in  the  direction  of  this  resultant,  we  get  for  ^(m'pssinxp)  the  value  H, 
which  verifies  that  the  sum  of  the  projections  of  areas  on  the  plane 
through  the  origin  at  right  angles  to  the  line  (Hv  Ht,  H^jH  is  the 
resultant  of  the  components  specified. 

If  for  x,  y,  z  be  put  m  +  x,  y  +  y ,  z  +  z,  2 m(yz  -zy)  or  Hx  becomes 
2m(yl  -  zy)  +  Ilm(y'z  —  zy),  and  so  for  the  other  components  Hv  Hz, 
that  is  the  moment  of  momentum  of  the  system  about  the  axis  at  the 
origin  is  equal  to  the  moment  of  momentum  of  the  whole  mass  sup- 
posed collected  at  the  centroid,  together  with  the  moment  of 
momentum  of  the  system  about  a  parallel  axis  through  the  centroid, 
a  result  also  already  obtained  above. 

For  different  positions  of  the  origin  the  values  of  x,  y,  z  and 
their  rates  of  variation  will  be  different,  and  so  the  values  of 
Hv  Hr  H3  will  also  be  different.  Thus  by  changing  the  origin  to 
the  point  whose  co-ordinates  relatively  to  the  former  origin  are/,  g,  h 
we  alter  Hl  to  2{m(j/  -y)i  -  (z  -f)y],  which  is  the  former  value  of 
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ITl  minus  the  Value  of  Hl  for  an  axis  at  the  former  origin  and  a  particle 
of  mass  2m  a,tf,  g,  h  moving  with  velocity  x,  y,  z.  The  direction  of 
the  invariable  plane  thus  varies  from  point  to  point,  as  does  also  the 
value  of  H. 

It  is  evident  that  if  x ,  y ,  z  be  proportional  to  x,  y,  z,  that  is  if 
the  point  lie  on  the  line  described  by  the  centroid  of  the  system 
(supposed  self-contained,  so  that  the  centroid  moves  along  a  straight 
line  with  uniform  speed),  the  invariable  plane  is  parallel  to  the 
invariable  plane  for  the  centroid,  and  that  for  all  points  on  a  straight 
line  passing  through  any  fixed  point  /,  g,  h  the  directions  of  the 
invariable  plane  will  be  the  same  provided  x  -f,  y-g,  z-h  be 
proportional  to  x,  y,  z,  that  is  if  the  line  be  parallel  to  the  path  of 
the  centroid. 

168.  Invariable  Plane  of  the  Solar  System. — If  we  suppose  the 
solar  system  to  be  self-contained,  that  is  if  we  regard  the  attractions 
of  the  fixed  stars  on  the  sun  and  the  planets  to  be  negligible,  the 
plane  at  right  angles  to  the  axis  of  resultant  moment  of  momentum 
will  be  invariable  in  direction.  The  position  of  the  invariable  plane 
through  the  centroid  of  the  system  will  not  sustain  any  change  of 
position  in  consequence  of  the  mutual  actions  of  the  different  parts 
of  the  system. 

The  position  of  this  invariable  plane  cannot  be  fully  determined 
owing  to  want  of  knowledge  of  the  data  necessary  for  the  calculation 
of  the  moments  of  momentum  of  the  bodies  composing  the  solar 
system.  But  if  the  various  bodies  be  regarded  as  particles  coinciding 
with  the  centroids,  and  the  orbital  motions  only  are  taken  into 
account,  the  moment  of  momentum  can  be  approximately  estimated. 
If  the  bodies  were  spherical,  and  each  were  of  density  symmetrical 
about  the  centre,  their  motions  of  rotation  would  not  be  altered  by 
the  forces  of  attraction,  since,  as  will  be  shown  under  Attraction, 
each  body  would  attract  and  be  attracted  as  if  its  whole  miss  were 
■collected  at  its  centroid.  The  rotational  motions  would  thus  through- 
out all  changes  of  configuration  contribute  a  constant  part  of  the 
moment  of  momentum.  Thus  an  invariable  plane  could  be  found 
for  the  remainder,  and  this  has  been  called  the  astronomical  in- 
variable plane.  The  maximum  moment  of  momentum  is  obtained 
by  projecting  the  orbits  of  the  planets  upon  the  plane,  multiplying 
the  mass  of  each  planet  by  half  the  area  which  its  radius-vector 
describes  in  unit  of  time  on  the  projected  orbit,  and  adding  all  the 
products  together. 

Laplace  has  calculated  the  position  of  this  plane  for  two  epochs, 
1750  and  1950,  two  hundred  years  apart,  and  has  given*  the  following 
values  for  its  inclination  to  the  plane  of  the  ecliptic  and  the  longitude 
of  the  ascending  node  in  1750,  r-7689, 114°-3979  ;  in  1950,  l°-7689, 
114°-3934.  This  result  is  illustrated  in  Fig.  94,  which  shows  tho 
two  planes  (EE  the  plane  of  the  ecliptic,  II  the  invariable  plane) 
with  some  exaggeration  of  the  angle,  l0-7689,  between  them.  The 
line  NX'  (supposed  here  to  pass  through  the  sun  at  S)  in  which  the 

*  Mecanique  Celeste,  t.  iii.  p.  163, 
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two  intersect  is  called  the  line  of  nodes.  If  a  planet  were  to  move 
in  an  orbit  in  the  invariable  plane,  in  the  direction  in  which  the 
planets  move  round  the  sun,  it  would  pass  from  the  "  lower "  or 
southern  side  of  the  plane  of  the  ecliptic  on  the  side  N  of  the 
diagram,  and  from  the  northern  side  on  the  side  N'.  The  former  is 
therefore  called  the  ascending  node,  the  latter  the  descending  node. 
The  angle  between  a  line  drawn  from  £  to  the  first  point  of  Aries 
denoted  by  v,  and  the  line  SN,  that  is  the  angle  <y>SN  is  the  longi- 


tude of  the  ascending  node,  and  according  to  Laplace's  statement  is 
about  114° *4.  This  is  only  one  of  several  extremely  important 
results  established  by  Laplace  and  Lagrange  regarding  the  stability 
of  the  solar  system.  For  these  the  reader  must  refer  to  works  on 
Physical  Astronomy,  for  example  Tisserand's  Mecanique  Celeste. 

164.  Moment  of  Inertia. — The  quantities  2mrx2,  2mry2,  Smr,*, 
and  Smpj2,  2mp„2,  Imp2,  on  the  left  in  equations  (32)  and  (33), 
are  what  are  called  the  moments  of  inertia  of  the  system  about  the 
axes  specified.  It  will  be  convenient  to  consider  here  the  moment 
of  inertia  of  a  system  of  particles  in  some  little  detail.  Let.  then, 
mv  m,,  m3,  ...  be  the  masses  of  the  particles,  rv  rs,  r3,  ...  their  distances 
from  the  axis,  then  the  sum  mjr*  +  m2r2  +  . . .,  or  as  it  may  be  written 
shortly,  2mr2,  is  called  the  moment  of  inertia  of  the  system  about  the 
given  axis.  This  quantity  is  of  great  importance  in  the  discission 
of  rotational  motion  of  bodies. 

165.  Moment  of  Inertia  of  any  System .  Property  of  the  Centroid. 
Radius  of  Gyration. — The  following  theorem  is  of  continual  use. 
Che  moment  of  inertia  of  a  system  of  particles  about  any  axis  is 

equal  to  the  moment  of  inertia  of  the  system  about  a  parallel  axis 
through  its  centre  of  inertia,  phis  the  moment  of  inertia  about  the 
given  axis  of  a  single  particle  of  mass  equal  to  the  total  mass  of  the 
system,  and  placed  at  the  centre  of  inertia.  To  prove  this,  let  r 
(Fig.  95)  be  the  distance  of  a  particle  m  from  the  given  axis,  ]<  the 
distance  of  the  centre  of  inertia  from  the  axis,  and  r  the  distance 
of  the  particle  from  a  parallel  axis  through  the  centre  of  inertia. 
Thus  let  P  be  the  position  of  the  particle  supposed  in  the  plane  of 
the  paper,  A  the  projection  of  the  axis  on  the  plane  of  the  paper,  and 
G  the  projection  of  the  centre  of  inertia  on  the  same  plane.     Then 
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AP  is  r,  AG  is  h,  and  GP  is  r.  If  0  be  the  angle  between  AG 
produced  and  GP,  we  have  by  trigonometry 

r2  =  h-  +  r'2  +  2hr  cos  0. 

But  r'cos0    is  equal   to  the  distance  of  the  particle  from  a  plane 
through  the  centre  of  inertia  at  right  angles  to  the  line 
AG.      Let  it  be  denoted  by  x,  then  r2  =  h2  +  r2  +  2hx,         -piG.  95. 
a,nd  therefore 

mr2  =  mh2  +  mr'2  +  2hmx. 

Forming  this  equation  for  each  of  the  particles  and 
adding,  we  obtain  for  the  system 

2mr2  =  h22m  +  2mr'2  +  2h2mx. 

But  Stox  is  the  sum  of  the  product  of  each  mass  into 
its  distance  from  a  plane  passing  through  the  centre 
of  inertia,  and  must  therefore  be  zero ;  hence  we  have 
the  result 

2mr2  =  h22m  +  2mr'2,  (34) 

which  is  the  theorem  stated  above. 

Let  M  denote  2  m,  the  mass  of  the  system,  then  it  is  possible  to 
find  a  quantity  k  such  that  Mk2  =  2mr'2.     Hence  we  obtain 

2mr*  =  M(h*  +  k*),  (35) 

which  also  expresses  the  theorem.  The  quantity  k  is  called  the 
radius  of  gyration  of  the  system  about  the  parallel  axis  through  the 
■centre  of  inertia. 

166.  Examples  of  Moment  of  Inertia. — The  use  of  the  moment 
of  inertia  is  illustrated  by  the  fact  that  the  moment  of  momentum  of 
a  system  turning  as  a  rigid  body  about  an  axis,  with  angular 
velocity  o>,  is  equal  to  the  product  o>2  mr2,  that  is  to  the  angular 
velocity  multiplied  by  the  moment  of  inertia.  To  prove  this  observe 
that  the  moment  of  momentum  of  a  system  of  particles  turning 
about  an  axis  is  equal  to  2mrv,  where  v  is  the  linear  velocity  of  the 
particle  of  mass  m,  whose  distance  from  the  axis  is  r.  But  since  the 
particles  of  the  system  have  a  common  angular  velocity  <o,  v  =  a>r, 
and  so 

2  tnvr  =  »S  mr2.  (36 ) 

The  kinetic  energy  of  a  system  of  particles  is  the  sum  of  the 
values  of  \mv2  for  all  the  particles  of  the  system,  where  m  is  the  mass 
of  a  particle  and  v  its  velocity  with  respect  to  the  chosen  system  of 
reference.  In  the  case  of  a  rigid  system  rotating  about  a  fixed  axis 
v2  =  m2r2  where  a>  is  the  velocity  common  to  all  the  particles  of  the 
system.     Thus,  since  the  distances  r  are  constant,  we  have 

|2mv2  =  |o)22mrs.  (37) 

Kinetic  energy  will  be  more  fully  discussed  below. 
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The  calculation  of  the  moment  of  inertia  for  different  bodies 
can  in  general  be  carried  out  only  by  the  methods  of  the  integral 
calculus.  The  following  rule  suffices  for  a  large  number  of  practical 
cases. 

The  moment  of  inertia  about  an  axis  A  of  symmetry  through  the- 
centroid,  of  a  body  of  uniform  density  in  the  form  of  a  rectangular 
prism,  an  elliptic  plate,  or  an  ellipsoid,  is  equal  to  the  mass  of  the 
body  multiplied  by  the  sum  of  the  squares  of  the  semi-axes  perpen- 
dicular to  A ,  and  divided  by  3,  4,  or  5  according  to  the  form  of  the 
body. 

For  example,  the  moment  of  inertia  of  a  bar  of  rectangular  sec- 
tion of  length  Vl,  and  breadth  2a,  about  an  axis  through  the  centre- 
of  inertia  at  right  angles  to  the  faces  of  these  dimensions,  is 

Mk2  =  %M(l2  +  a2).  (38), 

In  the  case  of  a  uniform  elliptic  plate,  about  an  axis  through  the 
centre  of  the  plate  at  right  angles  to  its  plane,  of  semi-axes  of  lengths- 
a  and  b, 

MJc2  =  \M(a2  +  b2).  (89> 

If  the  moment  of  inertia  be  about  an  axis  in  the  plane  of  the- 
disk  coinciding  say  with  the  semi-axes  of  length  b,  we  have 

Mk2  =  \Ma2.  (40), 

In  the  case  of  an  ellipsoid  of  uniform  density  about  an  axis  coin- 
ciding with  one  of  the  three  principal  axes 

Mk2  =  \M(a2  +  b2),  (41> 

where  a,  b  are  the  lengths  of  the  semi-axes  at  right  angles  to  that 
about  which  the  moment  of  inertia  is  taken. 

For  a  sphere,  which  of  course  is  a  particular  case  of  the  ellipsoid 
with  all  the  axes  equal, 

Mk2  =  %Ma2,  (42} 

where  a  is  the  radius. 

167.  Poinsot's  Momental  Ellipsoid. — Let  the  direction  cosines  of 
an  axis  through  the  origin  0  (Fig.  96)  be  a,  /3,  y,  and  consider  the 
moment  of  inertia  round  this  axis  of  a  particle  of  mass  m  at  the 
point  P,  the  co-ordinates  of  which  are  x,  y,  z.  The  square  of  the- 
distance  OP  is  x2  +  y2  +  z2,  and  the  projection  OM  oi  this  distance  on 
the  axis  is  ax  +  fly  +  yz.  The  square  of  the  distance  PM  of  the- 
particle  from  the  axis  is  therefore  x2  +  y2  +  z2-  (ax  +  j3y  +  yz)2.. 
Hence  the  moment  of  inertia  of  any  system  of  particles  about  the- 
axis  is 

Sm(^J-«/!4  z2)  —  I,m(ax  +  fiy  +  yz)2. 
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Expanding  this,  and  remembering  that  a2  +  /32  +  y2  =  1,  we  write  it 

a22m(y2  +  z2)  +  /322  m(z2  +  x2)  +  /Smfx2  +  y2) 
-  2fiy~2myz  -  2ya2,mzx  -  2afil,mxy. 

Now  if  A  =  2m(y2  +  z2),  B  =  2m(z2  +  x2),  C  =  2m(x2  +  y2),  D  =  2myz% 
E  =  2mzx,  F=2mxy,  this  expression  becomes 

Aa2  +  B(32  +  Cy2  -  2Dfiy  -  2Eya  -  2Fa(5. 

It  is  clear  that  the  moment  of  inertia  of  the  system  about  th& 
axis  of  x  is  A,  about  the  axis  of  y  is  B,  about  the  axis  of  z  is  O 

Fig.  96. 
P 


The  quantities  D,  E,  F  are  called  products  of  inertia  about  the  axea 
of  x,  y,  z  respectively. 

Now  a  surface  of  the  second  degree,  or  quadric  surface  as  it  is 
called,  the  co-ordinates  of  any  point  on  the  surface  of  which  are  |,  tj,  fv 
may  have  the  equation 

Ae  +  Br)2  +  CCl-2Dr]C-2Ea-2F^  =  k2,  (43> 

where  k  is  a  constant.  If  p2  =  £2  +  rj2  +  f2,  the  square  of  the  distance 
from  the  origin  of  a  point  £,  tj,  f  on  the  surface,  and  a,  /3,  y  be  the 
direction  cosines  of  p,  then,  since  a  =  £/p,  /3  =  rj/p,  y  =  (/p,  the  equation 
of  the  surface  may  be  written 

k2 
Aa2  +  Bl32  +  Cy2-2Dpy-2Eya-2Fap=-2.  (44) 

Hence,  by  the  expression  found  above,  the  moment  of  inertia  of  the 
system  of  particles  about  any  axis  through  the  origin  in  the  direction 
a,  p,  y  is  inversely  proportional  to  the  square  of  the  radius-vector  of 
the  quadric  surface  (48)  drawn  in  that  direction ;  or  the  radius  of 
gyration  about  any  axis  is  inversely  proportional  to  the  radius-vector. 
Thus  the  quadric  surface  represents  graphically  by  its  radii-vectore& 
the  values  of  the  radius  of  gyration  of  the  system  about  the  axis, 
through  the  origin. 
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The  value  of  the  moment  of  inertia  about  any  axis  is  clearly 
positive ;  hence  the  left  side  of  (43)  is  a  positive  quantity.  The 
surface,  as  will  be  seen  presently,  is  an  ellipsoid  surrounding  the 
origin,  and  may  of  course  in  particular  cases  be  a  sphere,  or  a 
prolate  or  oblate  ellipsoid  of  revolution. 

Fig.  97  represents  an  ellipsoid  of  which  OA,  OB,  OC  are  the 
principal  axes,  that  is  the  three  lines  mutually  at  right  angles  which, 
as  is  shown  in  §  160,  can  be  drawn  to  meet  the  surface  perpendicu- 
larly at  A,  B,  C.    Each  line  meets  the  surface  thus  in  two  points,  so 

Fig.  97. 


that  there  are  the  three  pairs,  AA',  BB ',  CC,  and  the  lines  all  meet 
and  are  bisected  in  a  point  0,  which  is  therefore  called  the  centre  of 
the  surface.  The  axes  OX,  OY,  OZ  to  which  the  surface  is  referred  in 
(43)  are  any  other  three  mutually  rectangular  directions  through  0. 

168.  Principal  Axes  of  Momental  Ellipsoid. — It  is  shewn  in 
treatises  on  solid  geometry  that  the  direction  cosines  of  a  line  per- 
pendicular to  a  quadric  surface  at  the  extremities  of  a  radius-vector 
drawn  in  the  direction  a,  /3,  y  are,  if  the  surface  be  represented  by 
(43),  proportional  to  the  quantities 

Aa-Ffi-Ey,     -Fa  +  Bfi-Dy,     -Ea-Dfi  +  Cy. 

If  these  values  coincide  with  a,  j3,  y  the  radius- vector  meets  the 
surface  at  right  angles.  The  conditions  necessary  and  sufficient  for 
this  are 

Aa-F(S-Ey  =  Ka 
-Fa  +  Bl3-Dy  =  Kl3  (45) 

-Ea-Dfi  +  Cy=Ky 


where  k  is  a  constant, 
equation 


Elimination  of  a,  j3,  y  will  give  a  cubic 
=  0 


A  -  k,     -F,     -F 
-F,    B-k,     -D 

-E,     -D,     C-k 


(46) 
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for  the  determination  of  k,  all  the  roots  of  which  can  be  shown  to 
be  real  and  positive.  Any  one  of  these  roots  used  for  k  in  (45)  will 
enable  a,  /3,  y  to  be  found,  and  thus  (unless  the  cubic  has  equal  roots) 
three  directions  are  obtained  in  which  lines  drawn  from  the  origin 
meet  the  surface  at  right  angles.  It  can  easily  be  shown  that  these 
directions  are  mutually  perpendicular. 

For  let  a2,  b2,  c2  be  the  roots,  supposed  all  unequal,  of  the  cubic, 
and  av  (3V  yv  at,  /32,  y2  be  the  values  of  the  direction  cosines  given 
by  any  two  of  them,  a2,  b2,  say.  Then  substitute  a2  for  k  in  (45) 
and  av  (5V  y1  for  a,  /3,  y,  and  multiply  the  first  equation  by  a2,  the 
second  by  /32,  the  third  by  y2.  This  gives  three  equations  involving 
a^j,  /3j/32,  y^j,  and  other  products.  In  like  manner  putting  b2  for  k, 
av  /3S,  y2  for  a,  /3,  y,  and  multiplying  the  equations  obtained  by 
ai>  flv  7i  respectively,  we  get  other  three  equations.  The  sum  of  the 
last  three  subtracted  from  the  sum  of  the  first  three  gives  the  re- 
lation (62-a2)(a1a,  +  /31/3J  +  y1y2)  =  0,  or  a^  +  flji,  +  y,y2  =  0,  that  is 
the  directions  av  pv  yv  a2,  /32,  y2  are  at  right  angles  to  one  another. 
Similarly  it  may  be  shown  that  each  of  the  other  two  pairs  which 
can  be  formed  from  the  three  directions  are  at  right  angles  to  one 
another. 

When  there  are  equal  roots  this  discussion  fails ;  indeed  the 
directions  cannot  be  determined  from  equations  (45).  If  there  are 
two  equal  roots,  (45)  give  one  determinate  direction  ;  the  other  two 
are  indeterminate.  The  solution  is,  however,  that  all  lines  at  right 
angles  to  the  determinate  direction  and  passing  through  the  origin 
meet  the  surface  at  right  angles,  that  is  the  surface  is  one  of  revo- 
lution about  the  determinate  axis.  If  all  the  roots  are  equal,  all 
lines  drawn  through  the  origin  meet  the  surface  at  right  angles,  and 
the  surface  is  a  sphere. 

Now  let  the  axis  of  £  coincide  with  the  direction  of  which  the 
cosines  av  /3P  yl  are  given  by  substitution  of  a2  for  k  in  (45).  On 
this  supposition  ax  =  1,  /3,  =  0,  y,  =  0.  Then  (45)  give  A  =  a,2  F=  0, 
E  =  0.     The  equation  of  the  surface  then  becomes 

a2$2  +  Br,2+CC2-2I)r1C  =  k2. 

If  also  the  axis  of  ??  coincide  with  the  line  a2,  /32,  y2  we  obtain 
B  =  b2  and  D  =  0.  The  remaining  axis  will  coincide  with  the  line 
a3,  p3,  y3,  and  (45)  will  give  the  additional  result  C  =  c2.  Thus  the 
equation  referred  to  the  three  axes  passing  through  the  origin  and 
meeting  the  surface  normally  (the  principal  axes,  as  they  are  called) 
has  the  simple  form 

a^  +  ay  +  c2^*8,  (47) 

where  |,  Tj,  £  are  the  co-ordinates  of  any  point  referred  to  the 
principal  axes. 

Every  plane  section  of  this  surface  is  an  ellipse  (except  those 
parallel  to  two  planes  in  certain  positions  through  the  axis  of  interme- 
diate length,  which  are  circles),  and  the  surface  is  therefore  called  an 
ellipsoid.     It  has  three  unequal  axes,  the  squares  of  the  semi-lengths 
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of  which  are  k2/a2,  k2/b2,  F/c2,  as  is  obvious  from  (17).  The  quan- 
tities a2,  b2,  c2  are  the  moments  of  inertia  about  the  principal  axes. 

The  fact  that  the  moments  of  inertia  of  a  material  system  about 
axes  in  different  directions  through  any  point  can  be  represented 
thus  by  the  radii  of  an  ellipsoid  was  discovered  by  Poinsot,  and  the 
ellipsoid  just  discussed  is  generally  called  Poinsot's  rnornental  ellipsoid. 

Any  diametral  section  is  called  the  momenta!  ellipse  for  that  section. 

It  is  possible,  of  course,  to  draw  round  any  point  an  ellipsoid  the 
equation  of  which  is 

£2       _2       £2        J 

a2  +  b2  +  c~2  =  k2'  ^  ' 

This  is  called  the  reciprocal  ellipsoid  of  the  former. 

Another  and  somewhat  more  recondite  theorem  connects  the 
reciprocal  ellipsoid  drawn  for  the  centre  of  inertia  with  the  direc- 
tions of  the  principal  axes  for  any  other  point ;  but  for  this  the 
reader  is  referred  to  general  treatises  on  dynamics.  [See  Thomson 
and  Tait's  Natural  Philosophy,  vol.  i.  Part  i.  §  283.] 

169.  Rigid  Body  turning  round  Fixed  Horizontal  Axis. — We 
now  consider  some  examples  of  the  principles  set  forth  above. 

(1)  A  rigid  body  is  under  the  action  of  gravity,  and  can  turn 
freely  round  a  fixed  horizontal  axis  :  it  is  required  to  determine  the 
motion. 

Taking  equations  (32),  and  supposing  that  the  axis  is  the  axis  of 
x,  we  have  (33),  namely 

ij>.Ilmr2  =  IlRr. 

Here  <p  is  the  angle  which  a  line  drawn  at  right  angles  to  the  axis  to  any 
point  of  the  body  makes  with  another  perpendicular  drawn  from  the 
same  point  of  the  axis  and  fixed  in  space.  The  acceleration  ip  is  the 
same  for  all  such  lines  drawn  from  the  axis  to  points  in  the  body. 
The  quantity  on  the  right  is  the  sum  of  the  moments  of  the  applied 
forces  round  the  axis. 

The  external  applied  forces  acting  on  the  body  are  the  forces  of 
gravity  on  the  particles  composing  the  body,  and  the  forces  applied 
to  the  body  at  the  axis.  The  latter  have  no  moment  round  the  axis, 
and  hence  it  is  only  necessary  to  take  account  in  2/sV  of  the  forces 
of  gravity.  These  are  forces  proportional  to  the  masses  of  the 
particles,  and  act  vertically  downwards. 

If  then  <p  be  the  angle  between  a  line  drawn  perpendicular  to 
the  axis  to  a  particle  P  of  mass  m  and  a  fixed  perpendicular  to  the 
axis,  as  in  Fig.  98,  we  have  for  R,  the  force  of  gravity  on  m,  the 
value  mg.  The  moment  Rr  is  thus  mgrsinf,  and  2Rr  is  Sjngrsimp. 
But  rsintf  is  the  distance  y,  say,  of  P  from  a  vertical  plane  containing 
the  axis,  and  therefore  2mrsin<p  =  y2m,  or,  if  A  be  the  length  of  a 
perpendicular  let  fall  from  the  axis  to  the  centroid,  and  6  the  angle 
this  perpendicular  makes  with  the  vertical,  2wrsin^  =  Asin02m. 
If   then    M  denote  the  whole   mass   of   the   body   2Rr  =  Jfghsin6. 
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"When  6  is   thus   taken   Mghsind   always  acts  in   the  direction  to 
diminish  6,  and  so  the  equation  must  be  written  in  the  form 


02mr2  +  Mghsind  =  0. 


(49) 


As  we  have  seen  above,  Smr2  =  M{h2  +  k2)  where  k  is  the  radius 
of   gyration  of  the  body  about  a  parallel  axis 
through  the  centroid,  and  therefore  the  equation  Fig.  98. 

just  found  may  be  written 

6(h2  +  k2)+ghsuid  =  0.  (50) 

170.  Theory  of  Compound  Pendulum. — If 

8  be  always  small  (50)  becomes 


0 


h 


e~gh2+k2 


(51) 


When  both  numerator  and  denominator  of  the 
ratio  on  the  left  are  multiplied  by  h,  it  becomes 
the  ratio  of  the  linear  acceleration  of  the  cen- 
troid along  the  circle  in  which  it  moves  to  its  linear  displacement 
along  the  same  circle  from  the  undisturbed  position.  The  motion 
is  therefore  (§  53)  simple  harmonic  in  the  circular  path,  and  the 
period,  T,  is  given  by  the  relation  ^■n-2ITi  =  ghj(h2  +  k2).  Comparing 
this  with  the  equation  (§  138)  for  the  period  of  a  simple  pendulum 
of  length  I,  namely  4zir2jT2  =  gjl,  we  see  that  the  length  of  a  simple 
pendulum  which  would  oscillate  in  the  same  period  as  that  in  which 
the  rigid  body  oscillates  about  the  fixed  axis,  or,  as  it  is  called,  the 
length  of  the  equivalent  simple  pendulum,  is  given  by  the  equation 


1  = 


h2  +  k2 
h 


(52) 


A  rigid  body  thus  oscillating   about   a  fixed  horizontal  axis  is 
called  a  compound  pendulum. 

Writing  the  equation  for  I  in  the  form 


h2-hl  +  k2  =  0, 


and  solving  for  h  we  find 


h  =  ±l±yi2-M2, 


(53) 


so  that  for  a  given  value  of  I  there  are  in  general  two  values  of  h. 

The  value  of  h  for  the  body  is  of  course  always  real,  and  k  is  a 
constant ;  therefore  values  of  I  which  give  I2  <  4~k2,  that  is  which 
give  imaginary  values  of  h,  must  be  excluded.  The  smallest  possible 
value  of  I,  therefore,  for  the  body  is  1  =  2k.  The  value  of  h  is  then  k, 
and  the  pendulum  has  its  minimum  period  for  the  given  direc- 
tion of  the  axis  relatively  to  the  body.  The  reader  will  verify  at 
once  that  if  h  be  very  great  (the  rigid  body  being  tnen  supposed  con- 
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nected  with  the  axis  by  a  massless  rigid  framework)  I  is  also  very 
great,  and  that  if  h  be  very  small  I  is  again  very  great.  But  I  is 
finite  when  h  is,  and  so  the  existence  of  a  minimum  value  of  /  is 
obvious. 

In  Fig.  99  let  the  plane  of  the  paper  represent  the  vertical  plane 
in  which  the  centroid  G  of  the  body  moves,  and  A  be  the  intersection 
oi  that  plane  with  the  axis.     From  G  as  centre,  with  the  values  of  h 


1'ig.  99. 
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given  by  (53)  as  radii,  describe  two  circles  in  the  plane  of  the  p.iper. 
Then  if  the  body  oscillate  about  a  parallel  axis  through  any  point  of 
either  of  these  c-ircles  the  period  will  have  the  value  2n  Jljg. 

The  value  of  I,  it  is  to  be  observed,  is  the  sum  of  these  two  radii, 
that  is  the  sum  of  the  two  roots  of  the  quadratic  equation.  The 
length  of  the  equivalent  simple  pendulum  is  thus  the  length  of  a  line 
drawn  from  a  point  in  one  of  these  circles  through  the  centroid  to 
meet  the  other  circle  beyond  the  centroid.  The  extremity  of  such  a 
line  at  which  the  axis  is  situated  is  sometimes  called  "  the  centre  of 
oscillation,"  and  the  other  extremity  "  the  centre  of  suspension."  and 
the  interchangeability  of  these  two  points  is  referred  to  as  the  "  con- 
vertibility of  the  centres  of  oscillation  and  suspension."  This  is  not, 
however,  a  proper  mode  of  describing  the  result  obtained,  even  if  the 
names  were  above  criticism,  as  there  are  obviously  an  infinite  number 
of  "  centres  of  suspension  "  for  which  the  period  has  the  same  value. 
and  a  corresponding  number  of  "  centres  of  oscillation." 

171.  Determination  of  Acceleration  due  to  Gravity  by  Com- 
pound   Pendulum. — In  a  form  of  pendulum   invented   apparently 
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Fig.  100. 


independently  by  de  Prony,  Bohnenberger,  and  Kater,*  the  result 
here  obtained  is  taken  advantage  of  for  determinations  of  the 
value  of  g  made  at  different  positions  on  the  earth's  surface  by 
means  of  pendulum  observations.  What  is  called  a  compound 
pendulum,  consisting  of  a  rigid  rod  carrying  sliding  weights  which 
can  be  clamped  in  different  positions  on  the  rod,  and  adjustable  knife- 
edges  by  which  the  pendulum  can  be  suspended,  is  carried  about  from 
place  to  place,  and  made  to  oscillate  wherever  g  is  to  be  determined. 
The  two  knife-edges  are  so  adjusted  on  opposite  sides  of  the  centroid 
of  the  pendulum  that  the  period  of  oscillation  about  each  is  the  same. 
The  distance  between  them  is  then  the  length  of  the  equivalent 
simple  pendulum,  unless  both  be  at  the  same  distance  from  the  cen- 
troid. In  the  latter  case  the  distance  is  twice  one  of  the  roots  of  the 
equation,  not  the  sum  of  the  roots  (except  in  the  particular  case  in 
which  it  is  the  minimum  value  of  l),  and  does  not  give  the  value  of  g. 

The  mistake  of  taking  twice  one  of  the  roots  of  the  equation 
instead  of  the  sum  of  the  roots  is  not  infrequent.  This  may  very 
readily  happen  if  the  centroid  is  too  nearly  half-way  between  the 
knife-edges  for  their  two  positions,  that  is  when  the  roots  are  nearly 
equal.  In  general,  however,  when  the  mistake  is 
made  it  is  announced  by  the  outrageous  value  of  g 
obtained. 

If,  as  in  some  forms  of  the  pendulum,  the  knife- 
edges  are  fixed  while  the  distribution  of  matter  in 
the  pendulum  is  adjustable  by  sliding  weights,  a 
knife-edge  should  be  between  one  of  the  sliding 
weights  and  the  centroid. 

The  action  of  the  air  on  the  pendulum  cannot  be 
considered  here.  Trouble  is  caused  by  its  not  being 
quite  the  same  for  vibrations  about  one  knife-edge  as 
for  vibrations  about  the  other.  This  is  obviated, 
however,  in  a  form  of  compound  pendulum  due  to 
Bessel  and  constructed  by  Repsold,  in  which  the 
weights  are  moved  for  adjustment  along  the  interior 
of  a  hollow  tube,  so  that  the  external  figure  of  the 
pendulum  is  the  same  for  suspension  about  either 
knife-edge. 

172.  Forces  applied  to  Compound  Pendulum  by 
Supports. — As  another  example  of  these  equations 
we  may  determine  the  forces  applied  by  the  supports 
to  a  body  turning  about  a  fixed  horizontal  axis  ;  for 
example  the  forces  applied  to  the  knife-edges  of  a 
compound  pendulum  by  the  plates  on  which  they 
rest.  Let  the  distribution  of  matter  in  the  body  be  supposed  to  be 
symmetrical  about  the  plane  through  the  centroid  perpendicular  to 
the  axis,  and  forces  of  gravity  to  be  the  only  applied  forces.     Then 


*  See  Memoires  Belatifs  a  la  Physique,  publies  par  la  Societ6  Francaise  de 
Physique,  tome  iv. 
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all  the  forces  applied  to  the  body  at  the  axis  will  be  reducible  to 
a  single  force  in  that  plane.  Let  X  be  the  horizontal  component  of 
these  forces,  Y  the  vertical  component,  supposed  to  act  towards  the 
right  and  upwards  respectively,  as  in  Fig.  100.  By  the  theorem 
stated  in  §  152  the  acceleration  of  the  centroid  is  the  same  as  if 
all  the  forces  acting  there  were  transferred  to  that  point,  and  the 
body  were  a  particle  there  situated  of  mass  equal  to  the  total  mass 
of  the  body.  The  acceleration  has  components  hi)  along  the  circle  in 
which  the  centroid  is  constrained  to  move,  and  towards  the  lowest 
point,  and  hd2  towards  the  axis.  Resolving  the  forces  along  the 
circle  and  towards  the  centre  we  have 


}      (54) 


MhQ  =  Acos0  +  7sin0  -  Mgsind 
Mhd2  =  Ycosd  -  A" sinfl  -  Mgcosd 
But  it  has  been  seen  above  (50)  that 

(h2  +  k2)d  +  ghsind  =  0, 
so  that  the  first  of  these  equations  becomes 

-;y,20sin9  =  Acos0  +  7sin0  -  Mgsmd. 
h2  +  k2 

This  gives 

u 
Acos0  +  7sin0  =  J/^ — r„sin0.  (55) 

hJ  +  kJ 

The  quantity  on  the  left  is  the  component  of  force  on  the  knife-edge 
towards  the  right  perpendicular  to  the  length  of  the  pendulum. 
But  (50),  multiplied  by  0,  is  the  time-rate  of  variation  of 

£(A2  +  Icr)d2  -gh cos 0 

which  therefore  is  constant.  If  0X  be  the  angle  which  the  pendulum 
made  with  the  vertical  at  the  extremity  of  its  range,  that  is  when 
0  =  0,  this  constant  value  is  -gh cos dv     Hence 

%(h2  +  k2)i)2  =  gh(cos6-cos61),  (56) 

Hence  the  second  equation  of  (54)  becomes 

y    (cos  0  -  cos0j)  =  Fcos0  -  Xsin  0  -  Mg  cos  0. 

This  leads  to 

7cos0  -Xsm0  =  -^^{(3A2  +  &2)cos0  -  2A2cob01}.         (57) 
h  +  k 

The  quantity  on  the  left  is  the  force  on  the  knife-edges  upward 
parallel  to  h.  From  (55)  and  (57)  the  reader  may  at  once  find 
X,T. 

173.  Material  System  under  the  Action  of  Parallel  Forces. — 
Consider  a  system  of  particles  to  which  a  system  of  parallel  forces 
P  ,  P2,  P3,  ...  is  applied  at  points  av  av  ...,  and  let  the  cosines  of 
the  angles  which  the  direction  of  these  forces  makes  with  the  axes  of 
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&,  y,  z  be  a,  j3,  y,  then  the  x-components  of  the  forces  are  Pxa,  P2a,  . . ., 
the  y-components  are  P,/3,  P2fi,  ...,  and  the  ^-components  Pxy,  P2y,  .... 
If  these  be  the  only  forces  the  motion  of  the  centroid  of  the  body 
is  the  same  as  if  the  component  forces  (Px  +  P3  +  . . . )  a,  (Px  +  P3  +  . . . )/3, 
{Pt  +  P2+  •••)■/  acted  on  the  system  collected  into  a  particle  at  that 
point.    That  is  the  equations  of  motion  of  the  centroid  are 

Mx  =  (P1  +  P,+  ..\a  ) 

My  =  (Px  +  P3+...)j3  (58) 

Mz=-(Px+Ps+...)y  J 

These  give,  what  we  see  without  them  must  be  the  case, 

An=P1+Ps+...  (59) 

where  s  is  the  acceleration  of  the  centroid  in  the  direction  of  the 
forces. 

174.  Moments    of    Parallel    Forces.  Centre     of    Parallel 

Forces. — By  equations  (27),  if  x,  y,  z  be  the  co-ordinates  rela- 
tively to  the  centroid  of  the  system  of  a  particle  of  mass  m,  we  have 
the  equations 

Sm(^-^)=SP(yy  -fa)  ) 

2m(xz  -  zx)  =  2P(az  -  yx)  V  (60) 

2m(i/x  -  xy)  =  2P(fix  -  ay) 

which  express  the  fact  that  the  rates  of  change  of  moment  of 
momentum  of  the  system  of  particles  about  the  axes  cf  x,  y,  z 
through  the  centroid  are  equal  to  the  moments  of  the  system  of 
•external  applied  forces  about  these  axes.  Now  consider  one  of  the 
quantities  on  the  right  of  those  equations,  say  SP/3«.  Since  /3  is  a 
constant  this  may  be  written  /3SPo;.  If,  then,  we  determine  a 
quantity  |  such  that 

we  can  replace  2Px  by  £2/*.  Similarly  2Py,  Si's  can  be  replaced 
byj/SP,  £2i\     Thus  the  equations  written  above  become 

2m{zy-yz)\=(vy-&)2P  ) 

2m(xz-zx)  =((a  -£y)2P  Y  (61) 

Sm(^-xy)  =  (|/3-,?a)SP  J 

The  point  whose  co-ordinates  are  £,  rj,  f  coincides  with  the  centroid  of 
a  system  of  particles  of  masses  proportional  to  Pv  Pr  ...  placed  at 
the  points  where  these  forces  are  regarded  as  applied  to  the  system. 
The  point  is  called  the  centre  of  parallel  forces.  The  equations 
indicate  that  the  moments  of  the  forces  round  the  axes  will  not  be 
affected  by  replacing  the  system  of  parallel  forces  by  a  single  force  in 
the  same  direction  equal  to  their  sum  passing  through  the  centre  of 
parallel  forces. 

It  is  also  to  be  observed  that  the  same  results  are  obtained  by 
taking  the  point  of  application  of  each  of  the  parallel  forces  any- 
where on  its  line  of  action.     For  any  such  alteration  in  the  positions 
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of  the  points  of  application  can  only  shift  the  position  of  the  centre 
of  parallel  forces  along  a  line  parallel  to  the  forces,  which  does  not 
affect  the  result  of  their  replacement  by  a  single  force  in  the  same 
direction  equal  to  their  sum  and  passing  through  the  centre  of 
parallel  forces.  This  is  the  so-called  principle  of  transmissibility  of 
force  along  its  line  of  action.  Such  a  force  made  to  replace  the 
system  of  parallel  forces  is  called  the  resultant  of  the  system  of 
parallel  forces.     Thus  by  (61)  the  resultant  of  two  parallel  forces  P,  Q 


Fig 


is  a  force  P  +  Q  in.  the  same  direction,  cutting  any  line  AB  (Fig.  101) 
drawn  across  the  lines  of  action  of  the  two  forces  from  a  point  A 
in  the  line  of  action  of  one  to  a  point  B  in  the  line  of  action  of  the 
other,  so  that  the  segments  A  C,  CB  are  inversely  proportional  to  the 
forces  P,  Q  in  the  adjacent  lines  of  action,  that  is  PjQ  =  CB/A  C. 

If  the  forces  are  in  opposite  directions,  as  in  Fig.  102,  the 
resultant  is  the  algebraic  sum,  and  acts  in  the  direction  of  the 
greater  force.  Its  line  of  action  cuts  the  line  AB  produced  in  a 
point  G  beyond  the  line  of  action  of  the  greater  force,  and  the 
same  relation  holds  as  before. 

175.  Couples. — We  can  now  consider  the  case  of  two  equal  and 
opposite  forces  in  different  lines  applied  to  a  system  of  particles. 
Such  a  system  of  forces  is  called  a  couple.  It  is  represented  by 
Fig.  101  if  P=Q.  In  this  case,  however,  C  is  infinitely  remote 
from  A,  since  P  =  Q  gives  AC  =  BC.  By  the  theorems  proved  above 
the  application  of  a  couple  to  a  body  does  not  affect  the  motion  of 
the  centroid,  since  the  forces  transferred  to  that  point  give  zero 
force  on  the  whole. 

Again  we  must  have  in  this  case  also  by  (31) 

2m(2rrd  +  iy0)  =  2Pr, 

where  r  on  the  left  is  the  distance  of  a  particle  m  from  an  axis 
at  right  angles  to  the  plane  in  which  the  forces  P  are  applied,  and  on 
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the  right  r  is  the  distance  of  the  line  of  a  force  P  from  the  axis. 
We  have  then  2/V  =  P(rx  -r2)  where  rv  rs  are  the  distances  of  the 
two  forces  of  the  couple  from  the  axis.  Thus  the  sum  of  the 
moments  of  the  forces  round  the  axis  is  equal  to  the  product  of 
either  force  into  the  distance  between  the  forces,  and  is  therefore 
independent  of  the  absolute  distance  of  the  forces  from  the  axis, 
that  is  the  moment  of  the  forces  is  the  same  for  all  parallel  axes. 

The  sum  of  the  moments  is  of  course,  according  to  the  direc- 
tions taken  as  positive  for  the  rotational 
motions  considered  above,  positive  when  Fig.  103. 

the  forces  and  distances  are  as  shown  in 
Fig.  103. 

The  product  P(rl  -  ra)  is  called  the 
moment  of  the  couple.  It  is  graphically- 
represented  by  a  line  of  length  numeri- 
cally equal  to  the  moment  drawn  at  right 
angles  Co  the  plane  in  which  the  forces 
act,  towards  that  side  of  the  plane  from 
which  the  forces  seem  to  an  observer  to 
be  as  shown  in  Fig.  103.  This  line, 
when  given  in  magnitude  and  direction, 
is  called  the  axis  of  the  couple.  It  will 
be  observed  that  the  axis  is  completely  denned  by  its  magnitude 
and  direction.     It  has  no  determinate  direction. 

It  is  clear  by  equations  (25)  and  (29)  or  (31)  that  it  is  necessary 
for  the  equilibrium  of  any  set  of  forces  that  (1)  the  sum  of  the 
components  of  the  forces  in  every  direction  should  vanish,  (2)  the 
sum  of  the  moments  of  the  forces  round  any  axis  whatever  should 
also  be  zero.  These  conditions  will  not  be  sufficient  for  equilibrium 
in  the  case  of  a  system  of  particles  (whether  acting  on  one  another 
or  not)  which  do  not  form  a  rigid  system,  as  in  that  case,  though 
the  expressions  on  the  right  of  equations  (31)  vanish,  they  only 
do  so  because  the  expressions  of  the  form 

2m(2rrd  +  r2d) 

all  vanish.  In  this  case  it  is  necessary  to  know  the  internal  as 
well  as  the  applied  forces  wherever  there  is  deviation  from  rigidity. 
If  the  system  be  rigid  the  conditions  stated  above  are  both  necessary 
and  sufficient. 

It  is  clear  that  a  couple  acting  on  a  rigid  system  can  only  be  equili- 
brated by  a  couple  of  equal  and  opposite  moment  in  the  same  plane  or 
a  parallel  plane.  For  only  then  will  the  sum  of  the  moments  of  the 
forces  round  any  axis  that  may  be  chosen  be  zero.  A  couple,  there- 
fore, given  in  any  plane  may  be  transferred  without  change  of  effect 
to  a  parallel  plane  if  its  moment  and  direction  are  left  unaltered. 
Also  two  couples  are  equivalent  if  their  planes  are  parallel  and  their 
moments  are  equal  and  in  the  same  direction,  that  is  if  the  same 
axis  will  represent  either. 
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176.  Poinsot's  Mode  of  Resolution  of  Forces.— Equations  (2 9) may 
be  expressed  by  means  of  couples  as  follows.  Let  (X,  Y,  Z)  represent 
the   actual  force  applied  to  a  particle  m  at  the  point  P(x,  y,  z)  as 

before.     Then   introduce   at   the   centroid  two 
Fig.  104.  forces  equal  and  opposite  to  (X,  Y,  Z).      The 

^  three  forces  thus  obtained  form  a  force  equal  to 
and  in  the  same  direction  as  the  given  force, 
but  applied  at  the  centroid,  and  a  couple  the 
moments  of  which  in  the  planes  of  yz,  zx,  xy 
are  Zxj  -  Yz,  Xz  -  Zx,  Yx  -  Xy  where  x,  y ,  z 
are  the  co-ordinates  of  m  relatively  to  the  cen- 
*\  troid.     These  couples  are  the  moments  of  the 

\t — -a* —  given  force  about  axes  of  x,  y,  z  drawn  through 

J  the  centroid.     This  process  gone  through  for  all 

/  the  forces  of  the  system  gives 

%Zy'  -  Yz'),  2(AY  -  Zx),  2(Yx  -  Xy') 

for  the  moments  of  the  couples  in  the  planes  of  yz,  zx,  xy.  These 
sums  of  moments  of  couples  are  the  sums  of  the  moments  of  the 
externa]  applied  forces  about  axes  of  x,  y,  z  passing  through  the  cen- 
troid. Thus  we  may  regard  the  quantities  on  the  right  of  equations 
(29)  which  give  the  angular  accelerations  of  the  body  as  the  sums 
of  moments  of  the  couples  obtained  in  this  way.* 

It  is  to  be  observed  that  the  couples  give  the  rate  of  change  of 
the  moments  of  momentum  about  the  axes  through  the  centroid,  the 
forces  at  the  centroid  equal  and  parallel  to  the  external  applied  forces 
give  the  motion  of  the  centroid,  so  that  if  the  body  is  rigid  the  motion 
is  completely  determined. 

177.  Poinsot's  Central  Axis.  System  of  Forces  called  a  Wrench. 
— The  same  method  may  be  employed  to  transfer  the  forces  to  any 
point  the  co-ordinates  of  which  are  £,  tj,  £.  The  components 
2>X,  S7,  2Z  are  not  changed,  but  the  moments  of  the  couples  the 
axes  of  which  are  parallel  to  the  axes  of  co-ordinates  become 

^{Z{y-ri)-Y{z-C)},... 

or  if  L,  M,  N  denote  the  couples  when  the  forces  are  transferred  to 
the  origin,  and  P,  Q,  R  denote  Sir,  2  Y,  2.Z, 

L-QC  +  Br],  M-BZ  +  Pi,  N-Pq  +  Ql 

Now  let  £,  t),  f  be  so  chosen  that  the  axis  of  the  resultant  of 
these  couples  is  parallel  to  the  resultant  force ;  then  we  have 

L-Qt+Rt,_M-RZ  +  Pi_N-Pn+QZ  ({..}, 

P  Q  R  K    ' 

*  This  mode  of  resolution  has  been  used  with  great  effect  by  Poinsot, 
Thiorie  nouvelle  de  la  Rotation  des  Corps  (Liouville's  Journal,  16,  1851).  See 
also  On  the  Percussion  of  Bodies,  by  M.  Poinsot  (translated  from  Comptes 
Rendu,  vol.  48,  by  T.  A.  Hirst),  Phil.  Mag.  15,  18,  19  (1858,  1859,  1860). 
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These  are  the  equations  of  a  straight  line.  If  F  be  put  for  the 
resultant  of  P,  Q,  R,  and  G  for  that  of  L,  M,  N",  these  equations 
can  be  transformed  to 

QRFl  -  Q{MF  -  QG)  =  PRFi,  +  P(LF  -  PG)  -  PQF£, 

which  show  that  the  line  passes  through  the  fixed  point  of  which 
the  co-ordinates  are 

MF-QG      LF-PG     Q 
RF      '  RF     '      ' 

The  line  thus  found  was  called  by  Poinsot  the  central  axis  of  the 
system  of  forces.  The  action  of  the  forces  reduces  to  that  of  a  single 
force  F  along  the  central  axis,  and  to  a  single  couple  of  moment  G  the 
plane  of  which  is  at  right  angles  to  the  central  axis.  The  system  is 
then  said  to  constitute  a  vrrench  of  pitch  G/F. 

By  the  equations  of  the  central  axis  (62)  the  component  couples 
given  above  reduce  to  L,  M,  N,  so  that  the  moment  of  the  resultant 
couple  is  G. 

It  is  possible  to  reduce  the  system  to  a  couple  and  a  single  force 
in  a  straight  line  parallel  to  the  central  axis  by  introducing  in  that 
straight  line  two  opposite  forces,  each  equal  to  F.  One  of  these 
with  the  F  along  the  central  axis  will  give  a  couple  in  the  plane  of 
the  two  parallel  straight  lines,  the  other  force  will  be  the  single 
force  required.  But  the  couple  now  obtained  must  be  compounded 
with  G  to  give  the  resultant  couple,  which  is  therefore  greater  than 
G.  The  mode  of  resolution  adopted  therefore  gives  the  minimum 
value  which  G  can  have  with  the  choice  of  axes  made. 

It  will  be  observed  that  the  moments  L,  M,  X  of  the  component 
■couples  depend  upon  the  position  of  the  origin  as  well  as  on  the 
directions  of  the  axes,  and  that  the  central  axis  has  only  one  direction 
and  one  position  in  space. 

The  reduction  of  a  system  of  forces  to  a  wrench,  and  other  modes 
of  reduction  will  be  referred  to  in  chap.  v. 

178.  Impulsive  Forces. — We  now  consider  what  are  called 
impulsive  forces.  In  many  circumstances — for  example,  in  cases  of 
■collision — a  very  great  force  acts  on  a  body  or  system  for  a  very  short 
interval  of  time,  and  a  finite  change  of  motion  of  the  body  is  pro- 
duced. As,  however,  the  interval  of  time  is  very  short,  and  the 
velocity  of  every  part  of  the  system  is  always  finite,  the  system  is 
only  slightly  changed  in  configuration  during  the  interval.  If  the 
interval  be  vanishingly  small  the  change  of  configuration  is  zero. 

A  good  example  of  impulse  is  a  blow  from  a  hammer.  Experience 
shows  that  the  amount  of  the  impulsive  force  in  such  a  case  is  very 
great,  as  an  effect  in  crushing  a  stone  or  altering  the  shape  of  a 
piece  of  hot  iron  is  produced,  which  could  not  be  effected  by  steadily 
applied  force  unless  the  force  were  very  great.  The  momentum  of 
the  hammer-head  is  not  itself  of  very  great  amount,  but  in  the  im- 
pact the  velocity  is  diminished  with  great  rapidity,  that  is  mv  for  the 
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hammer-head  is  numerically  very  great,  and  therefore  may  exceed 
the  resistance  of  the  material. 

Again,  when  a  portion  of  a  plate  of  wood  or  iron  is  struck,  and  a 
hole  is  punched  in  it  (e.g.,  in  the  well-known  experiment  of  firing  a 
candle  through  a  deal  board),  a  large  change  of  momentum  is 
locally  and  suddenly  impressed  on  the  portion  of  material  struck 
before  the  part  has  moved  so  far  from  its  initial  position  as  to  develop 
by  strain  of  the  body  sensible  stress,  resisting  the  motion  of  the  part 
affected  on  the  one  hand  and  displacing  the  rest  of  the  material  on 
the  other.  In  consequence  of  the  inertia  of  the  latter,  however, 
resistance  is  offered  up  to  the  limit  fixed  by  the  strength  of  the 
material. 

Another  example  of  the  same  sort  is  that  of  a  coin  laid  on  a  card 
which  covers  the  mouth  of  a  glass.  When  the  card  is  flicked  out  by 
a  sharp  blow  from  a  paper-knife,  the  coin  falls  into  the  glass.  The 
coin  does  not  go  with  the  card  when  the  latter  is  suddenly  set  into 
motion,  inasmuch  as  the  utmost  force  the  card  can  exert  on  the 
coin,  that  due  to  friction,  is  less  than  the  force  required  to  overcome 
the  coin's  inertia  sufficiently  quickly. 

The  time  integral  of  an  impulsive  force  F,  that  is    /  T Fdt, 

•J  o 
taken  over  the  very  short  interval  t  during  which  it  acts,  is  called 
the  impulse  of  the  force,  and  of  course  measures  the  change  of 
momentum  produced  by  the  impulsive  force  in  the  interval.  We 
shall  denote  the  component  impulses  in  the  directions  x,  y,  z  applied 
at  any  point  by  F,  Q,  E.  Let  the  change  of  velocity  of  a  particle  m, 
at  x,  y,  z  be  from  x0  to  x,  then  the  change  of  momentum  is  m(x  —  a:0)  : 
the  changes  of  momentum  in  the  other  directions  are  similarly 
m(y  —  y0),  m(z  —  z0).     Instead  of  equations  (25)  we  have 

Zm(£-i,)=ZP,  Zmfy--&)-za  2m(z-i0)  =  ZF.  (63) 
From  these  follow  of  course  as  before 

ZmOfe-ag^ZP,  2m(p-y0)  =  2Q,  Z«(«-^)  =  Zi2.  (63') 

The  equations  of  moments  (27)  become 

^m[{z-i0)y-(y-y0)z)^^(Ry-Qz)  ) 

2m{(x-x0)z-(z-z0)x}  =  2(Fz-Ex)  V        (61) 

2™{(y  -  ftp  -  (*  -  *M  =  2($c  -  Fy)  J 

These  state. that  the  changes  in  the  moments  of  momentum  of  the 
system 

1.m(zy  —  yz),  ^m(xz  —  zx),  1,m(yz-xy) 

about  the  axes,  produced  in  the  short  interval  during  which  the 
impulses  act,  are  equal  to  the  sum  of  the  moments  of  the  impulses 
about  the  axes. 

As   before   the   last   three   equations    split   into   two    sets;   the 
equations 
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2m\  (z  -  z\)y'  -  (y  -  y\)z'}  =  2(Ry  -  Qz')         } 

Sm{  (x  -  x\)z  -  (*'.-  z'0)x  }  =  2(iV  -  Ex)        V        (65) 

Sm{  (g  -  y\)x  -  (x'  -  x\)y']  =  2  (Qx  -  Py')       ) 

and  another  set  which  can  be  written  down  from  (30)  above,  but 
which  we  shall  hardly  have  occasion  to  use. 

Equations  (65)  state  that  the  changes  of  moment  of  momentum 
about  axes  of  co-ordinates  through  the  centroid  are  equal  to  the  sum 
of  the  moments  of  the  applied  impulses  about  the  respective  axes. 
These  changes  are  independent  of  the  changes  of  motion  of  the 
centroid,  which  are  given  by  (63'). 

For  a  rigid  body  the  equations  (65)  become 

2mrJ(tf>-0o)  =S^rx  ) 

2mr*(x-x0)  =2%  \        (66) 

where  (if  (j>,  \,  ^  De  *ae  angles  specified  in  §  158) 

Sx  =  (Rcos<p  -  Qsin(f)rx,  SP  =  (Pcosx  -  i?sinx)ry, 
S„  =  (#cosf  -  Psinf)rz, 

that  is  the  impulses  perpendicular  respectively  to  the  axes  of  x,  y,  z. 

The  reader  will  observe  that  the  second  terms  in  brackets  on  the 
left  in  (31)  yield  no  terms  for  the  equations  of  impulses.  The  time- 
integrals  of  these  terms  vanish  since  each  integral  must  be  of  the 
form  2\_rr(f\r,  where  square  brackets  indicate  the  mean  value  of  the 
quantity  enclosed,  and  r  is  the  time-interval.  The  multiplier  of  t  is 
finite,  and  r  is  indefinitely  small ;  hence  the  terms  are  insensible. 

179.  Robins'  Ballistic  Pendulum. — The  following  is  a  good 
example  of  impulsive  forces.  A  rigid  pendulum  with  a  massive 
bob  is  free  to  turn  about  a  horizontal  knife-edge,  and  the  position 
of  its  centroid,  and  its  moment  of  inertia  about  an  axis  through 
the  centroid  parallel  to  the  knife-edge  have  been  determined.  A 
bullet  of  mass  m  moving  horizontally  in  the  plane  through  the 
centroid  at  right  angles  to  the  knife-edge,  is  received  and  retained 
by  the  bob,  and  the  angular  deflection  of  the  pendulum  produced  is 
observed.     It  is  required  to  determine  the  velocity  of  the  bullet. 

Let  M  be  the  mass  of  the  pendulum  including  the  bullet,  h  be  the 
distance  of  the  centroid  from  the  axis,  k  the  radius  of  gyration  of  the 
pendulum  about  the  axis  through  the  centroid  parallel  to  the  knife- 
edge,  z  the  distance  of  the  line  of  motion  of  the  bullet  from  the  knife- 
edge,  and  Qx  the  total  angle  through  which  the  pendulum  is  turned. 
The  moment  of  momentum  of  the  bullet  before  impact  is  mvz  about 
the  knife-edge,  and  this,  by  the  principle  just  established,  must  be 
equal  to  the  moment  of  momentum  of  the  pendulum  and  bullet 
about  the  same  axis  after  impact.  Thus  we  obtain,  if  d0  be  the 
angular  velocity  just  after  impact, 

mvz  =  M(fi?  +  k2)dQ.  (67) 
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But  the  pendulum  in  swinging  round  has  its  angular  velocity 
diminished  by  the  action  of  gravity.     In  fact  we  have 


h 
But  this  gives  us 


-^FTFsin0- 


or  multiplying  by  an  infinitesimal  element  of  time  dt 

-  Odd  =  ^p — psin0d0, 
that  is 

-ld(d2)  =  g¥^-¥smddd, 
which  gives 

Substituting  in  (67)  and  reducing  a  little  we  obtain 

—V^\m— r  )sin2-  (68> 

Sometimes  the  angle  dt  is  measured  by  a  tape  attached  to  a  point 
under  the  bob,  and  pulled  out  by  the  pendulum  against  friction 
applied  by  a  light  spring,  so  that  the  length  of  tape  drawn  out 
measures  the  chord  of  the  arc  described  by  its  point  of  attachment  as 
the  pendulum  swings  through  the  angle  0V  Let  I  be  the  distance  of 
the  point  of  attachment  from  the  knife-edge,  and  s  the  length  of  tape 
drawn  out ;  then  sjl  =  2  sin  \dv     Thus  we  obtain 

£/£&*?£  m 

If  T  be  the  period  of  free  oscillation  of  the  pendulum  about 
its  knife-edges,  we  have 

fW+k? 


T=^J[ 


gh 
so  that 

180.  Example  of  Impulse :  Straight  Uniform  Rod  on  Smooth 
Table. — As  another  example  of  impulsive  forces  consider  a  straight 
uniform  rod  lying  on  a  smooth  horizontal  table,  and  let  an  impulse  be 
applied  at  one  extremity  A  in  the  horizontal  direction  at  right  angles 
to  the  rod. 
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Let  the  magnitude  of  the  impulse  be  /,  then  if  m  be  the  mass  of 
the  rod  the  motion  of  the  centroid  is  given  by 

mxc  =  I, 

where  xc  is  the  velocity  of  the  centroid  at  right  angles  to  the  rod  just 
after  the  impulse  has  been  applied,  since  the  rod  before  the  applica- 
tion of  the  impulse  was  at  rest. 

Again,  according  to  (66)  the  angular  velocity  of  the  rod  about  a 
vertical  axis  through  the  centroid  is  given  by 

a2  ■ 
rn-^  6  =  la 
o 

where  a  is  the  half  length  of  the  rod.     This  may  be  written 

mad  =  SI. 

The  velocity  of  the  extremity  A  is  therefore  aO  +  xe  or  4:1 /m.  The 
point  at  a  distance  of  a  +  \a  from  the  end  A  is  thus  at  rest,  that  is 
the  bar  turns  round  a  point  distant  from  A  two-thirds  of  the  length 
of  the  bar.     This  point  is  sometimes  called  the  centre  of  percussion. 

We  infer  that  if  a  vertical  pin  fixed  in  the  table  passed  through  a 
hole  in  the  bar  at  the  centre  of  percussion  the  pin  would  experience 
no  impulse,  and  it  is  quite  easy  to  prove  this  formally. 

Let  the  bar  be  free  to  turn  round  a  vertical  pin  at  a  distance  r 
from  the  end  A  and  beyond  the  centroid,  and  let  Pv  Ps  be  horizontal 
impulses  at  right  angles  to  and  along  the  bar  applied  by  the  pin,  and 
let  the  same  impulse  as  before  be  applied  to  A .  Then  we  have  for 
the  centroid 

mxc  =  Px  +  I,    %ma2d  =  Ia-Pl(r-a).  (71) 

There  is  no  motion  of  the  bar  in  the  direction  of  its  length.  The 
impulse  applied  to  the  bar  by  the  pin  in  consequence  of  the  sudden 
production  of  rotation  is 


i(r  -  a)  I  T 


d2dt  =  P9 


and  since  62  is  always  finite  and  t  is  infinitely  small   this  time- 
integral  must  be  zero.     Hence  P2  =  0. 

Now  the  final  value  of  0  is  xc/(r  -  a),  so  that  for  the  second  of 
(71)  we  have 

^Sla-SP^r-a).  (72) 


ma' 


r  —  a 


Eliminating   xc   between   this  equation    and   the   first  of   (71)   we 
obtain 

q(4a-3r)  (73) 
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If  r  =  4a/3  the  impulse  Pl  is  zero,  as  stated  above. 

From  this  it  follows  that  if  a  uniform  rod  turning  round  an  axis 
at  right  angles  to  its  length,  at  a  distance  of  two  thirds  of  its  length 
from  one  end,  suddenly  impinge  at  that  end  on  an  obstacle  there  will 
be  no  impulse  on  the  axis.  Or  again  if  a  rod  turning  round  one 
end  strike  on  an  obstacle  at  a  distance  of  two-thirds  of  its  length 
from  that  end  there  will  be  no  impulse  at  the  axis.  This  can  easily  be 
verified  by  noticing  the  absence  of  jar  when  a  bar  of  iron  held  by 
one  end  is  struck  at  its  centre  of  percussion  against  an  anvil. 

The  centre  of  percussion  can  be  found  for  a  body  of  any  form  by 
a  method  similar  to  that  indicated  above. 

181.  Example  of  Impulse :  Body  moving  on  a  Smooth  Horizontal 
Table. — As  another  example  consider  a  thin  disk  of  any  form  moving 


Fig.  105. 


Fig.  106. 


without  rotation  on  a  smooth  horizontal  table,  and  let  a  point  A 
Fig.  105,  at  distance  x  from  the  centroid  be  suddenly  fixed. 

Let  the  point  be  on  a  line  of  the  body  making  an  angle  6  with  th( 
direction  of  motion  GB.  The  velocity  of  the  point  A  is  v  in 
the  direction  GB,  and  this  is  to  be  annulled  by  an  impulse  P  appliec 
at  A  in  the  opposite  direction.  A  reaction  applied  by  the  axis  at  A 
annuls  the  velocity  of  G  along  GA.  If  the  velocity  of  the  centroid  jusl 
after  the  application  of  the  impulse  is  v ,  we  have 

m(v  sin  6  —  v')  =  P  sin  0,  (74^ 

and  for  the  instantaneous  motion  of  the  body  about  the  centroid  G 

mk2d  =  Pxsmd,  (75 

where  P  is  the  square  of  the  radius  of  gyration  of  the  body  aboui 
a  vertical  axis  through  G,  and  d  =  v'/x.  Thus  the  last  equatioi 
becomes,  with  the  insertion  of  the  value  of  P  given  by  (7-i), 


,      a^sinS 


m 


Thus  v'  is  zero  f or  0  =  0  or  0  =  n,  and  is  v3?HJt'  +  x2)  for  0  =  n/2. 

In  the  particular  case  of  a  uniform  disk  of  radius  r  moving  in  iti 
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own  plane  we  have  in  the  preceding  equations  to  put  k2  =  \r2.  In 
this  case  f or  x  =  r  and  6  =  n/2,  v  becomes  2v/3,  that  is  the  velocity  of 
the  centre  of  the  disk  is  reduced  to  two  thirds  of  its  former  value. 

182.  Further  Examples  of  Impulse.  Effect  of  Freeing  and  Fixing 
Axes  of  Rotation. — The  following  example  is  instructive.  A  body 
of  any  form  is  given  rotating  about  an  axis  A.  That  axis  is  suddenly 
freed  and  a  parallel  axis  B  is  fixed  :  it  is  required  to  find  the  angular 
velocity  about  the  new  axis.  Let  a,  b  be  the  distances  of  a 
parallel  axis  through  the  centroid  G  from  the  first  axis  and  the 
second  respectively,  0  the  angle  between  perpendiculars  GA,  GB 
drawn  from  the  centroid  to  the  axes  as  shown  in  Fig.  106.  By  §  3  55 
above  the  moment  of  momentum,  about  the  point  B  in  space,  of  the 
body  revolving  about  A  is  mk2a>  +  maabcosd,  where  k  is  the  radius  of 
gyration  of  the  body  about  the  axis  through  G.  This  cannot  be 
altered  by  the  impulse  applied  at  B  to  fix  that  axis.  Thus  if  «■>'  be 
the  new  angular  velocity  about  B,  we  have 

m(k2  +  b2)a>  =  m(k2  +  abcosd)  <u, 
so  that 

,     k2  + abcosd 


a,  — 


k2+b2 


(77) 


A_s  a  particular  case  let  the  body  be  a  uniform  disk  of  radius 
r  with  its  plane  at  right  angles  to  the  axes,  then 

<*'  =  (r2  +  2abcosd)a/(r2  +  2b2). 

If,  further,  A  be  at  the  centre  and  B  on  the  edge  of  the  disk  a  =  0, 
6  =  0,  b  =  r,  so  that  J  =  ^a>. 

The  slightly  more  difficult  problem  in  which  the  axes  are  not 
parallel  may  be  dealt  with  in  a  similar  manner. 

183.  Body  supported  under  Gravity.  Effect  of  Removal  of  a 
Support. — Again,  let  a  uniform  beam  be  suspended  by  two  vertical 
cords  (or  supported  by  two  props)  at  equal  distances  a  from  the 
centroid.  The  force  applied  to  the  beam  by  each  support  is  W/2,  if  W 
be  the  gravity  of  the  beam.  One  of  the  supports  is  removed,  and  it 
is  required  to  determine  the  initial  acceleration  of  the  beam,  and 
the  force  applied  by  the  remaining  support. 

The  removal  of  the  support  is  clearly  equivalent  to  the  instan- 
taneous application  of  a  downward  force  W/2  to  the  beam  at 
the  point  of  attachment  of  the  support.  Thus  for  the  instantaneous 
motion  of  the  centroid  we  obtain,  putting  m  for  the  inertia  of  the 
beam,  F  for  the  force  applied  by  the  remaining  support,  and  x  for 
the  downward  acceleration  of  the  centroid, 

mx=W-F. 

For  the  angular  acceleration  about  a  horizontal  axis  at  the 
centroid  we  get 

mk2Q  =  Fa. 

L 
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But  clearly  8  =  x/a,  and  therefore  by  the  first  equation  we  find 

I-2 
F=— W. 

This  gives 

..  _     a2      W  a2 

X —      9.79   '  o    .     i'9l 

and  the  motion  is  determined. 

-     If  the  length  of  the  beam  be  great  'in  comparison  with  either 
transverse  dimension  k2  =  ^a2  and  F=\W. 

184.  Force  due  to  a  Jet  of  Particles. — "When  a  body  is  bom- 
barded by  a  stream  of  particles,  it  experiences  a  force  which  is 
measured  by  the  rate  of  change  of  the  momentum  of  the  particles. 
Thus  if  the  average  mass  of  a  particle  be  m,  and  its  velocity  before 
impact  be  v,  and  after  impact  v',  in  the  same  direction,  the  change  of 
momentum  experienced  by  the  particle  is  m{y  —  v).  If  N  such 
particles  strike  the  body  in  the  same  direction  in  each  second  of 
time  the  average  force  experienced  by  the  body  is  Nm{v  —  v). 

For  example,  if  each  particle  have  its  velocity  reversed  from 
v  to  —  v,  that  is  if  the  particles  rebound  with  the  velocity  of  approach 
to  the  body,  the  force  is  2Nmv. 

If  the  particles  striking  the  body  be  distributed  over  an  area  S  of 
the  surface  of  the  body  perpendicular  to  the  direction  of  motion,  the 
average  force  per  unit  of  area  exerted  on  the  surface  will  be 
Nm(v  —  v')/S.  This  is  called  the  average  pressure  exerted  on  the  sur- 
face. The  pressure  exerted  by  a  gas  on  the  walls  of  the  containing 
vessel  is  explained  in  this  way. 

Again,  let  a  body,  a  truck  for  example  on  a  railway,  carry  a  tank 
of  water,  and  let  the  water  issue  in  a  horizontal  jet  from  one  end  of 
the  carriage.  If  a  be  the  effective  area  of  the  orifice,  and  v  the  velocity 
of  efflux  of  the  water,  that  is  the  velocity  relatively  to  the  orifice,  the 
volume  of  water  that  issues  in  a  second  is  av,  and  its  mass  is  pav  where 
p  is  the  density  of  the  water.  Whatever  may  be  the  velocity  of  the 
water,  relatively  to  the  railway,  the  momentum  lost  from  the  tank  and 
given  to  the  issuing  water  in  unit  of  time  is  pav2.  This  is  the  hori- 
zontal force  exerted  by  the  contents  of  the  tank,  and  therefore  by  the 
truck,  on  the  issuing  water,  and  measures  the  force  in  the  opposite 
direction  exerted  on  the  truck  by  the  jet. 

Thus  if  the  truck  be  at  rest,  the  force  is  still  pav2. 
Again,  a  wheel  may  be  driven  by  a  jet  impinging  upon  it.  Con- 
ceive for  example  a  wheel  free  to  turn  on  a  horizontal  axis,  and 
played  upon  by  a  horizontal  jet  of  particles  (say  the  bullets  from  a 
rapidly  worked  machine-gun)  in  the  plane  of  the  wheel  and  at  a 
distance  h  from  the  axis.  If  m  be  the  mass  of  a  particle,  v  its 
velocity,  and  iV  the  number  received  by  the  wheel  per  second,  the 
moment  of  momentum  absorbed  by  the  wheel  per  second  is.  if  the 
velocities  of  the  particles  are  just  annulled,  Nmvh,  and  this  is  the 


DYNAMICS.  163" 

moment  round  the  axis  of  the  force  accelerating  the  motion  of  the 
wheel.      The  force  on  the  bearings  is  Nmv. 

Forces  of  the  nature  here  indicated  will  be  discussed  more  fully 
in  connection  with  their  applications. 

185.  Dimensions  of  Momentum,  Force,  and  Impulse. — Since 
momentum  is  the  product  of  mass  into  velocity  the  unit  of  momentum 
is  that  of  the  unit  of  mass  moving  with  the  unit  of  velocity  ;  thus  for 
a  given  momentum  we  may  write  the  equation 

momentum  =  mv\LMT~x\ 

where  m  is  the  number  of  units  of  mass  in  the  body,  v  the  number  of 
units  of  velocity,  L  the  unit  of  length,  M  the  unit  of  mass,  T  the 
unit  of  time.  If  we  change  to  units  L',  M',  I"  such  that  L  =  \L', 
M=\t.M\  T—tT\  this  equation  may  be  written 

momentum  =  mvXpr  ~l\_L' M' T '-1], 

where  A/xt-1  is  the  change-ratio. 

Since  force  is  rate  of  change  of  momentum  the  unit  of  force  is 
that  which  gives  the  unit  of  mass  the  unit  of  acceleration,  so  that  the 
unit  of  force  may  be  denoted  by  [LMT~2] ;  thus  we  may  write  the 
equation  for  a  given  force  of  numerical  value  F, 

force  =  F[LMT~2}. 

Changing  the  units  as  before  to  U ,  M',  T',  we  have 

force  =  FX^r-^L'M'T'-2], 

where  A/rr-2  is  the  change-ratio. 

An  impulse  is  the  time-integral  of  a  force,  and  must  therefore  be 
capable  of  being  represented  by  the  product  of  a  force  into  a  time ; 
its  dimensional  formula  and  change-ratio  are  therefore  the  same  as 
those  for  momentum. 

If  we  change  the  units  from  the  foot,  the  pound,  the  second  to 
the  centimetre,  the  gramme,  and  the  second,  we  have  A  =  30*479, 
^  =  453-6,  t=1  ;  and  therefore  the  change-ratio  for  momentum  and 
impulse,  namely  A/xt-1,  has  the  value  in  this  case 

30-48x453-6  =  13825. 

Since  t  =  1  the  change-ratio  for  force  evidently  has  the  same  value 
for  the  change  of  units  here  specified. 


CHAPTER  IV. 


WORK  AND  ENERGY. 


186.  Definition  and  Measurement  of  Work. — We  now  consider 
what  is  termed  the  work  done  by  any  force  of  a  system  in  any  actual 
displacement  of  the  system.  If  ds  be  any  displacement  of  a  particle 
to  which  the  force  F  is  applied,  and  the  direction  of  this  make  an 
angle  6  with  the  direction  of  the  force,  as  in  Fig.  107,  the  product 

FcosB.ds  is  called  the  work  done  by  the  force  F  in 
Fig.  107.        the  displacement  ds. 

If  6  be  less  than  n/2  the  component  of  the  dis- 
placement is  in  the  direction  of  F,  and  the  work  done 
by  the  force  is  positive.  If  6  be  greater  than  irj'2 
the  component  is  really  in  the  direction  opposite  to 
that  of  F.  We  have  then  -  Fcosd.ds  =  i^cos^  -  d)ds, 
and  each-  of  these  quantities  is  positive.  Work  is 
here  done  against  the  force  F  by  other  forces  of  the 
system.  Work  done  by  a  force  is  taken  positive,  that 
done  against  a  force  is  negative  work  done  by  the 
force. 

For  example,  let  a  particle  move  downwards  along 
a  path  inclined  at  an  angle  6  to  the  horizontal.  Then 
if  IF  be  the  gravity  of  the  particle  acting  vertically 
down,  the  work  done  by  the  force  IT  in  a  displace- 
ment s  along  the  path  is  JFssinfl. 

This  is  the  work  done  by  the  gravity  of  a  particle 

in  a  displacement  of  it  along  an  inclined  plane,  but 

is  not  necessarily  the  whole  work  done  on  the  particle.     If  other 

forces  act  on  the  particle  their  works  are  to  be  estimated  by  the 

same  rule. 

187.  Work  done  in  Finite  Displacement  by  a  Varying  Force. — 
If  a  varying  force  act  on  a  body  so  that  the  place  of  application  of  the 
force  is  moved  along  any  path,  the  whole  work  done  by  the  force 
must  be  obtained  by  supposing  the  path  divided  up  into  a  number 
of  indefinitely  short  elements,  dsv  dsv  ...,  dsn,  then  finding  the  proper 
average  force,  Fv  Fv  ...,  F„,  for  each  element,  and  calculating  the 
sum  Flcosd1d81  +  F2CosdJdst+  ...  +  Fncos8nds„,  where  0V  6V  ...,  0n  are 
the  angles  between  the  successive  elements  and  the  respective  forces 
Fv  Fv  ...,  Fn.     This  sum  is  called  the  space-integral  of  the  force,  and 
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is  usually  denoted  by  the  formula  jFcosdds,  Thus  we  have,  putting 
W  for  the  work  done, 

W=fFcosdds, 

in  which  the  space-integral  is  taken  along  the  path  of  displacement. 
The  space-integral  of  a  force  is  thus  the  quantity  called  work ; 
the  time- integral  of  a  force  is  momentum.  We  have  considered  the 
time-integral  of  an  impulsive  force  above,  and  seen  that  while  we 
may  know  nothing  of  the  mode  of  variation  of  the  impulsive  force, 
we  are  able  to  reckon  the  amount  of  the  impulse  by  the  momentum 
generated.  When  an  impulsive  force  acts  it  also  does  work  which, 
by  what  has  just  been  said,  is  expressible  as  a  space-integral.  We 
shall  see  how  to  reckon  it  when  we  have  considered  kinetic  energy. 

188.  Rate  of  Working  or  Activity. — If  v  be  the  velocity  of  the 
point  of  application  of  the  force  F  at  any  element  ds  of  the  path,  and 
dt  be  the  interval  of  time  taken  to  traverse  the  element,  we  have 
ds  =  vdt,  and  the  equation  of  work  becomes 

W=fFvcosddt,  (1) 

in  which  the  integral  is  taken  over  the  whole  time  during  which  the 
motion  lasts.  The  work  is  thus  from  a  space-integral  of  F  converted 
into  a  time-integral  of  the  quantity  Fvcosd.  This  may  be  regarded 
either  as  the  product  of  F  into  the  component  of  velocity  in  the 
direction  of  F,  or  as  the  product  of  v  into  the  component  of  F  in  the 
direction  of  v.  Fvcosd  is  called  the  rate  of  working  of  the  force  F, 
or  sometimes  the  activity  of  F.  Sometimes  also  the  word  power  is 
used  in  this  sense. 

189.  Unit  of  Work. — For  the  unit  of  work  we  have  the  unit  of 
force,  and  the  unit  of  displacement  in  the  direction  of  the  force,  or 
such  a  force  F  or  Fcosd,  and  such  a  displacement  ds  cos  6  or  ds,  that 
the  product  F cos  6  ds  is  unity.  When  the  unit  of  force  is  the  dyne, 
and  the  unit  of  displacement  is  the  centimetre,  the  unit  of  work  is 
the  work  done  by  a  force  of  one  dyne  in  a  displacement  in  the  same 
direction  of  one  centimetre.  This  is  called  an  erg.  When  the  unit 
of  force  is  the  gravity  of  one  gramme,  and  the  displacement  is  one 
centimetre  in  the  same  direction,  the  work  done  is  g  ergs  (where  g  is 
the  number  of  dynes  in  the  gravity  of  a  gramme,  a  number,  rather 
greater  than  981,  depending  on  the  place  at  which  the  force  is 
measured),  and  this  work  is  called  a  centimetre-gramme.  Again,  when 
the  unit  of  force  is  what  is  called  a  poundal,  and  the  displacement  is 
one  foot,  the  work  done  is  called  a  foot-poundal ;  and  last,  when  the 
unit  of  force  is  the  gravity  of  a  pound,  and  the  unit  of  displacement 
is  one  foot,  the  work  done  is  (jfoot-poundals  (where  g  is  the  number  of 
poundals  in  the  gravity  of  a  pound,  a  number,  rather  greater  than 
32,  depending  on  the  place  where  the  force  is  measured),  and  this 
is  called  a  foot-pound.     [For  values  of  g  see  Gravitation  below.] 

190.  Unit  of  Activity. — When  tlie  activity  is  such  that  one 
unit  of  work  is  done  per  second,  it  is  taken  as  unity.     Thus  as 
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different  units  of  activity  we  have  1  erg  per  second,  1  centimetre-gramme 
per  second,  1  foot-poundal  per  second,  1  foot-pound  per  second.  For 
many  practical  purposes  these  units  are  too  small,  and  larger  units 
are  employed.  Thus  for  the  rate  of  working  of  steam-engines,  gas- 
engines,  and  other  prime  movers,  the  unit  of  activity  is  1  horse- 
power, which  is  defined  as  an  activity  of  33,000  foot-pounds  per 
minute,  or,  which  is  of  course  the  same  thing,  5.50  foot-pounds  per 
second.  Again,  for  electrical  purposes  the  unit  activity  employed  is 
frequently  the  watt,  which  is  an  activity  of  107  ergs  per  second. 
Sometimes  also  an  activity  of  1000  watts  is  used  as  unit,  and  is 
called  a  kilowatt. 

191.  Distinction  between  Work  and  Activity. — The  reader  will 
note  the  essential  distinction  between  work  and  activity  or  rate  of 
working.  Confusion  between  the  two  quantities  is  not  uncommon 
even  in  dynamical  treatises,  to  the  extent  at  least  of  referring  to  a 
horse-power  as  33,000  foot-pounds,  or  a  watt  as  a  unit  of  energy,  which 
of  course  it  is  not.  Thus  we  have  heard  the  question  asked, "  How 
many  fully  charged  storage  cells  of  a  certain  pattern  will  contain  a 
horse-power  ? "  The  cells  when  charged  contain  so  much  energy, 
which  can  be  measured  in  ergs,  or  foot-pounds,  or  in  terms  of 
any  other  unit  of  energy  or  work  ;  the  rate  at  which  the  cells 
can  work  depends  on  their  arrangement  and  that  of  the  circuit  in 
which  their  energy  is  to  be  developed,  and  a  single  cell  may  be  made 
to  give  many  horse-power  or  as  small  a  fraction  as  may  be 
desired  of  a  horse-power.  Even  a  Hertzian  vibrator  charged  by  an 
induction  coil  of  moderate  size  may,  while  discharging  by  oscillations 
and  producing  electrical  waves,  work  for  a  very  short  time  at  an 
enormous  rate.  The  mean  activity  during  the  time  of  oscillatory  dis- 
charge has  been  reckoned  for  such  a  vibrator  at  nearly  200  horse- 
power. 

192.  Dimensional  Formulae  of  Work  and  Activity.  —  Let  a 
certain  amount  of  work  be  expressed  numerically  by  W  when  the 
units  of  length,  mass,  and  time  are  certain  chosen  units  which  we 
denote  by  Z,  M.  T.  Then  we  may  in  the  same  manner  as  at  §§  7, 
124,  185,  write 

Work  =  W(unit  of  force  x  unit  of  length) 
=  W[LMT~2  xL]  =  W[L2MT-2]. 

Now  let  the  units  L,  M,  T  be  altered  to  new  units  U ,  J/',  T 
such  that  L  =  \L',  M=pM',  T=tT.  Then  we  obtain  for  the  same 
work 

Work=W\^T-2[L'2M'T'-2].  (2) 

The  numerical  value  of  the  work  is  now  W\2fxr~2,  which  is  the 
former  numerical  value  multiplied  by  X2/*?--2,  the  factor  obtained  by 
substituting  for  L,  M,  T  in  the  dimensional  formula  [L2MT~2]  the 
ratios  X,  ^,  r  of  the  old  units  to  the  new.  This  factor  is  the  change- 
ratio  for  energy. 

An  activity  is  measured  numerically  by  the  ratio  W/t,   of  the 
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numerical  value  of  an  amount  of  work  done  to  that  of  the  time 
occupied  in  doing  it. 

Thus  for  the  dimensional  formula  of  activity  we  have 

Activity- A[L*MT-*\.  (8) 

If  a  change  is  made  to  units  L',  M',  T  from  units  L,  M,  T,  ful- 
filling the  relation  (L,  M,  T)  =  (\L',  ».M',tT),  the  change-ratio  is 

XV8. 

As  a  numerical  example  we  may  find  the  number  of  ergs  in  a 
foot-poundal.  Here  X  =  30-48,  Ai  =  453,6,  t=1.  Thus  \2fiT-2  = 
30-482  x  453*6  x  1  =  421408,  which  is  the  number  of  ergs  in  a  foot- 
poundal  nearly. 

One  foot-poundal  per  minute  is  421408/603(=  1#95)  ergs  per 
second. 

193.  Work  done  by  Forces  which  depend  on  the  Co-ordinates. — 
It  is  desirable  to  give  here  some  examples  of  work  done  in  different 
circumstances.  First  consider  a  particle  under  the  action  of  forces 
such  that  the  resultant  force  F  on  the  particle  depends  only  on  the 
position  in  which  it  is  placed,  that  is  on  its  co-ordinates  x,  y,  z  with 
reference  to  a  given  set  of  axes.  In  any  element  ds  of  the  path  at 
which  the  force  is  F  the  work  done  is  Fcosd.ds,  where  6  is  the  angle 
between  F  and  ds.  Now  if  X,  Y,  Z  be  the  components  of  F,  the 
•direction  cosines  of  F  are  XjF,  YjF,  Z/F ';  and  if  dx,  dy,  dz  be  the 
projections  of  the  element  ds  on  the  axes,  the  direction  cosines  of  ds 
are  dx/da,  dy/ds,  dz/ds.     Hence,  §  24, 

„     X  dx     Y  dy     Z  dz 
F  ds     F  ds     F  ds 

and 

Fcos  B.ds  =  Xdx  +  Ydy  +  Zdz.  (4) 

But  since  F  is  a  function  of  the  co-ordinates,  X,  Y,  Z  are  also. 
Let  them,  further,  be  functions  such  that  the  integrals  /  Xdx,  .. . 
taken  round  any  closed  path  in  the  field  of  force  (that  is  the  portion 
of  space  in  which  the  force  exists  and  in  which  the  work  is  done)  are 
zero,  that  is  such  that  the  work  done  in  any  portion  of  the  closed 
path  is  exactly  equal  and  opposite  to  the  work  done  in  the  remaining 
portion.  If  the  work  from  A  to  B,  Fig.  107,  along  any  chosen  path 
be   WAB,  and  integration  along  the  path  from  A  to  B  be  denoted 

by  J    ,  we  have 

A 

WAB  =  JB{Xdx  +  Ydy  +  Zdz),  (5) 

A 

and  each  of  the  integrals  on  the  right  must  depend  only  on  the 
terminals  A  and  B  of  the  path,  that  is  must  be  independent  of  the 
course  of  the  path  between  the  initial  point  A  and  the  final  B.     For 
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each  must  be  exactly  equal  and  opposite  to  the  corresponding  integral 
along  any  path  from  B  to  A  making  with  the  path  AB  a.  complete 
circuit  in  the  field.     X  is  3  W/qx  the  rate,  for 
Fig.  108.  the  point  B,  of  variation  of  W  with  x,  when  y 

and  z  are  kept  unchanged.  Similarly  for  Y  and 
Z.  The  quantity  in  brackets  in  (5)  is  what  is 
called  a  perfect  differential  of  W.  Such  forces  are 
called  conservative  forces,  and  will  be  discussed 
more  fully  in  the  following  sections  and  in 
other  parts  of  this  work  (see  §  218). 

194.  Impossibility  of  a  "  Perpetual  Motion." 
— The  case  here  described  is  of  great  practical 
importance,  as  it  represents  the  action  of  natural 
forces,  and  therefore  asserts  the  impossibility 
of  a  "  perpetual  motion,"  tbat  is  a  self-acting  machine  which  without 
having  work  done  upon  it  from  without  will  continue  indefinitely 
long  to  do  useful  work.  For  such  a  machine  can  only  continue  to 
work  by  making  successive  "  strokes,"  that  is  by  passing  through 
changes  of  configuration  which  run  in  cycles,  so  that  the  machine 
comes  back  again  and  again  to  the  same  configuration  relatively  to 
the  bodies  exerting  forces  on  its  parts,  and  therefore  doing  work  on 
these  parts  as  they  move.  Just  as  much  work  must  therefore  be 
done  by  such  a  machine  against  external  forces  as  is  done  upon  it  by 
external  forces  in  a  complete  stroke,  or  closed  cycle  of  changes  of 
configuration,  and  so  there  is  no  gain  of  work  on  the  whole.  On  the 
contrary,  there  must  in  all  cases,  as  we  shall  see  presently,  be  a 
balance  of  work  spent  in  overcoming  frictional  resistances ;  and  this, 
as  well  as  any  useful  work  done  by  a  machine,  must  be  done  by  put- 
ting some  other  system  through  a  partial  or  unclosed  cycle  of  changes. 
195.  Work  done  by  Gravitational  Forces.  Theory  of  Potential. 
— A  very  good  example  of  forces  fulfilling  the  conditions  stated  in 
§  193  is  furnished  by  gravitation.  According  to  the  law  of  gravita- 
tion discovered  by  Newton"  we  may,  with  proper  choice  of  a  refer- 
ence system  of  axes,  say  that  every  particle  of  matter  acts  on  every 
other  particle  with  a  force  which,  for  every  pair,  is  proportional 
to  the  product  of  the  masses  of  the  particles,  and  inversely  pro- 
portional to  the  square  of  the  distance  between  them,  and  acts 
along  the  line  between  them.  Thus  if  m,  m  are  the  masses  of 
two  particles,  r  their  distance  apart,  there  exists  along  the  line 
joining  them  a  force  of  mutual  attraction  of  amount  kmm'jr2,  where 
k  is  a  constant  multiplier  required  for  the  expression  of  the  force  in 
ordinary  dynamical  units.  Thus  if  m,  m  be  taken  in  grammes,  r  in 
centimetres,  the  force  will  be  expressed  in  dynes  if  k  be  the  attractive 
force  in  dynes  between  two  particles,  each  a  gramme  in  mass,  con- 
centrated at  two  points  a  centimetre  apart.  Thus  reckoned,  k  is 
approximately  6*66  x  10~8.    (See  chap,  xii.) 

The  reference  system  here  chosen  must  be  one  entirely  indepen- 
dent of  the  action  of  the  particles  which  are  being  considered  (see 
§  220).     It  may  be  such  a  system,  e.g.,  one  fixed  relatively  to  the 
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fixed  stars,  as  the  consistency  of  the  results  of  observation  shows  to 
be  capable  of  being  regarded  for  practical  purposes  as  "fixed  in 
space."  Since  the  centroid  of  a  system  of  mutually  influencing 
particles  is  not  affected  by  their  mutual  action  it  is  sometimes  very 
conveniently  taken  as  the  origin  of  co-ordinates. 

Now  consider  the  work  done  by  attraction  in  diminishing  from 
rt  to  rl  the  distance  of  a  particle  of  mass  m  from  another  of  mass  m . 
Let  a  positive  value  of  dr  denote  an  increase  of  this  distance,  then  the 
direction  of  the  attraction  is  that  of  -  dr,  and  (if  force  tending  to 
increase  r  be  taken  positive)  the  attraction  must  be  reckoned  as  a 
force  -  kmm'/r2.  The  work  done  by  this  force  in  the  displacement 
-  dr  is  therefore  kmm'dr/r2.  Hence  the  whole  work  done  by  the 
force  of  attraction  is 

W  =  kmm'  J      —  =  kmmi—-—\  (6) 

J        r  \rx     rj 

r\ 

The  quantity  km  jr  is  called  the  potential  at  the  position  of  the 
mass  m  produced  by  the  mass  m,  or  the  potential  due  to  m  at  any 
point  distant  r  from  it ;  and  similarly  kmjr  is  the  potential  due  to 
the  mass  m  at  the  distance  r  from  it.  The  difference  of  potential 
km(\jrl  —  l/r2)  is  the  work  done  by  the  attraction  of  m  in  bringing 
a  particle  of  unit  mass  from  a  distance  r2  to  a  distance  ?*,,  and 
kmm'{\jrx  --  l/r2)  is  the  work  done  by  the  attraction  of  m  in  changing 
the  distance  of  m  from  r2  to  r,.  The  work  done  by  the  attraction  of 
m  in  bringing  in  through  the  same  change  of  distance  has  the  same 
value,  as  we  should  expect  from  the  fact  that  the  attraction  is  mutual. 

When  r2  =  oc  ,  kmm '  jrx  is  the  value  of  W,  in  other  words  the 
potential  of  any  mass  in,  at  a  point  distant  rx  from  it,  is  the  work 
done  by  the  attraction  of  m  in  bringing  a  particle  of  unit  mass  from 
an  infinite  distance  to  a  distance  rv  or  by  applied  force  in  carrying  it 
from  distance  r,  against  attraction,  to  distance  infinite. 

196.  Potential  produced  at  any  Point  by  a  System  of  Particles. 
Work- Values  of  Particles  in  different  Positions. — The  potential  at 
any  point  P  due  to  an  assemblage  of  particles  is  the  sum  of  the 
potentials  which  each  mass  produces  separately  at  P,  for  the  attrac- 
tion of  any  particle  on  any  other  is,  as  observation  and  experiment 
show,  unaffected  by  the  presence  of  other  particles.  Thus  if  we  have 
n  particles  of  masses  m,,  m2,  ...,  mn,  at  points  Px,  Pv  ...,  Pn,  distant 
rv  r2,  ...,  rn  from  P,  the  potential  at  P  (which  we  shall  denote  by  V) 
is  given  by 

V=k(n-h  +  ^+..)  =  k2™  (7) 


r,       ra  /  r 


where  the  summation  includes  the  value  of  m/r  for  each  particle. 

Thus  the  work  done  by  attractive  forces  in  bringing,  from  an  in- 
finite distance  from  every  particle  of  the  attracting  system,  a  particle 
of  mass  in  to  a  point  P  at  which  the  potential  is  V  is  mV.  This  we 
shall  call  for  shortness  at  present  the  work-value  of  the  particle  in 
the  given  position  P  relatively  to  the  other  particles.     If  P  coincide 
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with  the  position  Px  of  one  of  the  particles  mv  mv  ...,  m„,  and  the 
particle  of  mass  to  be  the  particle  of  mass  ml  there  situated,  if    Vl 


from  Pv  P, 


denote  the  potential  at  Px  due  to  to,,  to3, 
denote  the  distances  of  P 
mx  in  the  position  Px  is 

to,  V,  =  km 


to.     m, 

— '  +  — s  + 


.,to„,  and  r,,,r^ 

,  P„,  the  work -value  of 

(8) 


where  2  denotes  summation  of  TOA./rlJt  taken  for  all  values  of  Mrom  2  tow. 

Similarly  the  work- value  of  mi  in  its  position  Pt  is  km^mk/rik, 
where  k  has  all  values  from  1  to  n  excluding  2.  In  the  same  way 
the  work -values  of  the  other  particles  may  be  expressed. 

197.  Potential  Energy  of  a  System  of  Gravitating  Particles. — 
If  rjk  be  put  for  the  distance  of  the  particle  at  any  point  Pj  from  the 
particle  at  any  other  point  Pk,  the  total  work-value  of  the  particles, 
—  E,  of  the  system,  taken  as  the  sum  of  the  work-values  of  the  par- 
ticles, is  expressed  by  the  equation 


2         rjk 


(9) 


where  one  summation  is  for  all  values  of,/  from  1  ton,  and  the  other 
for  the  same  range  of  values  of  k.     The  factor  |  is  necessary  as  each 
term  of  the  work-value  is  brought  by  the 
summations  twice  into  the  account. 

This  work-value  depends  only  on  the 
relative  configuration  of  the  particles,  and 
is  therefore  independent  of  the  paths  or 
processes  by  which  the  particles  are  brought 
together  by  their  attractions. 

We  shall  see  later  that  what  have  been 
called  above  the  work-values  of  the  par- 
ticles are  component  parts  of  the  exhaustion 
of  configurational  energy,  or  exhaustion  of  the 
potential  energy,  of  the  system  of  particles. 
The  potential  energy  is  the  sum  with  its  sign 
changed  of  the  work-values  of  the  individual 
particles  as  here  defined  or  this  negative  sum 
with  any  convenient  constant  added,  that  is 
E+C. 

198.  Potential  of  Uniform  Spherical 
Shell.— "We  shall  now  show  that  if  we  have 
an  assemblage  of  particles  composing  a  thin 
spherical  shell  of  uniform  mass  per  unit  of 
area,  the  potential  of  the  shell  at  any  external  point  is  precisely 
equal  to  the  potential  at  the  same  point  of  a  particle  of  mass  equal  to 
that  of  the  shell  and  situated  at  its  centre.  Let  P,  Fig.  109,  be  the 
point,  C  the  centre  of  the  shell,  and  A,  B  two  adjacent  points  of 
the  shell  on  a  plane  section  through  C  and  P.  Let  <p  be  the  angle 
the  tangent  to  the  section  at  A  makes  with  the  radius,  6  the  angle 
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between  CP  and  CA,  and  draw  AD  at  right  angles  to  PA.  Further, 
let  a  denote  the  length  of  the  radius,  r  the  length  of  PA,  and  I 
that  of  PC.  Then  PB  =  r  +  dr,  DB  =  dr,  and  dd  =  ACB.  Also 
AB  =  add.  But  sinPAC = cos<i>  =  BD/AB  =  dr /add,  and  therefore, 
since  sinPAC/sind  =  ljr,  rdr  =  alsmddd. 

Now  if  fi  be  the  mass  of  the  shell  per  unit  of  area,  the  mass  of  the 
zone  swept  out  by  AB,  when  the  diagram  is  made  to  turn  completely- 
round  PC,  is  naddx2rrasmd  =  21rfj.a2smdd0  =  27rfiardrll.  This  is 
all  at  the  distance  r  from  P,  and  hence  its  potential  at  P  is  ^wkpadrjl. 
"We  have  then  for  the  potential  at  P  due  to  the  whole  shell 

r=  ^p/dr, 

where  /  dr  means  the  difference  between  the  extreme  values  of  I. 
But  this  is  2a,  and  therefore  we  obtain 

V=  4^«2  (10) 

L 

The  mass  of  the  shell  is  4^  a2,  and  ±irkp.a2jl  is  the  potential  which 
that  mass  concentrated  at  C  would  produce  at  P. 

199.  Potential  of  Solid  Sphere. — Since  this  result  holds  for  each 
shell  of  a  solid  sphere  made  up  of  thin  concentric  shells  each  of 
uniform  mass  per  unit  area,  it  holds  for  the  whole  sphere.  Thus  a 
solid  sphere  of  density  uniform  throughout,  or  of  density  varying  in 
any  manner  with  distance  from  the  centre,  but  fulfilling  the  condition 
that  the  density  is  the  same  at  all  points  at  the  same  distance  from 
the  centre,  produces  the  same  potential  at  an  external  point  P  as 
would  be  produced  by  a  particle  of  mass  equal  to  that  of  the  sphere 
and  concentrated  at  the  centre  C. 

200.  Work  done  by  Attractive  Forces  in  Condensing  a  Nebula. 
— Consider  a  sphere  of  uniform  density  p  and  radius  r,  the  potential 
at  an  external  point  at  a  distance  c  +  r  from  the  centre  is 

!*pfc*/(c+r). 

The  potential  at  the  surface  is  therefore  ^npkr2.  The  work  done  by 
attractive  forces  in  adding  on  a  layer  of  thickness  dr  to  the  sphere  by 
matter  brought  from  infinity  is  therefore  ^npkr2  x  4irpr:dr,  that  is 
^ k-n^p^dr.  Hence  for  the  work  W  done  by  attractive  forces  in 
building  up  a  sphere  of  radius  a  and  density  p  by  means  of  matter 
brought  from  infinity  we  have 

If  =  l£kn2p-fa7*dr  =  {UnYa5, 


W=U—,  (11) 

■     a 

where  M  is  the  mass  of  the  sphere. 

It  is  important  to  notice  that  the  work  done  by  the  attractive 
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forces  in  carrying  the  surface  of  this  sphere  in  towards  the  centre 
through  a  distance  da  is 

dW=U^da,  (12) 

°    a2 

and  the  work  done  by  these  forces  in  bringing  the  surface  in  from 
a  to  a'  is 

r-jr=f&W-,--V  (13) 


In  the  estimation  of  the  work-value  in  (11)  all  the  matter  is  sup- 
posed to  come  from  infinity  to  the  surface  of  the  growing  sphere  ;  but 
it  is  not  difficult  to  see  that  this  is  the  work  done  by  the  mutual 
attractions  of  the  particles  in  coming  together  from  uniform  diffusion 
through  infinite  space  to  form  the  sphere  of  radius  a.  For  suppose 
that  matter  of  amount  M  is  brought  in  the  manner  described  from 
infinity  to  build  up  a  sphere  of  radius  a,  and  again  suppose  that  it  is 
brought  together  to  form  a  sphere  of  greater  radius  D.  The  work- 
values  of  the  aggregations  of  particles  are  ^kM'-ja,  £kM2/D,  and, 
by  §  197,  depend  entirely  on  the  configurations  of  the  particles  in 
the  two  cases,  and  not  in  the  manner  in  which  the  particles  were 
brought  together.  Hence  the  difference  ikM2(\ja—\jD)  is  the 
work  done  by  attractive  forces  in  compressing  the  material  sphere  of 
radius  D  and  mass  m  to  the  sphere  of  radius  which  becomes  ikM2ja 
when  D  is  infinite.  Thus  the  work  done  by  the  mutual  attractive 
forces  of  the  particles  in  bringing  together  universally  diffused 
matter  to  a  sphere  of  radius  a  is  exactly  ikM2ja. 

201.  Work  done  in  condensing  the  Earth  from  Nebular  Matter. 
Amount  of  Heat  generated. — Let  us  apply  this  result  to  a  case 
which  mayj|  be  taken  to  represent  the  earth  regarded  as  built  up 
of  infinitesimal  particles  brought  by  their  mutual  attraction  from 
universal  diffusion.  Take  the  radius  a  as  6*367  x  108  centimetres, 
p  as  5*5 ;  then  to  reckon  TFin  ergs  we  must  take  k  =  6*66  x  10~8,  and 
therefore  have 

TF=f6-66.10-8.-YV.5-52.6-3673,104°=  2-216  x  1039.  (14) 

This  is  an  underestimate  for  the  earth,  as  the  density  increases 
from  the  surface  inwards,  and  therefore  as  the  matter  is  on  the 
whole  nearer  the  centre  of  the  sphere  than  in  the  case  here  considered, 
the  real  value  of  W  must  be  much  greater. 

As  we  shall  see  later,  the  quantity  of  heat  required  to  warm  a 
gramme  of  water  from  a  certain  temperature  of  the  Centigrade  scale 
to  a  temperature  one  degree  higher  is  taken  as  a  unit  of  heat,  and 
called  a  calorie,  and  42  x  106  ergs  of  work  spent  in  producing  heat 
would  generate  one  calorie.  Hence  the  above  value  of  IV  would 
generate  5*29  x  1031  calories.  The  combustion  of  a  gramme  of 
anthracite  coal  yields  about  8000  calories  of  heat.  Thus  the  heat 
produced  by  W  is  equal  to  that  which  would  be  produced  by  burning 
6'6  x  1027  grammes,  or  6*6  x  1021  tons,  of  such  coal. 
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202.  Work  done  in  condensing  the  Sun  from  Nebular  Matter. 
Source  of  the  Sun's  Radiant  Heat. — The  sun's  mass  is  about  832,000 
times  that  of  the  earth,  and  its  radius  is  110  times  that  of  the  earth. 
Hence  W,  for  the  sun,  regarded  as  formed  by  the  collection  of 
universally  diffused  matter,  is  332,0002/110  or  109  times  the  value  of 
W  just  found  for  the  earth,  that  is  2*216  x  ll)48  ergs.  Thus  the  heat 
produced  in  bringing  together  a  body  of  mean  density  and  radius 
equal  to  those  of  the  sun  at  present,  would  be  about  b-2'd  x  1040 
calories,  or  an  amount  equal  to  that  produced  by  the  combustion  of 
6*5  x  1030  tons  of  coal. 

The  amount  of  radiant  heat  which  would  be  received  in  one  minute 
by  a  square  centimetre  of  surface  held  in  the  direct  rays  of  the  sun  at 
the  distance  of  the  earth,  at  a  place  where  there  was  no  atmosphere, 
is  estimated  at  about  3  calories.  The  amount  radiated  by  the  sun  in 
one  second  is  that  received  by  a  sphere  of  radius  equal  to  the  sun's 
distance  from  the  earth.  Now  the  sun's  distance  is  aboutl  1 02  x  earth's 
diameter,  and  therefore  the  area  of  a  sphere  of  radius  equal  to  the 
sun's  distance  is,  roughly,  in  x  4  x  llU4  x  6*3672  x  1016  in  sq.  cms. 
The  total  number  N  of  calories  of  heat  radiated  by  the  sun  in  one 
second  is  *05  x4?rx4x  1 104  x  6*3(572  x  lo16,  and  the  number  n  emitted 
per  second  by  each  sq.  cm.  of  the  sun's  surface  is  this  number  divided 
by  4tt  x  HO2  x  63672  x  1016,  that  is  -05  x  4  x  HO2.  Thus  approxim- 
ately N  =\'h  x  10-"6  and  n  =  2420.  This  heat  would  be  produced  by 
the  expenditure  of  work  at  the  rate  of  over  135,000  hor.-e-power  per 
square  metre  of  the  sun's  surface,  or  by  the  combustion  on  each 
sq.  cm.  of  the  sun  s  surface  of  over  1000  grammes  of  the  best  coal 
per  hour,  or  about  a  ton  per  square  foot  per  hour. 

The  received  theory,  which  is  mainly  due  to  v.  Helmholtz,  of  the 
production  of  this  heat  is  that  of  contraction  of  the  sun.  To  produce 
the  energy  radiated  the  s^un's  radius  would  have  to  shorten  at  the 
rate  of  rather  more  than  1/5000  of  a  centimetre  per  second  (or  by 
about  17  centimetres  per  day,  that  is  about  200  feet  per  year)  on 
the  supposition  that  no  alteration  of  temperature  is  involved  in  the 
contraction.  This  is,  however,  much  too  great  an  estimate,  as  the 
density  of  the  sun  is  no  doubt  much  greater  in  the  central  portions 
than  near  the  surface.  Von  Helmholtz  has  estimated  about  125  feet 
per  year  as  the  radial  contraction. 

The  sun  is  in  part  certainly  gaseous,  and  it  is  known  that  a  mass 
of  gas  cooling,  and  at  the  same  time  contracting,  will  increase 
in  temperature,  a  result  we  shall  prove  later  when  dealing  with  heat. 
The  sun,  however,  no  doubt  very  nearly  fulfils  the  condition  of 
constancy  of  temperature. 

203.  Work  done  by  Impact  of  a  Jet  of  Particles.  Reaction 
Water- Wheel. — Take  the  jet  issuing  from  a  tank  on  a  truck  as 
described  in  §  184  above.  Let  the  velocity  of  the  liquid  in  space  be  v, 
and  that  of  the  carriage  be  u  in  the  opposite  direction.  The  mass 
of  liquid  issuing  per  second  is  therefore  a(v  +  u)p,  where  p  is  the 
density  of  the  fluid  and  a  the  cross-section  of  the  jet.  The  mo- 
mentum is  thus  ap{v  +  u)2,   and  this   is    the  force  exerted  on    the 


174 


DYNAMICS,    PROPERTIES    OF    MATTER, 


Fig.  110. 


carriage.     The  jet  does  work  on  the  carriage  at  a  rate  A  =Fu  where* 
F  is  the  force,  and  thus 

A  =ap{u  +  v)2u.  (15)' 

One  extreme  example  of  this  is  got  by  putting  w  =  0,  and  is  zero. 

Again,  consider  a  simple  reaction  water-wheel  like  that  shown  in 
Fig.  1 1 0,  fed  by  water  which  may  be  taken  as  initially  at  rest  at  height 
h  above  the  orifices.  Let  v  be  the  velocity  of  the  water,  w  the  angular- 
velocity  of  the  wheel,  r  its  radius, 
a  the  cross-section  of  each  jet,, 
and  let  the  water  issue  tangen- 
tially  to  the  circle  in  which  the 
orifices  move ;  we  have  for  the' 
mass  of  water  issuing  from  one  of 
them  per  second  ap(a>r  +  v).  The' 
momentum  communicated  to  the 
water  per  second  is  ap(wr  +  v)vr 
and  the  moment  of  this  force 
round  the  axis  is  ap{wr  +  v)vr. 
The  total  moment  for  three  jets  is. 
3ap(a>ri-v)vr  and  this  is  the  couple' 
tending  to  increase  the  angular- 
velocity  of  the  wheel.  We  thus- 
have  for  the  rate  of  working 

A  =  3ap(a>r  +  v)va>r.       (16) 

204.  Work  done  in  stretch- 
ing a  contractile  Film.—  As  still 
another  example,  consider  the  work 
done  in  increasing  the  area  of  a  contractile  film  such  as  that  which 
may  be  regarded  as  existing  on  the  surface  of  a  liquid.  The  film 
tends  to  contract,  and  to  keep  any  narrow  band  of  it  stretched  there 
must  be  applied  to  the  part  of  it  on  each  side  of  any  section  at 
right  angles  to  the  length  of  the  band  a  pulling  force  of  amount 
Tb,  where  b  is  the  breadth  of  the  band.  The  value  of  T  is  for 
a  water  surface  at  10°  about  75  dynes  per  lineal  centimetre.  T  is 
called  the  surface  tension  of  the  film.  In  the  case  of  a  bubble  the 
tensions  of  the  two  surfaces  give  an  effective  tension  of  2T  for  the 
film.  It  is  found  that  this  is  independent  of  the  thickness  of  the 
film,  unless  the  film  be  made  exceedingly  thin. 

Now  consider  a  plane  film  of  breadth  b  and  length  I,  and  let  this 
be  changed  to  I'  by  pulling  it  out  in  the  direction  of  its  length  ;  we 
have  for  the  force  2Tb,  and  for  the  work  done  2Tb(l'  - 1),  that  is  the 
work  done  in  stretching  the  film  is  2T  x  increase  of  area.  [As  we 
shall  see  under  Thermodynamics  the  film  when  drawn  out  tends  to' 
sink  in  temperature.  If,  however,  the  extension  goes  on  slowly  the 
temperature  is  kept  constant  by  heat  drawn  from  the  surroundings.] 

205.  Normal  Force  exerted  by  a  Curved  Film. — A  contractile 
film,  whatever  its  form,  exerts  a  force  along  the  principal  normal  at 
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each  point  of  the  surface,  that  is  along  the  perpendicular  to  the  plane* 
touching  the  surface  at  the  point.  For  consider  first  a  cylindrical  film,, 
and  take  a  ribbon  at  right  angles  to  the  generating  lines  of  the  cylinder. 
Let  AB,  Fig.  Ill,  be  a  small  element  of  length  ds,  E  its  middle- 
point,  c  the  centre  of  curvature,  r  the  radius 
of  curvature  EC,  dd  the  angle  ACE  or  BCE. 
If  b  be  the  breadth  of  the  strip  (perpendicular 
to  the  paper)  the  stretching  force  at  A  and  B, 
if  T  be  the  tension,  is  Tb.     Then  we  get  for      **      \  /       ^* 

the   force   P    along    EC,    2Tbsmdd  =  2Tbdd.  \    \    j 

But  2dd  =  ds/r,  therefore  P  =  Tbds/r.     If  p  be  V  ;  / 

the  force  exerted  by  the  strip  per  unit  of  area  \  ;  / 

along  EC,  p  =  P/bds=T/r.     This  is  called  the 
pressure  along  the  normal  EC,  and  is  exerted  ^C 

on  the  fluid  on  the  concave  side  of  the  surface. 

206.  Film  of  Double  Curvature. — Now  consider  any  surface,  and 
take  any  section  of  it  containing  the  normal ;  each  such  section  has 
a  radius  of  curvature  of  its  own  along  the  principal  normal.  The 
section  by  any  plane  nearly  coincident  with  this,  intersecting  the 
former  plane  in  a  line  through  the  centre  of  curvature  at  right  angles 
to  the  radius  of  curvature,  has  approximately  the  same  curvature 
near  the  point  of  contact,  if  the  form  of  the  surface  changes  con- 
tinuously. 

Let  the  principal  normal  be  drawn  to  any  point  P  on  the 
surface.  Two  planes  at  right  angles  to  one  another  intersecting 
along  the  principal  normal  will  give  curves  of  intersection  with 
the  surface  having  radii  r,  r'  along  that  line,  and  in  the  same 
direction,  if  the  curves  of  section  are  both  concave  or  both  con- 
vex outwards  from  the  surface,  and  in  opposite  directions  when 
one  curve  is  concave,  the  other  convex.  These  have  the  corresponding 
curvatures  1/r,  1/r '.  Let  these  planes  be  denoted  by  A,  B,  and  the 
centres  of  curvature  of  their  curves  of  intersection  with  the  surface 
be  C,  C,  Figs.  112  and  113.  Take  now  two  planes  Av  At  nearly 
coincident  with  A,  which  contain  a  line  through  C  perpendicular  to 
the  principal  normal,  and  cut  the  surface  in  two  curves  at  equal 
distances  from  P.  Near  P  these  curves  will  be  approximately  parallel 
lines.  They  include  between  them  there  a  short  narrow  strip  of  the 
contractile  film  with  parallel  edges,  which  are  clearly  similar  curves 
of  curvature  1/r,  practically  identical  with  the  curve  of  section 
between  them  through  P  made  by  A.  Take  now  other  two  planes 
Bv  B2  in  the  same  way,  one  on  each  side  of  the  plane  B  intersecting 
in  a  line  through  C  also  perpendicular  to  the  principal  normal,  and 
cutting  the  surface  in  two  curves  at  equal  distances  on  the  two  sides 
of  P,  and  having,  at  points  near  P,  curvature  1  \r'.  These  will  give 
the  other  two  edges  of  the  portion  of  surface,  which  thus  will  be  very 
approximately  a  small  rectangle. 

A  line  drawn  across  this  surface  parallel  to  either  pair  of  edges 
does  not  deviate  more  than  infinitesimal])7  from  a  straight  line  per- 
pendicular to  the  normal  section  A  or  B  through  P  to  which  the 
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edges  are  perpendicular.  Fig.  112  shows  the  element  when  the  curva- 
tures in  the  two  sections  are  in  the  same  direction  ;  Fig.  113  when 
they  are  in  opposite  directions,  as  in  a  saddle-shaped  surface. 

Let  the  curvature  of  one  pair  of  edges  be  1/r,  of  the  other  pair  of 
edges  1/r';  the  stretching  force  in  the  film  along  the  first  pair  of 
edges  gives  by  §  204  a  force  T/r  per  unit  of  area,  and  directed  along 

Fig.  112. 


the  principal  normal,  and  similarly,  the  stretching  force  in  the  film 
along  the  other  pair  of  edges  gives  a  force  T/r,  also  along  the  principal 
normal.  If  the  numerical  magnitudes  of  these  forces  be  taken 
positive  the  forces  are  to  be  regarded  as  acting  towards  the  centres 
of  curvature  respectively  referred  to.  Thus  in  Fig.  112  the  forces  are 
oppositely  directed.  But  1/r,  1/r'  the  curvatures  maybe  regarded  as 
directed  quantities,  so  that  1/r'  is  taken  negative  if  r  is  oppositely 
directed  from  r ;  and  so  for  the  total  pressure  p  we  have 


>-<M> 


(17) 


207.  Euler's  Theorem  of  Sum  of  Curvatures  at  any  Point  of  a 
Surface. — It  is  a  theorem  of  the  geometry  of  surfaces  that  if  any 
pair  of  rectangular  sections  of  a  surface  through  the  principal  normal 
be  taken  the  sum  of  the  curvatures  1/r  +  1/r  is  a  constant.  For  one 
such  pair  the  radius  of  curvature  in  one  of  the  sections  must  be  the 
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least,  and  therefore  the  radius  of  curvature  of  the  other  section  of 
the  pair  must  be  the  greatest  radius  for  the  point  considered.  These 
are  called  the  principal  radii  of  curvature.  "We  shall  denote  them 
by  R  and  R'.     Thus 


*=r(i4>  <18> 


The  constancy  of  this  sum  of  curvatures  will  be  proved  in 
chap,  xvi.,  but  it  miy  be  inferred  from  the  physical  fact  that  p 
must  be  independent  of  the  direction  of  the  two  pairs  of  planes  adopted 
above  to  define  the  rectangular  element. 

If  ljR+l/R'  =  0,  p  =  0.  This  is  the  case  of  a  film  with  equal 
pressure  on  its  two  sides.  The  radii  of  curvature  must  in  this  case 
be  oppositely  directed,  unless  the  film  is  plane,  in  which  case  they 
are  both  infinite. 

208.  Problem  of  Minimum  Surface  with  Given  Boundary. — 
In  the  general  case  of  a  film  with  a  fixed  curvilinear  boundary,  as  a 
soap  film  attached  to  a  wire  bent  into  a  closed  curve  of  any  form,  the 
film  is  curved,  and  the  radii  are  finite  and  fulfil  the  condition 
1/R+l/R'  =  0.  But  the  film  contracts  so  as  to  have  the  smallest 
area  possible  under  the  conditions  ;  and  thus  solves  the  isoperimetrical 
problem,  to  find  a  surface  of  minimum  area  with  a  given  boundary. 

The  analytical  condition  fulfilled  by  such  a  surface  is  well  known 
to  be  precisely 

|4-0,  (19) 

so  that  the  solution  is  given  at  once  by  the  dynamical  process. 

209.  Work  done  in  Blowing  a  Spherical  Soap-Bubble. — Next 
consider  a  spherical  soap-bubble  filled  with  a  gas  which  expands, 

Fig.  114. 


blowing  out  the  soap-bubble,  and  let  this  expansion  go  on  so  slowly 
that  the  temperature  of  the  film,  and  therefore  its  tension,  remains 
constant. 

The  pressure  exerted  on  the  fluid  inside  by  a  contractile  film  of 
spherical  form  may  be  evaluated  in  the  following  manner.  Consider 
a  portion  of  the  film  bounded  by  a  small  circle  on  the  sphere ; 
that  is  pulled  tangentially  at  all  points  of  its  boundary  by  the  film 
beyond  with  a  force  2T  per  unit  of  length  of  the  boundary  (see 
Fig.  114).  Draw  a  plane  through  the  vertex  of  this  portion  and 
the  centre  of  the  sphere,  and  let  2d  6  be  the  angle  subtended  at  the 
centre  by  the  intersection  of  the  plane  with  the  surface  of  the  segment. 
The  tangential  forces  round  the  circumference  give  a  resultant  force 
through  the  vertex  and  toward  the  centre  of  AnTrdd'2,  if  dd  be  small. 
This  divided  by  nr^dd2,  the  area  of  the  portion  of  the  surface,  is  2Tjr. 

A  gas  exerts  a  force  normally  outwards  on  every  part  of  the 
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surface,  and  the  amount  of  this  in  all  ordinary  cases  is  sensibly  the 
same  at  every  part.  Let  p  be  this  force  per  unit  area  (or  pressure) 
exerted  on  the  inner  surface  of  the  soap-bubble. 

If  P  be  the  external  pressure  there  is  a  resultant  outward  force 
of  amount  p  —  P  per  unit  area  on  each  element  of  the  film.  This  is 
balanced  in  the  case  of  a  soap-bubble  in  equilibrium  by  an  inward 
force  4T/r  where  2T  is  the  tension  for  the  film  (taking  account  of 
both  sides).     Thus  we  have 

p-P  =  ^£.  (20) 

r 

If  the  radius  be  increased  by  an  amount  dr  the  force  on  each 
element  of  surface  of  area  dS  acts  through  a  distance  dr,  and  does  work 
of  amount  ATdSdrjr.  The  whole  work  done  in  an  extension  of  radius 
is  therefore  AirrATdr/r  =  IGnTrdr.  If  the  radius  be  increased  from 
a  to  a'  the  work  done  is 

W  =  8irT(a'a-al).  (21) 

The  area  has  been  increased  by  an  amount  An  (a2  —  a2),  and  thus 
we  have  for  the  work 

W  =  2 T  x  increase  of  area.  (22) 

210.  Work  done  by  an  Expanding  Gas.  —As  a  last  example,  con- 
sider a  quantity  of  gas  compressed  in  the  interior  of  a  closed 
space.  As  will  be  seen  under  Hydrostatics  on  each  element  of  the 
surface  of  the  containing  vessel  there  is  exerted  a  force  acting 
normally  outwards  the  amount  of  which  per  unit  of  area  of  the 
element  may  vary  from  point  to  point  of  the  surface. 
Fig.  115.  This  force  per  unit  area  is  called  the  pressure  on  the 
element.  If  p  be  its  amount  at  any  point  P,  the  outward 
force  perpendicular  to  an  element  of  small  area  dS  sur- 
rounding the  point  is  pdS.  Now  let  the  volume  of  the 
space  occupied  by  the  gas  be  increased  by  a  small  outward 
motion  of  the  whole  or  part  of  the  boundary.  The 
element  dS  takes  up  a  new  position,  as  in  Fig.  115,  having 
been  displaced  bodily  through  a  mean  distance  ds  in  a  direction  per- 
pendicular to  its  former  position.  The  work  done  is  pdSds.  The 
whole  work  done  by  the  expanding  gas  on  the  containing  walls  is 
the  sum  of  the  works  done  in  this  way  on  the  elements  making  up 
the  surface.     Thus  we  have 

W=  ZpdsdS,  (23) 

where  the  summation  is  taken  for  every  element  dS  of  surface. 

If  p  is  the  same  for  every  element,  as  may  be  taken  to  be  the 
case  for  a  compressed  gas,  we  have 

W=p2dadS  (24) 

Here  2dsdS  is  evidently  the  increase  of  volume  of  the  vessel* 
and  if  this  be  denoted  by  dv  the  work  equation  becomes 

W=pdv.  (25) 
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Thus  if  a  gas  is  confined  in  a  cylinder  of  area  A  by  a  piston,  and 
the  pressure  applied  at  each  point  of  the  lower  surface  of  the  piston 
be  p,  the  upward  force  on  the  piston  is  pA .  If  the  piston  rise  a 
distance  h  while  the  pressure  remains  p,  the  work  done  is  pAh.  But 
A  h  is  dv,  the  increase  of  volume,  and  so  the  work  is  pdv. 

211.  Finite  Expansion:  (1)  Isothermal;  (2)  Adiabatic. — The 
pressure  of  an  expanding  gas  generally  does  vary  with  the  volume,  and 
may  vary  in  an  infinite  number  of  ways.  Two  modes  of  expansion 
are,  however,  of  special  importance  :  (1)  expansion  subject  to  the  con- 
dition that  the  temperature  is  constant ;  (2)  expansion  under  the 
condition  that  no  heat  is  received  or  parted  with  by  the  gas.  In 
each  case  there  is,  as  will  be  shown  under  Beat,  a  definite  relation 
between  the  pressure  and  the  volume  of  the  gas.  To  a  high  degree 
of  approximation  for  several  gases  the  relation  is,  in  (1)  that  the 
product  pv,  of  the  pressure  and  volume  of  the  space  occupied  by  the 

gas,  is  constant ;  in  (2)  that  the  product  of  the  pressure  p  by  v*> 

where  y  is  the  ratio  of  the  specific  heat  at  constant  pressure  to  the 
specific  heat  at  constant  volume,  is  a  constant.  For  oxygen,  hydrogen, 
nitrogen,  dry  air,  the  value  of  y  is  very  nearly  T41.  The  condi- 
tions in  the  two  cases  are  expressed  by  the  equations 

pv  =  C,  pvy=C,  (26) 

where  C,  C  are  constants.  These  are  called  the  characteristic  equations 
of  a  gas  under  the  stated  conditions.  Generally  when  they  are  used 
in  thermodynamics  v  is  understood  to  be  the  volume  of  unit  mass  of 
the  gas. 

In  these  cases  it  is  important  to  obtain  expressions  for  the  work 
done  by  the  gas  in  a  finite  expansion,  say  from  volume  v0  to  volume 
vv  First  let  us  calculate  in  each  case  the  variation  of  the  pressure 
produced  by  a  small  increase  in  the  volume  dv. 

(1)  The  relation  being  pv=C,  where  C  is  a  constant,  let  v  be 
changed  to  v  +  dv,  and  let  p  become  p  +  dp  in  consequence.  We 
have  then 

(p  +  dp)(v  +  dv)=C, 
and  therefore 

pdv  +  vdp  +  dpdv  —  0. 

If  dv  be  small,  dp  will  be  correspondingly  small,  and  dpdv  will  be 
very  small  in  comparison  with  pdv  or  vdp.     Hence  we  have 

pdv  +  vdp  =  0, 

and  for  the  work  dW  done  in  an  expansion  dv 

dW^pdv  -  -  vdp.  (27) 

In  (2)  a  similar  change  gives 

(p  +  dp)(v  +  dv)y=C, 


(p  +  dp)vy(l+'ty=C'; 
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or   expanding  (1  +  dv/v)y  by  the  binomial  theorem,  and  reducing 
using  the  relation  pvy  =  C,  we  obtain 


(l+^+...)*+„(^+...)  =  0. 


If  dv  be  small  we  may  neglect  all  squares  and  higher  powers  of 
dv,  and  products  of  dp  and  dv. 

Thus  we  obtain 

vdp  +  ypdv  =  0, 
and  we  have 

dW=pdv=  --vdp.  (28) 

y 
212.  Work  done  in  Isothermal  and  Adiabatic  Expansions. — 
Now  proceeding  to  the  calculations  proposed  above,  we  have  by  (25) 
for  the  whole  work  W  done  by  the  gas  in  changing  its  volume  from 
v0  to  vY  under  constant  temperature  the  sum  of  the  works  pdv  for  the 
successive  steps  dv  of  volume,  that  is 

W=/pdv=o/dl.  (*9) 

since  p  =  C/v. 

Consider  now  for  a  moment  the  equation  u  =  ex,  where  u  is  real 
and  positive,  and  x  is  real :  e*  is  the  function  denned  in  §  54 
above.  Here  x  is  called  the  logarithm  of  u  to  the  base  e,  or  the 
Napierian  logarithm  of  u.  This  is  usually  denoted  by  the  symbol 
logu,  so  that  we  may  write  instead  of  u  =  ex  the  equation  x  =  logu. 

Clearly  if  w  be  another  real  positive  quantity,  and  y  be  real,  and 
w  —  (?,  we  have 

\og{uw)  =  x  +  y  =  logu  +  log  w 

log—     =x  —  y  =  logw  —  \ogw. 


w 
Now  we  have  seen  that 


so  that 


du  =  e*dx, 

j       du     du 
dx-—  = — . 
er       u 


This  we  may  write  in  the  form  d(logu)  =  du/u. 

"We  may  proceed  from  this,  which  is  an  equation  between  the 
differential  of  logu,  that  is  d(logu),  and  the  differential  du  of  u,  to  the 
integral  equation,  by  taking  the  sum  of  the  increments  of  logM  as  u 
increases  say  form  u0  to  uv  where  u0  and  ux  are  real  positive  quanti- 
ties.    This  sum  is  logux  -  logw0  or  log(w,/M0),  and  therefore  we  have 

logwx  -  log u0  m  log^i  =  /  l'-  . 
un   J      u 
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Now  returning  to  the  equation  (29) 

/ft 

we  have 

W-CQogVi -logvQ).  (30) 

This  is  the  work  done  by  the  gas  in  expanding  at  constant  tem- 
perature from  volume  v0  to  volume  v ,  and  is  in  general  spent  in 
overcoming  external  forces  through  the  increase  of  volume.  It  is 
also  the  work  which  must  be  done  by  external  forces  in  compressing 
the  gas  at  constant  temperature  from  volume  vl  to  v0. 

In  case  (2),  since  pvy=  C,  (28)  becomes 

dW=  C-, 
v' 

where  y  is  greater  than  1,  equal  in  most  cases  to  1*41  nearly.     "We 
have  then 

w-cfh  (31) 

J    v~*' 

Consider  the  function  1/v7"  and  let  v  be  changed  to  v  +  dv. 
Then  we  have,  as  the  reader  may  verify,  if  dv  be  small  compared 
with  v,  dv/vy=  -d(l/vy~  )/(y-l);  and  by  taking  all  the  steps  of 
increment  of  l/v*'     from  v  —  v0  to  v  =  vv  we  obtain 


dv 


vy      y-1^7-1       „7"1 

-J. 

Equation  (31)  therefore  becomes 

This  is  the  work  done  by  pressure  in  an  expansion  of  volume  v 
to  volume  vv  subject  to  the  condition  that  there  is  no  passage  of 
heat.  It  is  the  work  also  which  must  be  spent  by  external  forces  in 
compressing  the  gas  from  volume  vl  to  volume  v  ,  subject  to  the  same 
condition.     This  is  called  adiabatic  expansion  or  compression. 

213.  Work  done  by  a  System  of  Forces.  — Let  Fv  Ft,  Fv  ... 
denote  any  forces  acting  on  the  particles  mv  ms,  m3,  ...  of  a  material 
system,  and  8sv  bs2,  8s3,  ...  be  any  displacements  in  the  direction 
of  these  forces  which  are  possible  under  the  conditions  to  which  the 
system  is  subject.     The  sum  F1881  +  Fi8ss+  ...  is  called  the  work 
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done  by  these  forces  in  the  specified  displacements.     We  may  denote 
it  by  8  W,  and  write  the  equation 

SJF=JFT18s1  +  #38«2+...=2i^s.  (33) 

If  Xv  YVZV  ...,  8xt,  SypSZj, ...  be  the  components  of  Fv  ...,  8sv  ... 
parallel  to  the  axes,  we  have 

8W=2(X8x+Y8y  +  Z8z).  (34) 

If  Fv  Fs,  ...  be  the  resultant  forces  on  the  particles,  and  8sv  8s3,  . . . 
be  any  possible  displacements  in  the  directions  of  the  forces,  so  that 
the  system  changes  in  consequence  of  these  displacements  from  one 
configuration  to  another,  3  W  is  called  the  work  done  by  the  forces  in 
the  change  of  configuration.  Here  X,  Y,  Z  denote  the  components 
of  the  resultant  forces  on  a  particle  of  mass  m  ;  but  we  may,  as  in 
(24)  of  §  156  above,  put  instead  of  these  X  +  X',  Y+  Y',  Z  +  Z',  where 
X,  Y,  Z  now  denote  the  external  applied  forces  on  the  particle,  and 
X',  Y\  Z'  the  internal  component  forces  on  the  particle  due  to  the 
mutual  connections  of  the  particles  of  the  system.  With  this  new 
meaning  of  X,  Y,  Z 

8W=2(X8x  +  Y8y  +  Z8z)  +  2(X'8x+Y'8y  +  Z'8z).         (35) 

We  thus  get  by  equations  (24)  of  §  156 

8W=2m(x8x  +  y8y+z8z) 

^Zm(X8x+Y8y  +  Z8z)  +  Ilm(X'8x+Y'8y  +  Z'8z).        (36) 

In  the  general  case  neither  of  the  sums  on  the  right  of  this 
equation  vanishes.  The  second  sum  is  the  work  done  by  internal 
forces,  and  this  does  not  vanish  unless  the  internal  forces  are  only 
those  which  maintain  invariable  relations  between  the  particles  of 
the  system.  For  consider  a  system  composed  of  two  mutually 
attracting  particles  A ,  B.  Their  mutual  action  does  not  change  the 
position  of  their  centroid.  But  in  any  small  interval  of  time  A  is 
brought  nearer  the  centroid  by  a  distance  8rv  and  B  by  a  distance  8rr 
If  F  be  the  numerical  value  of  the  mutual  attracting  force  the  work 
done  is  F(8rx  +  8rs),  which  is  not  zero.  It  will  be  noticed  that  while 
the  directions  of  the  displacements  are  opposite,  the  forces  producing 
them  are  also  opposed,  so  that  the  works  done  are  both  positive. 

214.  Work  of  Applied  Forces  and  Forces  of  Constraint. 
Kinetic  Energy. — Let  us  now  denote  components  of  force  on  any 
particle  by  Xa  +  Xe,  Ya  +  Yc,  Za  +  Zc,  where  Xn,  Ya,  Za  are  the  forces 
on  the  particle  other  than  those  which  do  no  work  on  the  whole  in  any 
displacement  to  which  the  system  may  be  subjected.  The  forces  Xa,  . . . 
we  shall  call  the  work-forces  on  the  particle.  They  are  sometimes  also 
called  the  applied  forces,  but  it  is  to  be  remembered  that  they  are  not 
necessarily  forces  arising  from  matter  outside  the  system.  The  forces 
Xc,  Ye,  Zc  are  the  components  of  force  which  arise  from  those  connec- 
tions of  the  system  which  are  invariable,  that  is  from  the  unvarying 
kinematical  conditions  to  which  the  system  is  subject.     We  shall  call 
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them  forces  of  constraint.  Thus  the  forces  on  two  particles  exerted 
in  consequence  of  an  elastic  link  joining  them  are  forces  due  to  the 
connections  of  the  system,  but  they  must  be  included  in  the  group 
Xa,  —  On  the  other  hand,  forces  applied  to  two  particles  by  a 
rigid  rod,  which  keeps  them  always  at  the  same  distance  apart,  are 
forces  of  constraint  in  the  sense  here  adopted,  and  must  be  included 
with  Xc,  ....     These  forces  do  no  work  on  the  whole. 

If  the  kinematical  conditions  are  invariable,  that  is  if  they  are 
expressed  by  equations  involving  the  co-ordinates,  but  not  depending 
on  the  time  explicitly,  the  group  of  forces  of  the  type  Xc,  Yc,  Zc,  as 
will  be  proved,  will  do  no  work  in  any  possible  displacement  of  the 
system,  and  so  no  sum  of  work-terms  due  to  them  appears  in  the 
equation  of  work.     Thus  we  obtain  instead  of  (36) 

b  W=  2m(xbx  +  yby  +  zbz)  =  2(Xabx  +  Yaby  +  Zabz).         (37) 

The  variables  bx,  by,  bz  are  any  arbitrary  possible  displacements 
of  the  particles,  but  it  is  to  be  most  carefully  observed  that  this 
variational  equation,  as  it  is  called,  cannot  be  used  by  itself  to  obtain 
the  equations  of  §  156,  since  there  exists  along  with  it  the  relation 

2(Xcbx  +  Ycby  +  Zcbz)  =  0.  (38) 

There  are  to  be  included  in  the  forces  of  constraint  Xc,  Yc,  Zc,  ... 
forces,  if  any,  applied  to  keep  particles  moving  on  specified  surfaces 
or  along  guide-pieces,  for  the  conditions  are  capable  of  being  ex- 
pressed in  the  kinematical  equations.  It  is  to  be  understood  that  these 
are  forces  everywhere  perpendicular  to  the  direction  of  motion,  and 
therefore  no  work  is  done  by  or  against  them.  They  do  not,  there- 
fore, necessarily  appear  in  the  equation  of  work.  That  the  kinematical 
conditions  are  invariable  and  that  the  corresponding  forces  do  no 
work  on  the  whole  will  be  assumed  unless  the  contrary  is  stated.  If 
the  system  is  rigid  Xc,  Yc,  Zc  are  simply  the  internal  forces  X',  Y',  Z' 
referred  to  above  in  that  connection. 

Now  for  bx,  by,  bz  put  dx  =  xdt,  dy  =  ydt,  dz  =  zdt,  so  that  dx,  dy, 
dz  are  the  actual  displacements  which  take  place  in  the  motion  of  the 
system  in  the  short  interval  of  time  dt.     We  get  then  for  (37) 

2m(xdx  +  ydy  +  zdz)  =  2(Xadx  +  Yady  +  Zadz).  (37') 

If  we  write  for  the  system  of  particles 

f=|Sm(^  +  2/2  +  4  (39) 

(37' )  becomes 

dT 

^-ZiXjc+Tj+Zj).  (40) 

The  quantity  T  is  called  the  kinetic  energy,  or  energy  of  motion  of 
the  system,  while  Xax,  Yuy,  Zaz,  which  are  the  rates  at  which  work 
is  being  done  by  the  forces  Xa,  Ya,  Za  respectively,  are  called  the 
activities  .of  the  impressed  forces. 
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By  integration  we  obtain 

T=  *f(Xadx  +  Yady  +  Zadz)  +  C,  (40') 

where  C  is  a  constant,  and  the  integral  is  taken  over  the  time  of 
motion  from  the  initial  to  the  final  configuration. 

*215.  Forces  due  to  Constraints.  Activity  due  to  Varying 
Kinematical  Conditions. — To  find  the  forces  on  the  particles  when 
the  system  is  constrained  to  fulfil  certain  kinematical  conditions  we 
may  proceed  as  follows.  Let  the  masses  be  mv  mv  ...,  and  their 
positions  at  any  instant  of  time  be  the  points  xv  yv  zv  xv  y2,  zv  ..., 
as  indicated  above.  The  number  of  co-ordinates  required  to  fix  their 
positions  is  thus  3w.  Let  these  co-ordinates,  however,  be  connected 
by  m  equations, 

fi(xv  Vv>  *u  xv  Vt>  z*  •••)  =  °5   Aixv  Vv  zv  xv  V»  z»  ...)-0,  ...,  (41) 

so  that  only   3w-m  of  them   are  independent.      These  give  the 
differential  relations 

MtXl  +  &6x,+  ...=0,     <¥sdxl+&axa+...=Q,...,       (41') 

d»,  d«,  d*!  d«2 

which  are   equivalent   to  (41).      Such  conditions    are    said    to  be 
invariable. 

If  the  first  of  (41')  be  multiplied  by  Xp  the  second  by  Xr  and  so  on, 
and  the  products  be  added,  we  obtain 

x^+x^+-)toi+(^+x'f;+-h+-=o- (42) 

With  this  the  equation  of  work  for  any  set  of  arbitrary  displacements 
which  fulfil  the  kinematical  conditions  may  be  written 

Sm(xdx  +  yiy  +  zdz)  =  1{{Xl  +  \M.  +  \^i.+  ...)ix.  +  ...},      (43) 

d»i        d», 

where    Xv    Yv   Zv    Xv  ...  are   the    workforces    (§    214)    on   the 
particles  mv  m3,  ....     This  equation  holds  along  with  (40), 

So  far  the  multipliers  X,,  X2,  ...  are  undetermined.  We  now 
choose  them  so  that  the  co-efficients  of  8xv  8x3,  ...  on  the  two  sides 
of  (43)  may  be  the  same,  so  that 

mxl  =  Xl  +  \^+\^i  +  ...  ) 

0*i        d«! 

dVi       dyl 


These  are  called  the  equations  of  motion,  and  are  3n  in  number. 
With  the  m  kinematical  equations  (41)  they  give  Sn  +  m  equations 
in  all  for  the  co-ordinates  xv  yv  zv  xt,  y3,zs,  ...,  and  them  multipliers 
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Xj,  X2,  ... ;  so  that  the  system  of  values  proposed  for  \v  X„  ...  is  a 
possible  one. 

The  quantities  X19/1/9a;1  +  XI9/23a;1  +  ...,  ...,  are  the  forces  on  the 
particles  arising  from  the  constraints.  For  if  a  constraint,  say  that 
given  by/j  =  0,  were  annulled,  the  motion  of  m,  could  only  be  main- 
tained unaltered  by  adding  to  J,  a  force  X^/,/©^,  to  7,  a  force 
\df\ldVv  to  Zx  a  force  X13/,/9«p  and  so  on  for  the  other  particles. 

It  is  clear  from  (42)  and  (43)  that  the  total  work  due  to  the 
invariable  constraints  is  zero.  This  is  not  the  case  if  the  kinematical 
equations  involve  the  time  explicitly  as  well  as  the  position  co- 
ordinates, that  is,  are  of  the  form 

/(«>  xv  Vv  zv  x»  V»  z*  -" ) - °»  -~i  (45> 

so  that  we  have 

|£  +  f£*1  +  f^3+...=0,  ^  +  ^  +  ^+...=0,...       (46) 
dt    d^       fix,  ct     3*,       9*, 

Equations  (43)  will  still  hold,  provided  bxx,  dxv  ...  be  variations 
of  xv  cc2,  ...  consistent  with  the  kinematical  conditions  which  exist  at 
time  t,  and  the  equations  of  motion  are  still  valid.  If,  however,  (44) 
be  multiplied,  the  first  by  X1?  the  second  by  X2,  and  so  on,  and  the 
products  be  added,  we  obtain 

d^  =  ^Xx+Yy  +  Zz)-(X^  +  X3dA  +  ^U  ...),  (47) 

that  is  the  rate  of  increase  of  the  kinetic  energy  is  less  than  the 
rate  of  working  of  the  non-constraining  forces  by  the  quantity 
\cfjd~t  +  \d\fjct  +  •••>  which  represents  the  rate  at  which  work  is 
done  by  the  forces  called  into  play  by  the  relations  of  the  system. 
The  equation  of  work  (37),  however,  still  holds,  as  8x,  8y,  8z,  ...  are 
variations  of  the  co-ordinates  consistent  with  the  invariability  of  the 
conditions. 

If  X,  Y,  Z,  ...  be  conservative,  we  have  §  218 

«^I).-{x,|+x,|.+...),  («■) 

so  that  the  varying  kinematical  conditions  are  inconsistent  with 
constancy  of  energy. 

Now  consider  a  little  more  in  particular  the  forces  on  the  particle 
at  xv  y  ,  zv  which  exist  in  consequence  of  the  condition^  =  0.  These 
forces,  as  we  have  seen,  are \d/Jd^v  ^\dfjdyv  *\df\ldzv  an(^  are  *n 
the  directions  of  x,  y,  z.  d/Jd^i,  dfjd~yv  dfjdzs  are  *ne  rates  of 
variation  of  /,  taken  with  respect  to  xv  yv  zx  respectively,  when  the 
other  co-ordinates  are  taken  as  constants.  Hence  we  may  regard 
/*,  =  0  as  a  relation  connecting  different  values  of  xv  yv  zx  with  those 
of  certain  constants,  which  are  any  proper  chosen  values  of  the  other 
co-ordinates.  It  is  then  the  equation  of  a  surface  on  which  the  point 
(xp  yv  «,)  lies,  when  the  other  variables  remain  unchanged,  and  dfjd  && 
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d/JdVv  dfjdzi  ar©  proportional  to  the  direction  cosines  of  the 
normal  to  that  surface  at  the  point.  The  resultant  force  due  to  the 
constraint  is  thus  in  the  direction  of  the  normal  to  the  surface /",  =  0. 

In  the  same  way  the  force  on  the  particle  at  (xv  yv  z3)  due  to  the 
constraint/,  =  0  is  obtained  by  taking  the  surface  obtained  by  sup- 
posing xt,  yv  za  the  only  variables  in  fx  ;  and  so  on.  (Lagrange, 
Theorie  des  Fonctions,  3ifeme  Partie,  chap,  v.) 

The  term  in  the  variational  equation  of  work  due  to  the  con- 
straining force  on  the  particle  ml  arising  f rom  fx  =  0  is 


\dx1        oy1         d«,     / 


If  ox,,  Sylt  <5z,  are,  as  they  may  be,  any  variations  of  xv  yv  zx  giving  a 
displacement  8n,  at  right  angles  to  the  surface  defined  by  J[  =  0,  with 

Fig.  116. 


a,  particular  set  of  values  of  the  other  variables,  and  Rx  denote  the 
resultant  force  due  to  the  condition,  that  is 


wmnmm- 


the  work  term  just  written  becomes  Rl8n1.  Thus  the  force  on  f»i 
necessary  for  the  fulfilment  of  the  condition  fx  =  0  is  a  force  which 
tends  to  vary  the  surface  fx  =  0. 

216.  Work  done  in  Angular  Displacement  of  Rigid  Body  about 
a  Fixed  Axis. — As  a  particular  case  consider  a  rigid  body  free  to 
rotate  about  a  fixed  axis.  Without  any  loss  of  generality  we  may 
take  this  axis  as  coincident  with  the  axis  of  z.  Consider  a  particle 
at  a  point  P,  Fig.  116,  distant  r  =  <Jx2  +  y2  from  the  axis,  which  we 
suppose  to  be  through  the  origin  0,  and  let  0  be  the  angle  a  perpen- 
dicular OP  drawn  from  the  particle  to  the  axis  makes  with  a  fixed 
perpendicular  to  the  axis,  for  convenience  say  a  line  OX  parallel  to  the 
axis  of  x.  Take  OX,  OY  as  axes.  The  motion  possible  to  the  particle 
is  one  in  which  dx  =  XQ=  -  r  sin  Odd,  dy  =  PX=rcosddd,  dz  =  0,  or 
x=  -rsind.6,  y  =  rcosd.O.     Also  a;  =  rcos0,  y  =  rsixid,  and  therefore 

x=  -rcosd.i)2 -rsmti.O,    y=  -  rsind.62  +  rcosd.O, 
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values  which  can  be  obtained  either  analytically,  or  by  resolving 
along  x,  y  the  accelerations  rO,  rd2  which  P  has  perpendicular  to  OP, 
and  along  PO  respectively.  Thus  xdx  +  ydy  =  r2ddd.  Since  the 
body  is  rigid  0  and  dd  must  be  the  same  for  every  particle,  though 
■of  course  the  values  of  0  are  different  for  the  different  particles. 
Again, 

2( Xadx  +  Yady  +  Zadz)  =  S(  -  A>sin0  +  YarcosO)dd  =  2{Rr)dO, 

where  R  is  the  component  of  the  force  Xa,  Ya,  Za  at  right  angles  (in 
the  direction  of  increasing  6)  to  the  perpendicular  OP  let  fall  upon 
the  axis  from  the  particle  to  which  the  force  is  applied. 

Hence  for  the  body  free  to  rotate  as  described  the  last  equation 
becomes 

2(mr'i)edd  =  -2(Br)dd, 

which  we  have  already  obtained  in  §  159  above.  Also,  since  dd  =  ddt, 
and  tidt  =  dd,  we  obtain  instead  of  (37') 

2m(xdx  +  ydy  +  zdz)  =  2(mri).6d0  =  2(fir).0,  (48) 

that  is  the  sum  of  the  moments  of  the  impressed  forces  about  the 
axis  multiplied  into  the  angular  velocity  of  the  body  is  equal  to  the 
rate  of  increase  of  the  kinetic  energy.  Also  the  rate  of  working 
of  the  applied  forces  is  equal  to  the  sum  of  their  moments  about  the 
axis,  multiplied  into  the  angular  velocity  of  the  body,  or,  what  is  the 
same,  the  work  done  in  any  angular  displacement  of  the  body  about 
the  fixed  axis,  is  equal  to  the  total  moment  about  the  axis  of  the 
impressed  forces  multiplied  by  the  angle  which  measures  the  dis- 
placement. 

217.  Kinetic  Energy  of  Rotation. — By  integration  of  (48)  we 
obtain  for  the  rotating  body,  putting  2?>w2  =  Mk2,  where  k  is  the 
radius  of  gyration  about  the  fixed  axis 

T=lMk2d2  =  2(Rr)6  +  C.  (49) 

Thus  to  a  constant  0  the  kinetic  energy  is  equal  to  the  product  of 
the  total  moment  of  the  forces  into  the  angular  displacement  to  which 
the  body  has  been  subjected. 

It  has  been  shown  in  §§  156-159  that  the  action  of  the  forces  on 
a  rigid  body  may  be  considered  as  producing  (I)  acceleration  of  the 
centroid ;  (2)  angular  acceleration  of  the  body  about  an  axis  through 
the  centroid,  and  that  these  accelerations  are  independent.  It  will 
be  convenient  to  prove  in  this  connection  the  important  theorem 
that  the  kinetic  energy  of  the  body  is  ^Ms2  +  \Mk2ti2,  where  M  is  the 
mass  of  the  body,  k  its  radius  of  gyration  and  6  its  angular 
velocity  about  the  axis  through  the  centroid,  and  s  the  velocity  of 
the  centroid.  Let  P  be  a  point  of  the  body,  G  the  centroid,  Gil  the 
direction  in  which  the  centroid  is  moving,  p  the  distance  of  P  from 
the    axis.       The    square    of    the    velocity    of    a    particle   at   P   is 
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s2  +  d2p2  —  2sdp cos <p,  where  (f>  is  the  angle  between  the  velocity  Op 
and  GH.     The  kinetic  energy  is 

pm(s2  +  by)  =  \M&  +  ^M¥Q\  (50> 

since  2?njpeos0  =  O  and  ^Zmp2  =  Mk2.    Thus  the  proposition  is  proved. 

218.  Potential  Energy.  Conservative  Forces.  Conservation  of 
Energy. — If  now  the  impressed  forces  can  be  derived  from  a  function 
V  of  the  co-ordinates  such  that 

a*  _     a*   -   _a* 

^u-"&'  ra""ay'  Za_~a*'  {  > 

where  -  dE/dx  means  the  rate  of  variation  of  -  E  with  x,  when  y,  z 
are  supposed  constant,  -  dE/dy  the  rate  of  variation  of  -  E  with  y, 
when  z,  x  are  constant,  and  similarly  for  —  dEjdz.  Then  the  varia- 
tion of  V  with  t,  say,  will  be 

dE        fiE.     dE.     dE\  ' 

when  the  sum  is  taken  for  all  the  applied  forces.     Thus  (40)  becomes 

Tt+<§=0'  ovT+E=G>  (53> 

where  C  is  a  constant.  The  quantity  E  is  called  the  potential  energy 
of  the  system.  Since  it  is  a  function  of  the  co-ordinates  of  all  the 
particles,  it  depends  upon  the  configuration  of  the  particles,  and  is 
sometimes  called  energy  of  configuration. 

Equation  (53)  expresses  the  fact  that,  however  the  particles  may 
be  displaced  and  however  their  motions  may  be  varied,  the  sum  of 
the  kinetic  and  the  potential  energies  remains  constant,  provided  the 
forces  are  derivable  in  the  manner  specified  from  a  function  E  of  the 
co-ordinates. 

A  system  in  which  the  forces  depend  thus  upon  the  configuration 
of  the  particles  at  each  instant  is  called  a  conservative  system,  and  the 
forces  are  called  conservative  forces. 

The  value  of  the  sum  C  depends  upon  the  configuration  from 
which  the  potential  energy  is  reckoned,  that  is  the  configuration  for 
which  E  is  taken  as  zero,  and  that  can  be  chosen  arbitrarily.  If 
T0  be  the  kinetic  energy  in  that  configuration,  T  is  the  value  of  C. 

219.  Relativity  of  Kinetic  Energy.  Reckoning  of  Energy  for  a 
Self-contained  System.  Condition  necessary  for  Definiteness. — It  will 
be  observed  that  the  value  of  the  kinetic  energy  T,  since  it  depends  upon 
x,  y,  z  for  each  particle,  and  these  depend  upon  the  system  of  reference 
to  which  the  motion  of  the  particles  is  referred,  is  essentially  relative. 
The  equation  (40),  however,  always  holds  if  Xa,  Ya,  Za  are  measured 
by  the  mass-accelerations  of  the  particles  relatively  to  the  reference 
system  employed  to  define  x,  y,  z,  and  no  ambiguity  can  arise. 

The  doctrine  of  energy  belongs  really  to  what  we  have  called  a 
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self-contained  material  system.  The  potential  energy  is  that  of 
the  relative  configuration  of  different  parts  of  the  system  which 
act  upon  one  another  with  forces  depending  on  the  distances 
between  these  parts ;  the  kinetic  energy  is  the  energy  of  the 
motions  of  the  parts  of  the  system  relatively  to  a  reference 
frame  entirely  independent  of  the  material  system  the  energy 
of  which  is  under  consideration.  It  is  essential  for  the  definite- 
ness  of  changes  of  kinetic  energy  (the  absolute  amount  of  the 
kinetic  energy  is  of  no  consequence)  that  no  part  of  the  material 
system  under  consideration  should  form  the  reference  frame.  The 
equality  of  action  and  reaction  would  not  then  hold.  For  consider 
two  particles  of  masses  m,  m,  at  distance  r  apart,  attracting  one 
another  according  to  the  law  of  gravitation.  Let  their  motions 
be  referred  to  the  centroid  of  the  two  particles,  the  position  of  which 
•cannot  be  altered  by  their  mutual  action,  and  to  axes  through  this 
point  as  origin  which  may,  in  the  sense  already  explained,  be  regarded 
as  being  "  at  rest  in  space  "  (see  §  195).  The  forces  on  m  and  m 
act  toward  the  centroid,  and  are  of  the  same  numerical  amount, 
kmmjr2.  The  acceleration  of  m  is  km'/r2,  of  m,  km/r2,  and  these  are 
along  the  same  line  in  opposite  directions.  This  is  all  in  accordance 
with  the  Third  Law  of  Motion. 

But  now  let  m  be  supposed  to  be  at  rest,  the  acceleration  of  m, 
which  must  now  be  taken  relatively  to  m,  is  no  longer  km/r2,  but 
k(m  +  m')jr2,  since  an  acceleration  km'  jr2  equal  and  opposite  to  that 
of  m  must  be  imposed  on  both  particles  to  reduce  the  acceleration  of 
m  to  zero,  and  since  that  does  not  affect  the  relative  motions  of  the 
two  particles,  the  acceleration  of  m  relatively  to  m  must  be  as  stated. 
The  corresponding  force  on  m  is  km'{m  +  m'J/r2,  the  force  on  m  is 
:zero  ;  and  the  Third  Law  of  Motion  is  not  fulfilled. 

The  consideration  in  this  way  of  the  motions  of  the  particles  of  a 
system  relatively  to  some  chosen  one  taken  as  at  rest  is  frequently 
•convenient,  especially  in  the  consideration  of  the  motions  of  the 
rsatellites  of  a  planet ;  but  it  is  necessary  always  to  remember  that  it 
violates  the  Third  Law  of  Motion,  and  renders  the  estimation  of 
energy-changes  liable  to  ambiguity. 

220.  Non-Conservative  or  Dissipative  Forces.  Work  spent  in 
overcoming  Friction. — So  far  we  have  considered  only  conservative 
forces,  and  have  supposed  the  work  done  by  these  forces  to  have  its 
equivalent  in  the  kinetic  energy  produced  in  the  system.  There  are, 
however,  forces  such  as  those  of  friction,  with  which  we  may  class 
all  resistances  to  motion  not  arising  from  inertia,  against  which 
work  is  done,  apparently,  at  first  sight,  without  the  production  of 
any  equivalent.  Thus  a  body  is  moved  along  the  surface  of  another 
body — a  book  pushed  along  a  table  will  serve  as  an  illustration — and 
its  motion  is  resisted  by  a  force  acting  tangentially  in  the  surface  of 
contact  of  the  bodies.  This  force  is  reversed  when  the  relative 
motion  is  reversed,  and  work  is  still  done  against  it  in  the  motion. 
It  is  therefore  non-conservative.  Again,  a  body — for  example,  a 
pendulum  bob — moves  through  a  fluid,  and  its  motion  is  resisted  by  a 
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force  depending  on  the  speed  of  the  bob  relatively  to  the  fluid.    This 
force  also  is  non-conser  vative. 

221.  Conversion  of  Heat  into  Ordinary  Dynamical  Energy. 
Heat  Engines. — It  appeared,  until  the  discovery  of  modern  thermo- 
dynamics set  the  matter  in  its  proper  light,  that  work  done  in  over- 
coming friction  was  without  equivalent.  It  is  now  known,  chiefly 
by  the  experiments  of  Joule,  that  when  work  is  so  spent  heat  is  pro- 
duced of  amount  in  direct  proportion  to  work  spent,  and  that  heat  is 
a  form  of  energy  which  can  be  expended  in  doing  mechanical  work. 
We  shall  deal  under  Thermodynamics  with  the  subject  of  the  trans- 
formation of  heat  energy  into  mechanical  work ;  at  present  we  shall 
give  merely  the  chief  modifications  of  the  equations  of  motion  of 
a  material  system,  produced  by  the  introduction  of  non-conserva- 
tive or,  as  they  are  sometimes  called,  dissipative  forces.  It  may 
be  stated  here,  however,  that  for  the  conversion  of  heat  energy 
into  energy  of  configuration  of  the  mutually  acting  parts  of  a 
material  system,  or  into  relative  motions  of  visible  bodies,  two  bodies 
at  different  temperatures  are  necessary,  and  that,  even  in  the  most 
favourable  circumstances  of  transformation,  unless  one  of  these 
bodies  is  at  what  is  called  the  absolute  zero  of  temperature,  a  balance 
of  the  heat  operated  on  (which  is  always  received  from  the  hotter 
body)  will  be  transferred  to  the  colder  body,  so  that  the  conversion 
is  incomplete.  The  hotter  body,  from  which  heat  is  taken  by  the 
working  substance,  is  called  the  source;  the  colder  body,  which 
receives  heat  from  the  working  substance,  is  called  the  refrigerator. 

The  process  consists  in  putting  a  material  system,  called  the  work- 
ing substance,  through  a  closed  cycle  of  changes,  in  the  course 
of  which  more  work  is  done  by  the  working  substance  against  external 
forces  than  is  done  by  external  forces  upon  the  substance,  so  that 
for  each  cycle  or  stroke  of  the  arrangement  (or  heat  engine  as  it  is 
called)  there  is  a  balance  of  useful  work  obtained.  This  is  at  the 
expense  of  heat  absorbed  by  the  substance  from  the  source,  and,  if 
there  is  no  passage  of  heat  to  external  bodies  in  the  course  of  the 
stroke,  the  difference,  H—h,  between  the  heat  H received  from  the 
source  and  the  heat  h  given  to  the  refrigerator  in  the  stroke  has 
its  equivalent  in  the  work  done  on  external  bodies.  The  cycle 
is  said  to  be  reversible  if  when  the  operations  of  the  stroke  are  per- 
formed in  the  reverse  order  all  the  agencies  are  exactly  reversed 
throughout  the  series  of  changes,  so  that  heat  h  is  taken  from  the 
refrigerator  and  heat  H  is  given  to  the  source  while  work  H—h 
is  done  by  external  forces  on  the  working  substance ;  and  the  engine 
performing  the  cycle  is  said  to  be  a  reversible  engine.  Such  an  engine 
will  be  proved  later  to  have  the  greatest  possible  efficiency,  that 
is  one  in  which  the  ratio  W/H,  or  (H  -  h)jH,  of  the  useful  work  done 
in  a  stroke  to  the  heat  taken  in  from  the  source,  has  the  highest 
possible  value,  so  that  all  such  engines  have  the  same  efficiency,  which 
is  therefore  independent  of  the  nature  of  the  working  substance.  An 
engine  reversible  in  this  sense  is  also  called  a  perfect  engine. 

If  during  the  stroke  there  is  a  passage  of  heat  to  outside  bodies, 
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or  if,  in  any  way,  the  ratio  (H  -  h)[H  is  less  than  that  for  a  perfect 
engine,  the  engine  is  not  perfect,  and  the  cycle  is  non-reversible. 

222.  Non-Reversible  or  Dissipative  Forces. — A  most  important 
peculiarity  of  the  so-called  dissipative  forces  here  considered  is 
the  non-reversibility  of  cycles  of  changes  in  which  work  is  done 
against  such  forces.  When  one  particle  attracts  another  work 
must  be  done  against  the  attraction  by  externally  applied  forces 
in  separating  the  particles ;  and  work  is  done  by  the  attraction 
against  external  forces  when  the  particles  are  allowed  to  approach 
one  another.  Kot  so  with  resistances  of  the  kind  here  considered : 
whatever  the  direction  of  the  displacement  may  be,  work  must 
be  done  against  these  resistances,  and  thus,  when  a  system  is  put 
through  any  closed  cycle  of  displacements,  the  work  done  against  such 
forces  is  not  zero,  but  a  finite  positive  quantity.  Such  cycles  may 
therefore  be  called  non-reversible  cycles.  We  shall  in  future  refer 
to  forces  of  this  character  as  dissipative  forces. 

Any  system  in  which  such  forces  have  play,  like  every  system  for 
which  the  conservation  of  energy  does  not  hold,  is  really  only  part  of 
a  self-contained  system.  Closed  cycles  of  changes  of  the  latter  are 
reversible,  and  the  law  of  conservation  holds.  The  heat  generated 
by  dissipative  forces  is  possibly,  in  the  first  instance,  only  kinetic 
energy  of  particles  of  the  partial  system  under  consideration,  or  of 
some  other  partial  system  in  relation  with  it,  the  co-ordinates  of 
which  we  have  no  means  of  specifying.  There  is  no  means  of 
retaining  this  energy  within  any  system  with  which  we  are  concerned, 
or  even  of  completely  utilising  it  if  it  were  retained.     See  §  '224:. 

223.  Dissipation  of  Energy. — The  name  dissipative  farces  is 
appropriate  inasmuch  as  the  work  done  against  them  has  its  equiva- 
lent in  the  form  of  heat,  and  this  by  what  has  been  stated  above  it  is 
impossible  even  in  the  most  favourable  circumstances  to  completely 
retransform  into  energy  of  relative  displacement  or  motion  of  visible 
bodies.  The  balance  in  general  of  heat  given  to  the  refrigerator  or 
to  external  bodies  by  a  heat  engine  is  diffused  by  conduction  and 
radiation  of  heat  throughout  all  bodies  accessible  by  such  processes, 
and  goes  to  raise  their  general  temperature.  Also  bodies  heated  by 
friction  invariably  lose  by  these  processes  a  portion,  often  the  whole, 
of  the  heat  generated  in  them.  In  the  uniformly  diffused  state,  heat 
energy  will  be  unavailable,  owing  to  the  necessity  of  bodies  at 
different  temperatures  for  its  utilisation  ;  and  the  continual  leakage 
of  energy  to  this  form,  arising  from  conduction  and  radiation,  and  the 
rejection  of  heat  to  colder  bodies  in  thermodynamic  processes, 
steadily  increases  the  amount  of  energy  locked  up  in  the  unavailable 
form.  This  constant  tendency  of  energy  to  become  unavailable  has 
been  called  by  Lord  Kelvin,  to  whom  the  doctrine  is  due,  the  dissipa- 
tion of  energy. 

224.  Introduction  of  Dissipative  Forces  into  Equations  of 
Motion. — Going  back  to  the  equations  of  motion  of  a  system  of 
particles,  let  the  components  of  the  force  really  acting  on  any 
particle  be  A*,  Y,  Z,  and  let  the  forces  actually  producing  acceleration 


192  DYNAMICS,    PROPERTIES    OF   MATTER. 

be  X  -  Xd,  Y  —  Yd,  Z  -  Zd,  where  Xd,  Yd,  Zd  are  the  components  of 
the  dissipative  forces  which  must  be  applied  to  the  particle.  The 
forces  X,  Y,  Z  in  general  are  natural  forces  which  are  conservative, 
that  is  are  derivable  from  a  potential  Y.  The  equations  of  motion 
of  the  particle  if  of  mass  m  are 

mx  =  X -Xd,   my=Y-Yd,   mz  =  Z-Zd.  (54) 

The  variational  equation  becomes  in  this  case 

Zm{xbx  +  yby  +  z8z)  =  2(Xa8x  +  Ya8y  +  Zjz) 

-  2{Xd8x  +  Yd8y  +  Zd8z),         (55) 

where  Xa,  Ya,  Za  have  the  same  meanings  as  in  §  214.  Instead  of 
(40)  we  obtain 

^L  =  S(Xai+ray  +  ^)-S(X^+7d2/  +  ^),  (56) 

or,  putting  Xa=  -dEjhx,  Ya=  -dE/dy, 

*£+%)  =  -  2(A>  +  Yd  +  Zdz).  (57) 

225.  Controllable  and  Uncontrollable  Co-ordinates.  Rate  of 
Dissipation  of  Energy. — T+E  is  the  sum  of  the  kinetic  and  potential 
energies  of  the  visible  bodies  of  the  system,  that  is  of  the  bodies  as 
distinguished  from  the  molecules  or  ultimate  particles  composing 
them.  Heat  energy  consists  no  doubt  in  the  kinetic  energy  of 
molecular  motions,  which  are  changed  when  a  body  is  raised  in  tem- 
perature, but  the  particles  concerned  cannot  have  their  motions 
traced  individually,  nor  can  such  particles  be  laid  hold  of  so  as 
to  have  their  motions  subjected  to  conditions  arbitrarily  imposed. 
Sometimes  T+E,  the  ordinary  energy,  is  called  the  energy  depending 
on  the  controllable  co-ordinates  of  the  system,  while  heat  energy 
depends  on  what  are  called  uncontrollable  co-ordinates,  that  is  the 
co-ordinates  by  which  molecular  motions  are  to  be  defined  and 
measured.  It  is  not  impossible  that  potential  or  configurational 
energy  may  be  really  kinetic  energy  depending  on  a  system  of 
uncontrollable  co-ordinates  of  matter  (or  it  may  be  of  ether)  in  the 
space  surrounding  the  bodies. 

The  expression  on  the  right  of  (57)  shows  that  the  sum  of  the 
potential  and  kinetic  energies  of  the  system  diminishes  at  a  rate 
which  is  numerically  2(Xdx+  Yay  +  Zdz).  This  is  the  rate  of  dis- 
sipation. 

226.  Body  on  a  Rough  Inclined  Plane. — The  following  simple 
case  will  illustrate  this  result.  A  body  slides  a  distance  s  down  an 
inclined  plane  under  the  action  of  gravity,  and  is  resisted  by  friction 
between  it  and  the  plane.  Let  a  be  the  inclination  of  the  plane  to 
the  horizontal,  m  the  mass  of  the  body,  and  Fthe  frictional  resistance 
on  the  body,  acting  up  the  plane,  and  supposed  constant  during  the 
displacement.     At  the  beginning  of  the  displacement  let  the  velocity 
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of  the  body  be  v0,  and  its  potential  energy  E0,  then  T+  E  =  %mv02  +  E0. 
The  force  due  to  gravity  acting  down  the  plane  during  the  displace- 
ment is  m<7sina,  and  therefore  the  resultant  downward  force  is 
mgsina  -  F  The  work  done  by  this  force  in  the  displacement  is 
(mgrsina  -  F)s,  and  the  loss  of  potential  energy  is  mgssma.  The 
acceleration  down  the  plane  is  gsina  —  F/m  throughout  the  displace- 
ment, and  is  uniform,  and  if  v  be  the  final  velocity, 

{v  -  v0)/(gsina  -  F/m) 

is  the  time,  t,  of  describing  s.     Thus,  by  §  90, 

«  =  h(v  +  O*  =  h(v2  -  V)/tesin«  -  F\m). 
The  kinetic  energy  \mv2  after  s  has  been  described  is  therefore 

mgssina  -  Fs  +  \mv2. 
Hence  then 

T+E =  nigs  sin  a  -  Fs  +  %mv02  +  E0-  mgssin  a  =  \mv*  +  E0  -  Fs. 

Thus  the  sum  of  the  kinetic  and  potential  energies  has  been 
diminished  by  Fs,  the  work  done  in  overcoming  friction. 

'227.  Laws  of  Friction.  Static  and  Kinetic  Friction. — We  may 
here  conveniently  discuss  frictional  resistance  between  bodies  in 
relative  motion.  It  is  usual  to  dis- 
tinguish between  the  friction  which 
exists  when  solids  are  in  contact  with 
only  air  between  them,  and  the  resist- 
ance to  motion  when  the  solids  are 
separated  by  a  layer  of  lubricant  such 
as  oil.  Thus  the  terms  "  solid  friction," 
or  "  dry  friction,"  and  "  fluid  friction  " 
are  in  common  use  to  denote  the  two 
kinds  of  friction,  and  two  sets  of 
"  laws "  are  given  for  them.  There 
are,  however,  indications  that  these  are 
only  particular  cases  of  fluid  friction, 
that  in  fact  when  there  is  no  lubricant 
in  the  ordinary  sense  between  rubbing 
surfaces  the  presence  of  air  plays  an 
important  part. 

Frictional  force  exists  between 
every  pair  of  elements  of  the  surfaces 
of  the  two  bodies  if  these  elements  are 
in  contact  and  are  in  relative  motion.  It  acts  tangentially  on  each 
of  the  two  elements  in  the  direction  opposing  the  relative  motion 
which  there  exists.  Only  further  research  can  reveal  its  actual 
cause,  but  it  is  of  the  nature  of  the  shearing  stress  which  would 
resist  the  sliding  of  one  surface  on  another  to  which  it  adheres. 
It  is  not  to  be  confounded  with  the  resistance  to  motion  exerted  on 
a  body  which  abrades  or  cuts  into  the  surface  along  which  it  moves. 
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Experiments  in  friction  have  been  made  in  various  ways,  but  the 
apparatus  shown  in  Fig.  117  (due  to  Professor  Perry)  enables  all 
the  ordinary  information  to  be  obtained  very  easily.  The  instrument 
consists  of  a  vertical  pulley  with  a  broad  smooth  circumference,  on 
the  highest  part  of  which  a  transverse  horizontal  piece,  P,  is  made 
to  bear  by  a  weight  W.  The  pulley  is  driven  (by  hand  or  by  a  steam 
engine)  at  a  constant  speed  which  is  measured  by  a  speed-counter. 
Owing  to  friction  between  the  pulley  surface  and  the  bearing  piece, 
the  latter  would  be  carried  in  the  direction  of  motion  of  the  pulley 
until  arrested  by  a  stop  were  it  not  for  the  horizontal  force  applied  by 
means  of  the  weights  in  the  scale-pan  to  prevent  the  motion.  Thus 
by  varying  the  surfaces  of  the  pulley  and  the  bearing  piece,  and  the 
speed,  all  the  so-called  laws  of  friction  can  be  verified.  These  laws 
are : 

1.  The  frictional  resistance  is  nearly  independent  of  the  speed  of 
the  relative  motion,  provided  the  speed  be  not  excessively  small, 
in  which  case  the  friction  is  found  to  increase  towards  a  maximum 
value,  called  static  friction,  as  the  speed  falls  off  to  zero. 

2.  The  friction  depends  on  the  nature  of  the  rubbing  surfaces,  but 
is  independent  of  the  extent  of  them  in  contact. 

3.  The  friction  is  proportional  to  the  force  with  which  one  surface 
is  pressed  against  the  other,  and  is  equal  to  this  force  multiplied  by 
a  number  which  is  less  than  unity.  This  number  is  called  the 
co-efficient  of  friction,  and,  in  all  cases  in  which  the  possibility  of 
abrasion  of  the  surfaces  is  excluded,  is  considerably  less  than  unity. 

For  wood  on  wood  (dry)  the  co-efficient  of  friction  varies  from 
•25  to  '5,  and  for  metal  on  metal  from  "15  to  "2. 

Static  friction,  it  has  been  stated,  is  greater  than  the  friction 
between  bodies  in  relative  motion  or  kinetic  friction,  as  it  is  some- 
times termed.  The  amount  of  static  friction  developed  in  different 
cases  varies  from  zero  up  to  its  maximum  value,  and  is  never  more 
than  that  required  to  prevent  motion.  Thus  let  a  body  rest  on  a 
plane  inclined  at  an  angle  a  to  the  horizontal ;  the  downward  force 
on  the  body  due  to  gravity  is  m^sina.  If  this  be  less  than  the 
greatest  possible  value  of  the  static  friction,  the  frictional  force 
developed  will  just  be  mgsma  in  amount,  and  will  act  up  the  plane. 
This  is  clear  from  the  fact  that  if  a  greater  force  were  developed  the 
body  would  receive  an  upward  acceleration.  The  ratio  of  the  maximum 
of  static  friction  to  the  normal  force  is  called  the  co-efficient  of 
static  friction. 

228.  Experiments  on  Friction.  Determination  of  Co-efficient  of 
Friction. — In  experiments  made  with  the  apparatus  shown  in  Fig.  117. 
in  which,  however,  the  bearing  piece  or  slide  extended  over  a  con- 
siderable arc  of  the  pulley,  Professor  Perry  found  the  friction  to 
diminish  as  the  speed  was  increased  until  it  reached  a  minimum 
value,  after  which  it  increased  as  the  speed  was  raised.  This  was 
found  to  be  due  to  the  pumping  of  ah"  into  the  curved  space  between 
the  surfaces  so  that  the  pressure  was  made  to  vary  from  point  to 
point,  as   was  proved  by  the  insertion   of   small    pressure  gang 
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Accordingly  Professor  Perry  has  replaced  the  apparatus  by  an 
improved  instrument  in  which  the  slide  is  pressed  by  a  weight 
against  the  upper  surface  of  a  disk  rotating  in  a  horizontal  plane,  so 
that  the  bearing  surfaces  are  both  quite  flat.  (See  Professor  Perry's 
Applied  Mechanics.) 

But  very  instructive  experiments  can  be  made  with  the  simple 
laboratory  apparatus  shown  in  Fig.  118,  which  explains  itself.  The 
surfaces  in  contact  can  be  altered  by  placing  on  the  shelf,  AB,&  plate 
of  one  of  the  substances,  and  using  for  the  sliding  plate,  C,  a  piece  of 
the  other  substance.  The  friction  is  measured  by  the  weight  W  in 
the  scale-pan,  while  the  normal  force  exerted  by  one  surface  on  the 
other  is  the  combined  weight  of   the  plate  C  and  its  load.     This 


Fig.  118. 


A&&£ 


method  was  used  by  Morin  in  his  experiments  on  the  co-efficients  of 
friction  between  different  substances. 

The  student  observes  with  this  apparatus  that  the  resistance 
before  motion  is  set  up  is  always  greater  than  that  which  exists 
after  motion,  so  that  the  weight  W  in  the  scale -pan  which  just 
suffices  to  start  the  motion  will  produce  acceleration  after  the  motion 
has  been  set  up.  A  slightly  less  weight  must  be  used,  and  the  motion 
just  started  by  a  slight  impulse  given  to  C.  If  then  the  motion 
continues  uniformly  just  the  right  force  is  applied.  The  observer 
will  soon  learn  to  judge  pretty  accurately  of  the  uniformity  of  the 
motion  by  simple  observation.  He  will  then  find  by  varying  the 
load  that  F  is  proportional  to  N,  the  normal  force  between  the 
surfaces,  that  is  that  F=fiJV,  and  that  practically  the  same  result  is 
obtained  whatever  the  relative  speed  between  the  two  surfaces 
may  be. 

In  recording  the  results  of  such  experiments  the  observer  should 
not  merely  enter  the  numbers  obtained  in  his  note-book,  but 
examine  their  significance  by  careful  graphical  comparison.  This  he 
should  do  by  plotting  them  in  curves  on  what  is  called  "  squared 
paper,"  that  is  paper  ruled  by  not  too  obtrusive  lines  into  small 
squares.  In  fact  the  note-books  of  students  generally,  and  all  note- 
books used  in  a  physical  laboratory,  should  be  made  of  paper  thus 
ruled.     The  author  has  found  that  such  books  can  be  obtained,  at 
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only  a  very  slight  increase  of  cost,  though  the  paper  is  ruled  into 
squares  of  one  inch  in  side,  which  are  subdivided  into  squares  of 
one  tenth  of  an  inch  by  rather  fainter  lines. 

The  test  of  the  law  F=fi¥  would  thus  be  obtained  by  laying 
down  values  of  N  as  distances  on  a  horizontal  line  along  the 
page,  from  a  vertical  line  at  the  left-hand  side,  which  can  easily  be 
done  on  any  scale  by  means  of  the  divisions  along  the  common 
boundary  of  a  horizontal  row  of  squares,  and  then  laying  off  the 
values  of  F  as  ordinates  from  the  points  given  by  the  values  of  If. 
If  these  points  lie  on  a  straight  line  the  law  is  verified,  and  p  is 
given  by  any  value  of  F  divided  by  the  corresponding  value  of  N,  or 
better,  since  the  values  of  F  and  N  will  not  always  give  the  same 
ratio  exactly,  a  certain  mean  line  will  be  indicated,  the  tangent  of 
the  inclination  of  which  to  the  horizontal  line  is  the  value  of  /x. 

229.  Co-efficient  of  Friction  measured  on  Inclined  Plane. — When 
a  body  moves  uniformly  down  an  inclined  plane,  under  the  action  of 

Fig.  119. 


gravity  and  the  friction  between  the  body  and  the  plane,  the  tangent 
of  the  angle  of  inclination  of  the  plane  to  the  horizontal  is  the  value 
of  n  for  the  surfaces  in  contact.  If  a  be  the  inclination  of  the  plane 
to  the  horizontal,  and  W  be  the  gravity  of  the  body,  the  component 
force  down  the  plane  is  TFsina,  and  since  there  is  no  acceleration 
this  must  be  just  balanced  by  the  friction,  F,  acting  up  the  plane. 
But  the  force  normal  to  the  plane  is  IFcosa.     Hence  we  have 


that  is 


F=  TFsina  =  uTFcosa, 
pi  =  tana 


(58) 


The  co-efficient  of  friction  may  be  found  by  this  relation  with  great 
ease.  Have  an  inclined  plane  made  stiffened,  as  shown  in  Fig.  119, 
by  two  parallel  longitudinal  pieces  on  the  under  side  to  prevent  per- 
ceptible bending  by  any  load  used.  Prop  it  up  on  a  horizontal  table 
until  the  body  slides  uniformly  down.  Then  place  a  large  set  square 
with  one  edge  along  the  table  and  the  other  intersecting  the  lower 
edge  of  the  side  of  the  plane  at  B,  and  mark  the  point  of  intersection 
on  the  vertical  edge  of  the  set  square,  and  the  point  C  on  the 
horizontal  plane.     Measure  AC,  then  BCjAC  is  p. 

Let  the  body  be  moving  down  the  plane.     The  action  of  the 
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plane  on  the  body  is  then  a  force  JFcosa  normal  to  the  plane,  and 
from  the  plane  to  the  body,  and  a  force  /*  JFcosa  up  the  plane.  The 
resultant  action  of  the  plane  on  the  body  is  therefore  Jl+u'Wcosa 
along  a  line  in  the  vertical  plane  of  motion,  and  inclined  at  an  angle 
tan-1!//!  to  a  line  drawn  up  the  plane,  or  an  angle  tan~'/x  to  the 
normal  to  the  plane.  If  the  body  moves  up  the  plane  the  friction 
acts  down,  and  the  resultant  action  of  the  plane  on  the  body  has  the 

Fig. 121. 
Fig.  120. 


same  value  as  before,  and  is  inclined  to  the  normal  at  the  same  angle, 
but  on  the  opposite  side.  This  angle  is  called  the  limiting  angle  of 
friction. 

Consider  a  body  at  rest  on  a  plane  surface  between  which  and 
the  plane  the  co-efficient  of  friction  is  p,  and  let  a  force  F  be  applied 
through  the  centroid  of  the  body  in  a  line  making  an  angle  0,  less 
than  tan-1  p,  with  the  normal  drawn  to  the  surface.  The  normal 
force  is  Fcosd,  and  the  tangential  force  is  Fsind.  The  greatest 
value  the  friction  resisting  motion  can  have  is  p. Fcosd,  and  since 
cos0>  1/^1  +fis,  fiFcosd>  pF/Jl  +/i2.  On  the  other  hand 
smd<p/,Jl+fjL*,  and  therefore  Fsind  <  fiF/Jl  +/x".  Hence  the 
tangential  force  due  to  F  tending  to  move  the  body  along  the 
surface  is  less  than  the  greatest  frictional  force  which  can  be  called 
into  play  by  the  normal  component  Fcosd,  and  hence  the  body  is  not 
moved  by  the  force.  The  line  of  the  force,  therefore,  to  produce 
motion  along  the  surface  must  lie  outside  the  cone  of  which  the 
normal  through  the  centroid  is  the  axis,  and  the  semi-vertical  angle 
is  tan_1/x. 

The  general  case  of  the  equilibrium  of  a  particle  on  a  rough 
surface  will  be  considered  under  Statics.  Also  the  use  of  friction- 
ergometers  for  the  measurement  of  the  activities  of  machines  will  be 
described  under  Measures  and  Instruments. 

280.  Anti-Friction  Rollers  and  Bali-Bearings. — We  shall  consider 
friction  further  in  chap.  vi.  and  in  vol.  ii.  under  Viscosity,  but 
before  dismissing  the  subject  here  it  is  desirable  perhaps  to  indicate 
the  general  principle  of  the  mode  adopted  in  many  machines  for  the 
diminution  of  its  effects.  In  such  cases  it  is  the  friction  of  axles  on 
bearings  that  exerts  the  retarding  action.  Thus  consider  the 
cylindrical  bearing  shown  in  Fig.  120.  To  the  relative  motion,  which 
is  everywhere  tangential  to  the  cylindrical  surfaces,  resistance  is 
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opposed,  and  though  this  may  be  different  at  different  points  of  a 
bearing  the  friction  at  each  point  acts  at  the  same  distance  from  the 
axial  line  of  the  axle,  and  so  exerts  on  the  axle  a  couple  of  moment 
r2F,  where  r  is  the  radius  of  the  axle,  and  2F  is  the  sum  of  the 
tangential  forces.  The  work  done  in  overcoming  friction  in  any  dis- 
placement is  s2F,  where  s  is  the  distance  each  point  of  the  axle  has 
moved  against  the  retarding  force  applied  at  a  point  of  the  bearing. 
But  for  unit  of  time  s  is  2nrn,  where  n  is  the  number  of  revolutions 
made  by  the  axle  in  unit  of  time ;  hence  the  work  done  at  the  bear- 
ing per  unit  of  time  is  27r?ir2F,  that  is  the  product  of  the  couple 
rUF  into  the  angle  2-rnn  turned  through  by  the  axle  in  unit  of  time. 
In  other  words,  the  activity  spent  in  overcoming  friction  is  the 
retarding  couple  multiplied  into  the  angular  velocity  of  the  axle.  If 
then  there  be  in  a  machine  a  number  of  bearings  at  which  the 
couples  are  Lv  Ls, ...,  and  the  angular  velocities  are  wv  w,,  ...,  the 
activity  spent  against  friction  is  wlLl  +  w,X2-f ...,  or  2wZ.  This 
work  is  less  the  smaller  the  value  of  w  at  each  bearing,  and  the 
smaller  L,  that  is  for  the  same  frictional  resistance,  the  smaller  the 
radius  of  the  bearing. 

The  effect  of  friction  can  thus  be  reduced  very  much  by  diminish- 
ing the  diameter  of  the  bearings,  and  further  by  adopting  an  arrange- 
ment like  that  shown  in  Fig.  121.  There  each  end  of  the  axle  of  a 
wheel  is  laid  in  the  angle  between  a  pair  of  overlapping  wheels 
supported,  we  shall  suppose,  on  ordinary  bearings.  The  ends  of  the 
axle  roll  on  the  supporting  wheels,  and,  if  there  is  no  slipping,  no 
activity  (or  only  a  very  little  on  account  of  what  is  called  rolling 
friction)  is  spent  in  consequence  of  this  relative  motion.  It  a>  be 
the  angular  velocity  of  the  axle,  r  its  radios,  and  R  the  radius  cf 
each  of  the  wheels  on  which  it  rests,  the  angular  velocity  of  each 
supporting  side  wheel  is  arjR.  If  the  average  frictional  couple 
applied  to  a  side  wheel  be  L,  the  activity  spent  in  overcoming 
friction  is  for  the  four  AaLrjR.  If  the  radius  of  the  axle  of  the 
supported  wheel  be  the  same  as  that  of  each  side  wheel,  and  there 
be  only  an  imperceptible  increase  of  weight  introduced  by  the  side 
wheels,  the  rate  of  working  against  friction,  if  the  supported 
wheel  were  on  ordinary  bearings,  would  be  4coZ.  Hence  the 
activity  spent  against  friction  is  diminished  by  this  device  in  the 
ratio  rjR. 

If  the  radius  of  the  axles  of  the  side  wheels  be  made  r,  and  the 
weight  be  the  same,  the  couple  applied  to  each  side  wheel  becomes 
Lr'jr,  where  //  has  the  same  value  as  before.  The  angular  velocity  of 
of  each  side  wheel  is  wr/R.  Hence  the  whole  activity  spent  against 
friction  is  -iwLr'IR.  But  the  couple  applied  to  each  end  of  the  axle 
of  the  supported  wheel  when  on  ordinary  bearings  would  now  be 
2L,  if  the  diameter  of  the  axle  at  the  bearings  is  r,  and  the  activity 
spent  against  friction  would  be  4wZ.  By  the  side  wheels,  then,  the 
frictional  activity  is  reduced  in  the  ratio  r  R,  which  is  independent 
of  the  radius  of  the  bearing  part  of  the  axle  of  the  supported  wheel. 
But  the  frictional  activity  of  the  supported  wheel  on  ordinary  bear- 
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ings,  which  is  thus  reduced  by  the  side  wheels,  is  in  propor- 
tion to  r ;  so  that  it  is  well  to  turn  down  the  bearing  parts  of 
the  axle  of  the  supported  wheel  as  small  as  is  consistent  with 
strength. 

The  explanation  of  the  diminution  of  the  retarding  effect  of 
friction  on  a  bicycle  wheel  produced  by  ball-bearings  depends  in 
the  same  way  on  the  substitution  of  rolling  for  slipping  in  the  bear- 
ings of  the  wheel.  Ball-bearings  have  the  advantage  that  slipping  is 
by  their  means  more  completely  prevented,  since  the  balls  roll  in 
contact  with  the  turning  axle,  and  in  contact  with  the  bearing  fixed 
relatively  to  the  machine. 

23 1 .  Rolling  Friction. — It  only  remains  here  to  say  a  word  or  two 
as  to  rolling  friction.  A  wheel  or  cylinder  never  touches  a  rail  or 
plane  in  a  point  or  line,  but  always  in  a  surface  produced  by  the 
elastic  deformation  of  the  bodies.  There  is  thus  a  slight  sliding 
motion  of  parts  of  the  surfaces  in  contact  introduced  which  retards 
the  motion.  Thus  as  a  locomotive  wheel  turns  a  deformation  of  the 
rim  where  the  weight  is  borne  is  produced,  and  there  is  a  corre- 
sponding indentation  of  the  rail.  This  produces  a  retarding  couple 
of  amount  proportional  to  the  weight  W  on  the  wheel,  say  Wc.  A 
wheel  given  rotating  on  a  rough  horizontal  surface  would  gradually 
be  brought  to  rest,  in  consequence  of  this  couple,  and  the  introduc- 
tion of  sliding  friction  necessary  to  ensure  the  fulfilment,  which  still 
exists  in  such  a  case,  of  the  kinematical  equation  ad  =  s,  where  a  is 
the  radius  of  the  wheel,  6  the  angle  turned  through  by  the  wheel  in 
any  time,  s  the  corresponding  displacement  of  the  centroid.  For  let 
this  sliding  friction  be  F,  and  mk2  be  the  moment  of  inertia  of  the 
wheel  about  its  axis,  the  moment  retarding  the  wheel  is  Fa  +  Wc. 
Thus  we  get  m¥'6  =  -  {Fa  +  Wc). 

Along  with  this  equation  ad  =  s,  so  that  mk2s  =  -  (Fa+  Wc)a. 

But  we  have,  transferring  F  to  the  centroid,  ms  —  F,  and  there- 
fore k2F=  -  (Fa2+  Wca)  or 

F=-W*.  (59) 

a2  +  k2  V     ; 

The  couple  of  rolling  friction  thus  retards  rotation  and  tends  to 
bring  about  a  forward  slipping  of  the  lowest  part  of  the  wheel.  This 
is  resisted  by  the  force  F  which,  it  will  be  seen  from  its  sign,  acts  in 
the  direction  opposed  to  the  forward  motion,  and  tends  to  bring 
the  wheel  to  rest.  Energy  is  dissipated  partly  in  working  against 
sliding  friction,  partly  because  of  the  viscosity  of  the  substances  in 
contact,  which  are  continually  undergoing  and  recovering  from 
deformation. 

The  couple  of  rolling  friction  was  experimentally  determined  by 
Coulomb  by  a  method  which  practically  consisted  in  placing  a 
cylinder  on  a  rough  table,  and  hanging  over  it  a  cord  to  the  ends  of 
which  weights  IF  and  W+wwere  attached.  The  value  of  w  which 
just  produced  rotation  gave  the  couple  due  to  rolling  friction  by  the 
formula  v:gr,  where  r  denotes  the  radius  of  the  cylinder  and  g  the 
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force  of  gravity  on  unit  of  weight.  From  this  the  sliding  friction 
can  be  deduced  as  just  shown. 

The  magnitude  of  the  couple  of  rolling  friction  developed,  it  was 
found,  can  never  be  greater  than  a  certain  limiting  value,  and  the 
amount  developed  in  any  case  is  that  which  is  sufficient  to  prevent 
rolling.  It  depends  on  the  materials  in  contact,  and  is  proportional 
to  the  normal  force  between  the  surfaces  in  contact.  There  seems 
also  to  be  some  dependence  on  the  curvatures  of  the  surfaces  in 
contact ;  but  the  subject  requires  further  investigation. 

232.  Rolling  of  a  Body  on  an  Inclined  Plane. — We  may  con- 
sider here  as  a  simple  example  of  work  done  by  gravity  in  presence 
of  frictional  forces,  which,  however,  do  not  bring  about  any  dissipa- 
tion, the  rolling  of  a  sphere  or  cylinder  down  an  inclined  plane.  We 
shall  neglect  the  couple  of  rolling  friction.  Let  a  be  the  inclination 
of  the  plane  to  the  horizontal,  m  the  mass  of  the  body,  a  its  radius, 
and  mk2  its  moment  of  inertia  about  a  horizontal  axis  through  the 
centroid.  The  centroid  will  be  supposed  to  move  along  the  line  of 
greatest  slope  of  the  plane,  so  that  if  the  body  is  a  cylinder  the 
axis  is  always  parallel  to  the  intersection  of  the  inclined  plane  with 
a  horizontal  plane.  Thus  k  is  the  radius  of  gyration  of  the  cylinder 
about  its  axis,  and  of  the  sphere  about  a  diameter.  The  forces  on 
the  body  are  F  applied  to  the  body  at  its  place  of  contact  with  the 
plane,  and  mgsma  acting  downward  parallel  to  the  plane  through 
the  centroid  of  the  body. 

Thus  for  the  motion  of  the  centroid  we  have,  if  s  be  the  down- 
ward acceleration, 

m's  =  raisin  a  -  F,  (60) 

and  for  the  motion  of  the  body  about  the  centroid 

mP(J  =  /fl,  (61) 

where  6  is  the  angle  a  radius  of  the  body  in  the  plane  of  rolling 
makes  with  a  line  fixed  in  space.  These  are  the  equations  of 
motion. 

But  we  have  the  kinematical  equation 

ad  =  s, 

and  therefore  the  second  equation  of  motion  becomes 

mkr's  =  Fa2. 

Substituting  in  the  first  equation  of  motion  we  get 

*" 


a2  +  k 


mg.sina.  (62) 


This  is  the  amount  of  friction  necessary  to  produce  pure  rolling,  and 
no  more  is  developed.  If  the  surfaces,  however,  are  so  imperfectly 
rough  or  the  plane  is  so  much  inclined  that  pure  rolling  is  not  pro- 
duced, the  kinematic  equation  given  above  is  not  applicable.  The 
further  consideration  of  the  question  is  left  to  the  reader,  who  may 
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show  that  if  the  friction  developed  be  smaller  than  that  stated  in  (62), 
that  is  fi  <tana  k2/(ar  +  k2),  the  space  described  from  rest  in  time  t  is 
^(sina  -  /j. cos a)t2,  and  the  angle  turned  through  \\ia\k2.  gcosa.t1. 
If  the  value  of  F  given  in  (62)  be  substituted  in  (60)  we  obtain 

:,gsina,  (63) 


a-  +  k2 


and    the   acceleration    of    the   centroid    is    uniform.     The    velocity 
acquired  and  distance  travelled  from  rest  in  time  t  are  therefore 


a- 
a2 


-^*sina,      S  =  *aM^2sina'  (°4) 

If  the  body  is  a  sphere  k2  =  f«2,  and 

ff  =  |^sina,     s=j^-^2sina; 
and  if  the  body  is  a  uniform  cylinder  k2  =  \d2,  and  therefore 
s  =  %gtsina,     s  =  |^2sina. 

If  the  plane  were  frictionless  and  the  body  were  to  slide  down, 
the  velocity  acquired  and  the  distance  traversed  in  time  t  would  be 
in  both  cases 

s  =  gtsina,     s  =  ^gt2sina.  (65) 

Thus  the  velocity  of  the  centroid  and  the  space  described  in 
any  time  are  diminished  in  the  ratio  a2 /(a2  +  k2)  by  the  rolling. 

But  it  has  been  proved  in  §  217  above  that  the  kinetic  energy  of 
any  body  which  rotates  with  angular  velocity  w,  and  whose  centroid 
has  a  velocity  s,  is  ^rn(sr  +  k2w2). 

Thus  the  total  kinetic  energy  of  the  body  comes  out 

g2t2sin2a.  (66) 


i         "> 
im—, — 
2    a2  + 


& 


But  the  loss  of  potential  energy  is  mgh,  where  h  is  the  vertical  height 
through  which  the  body  has  descended,  that  is  ssina.  Thus  by  the 
value  of  s 

mgh  =  \m-^--  g2i2sm2a,  (67) 

€0  ~r  I* 

that  is  the  gain  of  kinetic  is  equal  to  the  loss  of  potential  energy. 

This  principle,  with  the  kinematic  equation  s  =  ad,  might  have 
been  applied  to  find  the  velocity  acquired  by  the  body  in  rolling  a 
distance  s  down  the  plane. 

233.  Solution  of  an  Old  Problem. — The  greater  k2  the  smaller  is 
-»,  and  therefore  the  smaller  is  s  for  a  given  time.  This  gives  a  solu- 
tion of  the  old  problem,  to  distinguish  between  a  solid  ball  of  brass 
or  copper  gilded  and  a  hollow  sphere  of  gold  when  both  are  of  the 
same  size  and  weight.  Clearly  the  value  of  k2  will  be  greater  for  the 
hollow  sphere  than  for  the  solid  one.     In  fact,  as  the  reader  will 
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easily  prove,  the  moment  of  inertia  of  the  hollow  sphere,  supposing 
r,  r  to  be  the  external  and  internal  radii,  and  M  its  mass,  is 
\M(p*  -  r'^ftr3  —  r'3).  The  moment  of  inertia  of  the  solid  sphere 
is  iMr2.  Hence  |X~  for  the  former  is  r2 +  r's(r  +  r')/(r2  +  rr' +  7-'-), 
and  for  the  latter  r2.  Thus  the  solid  sphere  rolls  down  an  inclined 
plane  the  more  quickly  of  the  two,  so  that  they  can  be  distinguished 
at  once  by  placing  them  on  any  inclined  plane  and  allowing  them  to 
start  together  from  rest. 

234.  Work  done  by  an  Impulse. — The  work  done  by  an  impulse 
can  now  be  reckoned.  Xo  matter  how  the  impulse  is  applied  to  a 
body,  it  is  measured  by  the  time-integral  of  the  impulsive  force,  that 
is  by  the  momentum  it  produces.  Let  it  be  applied  to  a  single  free 
particle  of  mass  m  at  rest,  then,  if  v  be  the  velocity  acquired  by  the 
particle,  the  impulse  is  mv.  The  kinetic  energy  acquired  by  the 
particle  is  fynv2,  and  this  is  the  work  done.  Again,  let  the  particle 
have  initial  velocity  u,  and  the  velocity  acquired  be  v,  the  increase  of 
momentum  is  m(v  —  u),  and  this  measures  the  impulse.  The  energy 
gained  is  \m(?r  -  u~),  and  measures  the  work  done.  The  work  done 
in  this  case  is  therefore  equal  to  impulse  x  ^(v  +  u),  and  is  quite 
independent  of  the  manner  in  which  the  impulsive  force  varies 
during  the  time  t  of  action  of  the  impulse. 

Now  if  by  an  impulse  applied  at  any  point  of  a  material  system, 
the  velocity  of  that  point  be  changed  from  u  to  v  in  an  infinitesimal 
interval  r,  the  work  done  cannot  differ  from  that  which  would  be  done 
if  the  point  were  a  free  particle,  since  in  the  time  r  the  point  has  not 
been  displaced  relatively  to  the  rest  of  the  system,  and  resistance  to 
the  motion  of  the  point  cannot  arise  until  there  has  been  such  dis- 
placement. Thus  if  /  be  an  impulse,  u,  v  the  initial  and  final 
velocities  of  its  point  of  application, 

work  done  by  impulse  I  =  hl(u  +  v).  (68) 

235.  Rod  started  by  an  Impulse  applied  at  one  End.  Case 
of  Minimum  Energy. — We  may  consider  here  the  work  done  by 
the  impulse  applied  in  the  case  described  at  §  180  above.  Here 
the  body  is  set  into  motion  with  given  velocity  v  of  the  extremity  to 
which  the  impulse  is  applied.  We  have  seen  that  the  rod  begins 
to  turn  round  a  point  at  a  distance  of  two  thirds  of  its  length  from 
that  end.     Its  angular  velocity,  if  the  length  of  the  rod  is  21,  is  f  r  I. 

A  motion  of  the  rod,  consistent  with  the  velocity  condition  at  the 
extremity,  is  one  of  rotation  about  a  point  at  distance  2x  from  the 
end  that  is  struck.  We  shall  calculate  the  kinetic  energy  T  in  this 
case,  and  then  show  that  T  is  a  minimum  when  the  body  turns  about 
the  point  specified  above.  By  considering  the  turning  rod  made  up 
of  the  two  parts  of  lengths  2x  and  2(1  -  x)  rotating  with  angular 
velocity  v/2x,  about  their  common  extremity,  the  point  that  remains 
at  rest,  we  easily  obtain,  putting  p  for  the  mass  of  the  rod  per  unit 
length, 

T=t^ir"Slx  +  S^.  (39) 

'6  x2 
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To  see  when  this  is  a  minimum  let  (?  -  Six  +  Sx2)/xr  =  u,  so  that 
we  have 

ar(3-w)-  8fe  +  ^  =  0. 

This  is  a  quadratic  to  determine  x,  which  it  is  clear  must  have 
real  values.  In  order  that  the  roots  may  be  real  we  must  have 
9  >  4(3  -  u),  that  is  u  >  f .  The  least  value  of  u  possible  is  therefore 
f ,  and  this  will  convert  the  quadratic  expression  into  a  perfect  square, 
namely  {^x  -  If.     The  roots  of  the  quadratic  are  then  each  x  =  |Z. 

Accordingly  the  kinetic  energy  is  a  minimum  for  the  motion 
actually  taken  by  the  rod.  This  result,  as  we  shall  see,  is  a  parti- 
cular case  of  a  very  general  theorem  of  minimum  energy  discovered 
by  Lord  Kelvin. 

236.  Rod  started  by  Impulse  applied  at  one  End.  Case  of 
Maximum  Energy. — As  a  companion  to  this  theorem  we  have  one 
of  maximum  energy,  which  was  previously  discovered  by  Bertrand, 
and  of  this  we  shall  have  an  example  if,  in  the  case  of  motion 
just  considered,  we  suppose  given,  not  the  velocity,  but  the  impulse 
at  the  end  struck. 

If  the  impulse  is  I,  and  v  be  the  velocity  taken  by  the  point  struck, 
the  kinetic  energy  is,  as  we  have  seen  above,  \Iv,  since  this  is  the 
work  done  by  the  impulse.  By  the  preceding  example,  if  the  rod 
turn  about  a  point  at  distance  2x  from  the  end  struck,  the  kinetic 
energy  is  given  in  (69).      Hence  \Iv  =  ^fivH(P  -  Six  +  Sx?)/x2,  that  is 


v 


P-Slx  +  Sx2     J 


—  3J 


X*  2Z 


The  factor  (I2  —  Six  +  Sx2)/x*  on  the  left  is  a  minimum  when 
x  =  ^l.  Hence,  since  its  product  by  v  is  a  constant  %I\l,  v  must  then 
have  its  maximum  value.  Therefore,  when  /  is  given,  \Iv  must  be 
a  maximum,  that  is  the  rod  moves  so  that  its  kinetic  energy  is  a 
maximum. 

Before  proceeding  to  the  theorems  of  Bertrand  and  Lord  Kelvin, 
it  will  be  convenient  to  discuss  shortly  the  very  general  dynamical 
method  given  by  Lagrange. 


CHAPTER  V. 

GENERAL  DYNAMICAL  METHODS* 

*237.  Motion  of  a  System  of  Particles.  Kinematical  Conditions 
and  Independent  Co-ordinates. — The  kinematical  conditions  to  which 
the  system  is  subject  have  been  several  times  referred  to ;  we  shall 
deal  with  them  here  a  little  more  particularly.  Considering  first  a 
system  consisting  of  n  free  particles,  we  see  that  to  fix  their  position 
3n  equations  are  required,  three  for  each  particle.  The  system  may 
be  said  to  have  8n  degrees  of  freedom. 

Again,  a  rigid  body  has  three  directions  of  displacement  in  which 
its  centroid  may  be  moved,  and  three  directions  round  which  it  may 
be  rotated.  All  other  motions  or  rotations  can  be  compounded  of 
the  motions  in  these  directions,  or  the  rotations  about  these  axes,  as 
the  case  may  be.    The  rigid  body  is  said  to  have  6  degrees  of  freedom. 

It  consists  of  a  large  number,  n  say,  of  particles,  but  the  degrees 
of  freedom  are  reduced,  by  the  connections  involved  in  rigidity,  from 
3n  to  6. 

To  fix  the  positions  of  a  system  of  n  particles  3?i  equations  are 
required.  If  the  system  be  subject  to  kinematic  conditions,  these 
can  be  expressed  by  equations  connecting  the  co-ordinates  of  the 
particles.  We  shall  suppose  these  equations  to  be  m  in  number, 
where  of  course  m  <  3«.  These  m  kinematical  equations  determine 
any  m  of  the  co-ordinates  in  terms  of  the  remaining  '6n  —  m  co-ordi- 
nates. The  degrees  of  freedom  are  thus  reduced  to  '3n  -  m,  and  for 
each  of  these  we  must  have  an  equation  of  motion.  The  unde- 
termined co-ordinates  have  to  be  obtained  from  the  equations  of 
motion.  And  if  they  are  determined  for  any  instant  the  con- 
figuration of  the  system  is  completely  known  for  that  instant. 

They  may  be  called  the  independent  co-ordinates.  It  is,  however, 
to  be  remembered  that  the  independence  of  co-ordinates  does  not 
justify  the  idea  that  superposition  in  any  order  of  a  number  of 
variations  of  these  co-ordinates  will  lead  to  the  same  resultant 
displacement.  Thus  the  turning  of  a  rigid  body  through  successive 
angles  a,  /3,  y  about  the  axes  of  x,  y,  z  will  lead  to  different  results 
according  to  the  order  in  which  the  rotations  are  taken.  The  posi- 
tion taken  by  a  body  in  consequence  of  a  rotation  about  a  fixed  axis 
is  a  function  of  the  initial  position  of  the  body  relatively  to  the  axis. 

*  §§  237-252  are  intended  for  advanced  students  and  may  be  omitted.  They 
are  not  required  for  the  problems  discussed  in  the  remainder  of  this  chapter. 
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The  co-ordinates  which  enter  into  the  equations  of  motion  may 
either  be  Sn  -  m  ordinary  position  co-ordinates  left  undetermined,  or 
they  may  be  Sn  —  m  parameters,  as  they  are  called,  which  are  connected 
with  the  position  co-ordinates  by  Sn-m  equations.  Thus  when  the 
parameters  have  been  found  the  position  co-ordinates  can  all  be 
obtained  by  means  of  the  Sn-m  relations  just  referred  to  and 
the  m  kinematical  equations. 

There  are,  in  this  view,  in  all  Qn-m  quantities,  xv  yv  zv  xa,  y.„  z„, 
...,  xn,  yn,  zn,  p,  q,  r,  ...  to  be  determined,  and  for  this  purpose  there 
are  available  Sn  - m equations  of  motion,  Sn  —  m  equations  connecting 
the  parameters  with  the  position  co-ordinates,  and  the  m  kinematical 
equations. 

*238.  Expression  of  Kinetic  Energy  in  Terms  of  Generalised 
Co-ordinates. — The  kinematical  equations  as  at  §  215  may  be  written 
in  this  form — 

/ifaj  tfv  *i»  *•>  y*>  *fc  —)-o  } 

•  (i) 

Jm\xV  Vv  ZV  X2'  V&  Z&   •••)  ~  ^  J 

and  since  each  of  the  position  co-ordinates  is  expressible  in  terms  of 
the  parameters  p,  q,  r,  . . . ,  we  may  write 


(2) 


(3) 

to  3'/4  equations.  The  partial  differential  co-efficients  dx/dp,  . . .  are 
supposed  to  be  expressed  in  terms  of  the  parameters  p,  q,r,  ...  The 
substitution  of  these  values  of  xv  yv  zv  ...  in  the  expression 

£2ra(a:2  +  y2  +  z'2) 

converts  the  kinetic  energy,  T,  into  a  homogeneous  quadratic  function 
of  the  velocities p,  q,  r,  ...  with  co-efficients  which  are  functions  of 
the  co-ordinates.     Thus  we  may  write 

T=h\(p,  p)p2  +  '2(p,  q)P9+  ■■■  +(q,  q)q2  +  2{q,  r)qr+  ...},      (4) 

where  (p,  p),  (p,  q),  ...,  (q,  q),  ...  denote  co-efficients  of  the  powers 
and  products  of  the  velocities  as  indicated. 

The  parameters  p,  q,  r,  ...  are  commonly  called  generalised 
co-ordinates,  from  the  fact  that  they  need  not  represent  merely 
position  coordinates,  but  may  be  any  quantity  characteristic  of  the 
motion  of  the  system.  Thus  dp  may  be  an  elementary  rotation,  or  a 
linear  displacement,  or  a  small  quantity  of  fluid  which  passes  a  cross 
section  in  a  pipe,  and   so  on.     To  every  generalised  displacement 


xi=fl(p>  q>r>  ■ 

••)>    yx  =  Xx(P,  q,  r,  ...),    ^  =  ^(p,  q,  r,  ...) 

Thus  we  obtain 

■•■),  Vn  =  Xn(p,  q,  r,  ...),  zn  =  xj,H(p,  q,  r,  ...) 

dx  ■     dx  .     dx  ■                             -^ 

Op          vq        or                                       Y 
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there  is  a  generalised  "  force  "  of  corresponding  type.  Thus  in  the 
case  just  mentioned  the  corresponding  forces  are  respectively  a 
couple,  a  force  in  the  ordinary  sense,  a  fluid  pressure,  and  so  on. 
The  product  of  the  force  into  the  displacement  is  always  an  amount 
of  work,  and  quantities  of  any  physical  nature  whatever  may  be 
taken  as  force  and  corresponding  displacement,  provided  their 
product  have  the  dimensional  formula  of  work,  namely  \ML~T~-\ 
§191. 

*239.  Generalised  Forces  and  Equation  of  Work. — We  shall 
denote  the  forces  corresponding  to  the  co-ordinates  p,  q,  r,  ...  by 
P,  Q,  P,  ...  They  are  to  be  found  in  the  following  manner  from  the 
equation  of  work.     We  have  seen  that 


and  by  (3) 


8W=^Xa8x+Yaby  +  ZJz), 

dx  =  ^8p  +  ^8q  +  ..., 
Op  Oq 

Op  Oq 


(5) 


(6) 


to    3m    equations.      These  values  substituted    in   (40)   of   chap.  iii. 
give 


Mr=2(^+r„^+...^+2(A^+ra|+...^ 


(7) 


We  define  P,  Q,  P,  ...  by  the  equations 


(8) 


to  3w,  —  m  equations.     Thus  we  obtain 

8W=P8p  +  Q8q  +  P8r+...,  (9) 

which  is  the  equation  of  work  expressed  in  terms  of  generalised  forces 
and  displacements. 

*240.  Lagrange's  Equations  of  Motion. — We  can  now  obtain 
Lagrange's  equations  of  motion.  There  are  several  ways  of  obtaining 
them,  but  the  simplest  is  by  transformation  of  the  equations  of  motion 
of  a  set  of  free  particles.     Thus  consider  the  equation 

mx  =  X. 

X  is  the  actual  force  producing  the  acceleration  x.     Now   in  the 
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equation  of  work,  and  therefore  in  (7),  we  can  replace  Xa,  Ya,  ...  by 
the  actual  forces  on  the  particles,  since  the  connection  forces  which 
involve  no  work,  when  introduced,  each  bring  in  a  set  of  terms  the 
sum  of  which  is  identically  zero.  Hence  we  may  write  instead 
of  (8) 

/  „3a:        dy  \  \ 


Thus  we  have 


dp        dp 
I  ,_8as     Tr3y         \ 

ixsq+i4+-rQ 


,  ..3a:     ..dy 
.dx     ..dy 


I       (10) 


(ID 


Now 


.3a:      d 


d  I .  ox\      .  d  ox 
dt\  dp/       dtdp ' 


.  d  do 
dp     dt\  dp)       dtdp 
and  it  can  easily  be  proved  (see  §  241)  that 
dx    dx      d  dx    dx 
dp    dp '    dt  dp    dp ' 


so  that 


Therefore  we  have 


•..3a;      d  /  .dx\      .dx 
dp    dt\  dp)       dp 


I ..  dx     ..  dy 


.dy 


=  *mddl%+*Tp  + 

dx     .  dy 
-  Sml  x-zr-  +  y~r  + ... 
op       op 


_d_djr_dr_ 

dtdp     dp 

and  similar  equations  are  obtainable  in  the  same  way  for  the  other 
co-ordinates.     Thus  we  have  finally 


ddr  _dr 

dt  dp     dp 

ddr   dr_ 

dt  dq       dq 


(12) 
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These  are  Lagrange's  celebrated  equations  of  motion. 
*241.  Remarks  on  Lagrange's  Equations. — The  reader  to  whom 
this  view  of  the  subject  is  new  must  be  careful  to  observe  the  mean- 
ing of  the  differential  co-efficients.  It  is  presupposed  that  x,  y,  z 
for  every  particle  are  expressed  in  terms  of  p,  q,  r,  ...  by  equations 
(2),  so  that  x,  y,  z  can  be  expressed  in  terms  of  p,  q,  r,  ...  to  enable 
dx/dp,  dx/dq,  ...  to  be  calculated.  The  differential  co-efficients  are 
all  partial,  that  is,  for  example,  x  is  supposed  to  be  expressed  in 
terms  of  p,  q,  r,  ...,  and  dx/dp  is  taken  on  the  supposition  that  p 
varies  while  q,  r,  ...  are  constant,  and  so  for  the  other  differentiations. 
That  dxjdp  =  dx/dp  follows  at  once  from  (3). 

Again,  the  substitution,  dxjdp  for  d(dxjdp)/dt  maybe  justified  as 
follows.  Put  w  for  dxjdp,  then  w  can  be  expressed  in  terms  of 
p,  q,  r,  ....    Then 

dw     dw .      dw  . 

dt      dp         dq 
But  by  (3) 

dx    dw .     dw. 

Op      Op         Oq 

so  that  dwjdt  and  dx/dp  are  identical. 

The  partial  differential  co-efficients  dTjdp,  dTjdp,....  are  to  be 
obtained  from  the  expression  of  the  kinetic  energy  in  terms  of 
p,  q,  r,  ...,  p,  q,  r,  ...  given  above. 

An  important  caution  in  the  use  of  Lagrange's  equations  may  be 
stated  here.  The  co-ordinates p,  q,  r,  ...  must  not  only  be  indepen- 
dent, but  they  must  be  capable  with  the  kinematical  equations  of 
expressing  the  configuration  of  the  system  at  any  instant.  This 
is  ensured  if  x,  y,  z,  ...  are  expressible  as  in  (3).  Neglect  of  this 
point  has  led  some  writers  into  very  serious  error ;  for  example,  the 
expression  of  the  kinetic  energy  of  a  rigid  body  in  terms  of  its 
angular  velocities  at  a  particular  instant  about  its  principal  axes  has 
been  used  as  T  in  Lagrange's  equations.  This  is  not  a  proper  choice 
of  velocities  of  co-ordinates  for  this  purpose,  inasmuch  as  these  axes 
move  with  the  body,  and  the  angular  velocities  tell  nothing  as  to  the 
position  of  the  body  in  space. 

*242.  Lagrange's  Equations  with  Dissipative  Forces. — If  the 
system  be  acted  on  by  dissipative  forces  so  that  the  actual  force  pro- 
ducing in  a  particle  m  the  rate  of  change  of  momentum  mx  is  the 
force  X  —  Xd,  where  X  is  the  force  applied  and  Xd  is  the  dissipative 
force,  we  have  equations  (10)  as  above,  but  instead  of  (11) 

( ..dx     ..dy        \     _       I  ^dx     ,r  dy        \  \ 


-(i;+#-)=<K4;+4:+-) 


(13) 
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The  sums  on  the  right-hand  sides  of  these  equations  are  the 
generalised  dissipative  forces.  Denoting  them  by  Pd,  Qdt  ...  we  gel 
for  Lagrange's  equations  with  dissipative  terms  included 


ddrjjr 

dtdp    dP~        d 

dt  dq      dq 


[       (14) 


If  the  forces  P,  Q,  ...  are  conservative  we  have  P=  -dE/dpt 
Q=  -dEjdq,  ...,  where  E  is  the  potential  energy,  which  must  be  a 
function  of  the  co-ordinates  only.  If,  for  example,  it  contained  the 
time  explicitly  as  well  as  the  co-ordinates,  the  forces  would  be 
derivable  from  the  function,  but  the  conservation  of  energy  would 
not  hold.  Also  besides  the  conservative  forces  and  the  dissipative 
forces  any  other  generalised  components  of  external  force  Pe ,  Qe,  ... 
may  act  on  the  system.     Finally  then  we  have 


ddjT_dT  dE  =  p  _p 

dt  op     dp  dp 

ddT    dT  dE_     _ 

dtoq      oq  oq 


(15) 


In  general  £isa  function  of  the  co-ordinates  p,  q,  r,  ...  only.  It 
therefore  does  not  involve  p,  q,  ...,  and  oEjcp,  dEjdq,  ...  are  all 
zero  identically.  If,  then,  we  write  L  for  T  -  E  the  equations  may 
be  written 


d  dL     cL  _  p       p 
-   «;  -  5-  —  *e  -  *d 
dt  Cp       Op 


dLBL_dL 
dtdq      dq 


Qe-Q* 


(10) 


*243.  The  Dissipation  Function.  General  Form  of  Lagrange's 
Equations. — The  dissipative  forces  Pd,  Qd,  ...  are  capable,  in  an  im- 
portant class  of  cases,  of  being  derived  from  a  homogeneous  quadratic 
function  of  the  velocities^,  q,  ...,  namely 


F=\{anp- +  2altpq  +  ...+aiJq2  +  -2anq'r +  ...). 


Then 


dF 
dp 


=  -  ^~ > 
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The  equations  of  motion  can  then  be  written 

dt  dp     op     dp      op 
dt  dq      dq      dq       dq 


(17) 


The  function  F  has  been  called  by  Lord  Rayleigh  the  dissipation 
function.  It  is  of  great  service  in  the  general  theory  of  frictional 
resistances  which  depend  on  the  first  powers  of  the  velocities  of  the 
parts  of  a  system,  and  by  analogy  in  the  dynamical  treatment 
of  a  system  of  mutually  influencing  electric  currents,  as  we  shall  see 
later. 

*244.  Explicit  Appearance  of  Time  in  Kinematical  Equations. — 
It  is  to  be  remarked  that  the  process  by  which  Lagrange's  equations 
are  established  in  §  241  is  not  affected  by  the  explicit  appearance  of 
the  time  t  in  the  kinematic  equations  (2).  The  only  effect  of  this  is 
to  give  kinematic  conditions  varying  with  the  time,  and  instead 
of  (3) 

dx     Ox.      dx .  \ 

X  =  dt+dpP  +  d<iq+-  (18) 

Lagrange's  equations  therefore  hold  for  this  case  also. 

The  kinetic  energy,  however,  is  no  longer  a  homogeneous  function 
of  the  generalised  velocities,  but  in  consequence  of  the  quantities 
dx/dt,  dy/dt,  ...  consists  of  three  parts,  a  homogeneous  quadratic 
function  of  the  velocities,  a  linear  function,  that  is  a  function  involving 
only  first  powers  and  no  products  of  the  velocities,  but  depending  on 
the  co-ordinates,  and  a  third  part,  not  involving  the  velocities,  but 

squares  and  products  of  dx/dt,  The  co-efficients  of  the  quadratic 

and  linear  parts  as  well  as  the  third  part  itself  are  of  course  func- 
tions of  the  co-ordinates  and  the  time. 

It  can  be  shown  that  if  the  kinematic  conditions  vary  work  must 
be  spent  on  the  system  to  ensure  their  fulfilment,  but  into  this  ques- 
tion and  others  we  have  not  space  here  to  enter  (see  however  §  21"»). 

*245.  Generalised  Components  of  Momentum. — If  T  expressed  a.- 
in  (4)  be  partially  differentiated  with  respect  to  p,  q,  r,  ...,  then,  a> 
the  reader  may  verify  by  inspection, 


dr 

a? 

dr 


£7=(p,p)p  +  (p,  q)q  +  (p,r)r+... 


j-  =  (p^)p+  •••+(?,  q)q  +  (q,  »>+... 


(19) 
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If  the  first  of  these  be  multiplied  by  p,  the  second  by  j,  and  so  on, 
and  the  results  be  added  we  obtain  evidently 

The  quantities  dT/dp,  dT/dq,  ...  are,  as  exhibited  above,  linear 
functions  of  the  velocities,  and  are  called  the  generalised  components 
of  momentum  of  the  system. 

"We  shall  denote  them  by  the  letters  £,  ,,  f,  ...,  so  that 

2T=p£  +  qr]  +  rC+...  (21) 

*246.  Kinetic  Energy  expressed  in  Terms  of  Generalised  Momenta. 
Reciprocal  Equations. — There  are  just  as  many  components  of 
momentum  as  there  are  independent  generalised  co-ordinates,  and 
therefore  the  equations  (19)  are  independent.  By  means  of  (19) 
p,  q,  r,  ...  can  be  expressed  in  terms  of  £,  ,,  £,  ...  ;  and  so  T can  be 
expressed  as  a  homogeneous  quadratic  function  of  the  generalised 
momenta.     Thus 

T=h{[p,pW  +  2[p,v]£v+-+[<l,<iy-+--},  (22) 

where  square  brackets  are  used  to  distinguish  the  co-efficients  [p,  p], . . 
in    this    expression    for    T    from   the   quite   different   co-efficients 
(p,p),  ...  in  (4). 

To  distinguish  the  expression  of  T  as  in  (4)  from  its  expression 
as  on  the  right  of  (22)  we  shall  denote  the  former  by  Tv,  the  latter  by 
Tm.     We  have  by  (21) 

Tm=-Tv  +  p£  +  qT]  +  rC+...  (23) 

Now  in  Tm  the  velocities  p,  j,  ...  are  supposed  expressed  in  terms 
off,,  £,  ....     Hence 

dTm         fdTvdp     dTdq  \^~M.M  + 

But  dTJdj>  =  i,  •••>  and  therefore  the  equation  just  written  reduces 
to  cTm/d$=p-     We  thus  have  the  reciprocal  relations 


(24) 


dr1_ 

Btv 

dl°= 

\ 

dp 

=  £, 

dq  = 

--*), 

dr 

--£,  ••• 

dTm 

%Tm 

dTm 

di' 

=p> 

a, : 

-?> 

dC 

=  r,  ... 
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Also  putting  dl\„/dp  for  the  total  variation  of  Tm  with  respect 
to  p  so  far  as  it  appears  in  Tm  through  its  co-efficients  and  through 
£,  77,  ...  we  have  by  (23) 

dp       dp       d%  dp  dp       dp 

But  it  has  been   shown  that  dTmjd£=p,  ....     Hence  this  relation 
gives 

a^=_8n   dr_m=_dTv 

dP~    dp'  dq      a^'  -  (~0) 

*247.  Hamilton's  Dynamical  Equations. — By  equations  (24)  and 
(25)  Lagrange's  equations  can  evidently  be  written  in  the  form 


d£     dT 

—  +  ^  =  P 
dt      op 

d^     dT 

dt+dq=Q 


(26) 


This  is  the  form  given  to  the  equations  by  Sir  W.  B.  Hamilton.  T, 
it  is  to  be  remembered,  is  supposed  expressed  as  an  explicit  function 

of  the  momenta  £,17,  In  this  form  the  equations  state  that  the 

time  rate  of  increase  of  momentum,  together  with  the  rate  of  varia- 
tion of  T  (expressed  as  a  function  of  the  momenta  with  co-efficients 
depending  on  the  co-ordinates)  with  the  co-ordinate  p,  when  all  the 
other  co-ordinates  and  the  momenta  remain  constant,  is  equal  to  the 
applied  force  of  type  P.  Dissipative  forces  may  of  course  be  intro- 
duced as  already  indicated. 

If  P=  -hKfdp,  Q=  -dEjdq,  ..-,  and  E  be  put  for  Tm  +  E 
we  get  instead  of  (26), 

d£=_3E     dj=  _3E  ^ff) 

dt         dp      dt  dq' 

and  since  we  may  write  dTmld^  =  d(Tm  +  E)/d^,,  ■■■,  we  have 
by  (24), 

dp_d~&     dqdE  /.2fi"\ 

*  3T  dTW  ••''  l    } 

Equations  (26'),  (26")  are  the  famous  canonical  equations  of 
motion,  the  integration  of  which  has  engaged  the  attention  of  so 
many  mathematicians. 

*248.  Lagrange's  Equations   for   Impulsive  Forces. — Lagrange's 
equations  (12),  if  the  forces  P,  Q,  ...  be  impulsive,  take  the  form 
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\-dpJ0    •'     LdqJ0    •'  " 


£-£o  =  ^,  v-rio  =  Q> 


y  (27) 


where  £0,  £,  i;0,  77,  . . .  are  the  values  of  the  momenta  at  the  beginning 
and  end  of  the  time  t  of  the  action  of  the  impulses  P,  Q,  ...,  which 
are  the  time-integrals  of  the  generalised  forces  over  the  duration  r 
of  the  impulse.  The  other  terms  cTj^p,  ...  in  equations  (26)  do 
not  appear,  inasmuch  as  their  values  are  finite  during  the  interval 
t,  which  is  vanishingly  small.  Thus  the  generalised  momenta 
generated  by  the  impulses  are  equal  to  the  time-integrals  of  the 
generalised  forces. 

If  impulses  P,  Q,  ...  are  simultaneously  applied  during  a  very 
short  interval  r,  and  the  velocities  at  the  beginning  and  end  of  t  are 
p0,  2Ji  ?0'  2»  ■  •  •  >  *he  work  done  by  the  impulses  P,  Q,  ...  is 

for  provided  r  be  very  short  the  work  done  by  the  impulses  does  n  ot 
depend  on  the  order  or  manner  of  their  application,  though  this  will 
not  be  the  case  for  the  work  done  by  any  particular  impulse. 
Hence  by  (27)  we  obtain 

m-to)(p+p0)+('i-%)(q  +  <i0)  +  --}  =  W(p+Po)  +  QS9+%)  +  ---} 

*249.  Kinetic  Energy  in  Impulsive  Generation  of  Motion. — But 
identically,  as  may  be  verified  by  writing  down  the  values  of  £,  £0, 
7],  770,  ...  and  performing  the  multiplications, 

£Po  +  r)q0+---=£oP  +  rlo2  +  — »  (28) 

so  that  we  have  for  the  work  done  by  the  impulses 

i(tp-£oPo+v9-vo%+-)  =  h{P(p+Po)  +  Q(q+qo)  +  -}-  (29) 

If  p0,  q0,  ...  be  all  zero,  so  that  the  system  is  started  from  rest  by 
the  impulses 

T=Mp  +  r,q  +  Cr+...)  =  $(Pp  +  Qq  +  Rr+...).  (30) 

Thus  the  kinetic  energy  generated  is  the  sum  of  the  impulses  each 
multiplied  by  half  the  corresponding  velocity  generated. 

*25U.  Reciprocal  Relations.  Application. — A  reciprocal  relation 
similar  to  (28)  is  easily  obtained  with  forces  instead  of  momenta,  and 
displacements  8p,  8q,  ...  from  a  position  of  equilibrium,  provided 
the  potential  energy  is  a  homogeneous  quadratic  function  of  the 
co-ordinates.     Thus  if  the  forces  be  conservative  and  bp,  &q,  ...  be 
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displacements  from  a  configuration  of  equilibrium  produced  by  forces 
Pv  Qv  ...,  and  8ps,  8q2,  ...  be  another  set  of  displacements  from  the 
same  configuration  produced  by  the  set  of  forces  Py  Q2,  ...,  we  have 

P18pi  +  Q18q3+...=P28p1  +  Qi8ql+....  (31) 

This  theorem  it  is  left  to  the  reader  to  prove.  It  is  due  to  Lord 
Rayleigh,  and  is  of  the  greatest  service  in  a  great  many  practical 
cases. 

For  example,  let  a  beam  be  deflected  by  a  load  applied  at  any 
point  Ax,  and  let  the  deflection  at  any  point  At  be  observed,  then  if 
the  load  be  applied  at  A2  the  same  deflection  will  be  produced  at  Av 
Thus  the  deflection  produced  at  any  chosen  point  by  a  load  applied 
at  any  other  point  of  the  beam  may  be  obtained  by  the  process  of 
placing  the  load  at  the  former  point,  and  measuring  the  deflection  at 
the  other  points. 

The  reader  should  experimentally  verify  this  by  means  of  a  lath 
placed  on  two  supports  on  the  same  level  near  its  ends,  and  a  weight 
attached  to  a  fine  wire  or  string  which  can  be  placed  round  the  lath, 
and  slipped  along  to  different  points.     (See  also  chap,  xv.) 

*251.  Lord  Kelvin's  and  Bertrands  Theorems.  (1)  Lord  Kelvin's 
Theorem. — We  shall  now  state  and  prove  the  general  dynamical 
theorems  due  to  Lord  Kelvin  and  M.  Bertrand  respectively. 

Lord  Kelvin's  theorem  asserts  that  if  any  material  system  is 
suddenly  set  into  motion  with  any  specified  velocities  imposed  on 
certain  parts  of  the  system  by  the  application  of  suitable  impulses  to 
those  parts,  and  to  those  only,  while  the  other  parts  are  left  free  to 
take  such  velocities  as  result  from  the  connections  of  the  system,  the 
resulting  motion  is  that  for  which  the  kinetic  energy  has  the  smallest 
possible  value  consistent  with  the  fulfilment  of  the  prescribed  velocity 
conditions. 

Bertrand's  theorem  states  that  if  the  system  be  set  into  motion 
by  given  impulses  applied  to  definite  points  of  the  system,  the  kinetic 
energy  is  greater  than  that  for  any  other  motion  which  the  system 
could  have  been  made  to  take  by  the  same  impulses,  together  with  a 
merely  constraining  set  of  impulses,  that  is  a  set  of  impulses  which 
do  no  work  on  the  whole. 

These  theorems  may  be  proved  together  as  follows.  Let  the 
generalised  co-ordinates  be  divided  into  two  sets,  pv  p2,  ...,  qv  q2,  ..., 
and  let  £,,  £2,  ...,  rfv  rj2,  ...  be  corresponding  impulses.     Thus 

'2T=2£p  +  2vq.  (82) 

Let  p  +  8p,  q  +  8q  be  representative  velocities  for  impulses  £  +  8£, 
t)  +  8r)  of  another  set  applied  to  the  system.  Then  we  hove  for  the 
kinetic  energy 

2T>  -  2(£  +  8£)(p  +  dp)  +  2(,  +  8r,)(q  +  8q).  (88) 

Thus 

2(T'  -  T)  =  2(p8£  +  $8p  +  8£8p)  +  2(q8r,  +  r,8q  +  8r,8q)        (34) 
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Now  let  the  condition  imposed  be  that  the  ^-velocities  are  given, 
then  in  the  values  of  T  and  T  every  8p  is  zero.  When  the  p-veloci- 
ties  are  produced  by  impulses  solely  of  that  type  every  t)  is  zero. 
By  (32)  2T  is  then  2£/>.  Again,  when  the  p- velocities  are  produced 
by  impulses  of  type  £  +  8£,  8r),  2T  is  2($  +  8£)p  +  2(j  ty  +  8r)8q).    Thus 

2(r  -  T)  =  2(8£./>  +  ? 8,  +  My). 

But  the  velocities  p,  q  with  corresponding  impulses  £,  0,  and  the 
velocities  p,  q  +  8q  with  corresponding  impulses  £  +  8£,  87,  are  typical 
of  the  two  possible  motions  of  the  system.  Thus  by  the  reciprocal 
theorem  (28)  2p(£  +  8£)  +  ^q8r,  =  S,lp,  so  that  2ji>8£  +  2?8i;  =  0. 
Hence 

2(T'-T)  =  28n8q,  (35) 

or  the  kinetic  energy  of  the  first  motion  is  less  than  that  of  any  other 
for  which  the  ^-velocities  are  the  same,  by  the  kinetic  energy  of  the 
motion  which  compounded  with  the  former  would  produce  the  latter. 
*252.  (2)  Bertrand's  Theorem. — According  to  the  conditions  of 
Bertrand's  theorem,  as  stated  above,  the  £  impulses  are  given  in  the 
first  instance,  while  the  rj  impulses  are  all  zero.  The  velocities  in 
this  case  are  those  which  result  from  the  connections  and  are  repre- 
sented by  the  type  p,  q.  The  energy  in  the  motion  is  to  be  compared 
with  that  of  the  motion  in  which  the  impulses  are  represented  by  £ 
and  8r).  The  velocities  &rep  +  8p,  9  +  8q,  with  the  condition  as  to 
constraints  stated  in  the  theorem,  and  expressed  by  2,8r](q  +  8y)  =  0. 
This  gives  29817  =  -  28r)8q. 
Now  by  (34) 

2(T  -T)  =  2(£8p  +  q8n  +  8V8q) 

the  reciprocal  theorem  (28)  gives  for  the  two  possible  motions  here 
considered  2£frp  =  2y8»7,  so  that  we  obtain  finally 

2(T-T')  =  -28r,8q.  (3G) 

Thus  the  energy  of  the  first  motion  is  greater  than  that  of  any  other 
motion  produced  by  the  same  impulses,  together  with  another  system 
of  impulses  which  do  no  work  on  the  whole,  by  the  kinetic  energy  of 
the  motion  which  must  be  compounded  with  the  former  motion  to 
give  the  latter. 

These  theorems  both  express  the  fact  that  any  constraint  imposed 
on  a  system  virtually  increases  its  inertia.  Thus  for  a  single  co- 
ordinate the  inertia  is  £/p.  If  |  is  fixed  p  is  diminished  and  so  the 
energy  is  diminished  by  any  constraint ;  if  p  is  fixed  £  is  increased 
and  so  the  energy  is  increased  by  any  constraint. 

*253.  Principle  of  Least  Action.  —  A  very  general  dynamical 
principle  from  which  the  equations  of  motion  of  a  material  system 
can  be  derived,  and  which  may  therefore  be  regarded  as  containing 
all  abstract  dynamics,  can  be  little  more  than  mentioned  here.  It  is 
called  the  principle  of  least  action,  and  in  its  first  form  was  given, 
though  rather  vaguely,  by  Maupertuis.     The  real  theory  of  action  is 
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due  to  Euler,  Lagrange,  and  in  a  very  high  degree  to  Sir  William 
Rowan  Hamilton.  The  modern  development  of  Hamilton's  theories 
is  mainly  due  to  Jacobi,  to  whose  writings  the  reader  who  wishes 
to  become  thoroughly  acquainted  with  the  subject  is  referred.* 

Let  a  system  move  from  any  configuration  to  any  other  con- 
figuration in  the  interval  of  time  from  t0  to  tv  The  action  of  the 
system  is  defined  as  twice  the  time-integral  of  the  kinetic  energy, 
that  is 

A  =  2/  Tdt.  (37) 

Let  the  different  particles  describe  paths  of  which  s  is  a  repre- 
sentative, then  2Tdt  =  2ms2dt  =  '2lmsds,  so  that 

A  =  2/msds,  (38) 


where  s0,  sx  are  limits  of  the  path  s  of  the  particle  m,  for  the  epochs 
t0,  tv  and  the  summation  is  taken  for  all  the  particles  of  the  system. 
The  latter  form  shows  that  the  action  is  the  sum  of  the  space-integrals 
of  the  momenta  of  the  particles  composing  the  system. 

Now  the  system  may  move  from  the  initial  to  the  final  configura- 
tion in  an  infinite  number  of  ways,  and  on  the  transition  we  can 
impose  any  possible  conditions.  Let,  then,  the  initial  and  final  con- 
figurations be  specified,  and  let  the  transition  take  place  subject  to 
the  condition  that  the  sum  T+  E  of  the  kinetic  and  potential  energies 
shall  be  constant,  but  not,  however,  the  interval  tx  — 10  of  time  occu- 
pied in  the  transition.  The  mode  of  transition  for  which  the  action 
is  (as  it  is  usually  put)  least,  is  that  for  which  the  motion  takes  place 
in  accordance  with  the  ordinary  equations  of  a  conservative  system, 
that  is  for  which  we  have  the  equation  of  Avork 

8E  +  2ms8s=0.  (39) 

If  we  call  8 A  the  variation  of  A  from  one  mode  of  transition  to 
another,  the  theorem  merely  asserts  that,  subject  to  the  condition  of 
no  variation  of  T+E,  if  the  motion  takes  place  according  to  the 
general  variational  equation  of  motion — that  is  if  the  transition 
takes  place  without  any  constraint  applied  to  the  system  from  without 
— the  variation  of  the  action  from  one  mode  of  transition  to  another 
very  near  the  first  is  of  the  second  order  of  small  quantities.  This 
is  better  described,  as  it  was  by  Hamilton,  by  saying  that  for  the 
unguided  motion  the  action  is  stationary.  It  can  be  shown,  however, 
that  if  there  is  only  one  possible  mode  of  motion  consistent  with  the 
variational  equation,  for  that  the  action  is  truly  a  minimum. 

*  Werke,  Bd.  vii.  The  reader  will  find  also  a  very  suggestive  brief  account 
of  action  in  Tait's  Dynamics;  also  a  fairly  full  treatment  of  the  general 
theory  in  Kouth's  Rigid  Dynamics,  Part  ii. 
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Another  theorem  which  may  be  described  also  as  one  of  action 
is  that,  subject  to  the  condition  that  tx  - 10  is  constant,  the  value  of 

S=  I  Ldt,  (40) 

in  which  L  denotes  T-E,  is  stationary  when  the  motion  takes  place 
according  to  the  variational  equation  of  work  (39),  that  is  when  the 
motion  is  unconstrained. 

For  proofs  of  these  theorems  the  reader  may  refer  to  Eouth's 
Rigid  Dynamics,  part  ii.,  or  to  the  author's  Magnetism  and  Elec- 
tricity, vol  i.  p,  183.  We  shall  find  examples  of  an  analogous 
principle  in  geometrical  optics. 

254.  Solution  of  Equations  of  Motion. — The  solution  of  the 
equations  of  motion  of  a  dynamical  system  has  been  studied  by 
various  writers,  among  whom  may  be  mentioned  Lagrange,  Laplace, 
and  Jacobi,  and  in  recent  years  in  connection  with  questions  of 
physical  astronomy  by  Professor  Hill  and  M.  Poincare.  The  elabo- 
rate work  of  the  latter  entitled  Methodes  Nouvelles  de  la  Mecanique 
Celeste  contains  a  very  valuable  discussion  of  various  problems  of 
celestial  mechanics  of  great  interest. 

The  expressions  for  the  momentum  of  a  system  and  its  moment 
of  momentum  about  any  axis,  and  the  expression  for  the  kinetic 
energy  of  the  system  may  be  obtained  as  first  integrals  from  the 
equations  of  motion  and  the  geometrical  conditions  which  the  system 
fulfils.  They  are  steps  towards  the  solution  of  the  problem,  to  find 
equations  which  determine  explicitly  the  configuration  of  the  system 
at  any  time  t.  When  the  problem  has  been  thus  solved,  the  velocities 
and  accelerations  of  its  various  parts  can  be  at  once  obtained. 

It  is  not  always  possible  to  solve  the  equations  of  motion,  but  it 
is  possible  sometimes  to  write  down  at  once  the  expressions  for  the 
kinetic  and  potential  energy  and  the  moment  of  'momentum  of  the 
system,  and  to  obtain  valuable  information  from  these  by  means  of 
the  equations  of  motion. 

255.  Motion  of  a  Top. — As  an  example  of  this  process  we  may 
consider  the  motion  of  a  body  which  moves  under  gravity  about  a 
fixed  point,  the  problem,  in  fact,  of  a  top  spinning  without  friction 
round  a  sharp  peg  on  which  it  rests. 

We  shall  suppose  that  the  moments  of  inertia  about  two  of  its 
principal  axes  (see  §  166)  are  equal,  and  that  the  fixed  point  lies  on 
the  axis  of  unequal  moment  of  inertia.  Thus  let  0  (Fig.  122)  be  the 
fixed  point,  OC  the  axis  of  figure  of  the  body,  and  let  C  denote 
the  moment  of  inertia  of  the  body  about  the  axis  OC,  and  A  the 
moment  of  inertia  about  an  axis  OE,  which  for  convenience  we  shall 
take  perpendicular  to  OC  in  the  plane  ZOC.  It  will  be  convenient 
also  to  take  a  third  axis  OD  perpendicular  to  the  plane  ZOC  and  to 
OE,  as  shown  in  Fig.  122.  The  directions  of  motion  are  as  shown  in 
the  small  circles,  so  that  OD,  OE,  OC  form  a  set  of  axes  correspond- 
ing to  OX,  OY,  OZ  in  Fig.  9,  along  which  distances  may  be  taken 
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to  represent  the  angular  velocities  or  the  moments  of  momentum 
about  them.  The  directions  of  motion  are  in  each  case  against  the 
clock  to  an  observer  looking  along  the  axes  towards  the  point  0. 

Let  the  top  be  rotating  about  the  axis  OC  fixed  in  the  body  with 
angular  velocity  a,  and  the  plane  ZOC  of  the  axis  of  the  top  and  the 

vertical  OZ  be  turning  with  angular 
velocity  \L  about  OZ,  and  xp  be  the  angle 
the  plane  ZOC  makes  with  a  plane  fixed 
in  space.  The  motion  about  OZ  will  be 
called  frequently  in  what  follows  the 
precessional  motion  of  the  body,  from 
the  fact  that  it  is  perfectly  analogous 
to  the  motion  of  the  earth  which  gives- 
rise  to  the  precession  of  the  equinoxes. 
The  angular  velocity  w  is  that  of  any 
plane  through  OC,  and  fixed  in  the 
body,  relatively  to  the  plane  ZOC. 

Let  6  denote  the  angle  ZOC.  The 
angular  velocity  i^  about  OZ  may  be 
resolved    into  two    components,  ^cosfl 

.       and  iLsinfl  about  fixed  axes  coincident  in 
BE,  OC\  OD  are  a  rectangular  .  T  .,,     .-.-        ,  s^n      t_-  i_    •    xi. 

system    of    axes    fixed  re-    position  with  OC  and  OE,  which  is  the 
latively  to  the  plane  ZOC.      intersection    of    the    planes    COZ   and 
EOD.     The   former    component    gives 
with  a,  to  +  4>cos0  for  the  angular  velocity  about  an  axis  Jixed  in  space, 
and  coinciding  with  the  instantaneous  position  OC,  and   thus  the 
body   has   the   three  angular   velocities  w  +  vi'CosS  about  OC,  jisinfl 
about  OE,  and  6  about  the  third  axis  OB. 
The  kinetic  energy  is  therefore  given  by 
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T  =  |{  C(w  +  ^cos0)2  +  J(^>sin20  +  02)} . 


(41) 


Besides  this  equation  we  might  write  down  another  expressing 
the  fact  that,  since  there  are  no  forces  that  have  moments  about  OZ 
and  OC,  the  moment  of  momentum  about  the  vertical  must  remain 
constant.  Two  of  the  angular  velocities  we  have  just  seen  are 
a  +  xpcosd  about  OC  and  i^sinfl  about  an  axis  through  0  at  right 
angles  to  OC,  and  in  the  plane  ZOC.  Hence  the  moment  of 
momentum  of  the  body  is  made  up  of  C(u>  +  i^cosfl)  about  OC, 
and  ^4^/sinQ  about  the  axis  just  specified.  Since  the  former  is- 
constant  we  have  a  +  xLcosO,  the  angular  velocity  about  OC,  equal  to 
the  initial  value,  n  say.  Again,  the  moment  of  momentum  about 
the  vertical  OZ  is  obtained  by  resolving  these  two  components,  and 
is  A  i//sin20  +  Cncosd.     Therefore 


A  ^sin20  +  Cm  cos  0  =  H, 


(42) 


where  H  is  a  constant. 
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If  the  centroid  be  G,  OG  be  denoted  by  h,  and  the  mass  of  the 
body  by  m,  and  the  potential  energy  be  taken  as  zero  when  G  is  in 
the  horizontal  plane  through  0,  we  have  for  the  potential  energy  the 
expression  mghcosd.     Hence 

E  =  mghcosO,    T+E  =  K,  (48) 

where  K  is  a  constant,  complete  the  equations  required.  Equations 
(41),  (42),  (43)  express  the  whole  motion. 

256.  Rising  and  Falling  of  Top. — We  may  at  once  draw  some 
important  conclusions.  First  we  shall  find  the  values  of  0  for  which 
0  =  0,  that  is  the  limits  between  which  the  inclination  of  the  top  to 
the  vertical  lies.  Equation  (41)  may  be  written  by  (43)  in  the 
form 

^02  +  ^sin20+CVi2  +  2»i#Acos0  =  2A^.  (44) 

Eliminating  \l  from  this  by  (42),  we  have 

A  0*  +  ^H-~^*^  +  Cn2  +  2m^cos0  =  2A.  (45) 

^isin-0  *  v     ' 

Let  the  top  be  given  initially  rotating  with  angular  velocity  n  about 
OC,  with  its  axis  inclined  at  /3  to  the  vertical,  and  with  \p  and  0  each 
zero.  The  value  of  II  is  therefore  CVi.cos/3.  The  initial  value  of 
2T  is  Cn2,  of  2E  is  2mgkcosfi,  so  that  2K  =  Cri1  +  2mghcosfi.  Putting 
then  0  =  0  in  (45),  and  substituting  these  values  of  II  and  2K,  we 
obtain 

(cos0  -  cos/3){2m^(cos20  -  1)  -  CV(cos0  -  cos/3)}  =  0.      (46) 

This  is  a  cubic  equation  for  the  determination  of  cos0,  and  obviously 
one  root  is  cos0  =  cos/3.  For  the  other  two  roots  we  have  the 
quadratic 

2mghA(cos-6  -  1)  -  C^«.2(cos0  -  cos/3)  =  0.  (47) 

The  expression  on  the  left  is  positive  for  cos0  =  x,  negative  for 
cos0  =  1,  and  positive  for  cos0  =  -  1.  Hence  one  root  lies  between 
oo  and  1,  and  another  between  +  1  and  -  1.  The  former  root  is,  of 
course,  inadmissible. 

Now  solving  (47)  we  have,  putting  h  for  -LmghA  j C2^ ',  the  result 

cos0  =  ^{l±^/(l-2£cos/3  +  &2)}. 

The  quantity  under  the  square  root  sign  is  essentially  positive  since 
cos/3  <  1.     Hence  the  admissible  root  is 

cos6  =  hl-J(l  -2&cos/3+#)}.  (48) 

K 

The  inclination  of  the  top  to  the  vertical  thus  lies  between  the 
limits  /3  and  cos~'[{l  -  N/(l  -  2&cos/3 +  £-')}/&],  or  a  say,  and  oscillates 
from  one  value  to  the  other. 
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If  the  top  be   started  rotating  very  rapidly,  that  is  if  n  be  very 
great,  we  get  by  (4:8),  including  terms  up  to  k2, 

cos0  =  cos/3  -  — sin2/3.  (49) 

Thus  the  limits  of  6  are  /3  and  cos-1(cos/3  -  i&sin2/30). 

257.  Precessional  Motion  of    Top. — By  (44)  the  value  of  \j*  is 

greatest  when  0  =  0  unless  Cn2  +  2mghcosd  -  2K—  0,  in  which  case  -L 

is  zero.     Since  2K  =  Cn"  +  2mghcosfi,  this  equa- 

Fig.  123.  tion  ^ 

2mgh(cos  0  -  cos/3)  =  0,  (50) 

so  that  \L  is  zero  whenever  cos0  =  cos/3. 

When  this  relation  is  not  fulfilled  0  =  0  gives 

2  nigh  cos/3  -cos0 


V> 


A 


sin- 6 


(51) 


and  (42)  gives  for  J,  at  the  other  limiting  value 
of  0 


■1  =  2' 


Cn 


The  projection  of  the  path  of  any  point  of 
the  axis,  say  the  apex  or  the  centroid,  on 
the  horizontal  plane  through  0  is,  as  repre- 
sented in  Fig.  123,  a  periodic  curve  lying  between  two  circles,  about 
0  as  centre,  corresponding  to  the  two  limiting  values  of  6.  At  the 
inner  circle  \p  =  0,  so  that  there  the  curve  is  cusped ;  at  the  outer 
circle  \L  has  a  maximum  value  (twice  the  steady  value,  §  260)  while 
d  =  0,  so  that  the  curve  touches  the  circle. 

*258.  Completion  of  Solution  of  Problem. — The  motion  may  be 
completely  worked  out  and  the  position  of  the  axis  found  for  any 
instant  in  the  following  manner.  Since  2K=  Cn- +  2mghcostj,  we 
have  for  (45) 

Asin2e.ff2 


=  2m<7A(cos0  -  cos/3){(cos20  -  1)  - 


C2n2 


(cos0-  cos/3)}.    (53) 


2Amgh 

If  cos  a,  cos/3,  c  be  the  roots,  in  ascending  order  of  magnitude,  of 
the  cubic  equation  (46)  for  cos0,  a  is  the  larger  and  /3  the  smaller  of 
the  two  values  of  6  between  which  the  inclination  of  the  axis  to  the 
vertical  oscillates.  Hence,  if  I  be  written  for  A/m/i,  the  above 
equation  becomes 

lsin26.62  =  2g(cosd  -  cosa)(cos0  -  cos/3)(cos0  -c).  (5 1) 

Now  putting 

cos0  =  cosacos20  +  cos/3  sin2^, 
we  obtain 

cosfl  —  cosa  =  (cos/3  —  cosa)sin2<p 

cos0  -  cos/3  =  (cos a  -  cos/3)cos2<i>, 
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which  satisfy  the  inequality  a  >  0  >  /3.  These  substituted  in  (54) 
transform  it  to 

^■=^'-'(1  -  &'-'sin2<p), 

where  k2  =  (cos/3  -  cosa)/(c  -  cosa),  p2  =  g(c  -  cos a)/2l.  Thus  for  any 
value  of  <p  corresponding  to  a  value  of  t  reckoned  from  an  instant  at 
which  0  was  zero,  or  6  =  a,  we  have 


(55) 


The  value  of  t  is  thus  found  as  an  elliptic  integral  of  the  first  kind. 
The  values  of  pt  (or  K  as  it  is  usually  written)  are  given  for  a 
gradation  of  values  of  <p  in  tables  of  elliptic  functions.  Hence  both 
pt  and  <p,  that  is  in  effect  corresponding  values  of  i  and  6,  can  be 
found. 

To  complete  the  solution  it  is  necessary  to  show  how  correspond- 
ing values  of  t  and  \p  are  to  be  obtained.  By  (42)  and  writing  2/ 
for  CnjA  we  get, 

J.  _  vfWsfi  -  cos0  _  /./l  +  cos/3  _  1  -  cos/3 
^~~J    l-cos20     _,/\l+cos0      1-COS0 

Using  the  expression  for  d  stated  above,  and  writing  m,  for 
(cos/3-cosa)/(l  +cosa)  and  ms  for  -(cos/3  -  cosa)/(l  -  cosa),  we 
obtain 

iH//(l  +mX 1^-  -  (1  +mX K-t^\'  (56> 

(x  "l+mjSin-./)     v  2/l+m3sm^J 

But,  as  has  been  seen,  pdt  =  d<p/(l  -  k2 sin2 <{>)*,  so  that  we  obtain 
finally 

0 


d(f> 


(1  +m, sin2 <p)Jl  -k2sin2<i> 


d(f> 


}      (^7) 


(1  +mssin2(f))sJl  -  ^:•,sin-0 


}• 


which  expresses  \p  in  terms  of  elliptic  integrals  of  the  third  kind. 
As  before,  values  of  \p  and  <j>  can  be  obtained  for  any  actual  case 
from  tables.  (See  for  further  discussion  of  this  subject  Greenhill, 
Elliptic  Functions.) 

259.  Equations  of  Motion  of  Top. — The  discussion  just  given 
contains  the  chief  facts  regarding  the  motion  of  a  top.  The  subject 
is  of  great  physical  interest  because  of  the  exact  analogy  between 
the  motion   and   the  elastic   behaviour   of   a  thin   round   wire   of 
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flexibility  the  same  in  all  directions  (chap,  xv.),  and  also  because  of 
its  bearing  on  the  important  and  difficult  subject  of  the  stability  of 
motion.  It  has  always  seemed  very  remarkable  that  a  top  or  gyrostat 
(which  is  only  a  top  running  on  bearings  attached  to  a  case  enclosing 
it)  should  be  stable  when  rotating  in  a  position  in  which  without  spin 
it  would  be  quite  unstable.  We  have  the  same  phenomenon  in  the  per- 
manence of  direction  of  the  earth's  axis,  and  of  the  axis  of  a  rifle 
bullet.  On  account  of  the  importance  of  this  aspect  of  the  subject, 
we  add  a  short  sketch  of  the  method  of  investigating  the  stability 
of  the  steady  motion  of  a  top,  that  is  the  motion  in  which  0  and  |L 
are  constant. 

But  first  we  shall  illustrate  the  Lagrangian  method  by  using 
it  to  find  the  equations  of  motion  for  a  top,  though,  as  the  reader 
may  verify,  they  may  be  easily  obtained  otherwise.  Information 
regarding  the  steady  motion  and  the  small  oscillations  about  that 
state  can  be  easily  obtained  by  the  aid  of  these  equations. 
rij8  The  independent  co-ordinates  may  be  taken  as  0,  \l,  and  the 
angle  corresponding  to  w.  Only  the  velocity  w,  however,  not  the 
co-ordinates,  enters  into  the  expression  for  the  kinetic  energy.  Thus 
we  have 

(L^  =  Ad,    ^=^2sm0cos0-qw  +  ^cos0)^sin0, 
dt  30  do 

A^=A  l(^sin20)  +  C~{(o,  +  ^cos0)cos0},    |^=  0, 
dt^        dt  M  cy 

ddT    d,     .  ;      flX     dV  ,  .    . 

dtd„=dt{"+*cosd)>  %e=-m9hm9' 

The  equations  of  motion  are  therefore 

Ad-  {Ailcosd-  C(w  +  \p  cos  6)}  4,  sin  6  =  mghsmd      } 

f^{A\psin2d  +  C(w  +  \^cos6)cosd}  =  0  (5g\ 

^(w  +  ^cos0)  =  O. 

The  last  equation  shows  that  the  angular  velocity  of  the  body 
about  OC,  that  is  w  +  \L cos 0,  remains  equal  to  the  initial  value,  n 
say.  The  same  equation  converts  the  second,  after  integration, 
into 

A  i£sin20  +  Cncosd  =  H. 

These  are  the  results  as  to  constancy  of  moment  of  momentum 
already  obtained  in  §  254. 

260.  Steady  Motion  of  Top.— By  (U),  A  ^sin20  =  Cn(cos/3  -  cos0), 
and  if  the  angular  velocity  n  be  very  great,  cos0  as  we  have  seen 
in  (49)  oscillates  between  the  limits  cos/3  and  cos/3  -  2mghA  sin2/3/' 
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so  that  the  two  values  of  0  are  very  nearly  equal.  Hence  by  (51) 
the  utmost  value  that  -4i//2sin-0  can  have  is  2mgh  A  sin2  /3/Cn,  so 
that  if  n  is  very  great  \p  must  be  very  small.  The  first  of  the 
equations  of  motion  (58)  can  be  written 

Ad-  {(A i£cos0 -  Cn)^ - mgh}sm6  =  0. 

If  the  motion  be  steady  0  is  constant  and  therefore  0  =  0.     Thus 
we  get  the  equation  of  steady  motion 

{(^1  ^cos0  -  Cn)^  +  mgh}sind  =  0.  (59) 

This  will  hold  if  sin0  =  O,  or  if  A  ij,2cos0  -  Cmjr  +  mgh  =  0.  The 
first  of  these  gives  0  =  0  or  0  =tt,  that  is  the  centroid  is  either  verti- 
cally above  or  vertically  below  0.  But  if  cos/3  is  finite  this  leads  to  an 
infinite  value  of  \f/,  and  is  inconsistent  with  the  fact  that  0  must  lie 
between  the  narrow  limits  stated. 

The  second  relation  gives  approximately,  since  \p  is  small, 

«H^  (60) 

Cn 

for  the  angular  velocity  of  the  steady  precessional  motion,  or  half 
the  maximum  value  given  by  (  52)  above.  If  we  solve  the  equation, 
putting  0j  for  the  constant  value  of  0,  we  obtain 

^^V('-wH}'  (61) 


2  A  cos  0, 


The  values  of  \p  must  be  real,  and  hence  if  Acos0j  is  positive,  that  is 
if  the  centroid  is  above  the  level  of  the  point  0,  we  must  have 

,     44m<7^cos0, 

in  order  that  the  steady  motion  may  be  possible.  If  the  top  be 
started  with  n  very  great  and  ip,  0  both  zero,  then  since  i//  remains 
small  the  negative  sign  must  be  taken  before  the  radical  in  (61).  As 
a  first  approximation  to  \p  we  get  from  this 


l^mgh 
^      Cn 


as  before. 

A  second  approximation  is 


^=nigh/1+Amgh         \  (62) 

Cn  \         C~)c  J 

The  motion  corresponding  to  the  other  root  of  (61)  is  also  possible, 
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and  its  stability  is  proved  by  the  fact  that  the  expression  for  the 
period  of  the  small  oscillation  is  real  in  this  case. 

261.  Small  Oscillations  about  Steady  Motion. — The  small 
oscillations  about  steady  motion  may  be  investigated  by  putting 
\p  =  \p1  +  \l>',  and  d  =  dl  +  d',  where  ij/p  6t  denote  steady  values  about 
which  the  motion  oscillates,  and  \f/',  6'  are  small  variable  quantities  of 
which  the  second  and  higher  powers  may  be  neglected.  When  these 
are  substituted  in  the  equations  of  momentum,  and  the  equation  (.r>8) 
for  6,  and  the  steady  motion  conditions,  for  example 

Cn  =  mgh/ip  +  A  ^/cos  0V 

are  given  effect  to,  two  simultaneous  equations  are  obtained,  which 
(with  assumed  values  fsm(2nt/T  +  a),  gsm.(2Trt/T  +  b)  for  -lv  0,) 
enable  the  period  r  of  oscillation  to  be  calculated.*     It  comes  out 

2ttA\L, 


J(A'^f*  -  2mghA  \i^cosdl  +  m-g-W) 


(63) 


Fjg.  124. 


262.  Stability  of  Motion.  Behaviour  of  Gyrostat. — The  process 
here  illustrated  is  exceedingly  important  as  it  is  that  which  is  often 
adopted  to  investigate  small  disturbances  from  a  state  of  steady 
or  regular  motion.  It  is  also  one 
by  which  the  stability  of  a  given 
motion  can  be  tested,  that  is  by 
which  may  be  answered  the  question 
whether,  if  the  motions  be  slightly 
disturbed,  the  system  will  perform 
small  oscillations  about  the  state 
of  motion  or  pass  further  and  fur- 
ther away  from  it.  A  recondite 
example  is  the  question  of  the  sta- 
bility of  the  solar  system  referred 
to  in  §  184  ;  a  very  simple  exam- 
ple is  the  motion  of  a  particle  along 
the  lowest  generating  line  inside  an 
inclined  straight  cylindrical  tube, 
or  along  the  highest  generating  line 
outside.  In  the  former  case  the 
motion  is  obviously  stable — a  small 
lateral  disturbance  will  only  cause 

the  particle  to  pursue  its  course  making  small  oscillations  about  the 
generating  line ;  in  the  latter  case  such  a  disturbance  would  cause 
the  particle  to  permanently  leave  the  generating  line  and  finally  the 
tube. 

The  investigation   given  above  suffices  to  explain  most  of  the 
curious  phenomena  shown  by  a  top  formed  by  a  massive  fly-wheel 

*  For  further  information  the  reader  should  refer  to  Routh's  Advanced  liigid 
Dynamics,  chap.  v. 
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Fig.  125. 


running  on  bearings  attached  to  a  framework  or  case  surrounding  it. 
Such  a  top  is  called  a  gyrostat,  and  in  one  form  is  a  well-known  toy, 
in  another  is  an  instrument  capable  of  illustrating  some  of  the  most 
recondite  physical  phenomena  ;  the  latter  form  is  shown  in  Fig.  I  -M. 
which  represents  a  gyrostat  resting  on  a  thin  edge  on  a  glass 
plate  The  case  is  represented 
as  cut  open  to  show  the  fly-wheel, 
which  is  pivoted  on  a  spindle 
turning  on  bearings  attached  to 
the  case.  The  fly-wheel  is  partly 
in  section  to  indicate  the  con- 
struction. As  the  section  shows, 
the  fly-wheel  is  a  thin  disk  with 
a  massive  rim.  Fig.  12.*)  illus- 
trates a  simple  case.  The  gyrostat 
is  hung  by  a  string  from  a  point 
of  the  case  in  the  plane  of  the 
fly-wheel  so  that  the  centroid  is 
below  the  point  of  support.  A 
weight  is  hung  by  a  string  from 
one  end  of  the  axis,  and  there- 
fore produces  momentum  about  a 
horizontal  axis  in  the  plane  of  the 
fly-wheel,  which  is  supposed  to 
rotate  rapidly  about  the  (hori- 
zontal) axis  of  the  figure.  The 
gyrostat  does  not  incline  over 
sensibly,  but  turns  round  in 
azimuth  with  angular  velocity  6 
in  nearly  steady  motion,  on 
which,  however,  are  super-im- 
<1  oscillations  in  the  period 


'1-A-l 


.  ;  +  l,rff/l- 


(64) 


Gyrostat  showing  precession.  The 
action  of  the  weight  causes  turn- 
ing of  the  axis  in  a  horizontal 
plane,  that  is  round  the  cord,  in 
the  direction  against  the  hands  of 
a  watch  to  an  observer  looking 
from  above. 


where  m  is  the  mass  hung  on  the  end  of  the  axis,  and  h  is  its  dis- 
tance from  the  line  of  the  string.  A  is  of  course  the  moment  of 
inertia  of    the  gyrostat   about  a  diameter  of  the    fly-wheel.     The 

,        £  •     mgh 
value  ot  \l^- 


Cn 


,  so  that  if  n  is  very  great 


■  =  •>■. 


A_ 

On' 


(65) 


This  would  also  be  the  formula  for  the  time  of  oscillation  of  a  rapidly 
rotating  gyrostat  or  top  placed  with  its  axis  horizontal  and  supported 
at  one  extremity  of  the  axis,  as  in  Fig.  127.  The  couple  producing 
the  precession  would  be,  as  in  the  discussion  above,  due  to  the  weight 

p 
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of  the  top.  The  complete  theory  of  the  gyrostat  includes  terms  depend- 
ing on  the  motion  of  the  case,  which  does  not  spin  with  the  fly-wheel, 
but  these  are  here  neglected.  The  reader  ought  not  to  have  much 
difficulty  in  modifying  the  equations  given  above  to  take  the  inertia 
of  the  case  into  account. 

If  the  precession  is  produced  in  any  other  way  by  an  applied 
couple,  we  have  for  the  moment  of  the  couple 

L  =  Cnyjs.  (66) 

263.  The  Earth  is  a  Top.  Precession. — The  theory  of  the  top  is 
interesting  for  the  reason  that  the  earth  is  really  a  gigantic  top 
with  a  precessional  motion  due  to  the  attractive  forces  exerted  by 
the  sun  and  moon,  which  do  not  have  resultants  passing  accurately 
through  the  earth's  centroid,  and  in  a  veiy  slight  degree  to  the 
action  of  the  planets. 

The  earth  spins  in  a  period  of  one  sidereal  day  about  an  axis 
inclined  at  an  angle  of  66°  32'  48"  to  the  plane  of  the  ecliptic.  The 
plane  of  the  equator  is  inclined  to  that  of  the  ecliptic  at  an  angle  of 
23°  27'  12".  The  attraction  of  the  sun,  for  example,  exerts  a  couple 
tending  to  draw  the  plane  of  the  equator  into  coincidence  with  the 
ecliptic,  just  as  gravity  tends  to  pull  the  top  down  so  that  its  centroid 
shall  be  in  the  horizontal  plane  through  0.  Also  just  as  the  top  does 
not  fall  down,  but  moves  with  a  precessional  motion  so  that  when  the 
motion  is  steady  the  axis  describes  a  cone  round  the  vertical  OC, 
the  earth's  axis  describes  as  a  result  of  the  moments  of  all  the  force.* 
exerted  upon  it  a  conical  motion  in  space  of  period  about  26,000 
years.  The  path  of  the  north  pole  of  the  earth  is  thus  a  circle 
among  the  stars  on  the  celestial  sphere,  about  the  pole  of  the 
ecliptic. 

There  are  three  main  periodic  disturbances  of  the  precessional 
motion,  causing  what  is  called  nutation,  or  "  nodding,"  of  the  earth,  of 
which  we  shall  speak  again  in  the  chapter  on  Astronomical  Dynamic*. 
They  are,  however,  of  the  nature  of  forced  oscillation,  since  they  are 
produced  by  forces  which  have  their  own  proper  period. 

264.  Elementary  Calculation  of  Precession  in  Steady  Motion. — 
The  following  method  of  investigating  the  steady  motion  of 
a  top  is  simple,  and  serves  to  illustrate  the  idea  of  an  instantaneous 
axis  of  rotation  explained  at  §  94  above,  and  can  be  applied  directly 
to  the  precessional  motion  of  the  earth.  The  top  is  spinning  with 
angular  velocity  w  about  its  axis  while  the  centroid  turns  with 
uniform  angular  velocity  \p.  If  the  rotation  about  the  axis  of  the 
top  be  against  the  clock  when  looked  down  upon  from  above, 
the  precessional  motion  will  be  also  against  the  clock  when  looked 
down  upon  from  above  Z  (Fig.  126).  Since  the  body  is  rotating 
with  angular  velocity  w  +  i|>cos0(  =  n)  about  OC,  and  angular  velocity 
dsinfl  about  OE  (Fig.  126)  in  the  plane  ZOC,  it  is  turning  about  an 
instantaneous  axis  in  the  same  plane.  Let  this  axis  be  represented 
by  01,  and  a  be  the  angle  COL     We  have  at  once 
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,  tisinfl 

tana  = 


(G7) 


and  the  angular  velocity  about  01  is  Jnr +  \j/sin20. 

In  the  case  of  steady  motion  the  instantaneous  axis  describes 
a  cone  in  space,  and  at  the  same  time  a  cone  in  the  body.  The 
motion  may  be  described  by  saying  that  the  body-cone  rolls  on  the 
space-cone.  With  the  directions  of 
rotation  in  the  case  considered  here 
the  body-cone  lies  outside  the  space- 
cone  ;  in  the  case  of  the  earth's  pre- 
cessional  motion  the  body-cone  rolls 
round  the  inside  of  the  space-cone 
(see  §  267). 

In  a  short  interval  of  time  dt  the 
gravity  rag  of  the  top  generates  moment 
of  momentum  mghsinddt,  about  the 
axis  OD  (Fig.  126)  at  right  angles  to 
OE  and  OC.  This  is  to  be  supposed 
fixed  in  direction  during  the  small  in- 
terval of  time.  This  moment  of  mo- 
mentum is  not  represented  by  that  due 
to  generation  of  angular  velocity  in  dt 
about  OD,  for  during  dt  the  axes  00 
and  OE  do  not  remain  in  the  same 
positions.  OC  is  moved  by  the  rotation 
about  OE  through  an  angle  \p  sinfl dt  towards  the  direction  OD. 
This  gives  an  increase  of  moment  of  momentum  about  OD  of  amount 
Qn\p sind dt,  as  will  be  shown  in  §  282  below,  or  as  the  reader  may 
easily  verify.  In  the  same  way  OE  is  turned  away  from  the  direc- 
tion OD  in  the  same  time  through  an  angle  ndt,  and  this  causes  a 
decrease  of  moment  of  momentum  about  OD  of  amount  A  \p sin 6. ndt. 
If  do,  be  the  angular  velocity  generated  in  dt  about  the  temporal!  ly 
fixed  axis  OD,  the  whole  moment  of  momentum  about  that  direction 
generated  in  dt  is  therefore 


BE,  OC,  OD  are  a  rectangular 
system  of  axes  fixed  rela- 
tively to  the  plane  ZOO. 


Hence 


AdQ  +  (C  -  A)n\Lsinddt. 
A       +  (C-  A)n\psmd  =  mghsind 

(It 


do.  =  —  {mgh  -  (C -  A)n\j/}sm6dt. 


(68) 


The  generation  of  the  angular  velocity  do.  causes  01  to  turn 

round  the  origin  0  towards  OD  through  an  angle  do/v^  +  ^'sinO 
Hence  a  point  P  on  01  at  unit  distance  from  0  moves  a  distance  of 
this  amount    in  a  direction  at  right  angles  to  ZOO.    But  P  is  at 
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a  distance  from  OZ  equal  to  sin(0  -  a),  and  therefore  turns  round  OZ 
through  an  angle  d€t\\y  ti1  +  ^2sin20.sin(0  -  a)}.     But  from  (67) 

it  is  easy  to  show  that  sin(6>  -  a)  =  (osina/ii  =  wsmdj\'nJ  +  -JAsin-fl,  so 
that  the  angle  turned  through  by  P  is  dii/wsind.  This  angle  must 
also  be  xpdt,  so  that  we  have  \p  =  (dQ/dt)/  wsind.     Hence 


;  _  mgh  -  (C  —  A  )n\}/ 
Am 

which,  since  ta  =  n—  i//cos0,  may  be  written 

A  \p2cosd  -  Cnip  +  mgh  =  0 


((39) 


(70) 


the  equation  already  obtained  in  §  259  for  U/  in  the  case  of  steady 
motion. 

265.  Precession  Calculated  by  compounding  Moments  of 
Momentum. — The  same  result  may  be  obtained  still  more  simply, 
perhaps,  by  direct  composition  of  moments  of  momentum.  The  axis. 
Oil  say,  of  resultant  moment  of  momentum  lies  in  the  plane  ZOO, 
and  makes  an  angle  /3  with  00  given  by  the  equation 


tan/3 


A^sind 


(71) 


FlO.  127. 


But  by  the  generation  of  moment  of  momentum  mghsmOdt  about  the 
direction  OD  the  axis  OH  is  displaced  towards  OD  through  an  angle 
mghsmbdtjK,  where  K  is  the  resultant 
moment  of  momentum.  A  point  Q  on  OH 
at  unit  distance  from  0  therefore  turns 
about  OZ  through  an  angle 

mghs\n(5 dt] Ksm(d  -  /3). 

But  from  (71)  it  is  easy  to  prove  that 


sin(0  -  /3)  =  sin0(l  -  ^tcosd)^. 
Cn  A 


(72) 


Hence  the  angle  turned  through  by  Q  about 
OZ  in  time  dt  is  mghdt/(Cn-  Axlcos')). 
This  must  be  -^dt  since  the  motion  is  steady 
and  the  axis  of  resultant  moment  of  momen* 
turn  always  lies  in  the  plane  ZOC.  We  have 
therefore  \j/  =  mgh/(Cn  -  AxLcosO),  or 

A  \p2cosd  -  Cntp  +  mgh  =  0, 

the  same  result  again. 
If  0  =  ttI2,  that  is  if  the  axis  of  the  top  is  horizontal,  the  first  term 
vanishes. 

If  n  be  great  (70)  holds  approximately,  as  we  have  seen,  when  the 
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first  term  is  omitted,  and  is  applicable  to  a  gyrostat  in  steady  motion, 
whether  supported  on  the  knife-edge  surrounding  its  case  (Fig.  124) 
with  its  axis  in  a  position  inclined  to  the  vertical,  or  hung  by 
a  string  attached  to  the  part  of  the  case  enclosing  the  axis  (Fig.  127). 
When  the  axis  is  horizontal  (70)  is  strictly  true,  as  the  first  term, 
which  involves  the  inertia  of  the  case,  disappears  from  the  equation. 
The  quantity  mg  is,  however,  the  gravity  of  the  whole  instrument. 

266.  Numerical  Example  of  Precession  of  Gyrostat. — As  a 
numerical  example  we  take  the  following.  A  gyrostat  is  hung  with 
its  axis  horizontal  by  a  cord  attached  to  the  case  surrounding 
the  axle  at  a  distance  of  5  centimetres  from  the  centre  of  inertia 
of  the  whole.  The  fly-wheel  weighs  1500  grammes,  has  a  radius 
of  gyration  of  4  centimetres,  and  rotates  at  200  revolutions  per 
second.  The  mass  of  wheel  and  case  together  is  2200  grammes.  Find 
the  angular  velocity  of  the  precessional  motion,  the  motion  being 
steady. 

The  moment  of  the  weight  about  the  point  of  attachment  of 
the  cord,  that  is  mgh,  is,  in  C.G.S.  units,  nearly  2160  x  5000.  The 
value  of  Cn  is  1800  x  16  x  4OO71-.  Hence  4'=-364,  that  is  the  axis 
turns  round  in  the  horizontal  plane  with  an  angular  velocity  of 
nearly  a  third  of  a  radian  per  second. 

The  fact  that  a  gyrostat  thus  supported  and  moving  as  described 
can  remain  with  its  axis  horizontal,  notwithstanding  the  fact  that 
the  centroid  is  not  in  the  vertical  through  the  point  of  support,  has 
been  considered  paradoxical.  It  is  not  more  so,  however,  than  the 
behaviour  of  a  common  top  which  spins  with  its  axis  inclined  to 
the  vertical,  provided  the  proper  precessional  motion  is  allowed  to 
take  place. 

The  reader  may  exercise  himself  on  the  preceding  discussion  by 
considering  the  general  effect  of  introducing  a  couple  aiding  or 
opposing  the  precessional  motion.  For  a  top  spinning  in  the  ordinary 
manner  on  a  horizontal  plane,  or  a  gyrostat  placed  in  an  inclined 
position  to  the  vertical  on  the  knife-edge  opposite  the  plane  of  the 
fly-wheel,  or  a  gyrostat  spinning  when  hung  by  a  cord,  as  shown  in 
Fig.  127,  an  opposing  couple  causes  the  body  to  fall  in  the  ordinary 
way  under  the  action  of  gravity;  an  aiding  couple  causes  the  centroid 
to  rise.  In  this  way  the  action  of  friction  on  the  peg  of  an  ordinary 
top  in  raising  the  centroid  may  be  understood.  A  complete  account 
of  the  motion  of  a  top  in  the  case  in  which  it  spins  on  a  rough  plane 
on  a  rounded  peg  of  finite  size,  so  that  a  frictional  couple  of  finite 
moment  is  applied  to  it,  we  have  no  space  to  give  here.  The  reader 
may,  however,  consult  Jellett's  Theory  of  Friction,  in  which  the  subject 
is  very  fully  discussed. 

267.  Precessional  Motion  of  the  Earth. — Precessional  motion, 
and  in  particular  that  of  the  earth,  is  well  illustrated  by  the  model 
shown  in  Fig.  128.  The  globe,  the  southern  end  of  which  is  cut 
away,  is  weighted  so  as  to  rest  with  the  pin  projecting  from  the  north 
pole  against  the  inner  side  of  the  horizontal  ring,  and  represents  the 
earth.     The  cone  which  has  its  apex  at  the  centre  of  the  globe,  and 
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its  base  at  the  circle  of  contact  of  the  pin  with  the  ring,  is  the  space- 
cone  (§  264) ;  the  cone  which  has  its  apex  at  the  centre,  and  its  base 
at  the  circle  in  which  the  pin  touches  the  ring,  is  the  body-cone.  The 
plane  of  the  circle  of  contact  in  the  ring  is  to  be  taken  as  parallel  to 
the  ecliptic ;  the  vertical  angle  of  the  cone  is  twice  the  angle  between 


the  plane  of  the  equator  and  the  ecliptic,  that  is  twice  the  so-called 
obliquity  of  the  ecliptic.  The  rotation  of  the  earth  being  against 
the  hands  of  a  watch,  the  precessional  motion  is  with  the  hands. 
The  body-cone  shown  in  the  model  is  on  a  scale  enormously  too 
large. 

The  diameter  of  the  rolling  circle  can  easily  be  calculated  for  the 
earth  supposed  spinning  with  its  centre  fixed  in  space  and  describing 
uniformly  its  precessional  motion  in  the  period  of  25,868  years. 
The  diameter  of  the  circle  of  contact  of  the  space-cone,  that  is  the 
diameter  of  the  ring,  is  in  feet  about  2  x  21  x  106  x  sin(2:!  27'  12"). 
This  must  be  25,868  x  366£  times  the  diameter  of  the  circle  of  con- 
tact of  the  body-cone,  so  that  the  latter  diameter  is  1*764  feet.  In 
other  words,  the  intersection  of  the  instantaneous  axis  with  the 
surface  of  the  earth  describes  a  circle  round  the  extremity  of  tin- 
axis  of  figure  of  10*6  inches  radius.  The  diagram  of  the  model  is 
taken  from  Thomson  and  Tait's  Natural  Philosophy,  vol.  i.  Part  i. 
The  model  itself  is  part  of  the  illustrative  apparatus  in  the  University 
of  Glasgow. 

268.  Reaction  of  Top  on  Support. — As  an  example  of  §  169  we 
may  find  the  reaction  exerted  on  the  top  by  the  supporting  horizontal 
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plane.  If  the  plane  be  smooth  this  force  is  vertically  upward.  Let 
its  amount  be  Y.  The  motion  of  the  centroid  is  the  same  as  if  all 
the  forces  were  applied  there.  The  vertically  upward  component 
at  the  centroid  is  Y  -mg.  But  the  centroid  has  an  acceleration  hd'2 
towards  0,  and  another  hd  at  right  angles  to  OC  in  the  direction  to 
increase  6.  Thus  clearly  mhij  =  (mg  -  7)sinfl,  mhd2  =  (mg  -  Y)cos6, 
so  that 

F  =  mg  -  mh(dsind  +  ff2cos6).  (73 ) 

The  action  on  the  ground  is  therefore  less  than  the  gravity  of  the 
top  by  mh(6  sind  +  0'2  cos  6). 

The  value  of  Y  can  be  found  by  the  following  method,  which  is 
instructive.  The  kinetic  energy  of  the  centroidal  motion  is  fymhrd'2, 
and  the  part  of  this  corresponding  to  the  vertical  component  of  the 
velocity  hd  is  ^mh'2(d  sind)2.  Kecalling  that  force  in  any  direction 
on  an  unresisted  body  is  space-rate,  in  that  direction,  of  increase  of 
kinetic  energy,  we  see  that  the  upward  force  applied  by  the  ground 
to  the  top  over  and  above  the  gravity  mg  is  the  upward  space-rate  of 
increase  of  ^mh2(dsind)2,  that  is  the  rate  of  increase  of  this  quantity 
per  unit  of  increase  of  the  height  hcosd  of  the  centroid. 

Thus  we  obtain  Y—  mg  +  \  { d/d(hcosd)}  {mh2(6 sind)-},  or 

d_ 
~dcos6y 


Y=mg  +  ^mh-T^-a{dsind)2.  (74) 


The  reader  may  show  by  differentiating  [putting  d/dcosd  = 
-  (djdt) 1 6 sind]  that  this  is  exactly  the  value  of  Y  obtained  by  the 
other  process. 

269.  Gyrostatic  Action  of  Fly-Wheel  or  of  Armature  of 
Dynamo. — When  a  fly-wheel  runs  on  bearings  which  are  not  fixed, 
but  move  about  with  the  body  to  which  they  are  secured,  gyrostatic 
forces  are  brought  into  play  which  are  sometimes  overlooked,  but 
which  are  of  practical  importance.  For  example,  consider  a  dynamo- 
armature  spinning  rapidly  about  an  axis  fixed  in  bearings  on  board 
ship.  If  the  axis  is  in  the  thwart-ship  direction,  the  rolling  of  the 
ship  brings  into  play  forces  which  at  any  instant  consist  of  a  force 
towards  the  bow  on  one  bearing,  and  an  equal  force  towards  the 
stern  on  the  other.  The  pitching  motion  of  the  ship  has  no  such 
effect.  On  the  other  hand,  if  the  axis  of  the  armature  be  fore  and 
aft,  the  pitching  produces  forces  on  the  bearings,  one  towards  the  star- 
board, the  other  towards  the  port  side  of  the  ship,  while  the  rolling 
produces  no  such  effect.  These  forces  are  reversed  with  the  reversal 
of  the  motion,  and  thus  a  constantly  reversing  stress,  alternately  on 
the  front  and  on  the  back  of  each  bearing,  is  brought  into  play. 

The  same  thing  happens  with  the  rotating  parts  of  the  engines, 
and  with  the  screw-shaft  in  its  bearings  when  the  ship  pitches,  but 
in  these  cases  the  angular  velocities  are  not  so  great  as  to  make  the 
effect  so  important. 
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The  amount  of  the  force  may  be  obtained  in  the  following  manner. 
Let  the  angular  velocity  with  which  the  ship  is  rolling  (or  pitching) 
be  ^/,  and  the  angular  velocity  of  the  rotating  part  of  the  machine 
be  n,  its  moment  of  inertia  about  the  axis  be  C,  then  \p  corresponds 
precisely  to  the  angular  velocity  (§  262)  of  the  precessional  motion  of 
the  gyrostat  in  the  horizontal  plane  under  the  couple  L,  which  acts 
about  an  axis  perpendicular  to  the  axis  of  rotation  and  to  the  plane  of 
the  precessional  motion.  The  moment  of  the  couple  L  is  Cuip  (§  262). 
For  the  precessional  motion  of  angular  velocity  ip  of  the  rotating 
part  of  the  machine  imposed  by  the  rolling  of  the  ship,  a  couple  must 
be  applied  by  the  bearings  to  the  axis  of  amount  Cn\L.  If  I  be  the 
distance  between  the  centres  of  the  bearings  the  force  on  each  is 
Cn\p/l.  It  is  therefore  proportional  to  the  moment  of  inertia  of  the 
rotating  part  and  to  each  of  the  angular  velocities  n  and  \l.  It  is 
greatest  at  the  middle  of  a  roll  (or  pitch)  of  a  ship,  and  zero  at  the 
beginning  and  end,  when  the  ship  is  reversing  its  angular  motion. 

These  forces,  it  must  be  remembered,  are  such  as  to  produce  a 
couple  about  an  axis  at  right  angles  at  once  to  the  axis  of  rotation 
and  to  the  axis  about  which  the  rolling  or  pitching  is  taking  place 
They  are  sometimes  wrongly  stated  to  be  forces  on  the  top  and 
bottom  of  the  bearings. 

270.  Numerical  Example  of  Gyrostatic  Action  of  Dynamo  on 
board  Ship. — As  a  numerical  example  we  take  the  case  of  a  large 
alternator,  the  armature  of  which  weighs  10  cwt.,  has  a  radius  of 
gyration  of  2  feet,  and  runs  at  a  speed  of  600  revolutions.  We  shall 
suppose  the  axis  placed  in  the  thwart-ship  direction,  and  the  ship  to 
roll  through  a  total  range  of  30°  in  a  period  of  10  seconds.  With 
the  pound  and  foot  as  units  of  mass  and  length,  the  moment  of  inertia 
of  the  armature  is  4480.  The  angular  velocity  of  rotation  of  the 
armature  is  20  ir  radians  per  second.  The  maximum  angular  velocity 
of  the  ship  is  2n-x  15/(10  x  57*3)  =  3tt/57-3  = -165,  in  radians  per 
second.  Hence  the  couple  parallel  to  the  plane  of  the  base  of  the 
dynamo  exerted  on  the  bearings  is  4480  x  207r  x  '165  in  pound-foot- 
second  units.  If  the  distance  between  the  centres  of  the  bearings  is 
2  feet,  the  average  force  in  pounds  applied  to  each  bearing  is  this 
number  divided  by  64,  that  is  about  726.  The  force  on  the  front  or 
back  of  each  bearing,  reversed  every  half  revolution,  is  thus  about  a 
third  of  a  ton. 

271.  Uniplanar  Motion  with  reference  to  Rotating  Axes. — 
Before  leaving  the  subject  of  the  dynamics  of  a  system  of  bodies,  it 
will  be  useful  to  consider  the  motion  of  a  particle  or  of  a  rigid  body 
with  reference  to  moving  axes. 

As  a  first  simple  example  we  take  (Fig.  129)  the  case  of  a  particle 
B  moving  in  a  plane,  and  having  its  position  determined  by  means 
of  rectangular  axes  of  co-ordinates  x,y  drawn  from  an  origin  .!. 
which  is  at  rest.  We  shall  suppose  that  the  axes  revolve  with 
uniform  angular  velocity  n  about  A,  in  the  direction  indicated  by  the 
arrow  at  B.     Relatively  to  the  moving  axes  the  velocity-components 
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of  B  are  x,  y.  But  besides  these  the  particle  has  velocity  components 
due  to  the  motion  of  the  axes.  To  find  the  latter,  imagine  B  to  be 
rigidly  fixed  relatively  to  the  axes  so  that  x,  y  are  zero.  It  is  then 
turning  round  A  with  angular  velocity  n,  and  its  linear  velocity,  which 
is  at  right  angles  to  AB,  is  nr  if  r  =  AB.  The  component  of  this  parallel 
to  x  is  —  ny,  and  similarly  the  component  parallel  to  y  is  nx. 


Fig.  129. 
C 

E 


The 


Fig.  130. 
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total  component  velocities  u,  v  of  the  particle  relatively  to  fixed  axes 
coinciding  with  the  positions  of  the  axes  of  x,  y  at  the  instant  under 
consideration  are  therefore  given  by  the  equations 

u  =  x  —  ny,  v  =  y  +  nx.  (75) 

The  estimation  of  u,  v  will  be  seen  more  clearly  perhaps  from 
Fig.  130.  The  revolving  axes  are  represented  by  OX,  OY  in  one 
position,  and  by  OX',  OY'  in  a  subsequent  position  near  the  former. 
In  the  interval,  dt  say,  let  any  point  P  move  from  P  to  Q  ;  the  dis- 
placement along  the  revolving  axis  of  x  is  from  OA  to  OA' ,  and  along 
the  axis  of  y  is  from  OC  to  OC".  OA'  —  OA  is  the  change  in  x, 
OC  -  OC  is  the  change  in  y;  the  limiting  value  of  (OA' -  0A)/dt, 
when  dt  is  taken  vanishingly  small  is  x.  Similarly  the  limiting  value 
of  (OC  -  00)1  dt  is  y. 

Now  to  find  the  actual  velocities  of  the  point  P  parallel  to  the 
axes  OX,  OY  we  have  for  the  components  of  PQ  on  these  axes  AB, 
CD.  But  AB  is  less  than  OA'  -  OA  by  B'A',  which  is  QB'  x  sinB'QA'. 
The  angle  B'QA'  is  ndt,  and  if  dt  be  small,  QB'  =  y,  and 
sinB'QA' =  ndt.  Hence  AB=0A'  -  OA  -  B'A'  =  (i  -ny)dt.  If  we 
denote  the  actual  velocity  along  OA"  by  u,  v;e  have  AB  =  udt,  and  so 
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u  =  x-ny.      Similarly  if  v  be  the  actual  velocity  along  OY,  we  can 
show  that  v  —  y  +  nx. 

Xow,  returning  to  Fig.  130,  consider  a  particle  the  co-ordinates  of 
which  relatively  to  the  axes  of  x,  y  are  numerically  equal  to  u,  v. 
The  component  velocities  of  this  particle  in  space  will  be  in  like 
manner  u  —  nv,  v  +  nu.  But  these  are  the  time-rates  of  variation  of 
u,  v,  and  are  therefore  the  accelerations  of  the  former  particle  rela- 
tively to  fixed  axes  coinciding  for  the  instant  with  the  moving  axes 
of  x  and  y.  Hence  for  the  acceleration  components  we  have  the 
equations 

u  —  nv  =  x  —  2ny  —  n2x,  v  +  nu  =  y  +  2nx  —  n2y.  (76) 

If  n  vary  continuously  u  will  include  the  term  -  uy  and  v  the 
term  nx,  which  must  therefore  be  added  to  the  quantities  on  the 
right  of  (76). 

.172.  Components  of  any  Directed  Quantity  referred  to  Rotating 
Axes. — It  may  be  noticed  here  that  if  P,  Q  be  the  components 
parallel  to  the  axes  of  x,  y  of  any  directed  quantity  whatever,  the 
quantity  may  be  represented  by  a  point  the  co-ordinates  of  which 
are  numerically  equal,  on  any  scale,  to  P,  Q.  Then  as  P,  Q  vary  the 
point  will  change  its  position,  and  the  time-rates  of  variation  of  the 
components  relatively  to  fixed  axes  coinciding  for  the  instant  with 
the  revolving  axes  will  be  respectively 

U  =  P-nQ,   Y=Q  +  nP.  (77) 

In  precisely  the  same  way  we  should  find  for  the  time-rates  of 
-change  of  U,  V  relatively  to  fixed  axes  coinciding  for  the  instant 
with  the  revolving  axes  the  values  U -nY,  Y+nU.     For  n  constant 

U -  n F=  P - 2nQ  -  n-P,    V  +nU  =  Q  +  2nP  -  n-Q. 

This  process  may  be  applied,  of  course,  indefinitely  to  find 
successive  time-rates  of  change.  Thus  the  time-rates  of  variation  of 
the  last  components  are 


U-  nY-  n{V+  n.U)=U-  2nV-  rrV=  P 

V+n&  +  n(U-nJ')=  V  +  2nU -n-Y=Q  +'dnP  -  3n-Q 


3nQ-Zn?P  +  nsQ}     .Q. 
V  (tb) 
>htP--3niQ-n*PJ 


If  n  be  not  constant  the  terms  arising  from  its  variation  must  be 
supplied  in  the  values  of  U,  Y,  C,  Y. 

Similar  results  hold  when  the  directed  quantity  is  not  restricted 
to  two  dimensions,  as  we  shall  see  presently  (§  280). 

273.  Equations  of  Motion  of  Particle  referred  to  Rotating  Axes 
— Returning  now  to  the  particle  at  B  (Fig.  129),  let  its  mass  be  //<. 
and  the  forces  acting  on  it  parallel  to  the  positive  directions  of  the 
axes  of  x  and  y  be  X,  Y.     The  equations  of  motion  are 

m(x  -  'In I,  -  /(-.'•)  =  A',     m(y  +  2n.r  -  rcy)  =  }'.  (7H) 
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As  an  example,  let  the  particle  be  of  unit  mass,  and  be  attracted 
towards  the  fixed  centre  A  with  a  force /i/r2,  where  r  =  AB.  The 
values  of  X,  Y  are  -  \ix\r\  -  py/r*,  and  therefore  the  equations  of 
motion  are  x  —  2ny  —  n2x  =  —  px/r^,  y  +  2nx  —  wry  =  -  py/r*,  or  as  they 
may  be  written 


a--2ny+    g-w2W  =  0,   y +  2nx  + (^-n2)y  =  0.  (80) 


7* 

The  reader  may,  as  an  exercise,  find  the  expression  for  the 
kinetic  energy,  and  from  this  and  the  value  of  the  potential  energy, 
fi/r,  find  these  equations  of  motion  by  Lagrange's  method. 

Let  us  now  suppose  A  to  be  revolving  with  angular  velocity  n 
about  a  fixed  point  E  on  AC  at  a  distance  a  from  A  ;  we  have,  as 
remarked  above,  simply  to  add  to  x,  y  the  corresponding  components 
of  the  velocity  of  A .  These  are  na,  in  the  direction  of  y,  and  zero  in 
the  direction  of  x.  Thus  u  remains  as  before,  v  becomes  y  +  n{x  +  a). 
The  accelerations  become  therefore  x  —  2ny  —  n2{x  +  a),  y  +  2nx  —  n2y, 
and  if  the  forces  are  the  same  as  before  the  equations  of  motion  are 
as  written  above,  with  the  substitution  of  n2(x  +  a)  for  n2x. 

274.  Elementary  Lunar  Theory.  Approximate  Equations  of 
Motion  of  Moon.  Equation  of  Energy. — But  we  shall  now  suppose 
that  there  are  three  attracting  bodies,  one  at  C  of  very  great  mass,  one 
at  A  of  very  much  smaller  mass,  and  a  third  at  B  of  mass  in  its  turn 
small  in  comparison  with  that  at  A ,  and  that  the  distance  A  C  is  very 
great  in  comparison  with  AB.  Thus  we  have  three  bodies  which 
may  be  taken  to  represent  the  sun-earth-moon  system. 

The  motion  of  the  two  first  is  approximately  one  of  revolution 
round  their  common  centroid  E,  which,  on  account  of  the  great  mass 
of  the  sun,  we  shall  take  as  at  C,  the  sun's  centre.  As  a  matter  of 
fact  it  is  about  275  miles  nearer  the  earth.  We  shall  regard  the 
moon  as  an  infinitesimal  satellite  revolving  round  the  earth,  that  is 
we  take  the  acceleration  of  the  earth  towards  the  moon  as  negligible 
in  comparison  with  that  of  the  moon  towards  the  earth.  The  mass 
of  the  moon  is  1/81  of  that  of  the  earth,  and  the  common  centroid  of 
the  earth  and  moon  is  nearly  3000  miles  from  the  earth's  centre,  so 
that  the  supposition  made  is  only  a  rough  approximation  to  the 
truth. 

We  thus  regard  the  earth  as  moving  with  uniform  angular 
velocity  n  in  a  circle  of  radius  a  about  C  as  centre,  while  the  moon 
revolves  round  the  earth  in  the  orbit  which  results  from  the  motion 
it  has  at  any  instant,  and  the  forces,  the  attractions  of  the  earth  and 
the  sun.  which  act  upon  it. 

The  acceleration  of  the  earth  toward  the  sun  at  any  instant  is 
n2a.  This  is  the  force  per  unit  mass  toward  the  sun  at  distance  a. 
Hence  the  force  per  unit  mass  toward  the  sun  exerted  on  unit  mass 
at  B  is  n2a.a2/B2  or  n2az/R2,  where  R2  =  CB2  =  (x  +  a)2  +  y2.  The 
components  of  this  in  the  direction  of  x,  y  increasing  are  the 
accelerations  of  the  particle  at  B  in  these  directions.  These  com- 
ponents are  -  iva?(x  +  a)jB3,  -  n2ary/Rz.     But  approximately,  since 
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x  and  y  are  small  compared  with  a,  {x  +  a)/E3  =  l/(x  +  a)2  =  lja2  -  2xla\- 
and  y/R3  =  yja3,  if  quantities  involving  higher  powers  of  lja  than  the 
third  are  neglected.  Thus  the  component  accelerations  due  to  the 
force  towards  the  sun  are  —  n2a  +  2n2x,  —  n2y.  Besides  these  there 
are  the  accelerations  in  the  same  direction  due  to  the  earth,  namely 

—  fix/r3,  —  ny/r^.     The  total  accelerations  along  x  and  y  are  therefore 

-  n2a  +  2n2x  —  pxjr3,  —  ri2y  —  py/r3.  Equating  these  to  the  accelera- 
tions x  —  2ny  —  n2(x  +  a),  y  +  2nx  —  n2y  already  calculated,  we  obtain 
the  equations  of  motion  of  the  moon  with  reference  to  the  specified 
axes.     They  are 

x-2ny+(^-3n2\x  =  0,   y  +  2nx  +  ^y  =  0  (81) 

If  the  first  equation  be  multiplied  by  x,  the  second  by  y,  the 
sum  of  the  products  is 

!*(&  +  f  -  Sn'x2  -  2^]  =  0. 

~dt\  Tj 

Hence  integrating  we  obtain 

W  +  f)  -  ¥^  =  ~  +  C,  (82) 

where  C  is  a  constant.     This  is  the  equation  of  relative  energy. 

275.  Graphical  Description  of  Path  of  Moon  relatively  to  Earth. 
— When  the  curvature  of  the  actual  path  or  the  path  relatively  to 
the  earth  is  known  at  every  point,  the  path  can  be  drawn  by  the 
method  of  describing  successive  short  circular  arcs  from  the  succes- 
sive centres  of  curvature  as  centres,  as  explained  at  §  105  above. 
The  description  of  the  relative  path  in  the  present  case  is  of  great 
interest  on  account  of  the  more  recent  researches  in  lunar  theory 
carried  out  by  Mr.  G.  W.  Hill  and  by  M.  Poincare.  We  shall 
therefore  calculate  the  curvatures  in  the  present  case. 

The  direction  cosines  of  an  element  of  the  actual  path  at  B  are 
(x  -  ny)/s,  {y  +  n(x  +  a)}/s,  where  s2  =  (x  —  ny)2  f  {y  +  n(x  +  a)}2,  s  is 
of  course  the  velocity  at  B.  The  forces  on  the  unit  particle  resolved 
along  the  normal  towards  the  centre  of  curvature  give  the  component 

J\  =  -    n-y  +  ^~ +    2n-x  -  wa  -  ~  Y- i 1,     (83) 

\    '        r*  J      s  \  rs  J  s 

and  this  is  sr/p,  where  p  is  the  radius  of  curvature.  Hence  1/p  is 
obtained  for  the  actual  path  by  dividing  the  expression  on  the 
right  by  s2. 

To  find  the  curvature  of  the  relative  orbit,  multiply  the  first 
equation  of  motion  by  y,  the  second  by  x,  and  subtract  the  first 
product  from  the  second.  Writing  s2  for  x2  +  y2,  the  square  of  tin- 
relative  velocity  we  obtain  the  equation 
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The    quantity    on    the    left,    when    divided    by  »r,  becomes  the 
component    acceleration    in    the   relative  orbit   towards   the  centre 
of  curvature,  and  therefore  equal   to   sr2/p,  where  pr  is  the   radius 
of  curvature  of  that  orbit  at  B.     Hence  the  ex- 
pression on  the  right  divided  by  s*  gives  Fig.  131. 


1      X 


2*  i 


(84) 


where  N  now  denotes  the  normal  component  at 
B  of  the  force  the  components  of  which  along  x 
and  y  are  —  (/a/r3  -  oii?)x,  —  fiy/r9.  The  square  of 
the  velocity  sr2  in  the  orbit  is  given  by  (82). 

This  result  agrees  with  one  obtained  by  Lord 
Kelvin,*  and  used  by  Dr.  Magnus  Maclean  to  draw 
by  the  graphical  method  already  referred  to  the 
relative  orbit  shown  in  Fig.  181.  The  data  used 
were  /i  =  1000,  »=1,  2C  =  -  130,  and  the  initial 
value  of  x  was  2,  that  of  y  zero. 

270.  Motion  in  Space  referred  to  Moving 
Axes. — It  is  of  importance  to  be  able  to  refer  the 
motion  of  a  system  to  three  rectangular  axes 
which  are  revolving  about  a  system  of  three  axes 
which  are  regarded  as  fixed  in  space.  For  ex- 
ample we  may  refer  the  mqtion  of  a  particle  on 
the  earth's  surface  to  three  axes — one,  that  of  z, 
sav,  coinciding  with  the  upward  vertical  at  the 
place,  and  the  other  two  axes,  those  of  x  and  y, 
drawn  from  the  earth's  centre,  southward  and 
eastward,  say,  in  a  plane  at  right  angles  to  the 
vertical.  We  may  consider  these  axes  as  moving 
relatively  to  axes  fixed  relatively  to  the  fixed 
stars.  Taking  the  earth's  centre  as  fixed,  we 
may  take  as  one  of  these  fixed  axes  the  earth's  polar  axis  of 
rotation,  and  the  other  two  at  right  angles  to  one  another  in  the 
plane  of  the  equator. 

But  in  many  cases  it  is  convenient  to  consider  the  moving  axes 
as  in  motion  with  reference  to  a  system  of  three  fixed  axes  coinciding 
with  the  moving  axes  at  the  instant  under  consideration.  These 
being  known  in  position  with  reference  to  the  chosen  standard 
reference  system  enable  the  motion,  or  the  position  of  the  body,  to 
be  referred  to  the  latter  system  when  required. 

Consider  then  a  point  referred  to  three  rectangular  axes  0 A ,  OB, 
OC  which  are  at  any  instant  revolving  with  angular  velocities  0V 
dt,  63  about  themselves,  that  is  OB,  OC  are  revolving  in  their  own 
plane  with  angular  velocity  Bx  about  OA  ;  OC,  OA  are  revolving  in 
their  own  plane  with  angular  velocity  62  about   OB  ;  and  similarly 
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OA,   OB  are  revolving  with   angular   velocity  63  about  OC.     The 
directions  of  motion  are  indicated  in  Fig.  132. 

Then  if  x,  y,  z  be  the  co-ordinates  relatively  to  the  revolving  axes 
of  any  particle  whatever,  its  component  velocities  relatively  to  the 
moving  axes  are  x,  y,  z.  The  exact  meaning  of  the  components  x,  // 
is  explained  in  §  271  above  for  two  axes.     The  same  explanation  is. 

applicable  at  once  to  the  present  ease. 
Fig.  132.  To  find  the  other  parts  of  the  velo- 

city components  it  is  to  be  observed 
that  the  system  of  axes  is  revolving 
simultaneously  with  the  angular  velo- 
cities 6V  B2,  d3  about  the  instantaneous, 
positions  of  the  axes  themselves.  Con- 
sider the  effect  of  the  rotation  of  the 
pair  OA,  OB  about  OC.  The  result 
is  to  add  to  x  the  term  -  63y  just  as 
—  ny  was  introduced  in  the  case  al- 
ready treated  in  §  262,  since  03  here 
plays  the  part  of  the  angular  velocity 
n.  Similarly  the  motion  of  the  pair 
OC,  OA  with  angular  velocity  62  about 
OB  adds  to  x  the  term  62z,  just  as  nx 
was  added  to  y  in  the  former  cast. 
For  the  actual  velocity  u  parallel  to  the  axis  of  x  we  have  therefore 

u  =  x-yd3  +  zd2. 

The  change  of  direction  of  OA  which  is  going  on  cannot  influence 
this  result.  For  a  vanishinsfly  short  interval  of  time  dt  the  positions 
of  the  planes  AOB,  CO  A,  from  which  the  terms  -yd3,  zd2  arise,  are 
altered  only  infinitesimally  in  direction,  and  so  in  the  limit  these 
terms  are  unaffected. 

By  the  same  process  similar  results  are  obtained  for  the  actual 
velocities  parallel  to  the  other  two  axes,  OB,  OC.  Hence  we  have 
the  three  equations 

■ye3  +  zd2  ) 


u- 

n=y  -20,+ xo3 

w  =  z-xd2  +  y81 


(85) 


277.  Any  Directed  Quantity  in  Space  referred  to  Rotating 
Axes.  Examples. — As  before,  this  process  is  applicable  to  the 
calculation  of  the  rates  of  change  of  the  components  of  any 
directed  quantity  whatever  parallel  to  revolving  axes.  Thus  let  F, 
G,  II  be  the  components  (relatively  to  the  revolving  axes  in  their 
instantaneous  position)  of  moment  of  momentum  of  a  rigid  body 
rotating  with  one  point  (the  origin)  fixed,  and  let  L,  31,  X  be 
similarly  the  components  round  the  revolving  axes  of  the  momenta 
of  the  forces  in  the  body.     Then  we   may  take  co-ordinates  of  a 


GENERAL  DYNAMICAL  METHODS.         239 

point  equal  numerically  to  F,  G,  H,  and  we  should  find  for  their 
rates  of  change 

V=G-HVx  +  Fdz  1       (86) 

W  =  H-Fei  +  Gdi  ) 

The  quantities  on  the  uight  are  clearly  the  actual  rates  of  change,  at 
the  instant,  of  F,  G,  H  taken  parallel  to  fixed  axes  coinciding  with 
OA,  OB,  OC.  Therefore,  putting  L,  M,  X  for  U,  V,  IF  in  (86),  we 
obtain  the  equations  of  motion  of  the  rigid  body. 

As  another  example  take  the  angular  velocities  0„  02,  03  of 
the  axes  themselves.  Calling  the  angular  velocities  about  fixed  axes 
coinciding  at  the  instant  with  the  revolving  axes  Qx,  Qy,  dz,  we  have 

6x  =  dl  —  d.2dz  +  0302  =  0t  \ 

0,-0,-0,0,  +  0^3  =  K  [     (87) 

ez  =  03  -  0j02  +  020j  =  03  J 

Thus  the  rates  of  change  of  the  angular  velocities  about  the  moving 
axes  are  precisely  those  about  fixed  axes  coinciding  with  them,  a 
proposition  which  does  not  follow  from  the  fact  that  at  the  instant 

27  8.  Motion  relative  to  the  Earth. — As  an  illustration  we  take  here 
the  problem  of  the  motion  of  a  free  particle  near  a  point  P  on  the  sur- 
face of  the  earth,  the  axes  being  the  moving  system  described  in  §  27 6 
— viz.,  axes  of  x,  y  drawn  southward  and  eastward  through  the  earth's 
centre  parallel  to  the  horizontal  plane  at  P,  and  an  axis  of  z  drawn 
upwards  along  the  vertical  through  P.  We  shall  denote  the  earth's 
angular  velocity  about  the  polar  axis  by  n,  and  suppose  that  the 
resultant  force  of  gravitation  at  any  place  P  is  directed  downwards 
along  a  line  at  that  point,  making  a  small  angle  0  with  the  vertical. 
If  G  be  this  force  for  unit  mass  the  component  along  the  vertical 
upward  is  -  (Jcos 0.  The  x-component  atP  is  £cos(0  +  \-k)  or  —  #sin0, 
and  the  y-component  is  zero,  since  the  axes  of  x  and  z  lie  in  the 
meridian.  If  the  particle  be  not  at  P,  but  have  co-ordinates,  relative 
to  parallel  axes  with  P  as  origin,  x,  y,  z  —  a,  additional  components 
X.  Y,  Z  will  act  on  the  particle,  which  can  easily  be  computed  when 
x,  y,  z  are  known  from  the  value  of  G  at  the  position  of  the  particle. 
Besides  these  we  suppose  any  other  applied  forces  X',  Y',  Z'  to  act 
on  the  particle. 

If  X  denote  the  latitude  at  P,  that  is  the  angle  which  the  vertical 
there  makes  with  the  plane  of  the  earth's  equator,  the  angular 
velocity  of  the  earth,  and  therefore  of  the  system  of  axes,  about  th^ 
vertical  is  wsinX,  the  angular  velocity  about  the  axis  of  z  is  -  wcosX, 
and  that  about  the  axis  of  y  is  zero.     Hence  by  equations  (86), 
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putting  (F,  G,  H)  =  (u,  v.  w)  as  given  in  (*•">),  and  noting  that 
6l  =  -  it  cos  X,  6.2  =  0,  63  =  nsinX,  we  obtain  the  equations  of  motion, 

x  -  2>/nsinX  -  ?rsinX(zcosX  +  £CsinX)  =X+X'  -GsmQ  \ 
y  +  -IzncosX  +  2x»sinX  -  yr&  =  Y  +  Y'  V 

z  —  2yncosX  -  /t'2cosX(.scosX +  a?:-inX)  =  Z  +  Z'  -  Gcosd  J 

which  are  exact. 

If  the  origin  be  taken  on  the  vertical  (e.g.,  at  P)  at  a  distance  a 
from  the  centre  of  the  earth,  the  only  change  required  is  a  substitu- 
tion of  z  +  a  for  z.     The  equations  become  then  : 

x  -  2/y/isinX  —  «'-siuX(2C0sX  +  a;sinX)  =  A~  +  A"'  -  6r'sin0  +  ?rasinXcosX  I 
y  +  2zncosX  +  2xnsin  X  -  yri'  =Y+  Y'  i  > 

'i  -  2yncosX  -  n- cosX(z  cosX  +  x  sinX)  =  Z  +  Z'  -  Gcosd  +  w2acos3X. 

279.  Foucault's  Pendulum. — As  an  example  we  consider  the 
motion  of  a  simple  pendulum  of  length  I  suspended  from  P,  and 
performing  small  oscillations  about  the  vertical  under  gravity.  A 
sufficiently  exact  solution  for  practical  purposes  is  obtained  by 
taking  the  motion  along  the  axis  of  z  as  zero,  and  neglecting  the  terms 
in  n2  on  the  left-hand  side  of  the  x-  and  ^/-equations  (see  §  27*). 
The  force  -  GsinB  is  negligible,  since  6  is  very  small ;  the  horizontal 
applied  forces  influencing  the  motion  are  those  due  to  the  stretching 
force,  T,  in  the  thread,  and  are  respectively  -  Tx  I.  -  Tyjl.  But  by 
the  ^-equation  of  motion,  siGce  the  left-hand  side  is  zero,  and  the 
applied  force  is  -  Tzjl  =  T  (since  z  —  —I),  we  have 

T=  GcosO  -  n2acos2X  =  g, 

where  g  is  what  may  be  called  the  apparent  gravity  of  a  unit  particle 
along  the  vertical  (see  §  281).  Thus,  with  w  written  for  nsinX,  the 
equations  are 

x-2u>y  +  <Lx  =  0,        y  +  tu>j;  +  gTy  =  U.  (90) 

A  suitable  solution  of  (00)  for  the  case  of  ordinary  small  vibrations 
in  one  plane  is 

x  =  a  cos  mt  cos  wt,   y=-acosmtsinwt,  (91) 

where  m  =  Jgjl.  This  satisfies  the  equations  to  terms  involving 
or.  Here,  when  £  =  0,  x  =  a,  y  =  0;  when  u>t  =  ir/2,  x  =  0,  and 
//=  -«cos(»i7r/2w) ;  and  so  on.  The  plane  of  oscillation  of  the 
pendulum  will  therefore  seem  to  rotate  about  the  vertical  with 
angular  velocity  a>,  that  is  wsinX,  and  will  make  a  complete  re- 
volution in  2-i/cosecX  hours. 

This  result  was  given  by  Foucault,  who  first  proposed  to  illustrate 
the  earth's  rotation  by  the  relative  rotation  of  the  plane  of  oscillation 
of  a  pendulum  about  the  vertical.  There  is,  however,  a  serious 
practical   difficulty  in  carrying  out   the   experiment  owing   to  *die 
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influence  of  the  mode  of  attachment  of  the  pendulum-wire  at  the 
upper  end.  The  result  may,  however,  be  taken  as  completely  verified 
by  the  experiments  that  have  been  carried  out. 

It  is  clear  that  a  possible  mode  of  vibration  of  a  freely  suspended 
pendulum  is  one  in  which  the  bob  moves  in  a  circle.  For  this  we 
must  have  a  constant  displacement  Jar  +  y2  =  a,  and  the  solution  is 

x  =  acosmt,    y  =  asi.nmt,  (91 ') 

with  proper  choice  of  the  origin  of  time.  (Here  m  is  no  longer  gjl.) 
"When  these  values  are  substituted  in  the  differential  equations  (8">) 
each  equation  gives 

m-  +  2(om-¥  +w2  =  (). 

The  roots  of  this  are  -  o>  -t  Jgjl,  and  are  real.  In  one  case  the 
pendulum  goes  round  with  the  earth's  rotation  in  the  period 
'2  it/ {Jgjl  -  w}  ;  in  the  other  it  revolves  against  the  earth's  rotation 
in  the  period  2ir/[Jgjl  + u>}.  These  periods  are  27r/(Jg/l-  nsin\) 
and  ~2Tr/(Jg/l  +  nsin\),  so  that  the  angular  velocity  relatively  to  the 
earth  in  the  former  case  is  diminished  by  wsinX,  in  the  latter  is 
increased  by  ?isinX,  the  angular  velocity  of  the  rotation  of  the  earth. 

This  experiment  and  others  analogous  to  it  have  been  held  to 
prove  that  the  earth's  rotation  is  absolute,  and  not  merely  relative 
to  the  fixed  stars.  On  the  other  hand,  the  facts  of  the  case  may  be 
expressed  by  saying  that  when  the  motion  is  referred  to  axes  fixed 
relatively  to  the  fixed  stars,  and  all  action  on  the  body  except  that 
of  the  earth  is  neglected,  the  equations  are  of  the  simple  form 
obtained  by  omitting  from  (90)  the  terms  depending  on  w,  and  that 
when  it  is  referred  to  axes  fixed  to  the  earth  these  terms  must  be 
included.  The  question  very  much  depends  on  what  is  meant  by 
"  absolute  rotation  "  of  the  earth. 

280.  Deviation  of  Falling  Body  from  Vertical.  Deviation  of 
Projectile. — As  another  example  we  calculate  the  deviation  from 
the  vertical  of  a  body  let  fall  from  rest  at  a  point  at  distance  h  above 
the  origin  supposed  on  the  earth's  surface.  The  equations  of  motion 
are  by  (88) 

x  -  2ynsmX  =  0,  y  +  2z?icos\  +  2x7isin\  =  0,z  —  2yncos\  =  -  g.   (92) 

Integrating  each  of  these  we  obtain,  since  x  =  y  =  Q,  x  =  y  —  0,  and 
t  =  0, 

x  —  2yiisin\  =  0,    y  +  2zncos\  +  2xnsin'k  =  2/mcosA,)        /qo'\ 
i  -  2yncos\  =  -  gt.  J 

The  first  and  third  of  these  give  by  elimination  of  y  and  integration 

x  =  (^gf  +  z  -  A)tanX. 

But  clearly  to  a  high  degree  of  approximation  h  -  z,  the  dis- 
tance fallen  parallel  to  the  vertical  in  time  t,  is  ^gt~f  so  that  x,  the 

Q 
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southward  deviation,  is  practically  zero.  Hence  the  third  term  in 
the  second  of  the  integrated  equations  may  be  taken  as  zero.  Sub- 
stituting for  z  the  value  h  -  £g&  in  the  second  term  of  this  equation, 
and  integrating  for  the  eastward  deviation  in  time  t,  we  yet 
y  =  ±gfncos\.  When  the  particle  has  fallen  to  the  surface  t  =  K/2h/g, 
and  therefore  y  =  ^2y/'2h3/g.n cos X.  If,  for  example,  h  be  200  feet, 
the  deviation  y  is  about  a  quarter  of  an  inch. 

It  is  interesting  to  consider  the  case  in  which  the  velocity  of 
the  moving  body  is  nearly  horizontal.  From  the  approximate 
equations  (92)  we  can  calculate  the  deviation  due  to  the  rotation  of 
the  earth  produced  in  a  shot  fired  with  a  velocity  V  at  a  given 
small  elevation  a,  and  in  a  direction  inclined  at  an  angle  ft  with  the 
positive  (southward)  direction  of  x.  The  reader  may  go  through 
the  details  of  calculation  according  to  the  following  steps : 

Equations  (92)  integrated  once  from  0  to  t  give,  since  initially 
x=  Fcosocos/3,  y  =  Fcosasin/3,  z  =  Fsina, 

x  —  2y?isin\  =  Fcosacos/3  \ 

y  +  2zncosA  +  2.T?isinX=  Fcosasin/3  -       (93) 

z  —  2y?icosX  =  -  gt+  Fsin  a. 

Neglecting  the  terms  in  n  in  the  first  and  third  of  these,  in- 
tegrate from  0  to  t,  and  find  values  of  x  and  z.  Substitute  these 
in  the  second,  and  integrate  from  0  to  t,  and  find  y.  Substitute  for 
y  in  the  first  and  third  of  (93),  and  neglecting  the  terms  in  n- 
integrate  from  0  to  t.     This  gives  x  and  z.     The  results  are 

x=  Ficosacos/3  +  Fz2?isinXcosasin/3  ] 

y=  Ffcosasin/3-  T7%(cosXsina  +  siriXcosacosjS)-i-  ^</f'//cosA       (98') 

z=  -  hgt2  +  F^sina  +  F£%cosXcosasinp. 

The  terms  in  n  in  these  are  the  deviations. 

For  F=2400  feet  per  second,  a  =  4°,  X  =  56°  K.,  /@  =  0,  and  for 
the  full  horizontal  range  we  obtain  approximately 

4  F:i 
S//=  -   ^-wsinXsm-'acosa  =  -15-8 
92 

in  feet.  The  deviation  is  therefore,  allowing  for  the  other  terms, 
about  15  feet  to  the  west.  The  projectile  is  supposed  unresisted, 
and  the  range  is  nearly  five  miles.  A  100  lb.  shot  tired  from  a 
service  6 -inch  gun  with  the  velocity  and  elevation  stated  would  have 
a  range  of  about  5000  yards. 

•281.  Apparent  and  True  Gravity. — The  theory  just  explained 
illustrates  the  resolution  of  rotations,  and  the  fact  that  the  attraction 
of  the  earth  on  a  particle  at  any  place  has  to  furnish  the  force 
necessary  to  produce  the  acceleration  required  by  the  motion  of  the 
particle  with  the  earth.  Thus  the  bob  of  the  pendulum  has  a  mean 
motion  round  the  circle  of  latitude  at  the  place  at  which  it  is 
suspended.     The  acceleration  due  to  gravity  is  thus  altered  both  in 
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Fig.  133. 


magnitude  and  direction  from  this  cause.  G  denotes,  as  stated,  the 
true  gravitational  force  per  unit  mass  on  the  particle  P  (Fig.  13:3). 
Regarding  the  earth  as  a  sphere,  we 
take  PC,  the  line  drawn  to  the  centre, 
as  the  direction  of  G,  and  resolve  it  into 
two  components,  one  PB  along  the 
radius  at  P  of  the  circle  of  latitude, 
the  other  in  a  direction  PA  making 
a  small  angle  with  PC.  The  latter 
it  is  which  gives  the  initial  accelera- 
tion (/  of  a  body  falling  under  the 
action  of  gravity  and  revolving  with 
the  earth,  and  is  not  toward  the 
point  C.  Thus  PA,  the  vertical  in 
which  the  pendulum  hangs  when  not 
oscillating,  and  about  which  the  plane  of  oscillation  revolves,  is  not 
directed  to  the  earth's  centre. 

The  acceleration  along  PB  is  n2Rcos\,  if  R  be  the  earth's  radius. 
Hence  if  0  be  the  angle  PA  makes  with  PC  we  have,  since  8  is  very 
small,  n2RcosX/g  =  0/cosBCP  =  6/  sin\.     Also 
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gIG  =  sinX/sin(X  +  6)  =  sin  X/(sin  X  +  0cos  X). 


Thus  we  have 
and 


G  =  g  +  ?i2Rcos2\  or  g  =  G  -  n2Rcos2\, 
n2R  sin  2  X  n2R  sin  2  X       t 


B 


(94) 


2g  2(G -ri2R  cos2\Y 


The  value  of  n2Rjg  is  about  -^—^ ,  so  that  at  the  equator  G  is 
diminished  by  this  fraction  of  itself,  and  by  less  at  other  places, 
according  to  the  latitude,  as  stated  in  (94). 

282.  Euler's  Dynamical  Equations. — Returning  to  the  example 
of  a  rotating  rigid  body,  let  the  rotating  axes  be  fixed  in  the  body, 
and  coincide  Avith  the  principal  axes  of  moment  of  inertia.  Let  the 
moment  of  inertia  of  the  body  about  OA  be  A ,  about  OB  be  R,  and 
about  OC  be  C.  We  shall  denote  the  angular  velocities  of  the  axes, 
which  are  now  also  the  angular  velocities  of  the  rigid  body  about  the 
same  axes,  in  this  case  by  w,,  w2,  wr  Then  F—  A  w,,  G  =  Bw2,  H=  Cw3. 
Equations  (86)  then  become 

Ad>1  —  (-5  —  C)a)2a>3  =  L  J 

BAa-{C--A)m^l  =  M  [       (95) 

Cm.i-(A-B)col<o2  =  lY  j 

As  already  stated  Z,  M,  N"  are  the  moments  about  the  axes  of  the 
forces  applied  to  the  body. 

These  equations  are  known  as  Euler's  equations  of  a  rigid  body 
rotating,  with  one  point  fixed,  about  the  principal  axes  for  that  point. 
Use  has  already  been  made  of  an  equation  equivalent  to  the  second 
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of  these  in  §  264  above.  If  the  body  have  an  axis  of  symmetry  (as  a 
top  for  example)  about  which  the  moment  of  inertia  is  0,  then 
A  =B,  and  the  equations  become 

A  a>l  —  {A  —  0)coi(o3  =  L  \ 

A^-ic-A^f^M  I      (96) 

C*,  -J"  ) 

These  equations  might  have  been  made  the  starting-point  of  the 

discussion  of  the  motion  of  the  top,  and  the  reader  may  so  apply 

them  as  an  exercise.     It  is  to  be  noticed  that  we  cannot  take  the  axes 

OD,  OE  (Fig.  121)  as  the  principal  axes  of  equal  moment  to  be  used 

in  Euler's  equations,  inasmuch  as  although  OD  and  OE  are  always  at 

right  angles  to  one  another  and  to  00,  they  do  not  in  the  general  case 

fulfil  the  condition  of  being  fixed  in  the  body.     Let  an  axis  OA  (Fig. 

134)  at  right  angles  to  00  and  fixed  in  the  body  make  an  angle  <j)  with 

OE'  (EO  produced)  at  the  instant  under  consideration.     Let  OE  be 

another  axis  in  the  same  plane  DOE  and  at  right  angles  to  OA. 

The  axes  OA,  OB  are  revolving  at  the  instant  with  angular  velocity 

w  +  i//cos0  about  00,  the  axis  of  the  top.      But  OD  is  turning  with 

angular  velocity  \pcosd  in    the    same   plane,   and    therefore   OA   is 

separating  from  OD  with  angular  velocity  w.     Hence  <p  =  io. 

The  angular  velocities  iol  about  OA,  w2  about  OE,  and  w3  about 
the  axis  00  are  respectively  dsin<p  -  \p  sin  B  cos  cj>,  +  0cos0  -f-  i^sin0sin<p, 
lo  +  tlcosd.  The  applied  couple  is  myhsind  about  OD,  and  therefore 
the  component  couples  are  «i</Asin0sin0  about  OA,  mghsin6cos<p 
about  OB,  and  zero  about  00.     These  are  L,  M,  N  respectively. 

The  reader  should  substitute  the  values  in  (95),  and  verify  that 
the  equations  of  motion  (58),  §  259,  are  obtained.  This  can  easily 
be  done  by  eliminating  <f>  between  the  first  and  second  equptions  of 
motion,  and  putting  w  for  <j>. 

283.  Kinetic  Energy  in  Terms  of  Angular  Velocities  of  Body 
about  Principal  Axes. — It  will  be  noticed  that  the  kinetic  energy  T 
is  given  by  the  equation 

T  =  h{A  u*  +  Bu,1  +  Cu*).  (97) 

This  expression  for  T  cannot  be  used  to  obtain  Euler's  equations  by 
the  Lagrangian  method,  and  the  reason  affords  a  good  illustration  of 
the  circumstances  in  which  that  method  is  legitimate.  The  angular 
velocities  w,,  u>v  w3  about  the  principal  axes  are  not  velocities  of  co- 
ordinates fixing  the  position  of  the  system,  as  specified  in  ^  229  ;  and 
before  an  attempt  is  made  to  find  the  equations  of  motion  from  the 
expression  for  the  kinetic  energy  that  expression  must  be  transformed 
to  one  involving  such  co-ordinates. 

284.  Angular  Velocities  about  Principal  Axes  expressed  in 
Terms  of  Position  Co-ordinates.— Co-ordinates  of  the  kind  here 
referred  to  are  those,  6,  \p,  <j>,  used  in  the  discussion  of  the  motion  of 
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a  top  ;  and  the  relations  between  «„  w,,  w3  and  0,  xp,  <p,  0,  xl,  <j>  have 
been  given  above.  We  collect  here,  however,  for  convenience  of 
reference,  the  values  w,,  w3,  w3  in  terms  of  0,  xp,  <f>  and  of  0,  xp,  <p  in 
terms  of  w,,  wa,  u>3. 


Wj  =  6sin<p  -  vksin0cos<p, 
w,  =  6cos(p  +  i//sin0sin<p, 

w3  =  \/>COS0  +  ^», 


0  =  WjSin0  + w,cos0 
*//  =  (wjSin<^>  —  WjCos^) 


sin0 


d>  =  w,  —  (w,sin0  —  w.cos0) 

r       3     v  2       r       :       r'tan0  / 


1(98) 


285.  Direction  Cosines  of  Principal  Axes. — In  Fig.  134  are  repre- 
sented three  points  X,  Y,  Z  and  three  points  A,  B,  C  lying  in  the 
surface  of  a  sphere  of  unit  radius  the  centre  of  which  is  0,  the  fixed 
point  of  the  body.  Xt  Y,  Z  are 
the  extremities  of  three  rect- 
angular axes  which  are  fixed ;  A , 
B,  C  are  the  extremities  of  the 
axes  fixed  in  the  moving  body. 
The  sides  XY,  YZ,  ZX  and  AB, 
BC,  CA  of  the  two  spherical  tri- 
angles drawn  on  the  sphere  are  all 
quadrants,  and  the  0,  xp,  <j>  are  as 
indicated.  The  nine  direction 
cosines  of  OA,  OB,  00,  with 
reference  to  X,  Y,  Z,  are  equal  to 
the  cosines  of  the  arcs  described 
on  the  sphere  joining  the  three 
points  X,  Y,  Z  with  A,  B,  O. 
They  are  easily  obtained  by  the 
elementary  formulae  of  spherical  trigonometry, 
direction  cosines  of  OA,  /3,,  /3j,  /33  those  of  OB,  and  yv  y3,  y3  those 
of  00,  we  have 

a^cosQcos-^cos^  —  sin-^sin^ 

aj  =  cos  0  sin  xl  cos  ty  +  cosi//sin0 

a,=  -sin0cos0 

]■      (99) 
/3j  =  —  cos  0  cos ;// sin  ^>  —  snn//cos<^> 

fit=  -cos0sin^sin0  +  cosii/cos<£ 

/33  =  sin0sin<7> 

y,  =  sin 0 cos xp,   y2  =  sin 0  sin  xp,   y3  =  cos 0. 

286.  Consideration  of  Terms  in  Euler's  Equations. — The  first  of 
Euler's  dynamical  equations  may  be  written 

Aa>l=-L  +  (B-C)w2u)3. 

Hence  4»,  may  be  regarded  as  due  to  two  couples,  L  and  (B  -  C)u>sw  . 
The  latter  has  been  called  the  centrifugal  couple  about  OA  due  to 


a,  be  the 
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the  rotation  of  the  body  round  the  axes  OB,  OC  ;  and  similarly  the 
corresponding  quantities  in  the  other  equations  have  been  named. 
There  is  no  difficulty  in  making  out  this  interpretation  analytically, 
but  it  seems  less  intuitive  than  the  following,  by  which  indeed  the 
equations  can  be  inferred  or  recalled  at  any  time. 

The  couples  L,  M,  iV  acting  on  the  body  produce  moment  of 
momentum  about  OA,  OB,  OC  in.  two  ways — (1)  by  the  generation 
of  angular  velocity  about  the  axes  ;  (2)  by  altering  the  position 
of  the  body.  Imagine  OA  fixed  for  the  moment,  the  rotation  of 
OC  about  OB  will  turn  OC  nearer  to  OA  in  time  dt  by  an  angle 
u),dt,  and  this  would  produce  about  the  fixed  line  OA  moment  of 
momentum  Cw3sin(w2<^)=  Cio^dt.  Thus  at  the  instant  the  moment 
of  momentum  about  OA  is  increasing  at  rate  Cw3w2  in  consequence  of 
the  motion  about  OB. 

In  the  same  time  dt  the  rotation  about  OC  turns  OB  away  from 
the  fixed  position  of  OA  through  the  angle  w3dt,  and  so  the  moment 
of  momentum  about  OA  is  diminishing  at  the  instant  at  rate  2?w,w3. 

Thus  the  total  rate  of  increase  of  moment  of  momentum  about 
OA  at  the  instant  considered  is  A  w,  —  (B  —  C)w2w3,  and  this  must 
be  equal  to  the  moment,  L,  of  the  applied  couple.  Similarly  the 
other  equations  may  be  explained. 

It  is  to  be  noted  that  this  process  is  only  a  particular  case  of  one 
which  may  be  applied  to  any  set  of  rotating  axes,  OA',  OB',  OC 
fixed  in  the  body.  Let  hv  h2,  h3  be  the  moments  of  momentum  round 
any  three  such  axes  turning  with  angular  velocities  6r  62,  03  about 
themselves.  Then,  as  we  have  seen,  the  rate  of  change  of  momentum 
about  OA'  is  hl-h2d3±hzQr  The  parts  of  this  are  capable  of  the 
same  explanation. 

287.  Motion  of  Eigid  Body  about  a  Fixed  Point  under  No 
Forces. — The  motion  of  a  rigid  body  unacted  on  by  external  forces 
and  turning  about  a  fixed  point,  that  is  the  case  in  which  L,  M,  X 
are  all  zero,  is  very  interesting.  Since  no  forces  act  the  axis 
of  maximum  moment  of  momentum,  as  the  body  moves,  remains 
unaltered,  and  at  right  angles  to  the  invariable  plane  through  the 
origin.  The  moment  of  momentum  about  it,  H  say,  is  constant, 
so  that  we  have 

]  I V  +  B*w*  +  C2w32  =  H2.  (100) 

Also  the  kinetic  energy  of  the  body  is  constant,  so  that  we  can  write 

Au*+Bt>*+C»*=A'.  (101) 

These  results  are  easily  derivable  from  Euler's  equations.  For 
multiplying  the  first  by  A  w„  the  second  by  Bw2,  the  third  by  C«„ 
adding  and  integrating,  we  get  (100).  Again,  multiplying  the  first 
by  w-,,  the  second  by  w2,  the  third  by  w3,  adding  and  integrating,  we 
obtain  (101). 

The  angular  velocity  w  about  the  instantaneous  axis  is 

-/{o^-'  +  ov  +  Wj-}. 
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But  the  angular  velocities  are  connected  by  the  relation  (101),  so 
that  if  we  take  distances  x,  y,  z  parallel  to  the  axes,  and  such  that 
Wj  =  Kx  k,  w,  =  Ky  k.  w3  =  Kzjk,  we  shall  obtain  instead  of  (101) 

Aar  +  By-  +  Cz-  =  £■",  (101') 

the  equation  of  an  ellipsoid,  which  may  be  taken  as  the  momental 
ellipsoid  (see  §  164).  Thus  the  angular  velocity  about  the  instan- 
taneous axis  is  proportional  to  the  length  of  the  coincident  radius- 
vector  of  the  momental  ellipsoid. 

As  the  body  moves  the  direction  01  of  the  instantaneous  axis 
changes  both  in  the  body  and  in  space.  Its  direction  cosines  with 
reference  to  the  principal  axis  of  the  momental  ellipsoid  are 
w,  (i),  io2lw,  oij/w.  As  Wj,  w ,,  w3  vary  it  changes  its  position  in  the 
body. 

*288.  Motion  under  No  Forces.  Poinsot's  Representation  by 
a  Momental  Ellipsoid  rolling  on  a  Fixed  Plane.  Sylvester's  Measure 
of  the  Time  of  Motion. — The  direction  01  of  the  instantaneous 
axis  also  changes  in  space.  To  find  its  motion  we  notice  first  that 
the  axis  of  resultant  moment  of  momentum,  that  is  the  perpen- 
dicular to  the  invariable  plane  at  the  origin,  remains  fixed  in  space. 
But  the  components  of  moment  of  momentum  with  reference  to  the 
axes  of  the  momental  ellipsoid  are  A  w,,  But,,  Cws,  and  therefore  the 
direction  cosines  with  reference  to  these  axes  of  the  axis  of  resultant 
moment  of  momentum  are  A  ujff,  BwJH,  CioJH.  But  these  are 
the  direction  cosines,  relatively  to  the  principal  axes  of  the  ellipsoid, 
of  the  perpendicular  let  fall  from  the  centre  on  the  tangent  plane  to 
the  momental  ellipsoid  at  the  extremity  of  the  radius-vector  coin- 
ciding with  the  instantaneous  axis.  The  component  of  angular 
velocity  along  this  perpendicular  is  therefore 

(A  „>;-  +  B»f  +  Cto3-)IH=  K*JHt 

and  remains  constant  as  the  body  moves. 

Since  this  perpendicular  is  fixed  in  space  the  motion  of  the 
body  is  such  that  the  momental  ellipsoid  which  moves  with  it  is 
always  in  contact  with  a  plane  the  direction  of  which  is  fixed  in  space. 

The  plane  just  specified  is  also  fixed  in  position.  Let  p  be  the 
length  of  the  perpendicular  [OL  say)  let  fall  from  0  on  the  tangent 
plane  which  touches  the  momental  ellipsoid  at  the  point  at  which  it 
is  intei'sected  by  the  instantaneous  axis.  The  cosine  of  the  angle 
between  this  perpendicular  and  the  instantaneous  axis  is  p/r,  and 
this  has  also  the  value 


{Ax*  +  Bif  +  CryrjAW  +  B*tf  +  C'z-  or  (A  u>{  +  Bw*  +  C«,2)/w  H. 

Hence  p2  =  K47s/H*u*l  =  k'K*/H*.     Thus  p  is  of  constant  length,  and 
the  plane  is  fixed  in  position. 

It  will  be  observed  that  u-p-jir  is  K*/H2,  and  is  therefore 
constant,  that  is  the  angular  velocity  wpjr  of  the  body  about  the 
perpendicular  is  constant. 
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Thus  as  the  body  turns,  the  momenta]  ellipsoid,  which  turns  with 
it,  is  always  in  contact,  at  its  intersection  with  the  instantaneous 
axis,  with  a  plane  fixed  parallel  to  the  invariable  plane  at  the  origin. 
The  point  of  contact  is  always  instantaneously  at  rest,  and  so  the 
motion  may  be  described  as  one  in  which  the  momental  ellipsoid 
rolls  on  a  plane,  fixed  parallel  to  the  plane  of  the  resultant  impul- 
sive couple  which  would  generate  from  rest  the  actual  motion  at  any 
instant.     The  time-integral  of  this  couple  is  of  course  H. 

Now  consider  an  ellipsoid  of   which  the  equation  referred  to  the 
principal  axes  of  the  momental  ellipsoid  is 

1  ;*2+  -1^iy2+—Cvuz-=k^  (101") 


l+Ah         1+Bh^       1+Ch 

This  is  an  ellipsoid  confocal  with  the  momental  ellipsoid  and  moving 
like  the  latter  with  the  body.  A  plane  touching  this  ellipsoid  at 
the  point  x,  y,  z  and  parallel  to  the  invariable  plane  at  the  origin 
has  its  normal  in  the  direction  OL.     Hence  for  such  a  plane 

RAw.,     -—  =  RBu).„     ——=RC(i)3, 


l+Ah  "    l+Bk  -      1+Ch 

where  R  is  a  constant.     These  give  R-  =  k2/(K2  +  hH'2). 
The  co-ordinates  of  the  point  of  contact,  Q  say,  are  thus 

x  =  R(l  +  Ah)wv    y  =  R(l+Bh)wt,    z  =  R(l+Ch)wz. 

where  R  has  the  value  just  obtained.  The  projection  of  the  radius- 
vector  OQ  on  the  line  OL  is  therefore 

|{(1  +  Ah)A  o>,2  +  (1  +  M)Bw*  +  (1  +  Ch)Cu>*}  =  tj(K2  +  hH2), 

a  constant.     Hence  this  tangent  plane  is  fixed  in  space. 

If  r  be  the  length  of  OQ,  and  0  denote  the  angle  QOI,  the  velocity 
of  Q  is  wr'sinfl.  But  if  <p  denote  the  angle  QOL,  the  distance  of  Q 
from  OL  is  r'sin<£>,  and  therefore  the  angular  velocity  of  Q  round  OL 
is  w  sin  6 1  sin  <p.  By  calculating  the  values  of  sin0,  sin^>  we  easily 
obtain 

a>2sin20/sin24>  =  //2{  «V2  -  R%w2  +  AA'2)2}/{  h  V2  -  7?2(A'2  +  hB*f) , 

which  reduces  to  h"H'-.  Hence  the  angular  velocity  of  Q  round  OL 
is/iff. 

Hence  if  the  plane  touching  the  ellipsoid  (101")  at  Q  turn  round 
OL  with  this  uniform  angular  velocity,  the  time  during  which  the 
body  has  performed  any  part  of  its  motion  is  equal  to  the  angle 
turned  in  that  time  by  this  plane  divided  by  hH.  This  mode  of 
representing  the  time  is  due  to  Sylvester  (Phil.  Mag.). 

*'2xi.K  Polhode  and  Herpolhode. — The  points  of  contact  of  the 
fixed   plane  and  the  momental  ellipsoid  give  two  loci,  one  on  the 
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surface  of  the  ellipsoid,  the  other  on  the  plane.  The  former  is  called 
the  polhode,  the  latter  the  herpolhode. 

To  find  the  polhode  we  have  only  to  determine  the  locus  of 
points  in  the  body  the  tangent  planes  at  which  are  at  a  constant 
distance  from  the  fixed  point  0.  Let  p  be  the  constant  length  of 
the  perpendicular  :  we  have  the  equations 

ir  +  By2  +  Cz-  =  k2,    Ah?  +  B2y2  +  C2z2  =  k2^'  ( 1 02) 

These  equations  give  the  single  relation 

A(K'A  -  H2)x2  +  B(K2B -  H2)y2  +  C(K'C -  H2)z2  =  0,       (103) 

which  is  the  equation  of  a  cone  the  vertex  of  which  is  the  origin. 
This  cone  is  fixed  in  the  body  and  turns  with  it.  Its  intersection 
with  the  surface  of  the  momental  ellipsoid  is  the  locus  of  the  points 
in  which  the  ellipsoid  touches  the  fixed  plane.  We  may  call  this 
the  body-cone.  It  rolls  on  a  fixed  or  space-cone  the  intersection  of 
which  with  the  fixed  plane  is  the  locus  of  the  points  of  contact  of 
the  momental  ellipsoid  with  the  plane. 

By  eliminating  z  between  the  two  equations  (102),  we  obtain 

A(A  -  CY  +  B(B  -  Cy/  =  k2/^  -  C\  =  k2(~  -  c\        (104) 

which  is  the  equation  of  the  projection  of  the  polhode  on  a  plane 
perpendicular  to  OC.  If  C  be  the  greatest  moment  of  inertia,  p2  has 
its  least  value  when  the  ellipsoid  touches  the  plane  at  either 
extremity  of  the  axis  of  z,  for  then  z2—p2  —  k2\C  The  value  of 
kr/p2  is  C  in  this  particular  case,  and  is  always  less  in  others  so  long 
as  C>B>A.  Therefore  the  quantity  on  the  right  of  (104)  is 
negative,  and  the  co-efficients  of  x2  and  y2  on  the  left  are  also 
negative.  The  projection  of  the  polhode  is  therefore  an  ellipse. 
When  C  is  the  least  principal  moment,  the  quantity  on  the  right  of 
(104)  and  the  co-efficients  on  the  left  are  all  positive  :  hence  the 
curve  is  an  ellipse  in  this  case  also. 

If  C  be  the  intermediate  moment  the  co-efficients  of  x2  and 
y2  have  opposite  signs,  and  the  curve  is  a  hyperbola.  If  A 
be  the  greatest  moment,  B  the  least,  the  equation  may  be  written 
ax2-by2  =  c  if  H2jKi>C,  and  by'2-ax2  =  c  if  H2/ATJ<C,  where 
a,  b,  c  are  all  positive.  In  the  former  of  these  two  cases  the  axis 
of  x  is  the  axis  of  the  hyperbola,  in  the  latter  the  axis  of  y  is  the 
axis  of  the  hyperbola. 

Jiff2/  K2  =  C,the  intermediate  moment,  the  equation  takes  the  form 
ax2  -  by2  =  0,  which  represents  the  two  straight  lines  xj a  -  y  Jb  =  0, 
xja  +  yjb  =  0.  These  lines  cross  on  the  axis  of  mean  moment,  and 
are  the  projections  on  the  plane  of  x,  y  of  the  polhodes  round  the  axes 
of  greatest  and  least  moment.  These  are  two  closed  curves,  the 
projections  of  which  on  planes  at  right  angles  to  the  axes  they 
surround  are  ellipses,  and  which  meet  in  the  axis  of  mean  moment. 


250  DYNAMICS,    PROPERTIES    OF    MATTER. 

The    straight   lines   separate   those    hyperbolic    projections    of    the 
polhodes  which    have  their  axis  parallel  to   OA  from  those  which 

have  their  axis   parallel  to  OB, 
Fig.  135.  and    the    polhode     is    therefore 

called  the  separating  polhode. 

With  regard  to  the  herpol- 
hode  we  have  not  space  to  say 
more  than  that,  since  the  pol- 
hodes are  closed  curves  round  the 
axes  of  greatest  and  least  moment, 
the  herpolhode  must  lie  between 
two  circles,  of  which  the  perpen- 
dicular let  fall  from  0  on  the 
fixed  plane  is  the  common  axis. 
For  the  square  of  the  distance  of 
the  point  of  contact  at  any  in- 
stant from  the  foot  of  this  per- 
pendicular is  r  —  p2,  and  we  have 
for  this  the  value p^uPIP/K*  -  1). 
By  giving  to  w  its  greatest  and  least  values  we  obtain  from  this  the 
radii  of  the  two  circles,  and  clearly  the  herpolhode  lies  between 
them,  and  as  the  body  rolls  must  touch  them  alternately.  Since  the 
herpolhode  is  a  curve  in  the  fixed  plane,  if  we  join  each  point  of  it 
with  the  origin  we  obtain  a  fixed  or  space-cone  on  which  the  body- 
cone  rolls  as  the  body  turns  about  the  fixed  point.  The  form  of 
the  herpolhode  is  shown  in  Fig.  135,  which  is  taken  from  Routh's 
Advanced  Rigid  Dynamics,  chap.  iv.  It  will  be  observed  that  the 
curves  are  always  concave  to  the  centre  of  the  circles. 

The  reader  may  prove  from  (100)  and  (101)  that,  if  A  >  B>  <'. 
w-(  =  w,-  +  av  +  w32)  lies  between  { K2(C  +  A)  -  H-}jCA  and 

{ K\B  +0)-  H-}!BC  or    {K\A  +B)-  H-}jAB, 

according  as  H'2[K'-  is  less  or  greater  than  B. 

*290.  Stability  of  Motion  of  Body  under  No  Forces. — We  have 
given  this  slight  sketch  of  Poinsot's  representation  of  the  motion  by 
the  rolling  of  the  momental  ellipsoid  on  a  fixed  plane,  mainly  on 
account  of  the  light  which  the  discussion  throws  on  the  stability  of 
the  motion  of  a  rotating  body  unacted  on  by  forces.  When  the  body 
rotates  about  any  one  of  the  principal  axes  the  momental  ellipsoid 
merely  spins  on  the  fixed  plane ;  if  a  small  disturbing  impulse  be 
applied  the  body  will  begin  to  rotate  about  a  slightly  different  axis. 

If  the  axis  deviated  from  is  that  of  gi'eatest  or  least  moment  of 
inertia  (',  the  polhodes  are  closed  curves  enclosing  that  axis:  ami. 
since  in  this  case  IPjK-  is  very  nearly  equal  to  C,  the  elliptic  pro- 
jection on  the  fixed  plane  is  very  small  in  every  dimension,  unless 
either  k\H-  -  K-):K-A{A  -  C)  or  k\H-  -  K-)jK-B(B-C)  be  great. 
Hence  for  a  very  small  disturbance  the  axis  of  rotation  changes 
position  in  the  body,  but  only  slightly,  and  the  motion  may  be  said 
to  be  stable.     For  a  moderate  disturbance,  however,  if  the  ellips 
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very  eccentric,  that  is  if  A(A  -  C)/B(B  —  C)  is  very  small  or  very 
great,  the  axis  may  deviate  much  from  the  principal  axis,  and  though 
the  instantaneous  axis  may  return  again  to  proximity  to  the  principal 
axis,  the  motion  may  be  said  to  be  unstable.  Thus  for  any  wide 
limits  of  stability  it  is  necessary  that  the  neighbouring  polhodes 
should  be  approximately  circular. 

If  the  axis  is  that  of  intermediate  moment,  the  polhodes  in  the 
neighbourhood  are  convex  toward  the  axis,  and  so  the  instantaneous 
axis,  if  disturbed  from  the  principal  axis,  will  deviate  greatly  from 
its  original  position,  unless  the  disturbance  displaces  it  along  one  of 
the  straight  lines  which  form  the  separating  polhode.  Since 
H'-jK-  =  B,  this  case  requires  separate  discussion.  Investigation 
shows  that  the  motion  is  stable  if  the  displacement  is  along  the 
separating  polhode.* 

The  preceding  discussion  of  the  top  will  show  the  reader  clearly 
that  the  effect  of  a  given  disturbance  is  smaller  the  greater  the 
angular  velocity  with  which  the  body  is  rotating  about,  or  nearly 
about,  a  principal  axis.  To  take  the  case  most  favourable  to  the 
disturbance,  let  it  suddenly  generate  a  velocity,  w  say,  about  an 
axis  perpendicular  to  that  about  which  the  body  is  spinning  with 
angular  velocity  Q.  The  deviation  of  the  instantaneous  axis  is  then 
tan- 'w/Q.  The  greater  Q  the  smaller  is  this  angle,  and  if  Q  is  very 
great  ordinary  slight  disturbances  hardly  affect  the  direction  of  the 
principal  axis,  which  remains  nearly  fixed  in  space.  As  we  have 
seen,  the  axis  of  a  rapidly  rotating  top  has  only  a  slow  precessional 
motion  combined  with  a  slight  motion  of  nutation,  though  the  top  is 
considerably  inclined  to  the  vertical,  and  the  direction  of  the  earth's 
axis  only  changes  with  an  extremely  slow  conical  motion,  under  the 
influence  of  the  couple  due  to  solar  attraction. 

The  effect  of  the  spinning  motion  given  to  plates,  knives,  &c, 
thrown  by  a  juggler,  in  preserving  the  directions  of  the  body  in 
space  is  also  explained  in  this  way.  The  bodies  are  generally 
symmetrical  round  an  axis  about  which  they  are  made  to  spin. 
Without  this  spin  a  disturbance  would  cause  the  body  to  move 
in  a  way  impossible  to  foresee,  and  there  would  be  no  certainty 
as  to  the  position  in  which  the  bodies  would  return  to  the 
performer. 

A  quoit  well  thrown  is  made  to  spin  about  its  axis  of  figure,  and 
preserves  the  direction  of  its  axis  nearly  unchanged  during  its  flight. 
A  rifle  bullet  also  is  given  a  very  rapid  spin  about  its  axis  of  least 
moment  by  the  helical  grooving  of  the  barrel,  and  the  direction  of 
this  axis  remains  approximately  unchanged.  In  such  cases  the 
action  of  the  air  on  the  body  moving  through  it  is  rendered  definite, 
and  repeated  shots  can  be  made  under  practically  the  same  con- 
ditions.t 

*  See  Kouth's  Advanced  Rigid  Dynamics,  p.  99. 

t  For  the  motion  of  a  rifle  bullet,  see  Greenhill,  Froc.  Royal  Artillery 
Institution,  1879. 


CHAPTER   VI.* 

STATICS  OF  A  MATERIAL  SYSTEM. 

291.  Conditions  of  Equilibrium. — We  shall  now  consider  a  little 
more  in  particular  the  equilibrium  of  a  material  system.  It  follows 
from  equations  (26)  of  chap.  iii.  that  if  the  centroid  of  the  system 
be  without  acceleration  we  have  the  three  equations 

SJT=0,  2  7=0,  2^  =  0.  (1) 

If,  moreover,  the  rate  of  change  of  moment  of  momentum  of  the  system 
about  all  axes  be  zero,  we  must  have  likewise 

2(Zy  -  Yz)  =  0,  2(Xs -Zx)  =  Q,  2< Tx -  Xy)  -  0.  (2) 

It  will  be  observed  that  these  equations  are  not  inconsistent  with 
the  possibility  of  accelerations  of  individual  particles.  The  forces 
X,  Y,  Z  involved  in  the  sums  are  the  externally  applied  forces,  since, 
as  explained  in  §§  153,  155,  internal  forces  between  the  particles 
cannot  enter  into  the  summations. 

If  the  system  be  a  rigid  body  the  equations  still  hold.  Equations 
(2),  however,  can  then  be  transformed  to 

2/^  =  0,  2/?vrv  =  0,  27?rrz  =  0  (3) 

where  Rx  is  the  component  of  any  force  X,  Y,  Z  applied  at  the  point 
x,  y,  z  taken  parallel  to  the  plane  yz,  and  at  right  angles  to  the  axis 
of  x,  and  rx  is  the  distance,  J(y'2  +  ^),  of  the  point  x,  y,  z  from  the 
axis  of  x ;  similarly  Ruru  are  the  corresponding  quantities  for  the 
plane  of  zx  and  the  axis  of  y,  and  so  on.  The  sums  ^.Kxr„  ...  are 
those  of  the  moments  of  all  the  forces  about  rectangular  axes 
drawn  through  the  origin.  It  will  be  seen  from  equations  (32)  of 
chap.  iii.  that  if  each  of  these  sums  be  zero,  the  body  is  without 
angular  acceleration  about  the  axes.  When  a  rigid  body  is  thus 
without  linear  acceleration  of  its  centroid  and  angular  acceleration 
about  any  axis  it  is  said  to  be  in  equilibrium,  and  the  equations  (1) 
and  (2)  are  then  called  equations  of  equilibrium. 

It  will  be  observed  that  motion  of  the  system  is  not  excluded. 
The  centroid  of  the  body  may  be  in  motion  with  uniform  velocity  in 

*  Sections  293-297,  which  are  marked  with  an  asteris-k,  are  intended  for 
advanced  students. 
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a  straight  line ;  and  the  body  may  be  rotating  with  uniform  angular 
velocity  about  an  axis  through  the  centroid.  The  accelerations  in 
the  latter  case  of  the  particles  towards  the  axis  of  rotation  are  then 
produced  entirely  by  internal  forces. 

We  may  remark  that  if  (1)  holds  the  sum  of  the  component 
forces  in  any  direction  will  vanish,  and  conversely  that  if  the  sum  of 
the  resolved  components  along  each  of  three  non-coplanar  non-parallel 
lines  vanish  then  (1)  must  hold.  The  first  proposition  is  obvious, 
the  second  is  proved  in  the  following  way :  let  lv  mv  nv  lr  m2,  n2, 
l3,  m3,  n3,  be  the  direction  cosines  of  three  lines  which  are  not  coplanar, 
then  for  the  sum  of  components  along  the  first,  say,  2FV  we  have 

and  similarly 

2  Ft  =  l,Sl  +  m3S7+  n^Z 
2F'3  =  l~32  X  +  m3-2Y+n32Z. 

Xo w  if  2  Fl  =  2  Fa  =  2  F3  =  0  we  must  have  identically  2X= 0, 2  Y  =  0, 
2if=0,  since  by  the  condition  that  the  lines  are  not  coplanar  and 
not  parallel  the  determinant  (^m27i3)  is  not  zero. 

It  can  also  be  proved  that  the  sum  of  moments  round  any  axis 
whatever  is  zero  if  (1)  holds,  and  the  sum  of  the  moments  round  any 
three  axes  which  are  not  coplanar  and  not  parallel  is  zero.  Let,  as 
before,  lv  mv  nv  l2,  m2,  n2,  l3,  m3,  n3,  be  the  direction  cosines  of  the  three 
axes,  let  the  first  pass  through  the  point  av  bv  cpthe  second  through 
the  point  a2,  b2,  c2,  the  third  through  the  point  a3,  bv  c3 ;  and  let,  as 
before,  x,  y,  z  be  the  co-ordinates  of  a  point  through  which  the  force 
X,  Y,  Z  passes,  and  let  X,  ft,  v,  be  the  direction  cosines  of  any  axis 
whatever  passing  through  the  origin ;  for  the  sum  L,  say,  of  the 
moments  round  the  axis  (A/xj/)  we  have 

L  =  \^{Zy  -  Yz)  +  n?,{Xz  -  Zx)  +  vZ(Yx  -  Xy), 
but  for  the  sum  of  moments  round  the  axis  (^m^) 

L,=l^{Z{y-bx)-Y{z-ex)} 

+  ml 2  [X(z  -  Cj)  -  Z(x  -  «,)}  +  nx 2  {  Y(x  -  a,)  -  X(y  -  6,)} 

with  similar  expressions  for  the  moments  round  the  other  two  axes. 
But  by  hypothesis  X1  =  X2  =  Z3  =  0,  and  since  2(X)  =  0,  2(7)  =  0, 
2(if)  =  0,  all  such  sums  as  2^6,,  2  Yev  2Xbv  ...,  must  be  each  zero. 
Hence  the  equations  for  Lv  L2,  L3  reduce  to 

lx 2(Zy  -  Yz)  +  m^(Xz  -  Zx)  +  n^{Yx  -  Xy)  -  0 

and  two  similar  equations  for  the  other  two  axes.  But  since  the 
axes  are  not  coplanar  the  determinant  (llm:in3)  is  not  zero,  and  there- 
fore we  must  have  identically 

2  (Zy  -  Yx)  =  0,2  (Xz  -  Zx)  =  0,  2(7*  -  Xy)  =  0 

from  which  it  follows  that  the  moment  round  every  axis  through  the 
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origin  is  zero,  that  is  the  moment  round  every  axis  is  zero,  since  the 
origin  may  be  taken  at  any  point  whatever. 

292.  Energy  Criterion  of  Equilibrium.  —  Now  consider  a  per- 
fectly general  system  of  n  particles  which  are  subject  to  kinematical 
conditions  expressed  by  m  equations  connecting  the  co-ordinates,  we 
have  the  equation  of  work  [(37),  §  213  above] 

8  W=  2(Jra»  +  Yby  +  Zbz) 

where  X,  Y,  Z  represent  the  forces  impressed  on  any  particle  the 
co-ordinates  of  which  are  x,  y,  z. 

If,  as  we  here  suppose,  the  impressed  forces  do  no  work  on  the 
whole,  this  expression  is  zero,  and  we  have 

2(X8x+Y8y  +  Z8z)  =  Q.  (4) 

If  X  =  —  cjEjcJx,  &c,  this  becomes 

Z&x  +  dE  W  (5) 

dx        dy        dz 

This  equation  asserts  that  for  the  small  displacements  8x,  8y,  8z 
the  variation  of  the  potential  energy  is  zero,  that  is  to  say,  when  no 
work  is  done  by  the  impressed  forces  in  a  set  of  possible  displace- 
ments of  the  particles,  the  potential  energy  V  has  for  the  configura- 
tion then  possessed  by  the  system  a  stationary  value. 

*293.  Derivation  of  the  Internal  Forces  from  Kinematical  Con- 
ditions.— If  the  co-ordinates  of  the  particles  of  the  system  are  con- 
nected by  m  kinematical  relations  as  expressed  in  (41)  §  21  5  above, 
we  obtain  from  the  results  there  set  forth  the  Sn  equations  of 
equilibrium 

X1*xJ£  +  A1|S+...-0,       X,  +  A1|£+A,!^+...=0.       (6) 

dxt  3a7j  '         gse,        'fix, 

These  with  the  to  equations  of  condition  make  up  Sn  +  m  equations 
by  which  the  3w  co-ordinates  of  the  particles  in  the  configuration  of 
equilibrium,  and  the  vi  undetermined  multiples  may  be  found. 

The  conclusions  obtained  at  §  'l  15,  as  to  the  nature  of  the  terms 

^■\dfjdxi^sdfjiixv  hold  here  with  some  slight  modification 

of  statement.  Thus  ^xcfjdxv'\dfjdyv  ^xd/Jd^  are  the  com- 
ponents of  the  force  applied  to  to,  in  consequence  of  the  condition 
fx  =  0,  in  order  that  under  the  given  applied  forces  and  the  forces 
due  to  the  other  m  —  1  conditions,  the  particle  to,  maybe  without 
acceleration.  This,  as  explained  also  at  §  21*5,  is  a  force  tending  to 
vary  the  condition  fx  =  0,  that  is  acts  at  right  angles  to  the  surface 
expressed  byy",  =  0  when  all  the  variables  except  xv  y,,  «,  are  sup- 
posed maintained  constant.  " 

When  the  equations/*  =0,  fs  =  0,  ...  involve  the  time  explicitly 
as  in  (45),  §  215,  we  obtain  from  ((>)  by  (46),  §  215,  the  equation 

S(JTi  +  Yy  +  Zz)  -  2(Ag/)  =  0  (7) 
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which  shows  that  in  the  case  of  equilibrium  the  activity  of  the 
forces  of  constraint  is  not  zero,  as  it  is  in  the  case  of  invariable  kine- 
matical  conditions,  but  has  the  value  2(Xcl/79<). 

For  further  information  on  the  subject  of  the  equilibrium  of 
a  system  of  connected  particles  the  reader  should  consult  the 
Mecanique  Analytique  of  Lagrange,  to  whom  the  method  described 
above  of  finding  the  forces  produced  by  the  constraints  is  due. 

*2'J4.  Derivation  of  the  Equations  of  Equilibrium  from  the 
Principle  of  Work. — Suppose  now  the  system  to  be  a  rigid  body. 
The  most  general  displacement  the  body  can  have  is  made  up  of 
displacements  of  the  centroid  parallel  to  three  rectangular  axes,  and 
rotations  round  parallel  axes  through  the  centroid. 

Let  the  co-ordinates  of  a  point  P  be  x,  y,  z  and  a,  b,  c  be  those  of 
the  centroid.     Then 

x  =  a  +  x,  y  =  b  +  y',  z  =  c  +  z' 

where  x,  y1.  z'  are  the  co-ordinates  of  P  relatively  to  the  centroid. 
Now  let  the  centroid  be  displaced  so  that  a,  b,  c  are  increased  by 
8a,  8b,  8c,  and  let  the  body  be  turned  through  angles  8t,  8rj,  S£  about 
axes  parallel  to  Ox,  Oy,  Oz  through  the  centroid.  Then,  as  shown 
in  effect  at  §  280  above, 

8x  =  8a  +  z'8T)-y'8C 
8y  =  8b  +x'8£  -z'8$ 
8z=  8c  +y'8£-x'8r]. 

Hence  if  X,  Y,  Z  represent  the  components  of  applied  force  on  the 
particle  P  we  have  for  the  whole  body 

2( X8x  +  Y8y  +  Z8z)  =  8a?,  X  +  8b?  Y+  8c?Z  +  8t2(Zy'  -  IV) 

+  8^  ( Xz'  -  Zx')  +  8& (  Yx  -  Xy').  (8) 

For  equilibrium  it  is  necessary  by  (40)  of  chap.  iv.  that  the  work 
done  in  these  displacements  should  vanish. 

The  displacements  represented  here  correspond  to  the  six 
freedoms  of  a  rigid  body,  and  must  be  independent.  Hence  we 
may  equate  the  co-efficients  of  8a,  8b,  8c,  8£,  8rj,  8£  to  zero,  and  we 
obtain 

2X=0,  ...,  ...,  2(Zy'-Yz)  =  Q,  ..,  ..., 

the  six  equations  of  equilibrium  for  a  rigid  body. 

*2i\b.  Screw  Displacement  of  a  Body.  Degrees  of  Freedom. — It 
is  shown  at  §  115  above,  that  if  a  body  be  free  to  move  as  a  nut  upon 
a  tixed  screw-shaft  it  has  one  degree  of  freedom  ;  that  this  is  the  case 
is  evident  from  the  fact  that  the  angle  through  which  the  nut  is 
turned,  and  the  distance  through  which  the  centroid  of  the  nut 
moves  parallel  to  the  axis  of  the  screw,  are  connected  by  an  in- 
variable relation,  so  that  a  motion  of  this  kind  involves  change  of 
only  one  independent  variable.  If  8a,  8b,  8c  be  variations  of  a,  b,  c 
and  8l,  8tj,  8£  be  rotations  about  the  three  axes,  then  if  the  bod}'  is 
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perfectly  free  these  six  quantities  are  independent.  The  introduc- 
tion of  a  single  constraint  is  effected  when  they  are  connected  by  a 
single  equation,  for  example 

A8a  +  B8b  +  C8c  +  G8t,  +  R8r1  +  l8C=0.  (9) 

The  imposition  of  one  such  relation  removes  one  of  the  degrees 
of  freedom  of  the  body,  the  imposition  of  five  such  conditions  would 
leave  the  body  with  only  one  degree  of  freedom,  and  it  is  easy  to 
see  that  the  freedom  would  be  of  the  nature  just  explained.  For 
let  five  such  equations  hold,  and  be  independent  in  the  sense  that 
the  determinant  given  by  the  co-efficients  of  any  group  of  four  of 
the  variations  is  not  identically  zero.  We  can  find  any  five  of  the 
quantities  8a,  8b,  ...  in  terms  of  the  sixth — that  is  to  say,  the  whole 
displacement  is  settled  when  the  angular  displacement  8(,  say,  round 
the  axis  of  z  is  assigned.  Thus  the  displacement  is  one  of  the  centroid 
in  a  perfectly  definite  direction,  and  a  rotation  of  corresponding 
amount  about  a  determinate  axis  through  the  centroid.  This  can  be 
shown,  as  at  §  114  above,  to  be  equivalent  to  a  linear  displacement. 
parallel  to  this  axis,  together  with  a  rotation  about  a  definite  parallel 
axis,  that  is  the  displacement  can  be  reduced  to  that  of  a  nut  on  a 
definite  screw. 

*2%.  Condition  that  a  Wrench  should  produce  no  Displacement 
about  a  Given  Screw.  Reciprocal  Screws. — In  §  177  we  have  con- 
sidered the  system  of  forces  called  a  wrench,  and  defined  the  pitch  of 
the  ivreiich  as  the  ratio  of  the  resultant  moment  of  the  forces  about 
the  axis  of  the  wrench  to  the  intensity  of  the  wrench,  that  is  to  the 
resultant  of  the  force  along  the  axis.  We  may  consider  the  axis 
of  the  wrench  as  that  of  a  screw,  and  speak  of  the  wrench  either  as 
a  wrench  or  as  a  screw. 

Let  now  the  body  be  acted  on  by  a  wrench  of  intensity  Zona 
screw  p.     The  resultant  couple  being  G,  the  pitch  of  the  wrench  is 

GjF:  denote  this  by  pg-     Now  let  the  body  be  free  to  move  about  a 

screw  a  of  pitch  pa  at  a  perpendicular  distance  h  from  pg,  and  con- 
sider the  work  done  by  the  wrench  in  a  twist  of  amplitude  8(f>  about  a. 
The  couple  of  the  wrench  resolves  into  two  couples,  one  round  the 
screw  a  of  moment  £  cos  a/3,  where  a/3  denotes  the  angle  between  the 
two  screws,  and  the  other  of  moment  £  sin  a/3,  the  axis  of  which  is  at 
right  angles  to  a.  The  force  F  resolves  into  two  forces,  one,  Fcosafi, 
along  a,  the  other,  Fsin a/3,  at  right  angles  to  a,  and  at  the  per- 
pendicular distance  h  from  it.     The  displacement  along  the  axis  of 

a  is  p  8q>,     Hence  the  work  Sir  done  in  the  displacement  is 

Gcosafi.8<j>  +  FcoSafi.p  8$  -  FhsinaficQ. 
This  may  be  written  more  briefly  as  the  equation 

8  W=*  F{(pa  +  p  8)  cos  a/3  -  Asina/3]8o.  (10) 
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If  S  W  is  zero  for  the  displacement  5</>,  we  must   have  the  con- 
dition 

(pa+Po)cosaf3-hsinaj3  =  0  (11) 

This  expression  may  be  called  the  work  co-efficient  of  the  displace- 
ment round  the  screw  a.  It  will  be  observed  that  if  the  wrench 
acted  on  the  screw  a,  and  the  body  were  free  to  turn  round  the 
screw  /3,  the  work  co-efficient  would  not  be  altered.     We  shall  denote 

it  in  future  by  £X„.     Two  screws  are  said  to  be  reciprocal  if  £7  „ 

vanishes,  that  is  when  a  wrench  on  one  screw  does  no  work  in 
a  displacement  of  the  body  on  the  other,  and  also  when  a 
wrench  on  one  screw  can  produce  no  displacement  of  the  body  on  the 
other. 

If  two  screws  intersect,  that  is  if  h  =  0,  they  are  reciprocal 
if  Pa+Pg  =  0,  or  if  a/3  =  7r/2.  If  two  screws  are  at  right  angles, 
and  do  not  intersect,  the  value  of  h  is  not  zero,  and  the  value 
of  TJ„  will  be  -A  sin  a/3,  unless  p    or  p8  is  infinite.      When  p  =  co 

the  body  is  incapable  of  rotation,  when  p  „  —  cc  the  intensity  of  the 

wrench  is  zero  ;  since  a/3  =  tt/2,  the  wrench  cannot  move  the  body 
in  the  former  case,  in  the  latter  case  the  couple  has  no  component 
about  a,  and  the  body  is  not  moved.  Thus  the  screws  in  this  case 
are  reciprocal. 

If  a,  /3  be  coincident   A  =  0,  and  the  body  will  not  be  moved 

if  p    and  p„  are  both  zero  or  both  infinite.     In  the  former  case  there 

is  no  couple,  and  the  body  is  capable  only  of  rotation  ;  in  the  latter  case 
there  is  no  force,  and  the  body  is  capable  only  of  motion  of  transla- 
tion. Hence  there  is  no  work  done  in  any  displacement,  and  the 
screws  are  reciprocal.  This  is  expressed  by  saying  that  if  the  pitch 
of  a  screw  be  zero  or  infinite  it  is  reciprocal  to  itself. 

We  have  seen  that  a  cylindroid  is  determined  by  two  screws.  It 
follows  that  if  a  screw  be  reciprocal  to  two  screws  6,  <p  on  a  cylindroid 
it  is  reciprocal  to  every  screw  on  the  cylindroid. 

It  has  been  proved  above  that  a  twist  on  any  other  screw  i//  on 
the  cylindroid  can  be  expressed  as  a  twist  on  each  of  the  screws  6,  0. 
Hence,  since  a  wrench  on  /3  does  no  work  on  a  body  free  to  move  in 
a  twist  round  6  or  (f>,  it  can  do  no  work  in  a  twist  round  \p.  Thus 
the  proposition  is  proved.  It  is  stated  shortly  by  saying  that  the 
screw  /3  is  reciprocal  to  the  cylindroid  0,  <£. 

*297.  Conditions  of  Equilibrium  given  by  Theory  of  Screws. — 
Now  returning  to  the  question  of  equilibrium,  we  have  for  each 
degree  of  freedom  of  the  body  an  equation  of  the  form  (10).  Thus 
if  a,  j3,  y,...  denote  the  various  screws  about  which  the  body  can 
move,  and  6  denote  the  wrench  to  which  the  forces  reduce,  we 
have  for  the  equations  of  equilibrium 
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(pa+p0)cosa(3-hsmail  =  Q 
(pB  +  pe)  cos  j36  -  Asin/30  =  0 


For  a  rigid  body  there  are  six  such  independent  equations  if  the 
body  is  perfectly  free.  The  freedom  of  the  body  is  limited  by  the 
introduction  of  constraints,  which  are  each  expressed  by  an  equation 
of  the  form  (9).  Let  these  equations  be  in  number  m(m  <  6),  then 
the  body  has  6  —  m  degrees  of  freedom. 

Thus  if  m  =  4  it  can  be  proved  that  for  equilibrium  the  wrench 
to  which  the  forces  reduce  must  be  reciprocal  to  each  of  two  screws. 
Thus  there  are  in  this  case  only  two  freedoms,  that  is  in  reality  only 
two  independent  equations  of  the  form  (10)  hold  for  the  body. 

If  two  screws  about  which  the  body  is  free  to  move  be  deter- 
mined, the  body  is  free  to  move  about  any  screw  on  the  cylindroid 
expressed  by  these  two  screws.  For  as  stated  above  a  twist  about 
any  screw  on  a  cylindroid  may  be  expressed  in  terms  of  twists  about 
any  two  axes  on  the  same  cylindroid. 

A  cylindroid  contains  all  the  screws  (infinite  in  number  of  course) 
which  are  related  to  two  screws,  and  is  called  a  screw-complex  of  the 
second  order ;  all  the  screws  which  can  be  constructed  from  three 
given  screws  form  a  screw-complex  of  the  third  order ;  and  so  on. 
A  screw-complex  of  the  sixth  order  comprises  all  the  screws  which 
can  be  formed  from  six  given  screws.  A  body  capable  of  turning 
round  six  given  screws  is  a  perfectly  free  rigid  body,  and  can  turn 
about  every  bine  in  space.  A  screw-complex  of  the  sixth  order 
therefore  comprises  every  line  in  space. 

For  further  information  on  the  Theory  of  Screws  the  reader  is 
referred  to  Sir  Robert  Ball's  treatise,  and  also  to  Professor  Minchin's 
"  Treatise  on  Statics,"  vol.  ii.  The  subject  is  intimately  related  to 
the  mathematical  theory  of  Linear  Complexes,  which  has  been  treated 
by  Pllicker,  Klein,  and  others. 

298.  Reduction  of  Applied  Forces  to  Two.  -The  applied  forces 
on  the  body  may  of  course  be  reduced  in  an  infinite  number  of  ways 
to  two  forces.  It  is  only  necessary  to  take  any  one  of  the  resolutions 
to  a  force  F  and  a  couple  G  in  a  plane  inclined  at  some  definite  angle 
<j>  to  the  force.  Then  suppose  the  couple  represented  by  two  equal, 
and  along  the  projection  of  F  upon  the  plane  of  the  couple, 
and  opposite  forces,  one  Gja  at  a  point  in  the  line  of  action  of  F, 
and  the  other  Gja  at  a  distance  a  from  the  plane  of  -Fand  the 
former  force.  The  two  intersecting  forces  F  and  Gja  give  a  resul- 
tant R  =  {F2  +  Gf2/a2  +  2FGja.cos(f))i,  in  a  plane  at  right  angles  to  that 
of  the  couple,  inclined  at  an  angle  cos-1  {(F+  Gja. cos(f>)/R]  to  the 
direction  of  F.  This  resultant  R  and  the  other  force  Gja  form  a 
.system  of  two  forces  equivalent  to  the  applied  system. 

A  particular  case  of  reduction  to  two  forces  which  is  worth 
noticing  is  the  following.  Let  Oz  (Fig.  136)  be  the  central  axis  of 
the  system.  The  force  F  is  at  right  angles  to  the  plane  of  the  couple. 
Replace  the  latter  by  two  opposite  forces  each  Gja  acting  parallel  to 
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the  axis  Ox,  and  at  points  A,  A',  \a,-\a  from  0  along  Oy,  and 
replace  F  by  two  forces  each  ^'acting  parallel  to  Oz  at  A,  A'.  The 
forces  \F  and(r/a  at  A  give  the  force  \{F2  +  ■iG'-1/a2)i  acting  along  AG, 
and  similarly  those  at  A'  give  a  force  of  the  same  amount  at  A'. 
These  forces  act  towards  the  same  side  of  the  plane  xOy,  and  are 
inclined  to  it  as  shown  in  Fig.  186  at  angles  each  tan_1(i^a/26?). 

299.  Further  Discussion  of  Work- Criterion  of  Equilibrium. — 
Returning  to  the  more  general  case  of  a  material  system  of  any  kind, 
we  see  that  the  condition  of  invariability  of  any  configuration  of  the 


Fig.  136. 


F 


system,  that  is  of  equilibrium  of  the  system  in  that  configuration,  is 
that  the  impressed  forces  on  the  system  should  not  do  any  work  in 
any  infinitely  small  possible  displacement  of  the  system  from  that 
configuration,  so  far  at  least  as  quantities  of  the  first  order  of  small 
quantities  are  concerned.  In  other  words,  if  8x,  by,  8z  be  any 
infinitely  small  changes  of  the  co-ordinates  x,  y,  z,  the  sum 
2(JTS.r+  Y8y  +  Zhz)  must  vanish  for  the  changes  of  configuration  of 
the  particles  of  the  system.  It  is  to  be  remembered  that  X,  Y,  Z 
represent  work-forces  defined  as  at  §  214  above,  and  that  the  sum 
is  taken  for  all  points  to  which  these  forces  are  applied,  and  which 
move  so  that  the  forces  do  work. 

To  see  that  this  condition  holds,  we  take  the  case  of  a  system  the 
configuration  of  which  is  specified  by  m  independent  co-ordinates, 

p,  q,  Here  the  work  equation  for  infinitely  small  changes,  dp, 

8q,  ....  of  these  co-ordinates  is 


BW=Pip+Qtq  + 


(13) 


If  for  all  possible  modes  of  variation  of  the  configuration  this  sum  of 
works  vanish,  the  forces  acting  on  every  part  of  this  system  must  be 
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a  balancing  system  of  forces,  otherwise  work  would  be  done  in  one  or 
more  of  the  possible  modes  of  displacement.  The  condition  is  there- 
fore sufficient.  To  see  that  it  is  necessary  we  may  limit  the  freedom 
to  any  one  co-ordinate,  p,  say.  Then  the  work  done  in  any  displace- 
ment will  be  P8p.  If  this  is  not  zero,  it  can  be  made  zero  by  applying 
a  force  P'  such  that  for  a  displacement  8p,  (P  +  P')8p  =  Q,  or 
P  =  —  P'.  The  system  is  now  in  equilibrium  and  cannot  have  been 
in  equilibrium  before. 

It  is  always  possible  to  limit  the  freedom  to  any  one  of  the  possible 
freedoms  of  the  system  by  means  of  frictionless  constraints.  Hence 
we  see  that  in  order  that  there  may  be  no  change  of  configuration 
of  any  kind  in  a  system  the  configuration  of  which  is  fixed  when  the 
co-ordinates  p,  q,  ...,  are  fixed,  it  is  necessary  and  sufficient  that  the 
work  done  by  the  forces  in  every  possible  displacement  should  vanish. 
The  equations  of  equilibrium  obtained  for  the  separate  particles  of 
the  system  by  the  introduction  of  the  constraints  have  been  given  in 
§  293  above. 

Since  the  co-ordinates  p,q,...,  are  independent,  we  must  have  more- 
over for  equilibrium  the  relations 

P  =  0,    Q  =  0,   E  =  0,  ....  (14) 

300.  Stable,  Unstable,  and  Neutral  Equilibrium. — In  the  case  of 
a  conservative  system,  in  which  also  no  work  is  consumed  in  over- 
coming frictional  resistances,  the  work  8  W  has  the  value 

that  is,  it  is  the  amount  of  diminution  of  the  potential  energy  involved 
in  the  displacements  8p,  ...,  and  we  have  seen  that  for  equilibrium 
the  value  of  E  must  be  stationary.  In  general,  though  not  necessarily 
in  all  cases,  E  is  a  maximum  or  a  minimum  when  ^E/cp  =  0,  ..., 
that  is  in  a  configuration  of  equilibrium.  In  the  case  of  a  minimum 
of  E  any  small  displacement  from  the  configuration  of  equilibrium 
would  (when  small  quantities  of  higher  order  than  the  first  are  taken 
into  account)  involve  an  increase  of  the  potential  energy,  that  is  any 
forces  applied  to  produce  the  displacement  would  on  the  whole  have 
to  work  against  the  forces  depending  on  E  called  into  play  by  the  dis- 
placement. The  system,  if  displaced  and  then  left  to  itself  by  the 
removal  of  the  displacing  forces,  would  under  the  forces  depending 
on  the  value  of  E  now  existing  return  towards  the  position  of 
equilibrium.     The  equilibrium  is  then  said  to  be  stable. 

If  on  the  contrary  the  forces  applied  to  produce  the  displacement 
from  the  configuration  of  equilibrium  act  in  the  same  direction  as 
those  called  into  play  by  the  variation  of  E,  which  will  be  the  case  if 
E  is  a  maximum,  the  system  if  left  to  itself  after  any  small  displace- 
ment will  move  further  away  from  the  equilibrium  configuration. 
The  equilibrium  is  then  said  to  be  unstable. 

If  finally  the  forces  depending  on  E  are  zero  after  any  small  dis- 
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placement  there  is  equilibrium  also  in  the  new  configuration,  and  the 
equilibrium  is  said  to  be  neutral. 

We  have  examples  in  the  equilibrium  of  a  body  under  gravity,  for 
example  a  pendulum.  In  every  such  case  the  equilibrium  is  stable 
only  when  the  body  is  in  the  lowest  position  which  it  can  assume. 
Take  the  case  of  a  ball  on  a  surface,  If  it  is  at  rest  at  the  bottom  of  a 
spherical  cup,  the  equilibrium  is  essentially  stable.  If  the  ball  is  at 
the  top  of  a  spherical  cap  the  equilibrium  is  essentially  unstable.  If 
it  is  at  rest  on  a  plane  it  is  in  neutral  equilibrium. 

A  body  may,  however,  be  stable  for  some  displacements  and  unstable 
for  others.  For  example,  let  the  ball  be  at  rest  on  a  saddle-shaped 
surface,  so  placed  that  one  principal  section  of  it  is  convex  upwards, 
the  other  concave  upwards.  The  ball  is  stable  for  displacements 
along  the  concave  section,  and  unstable  for  displacements  along  the 
other. 

301.  Example.      The   Funicular   Polygon. — A   usual  but  very 
instructive  example  of  the  conditions  of  equilibrium  is  the  funicular 
polygon  represented  in  Fig.    137.      A 
number  of  weights,  wv  w3,  ...,  wH,  are  Fig.  137. 

suspended  at  points  B,  C,  D,  ...,  M  at 
different  distances  apart  along  a  cord 
which  is  secured  at  its  ends  to  fixed 
points  A,  N.  It  is  required  to  find  the 
inclinations  of  the  successive  parts  of 
the  cord  to  the  horizontal  and  the 
stretching  forces  in  those  parts. 

We  suppose  the  mass  of  the  cord 
itself  to  be  negligible,  so  that  no  action 
of  gravity  on  it  has  to  be  considered. 
Also  we  suppose  that  the  cord  is  without  rigidity,  in  other  words, 
that  a  portion  of  it  cannot  be  in  equilibrium  under  foi-ces  appliedto  its 
ends,  unless  those  forces  are  equal  and  opposite,  and  every  part  of  the 
cord  between  the  points  of  application  is  in  the  line  of  action  of  the 
forces.  The  applied  forces  are  the  weights  wv  w2, ...,  wn,  and  it  is  clear 
that  under  their  action  the  cord  will  lie  in  the  vertical  plane  through 
A,  X.  Let  the  weights  be  arranged  in  the  order  shown  in  the  figure 
from  the  extremity  A  of  the  cord,  and  let  av  a3,  ...,  am  an+l  be  the 
lengths  of  the  portions  of  cord  AB,  BC,  ...,  MJY.  Further  let  the 
distances  of  the  points  B,  C,  D,  . .  ,  N  below  the  horizontal  through 
A  be  yv  y,,  v3,  ...,  yn+v  and  their  horizontal  distances  from  A  be 
xv  xv  x3, ...,  xn+l.  Then  for  any  possible  displacements  of  the  system 
the  equation  of  work  is 

S  IF=  tvi8y1  +  wjiyt  +  ...+  iunhyn. 

For  equilibrium  the  expression  on  the  right  must  be  zero. 
The  geometrical  equations  are 

X?  +  y{  =  a{l   I  (xn  +  i~  ^nf  +  (Vn  +  i-  yn)2  =  al  +  l, 

which  give  the  n  +  1  relations 
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since  8xn+1  =  0,  8yn+l  =  0. 

Multiplying  the  first  of  the  last  set  of  equations  by  Xp  the  second 
by  X2,  ...,  and  the  last  by  X„+1,  adding  to  the  expression  for  the  work 
and  equating  separately  to  zero  the  co-efficients  of  8yv  8ya,  ...,  8y„ 
thus  formed,  we  obtain 


™*. + \(y2  -  sO  -  x3(i/3  -  y2)  =  o 

>n  +  K(Vn  -  tfn  +  i)  ~  Xn  +  i(2/»  +  l  ~  2/*)  =  ° 


(15) 


Besides  these  we  have  from  the  terms  in  8xv  8xs,  ...  the  equa- 
tions 

xixi  -  \(x2  ~  xi)  m  °»  \(x*  ~  xi)  ~  \(x3  ~  x2)  =  °i  •  •  •  I 

*n\xn  ~  xn-i)  ~*n+  l{Xn+l  —  Xm)  =  0, 

or 

Vi  =  \(xs  -  xi)  =  K(x»  -  x*)  = =  K + i(xn+i  ~  xn)  =  t,  say. 

These  give  values  of  Xx,  X?,  ...  in  terms  of  the  constant  t.     Sub- 
stituting in  (15)  we  obtain  the  n  equations, 


\  0u9        JC,        Ou-.  I 


w  -T(y*-y*-y*-yx 

\x.  —  xa      Xa  —  X, 


w  =T  lyn+x-yn_yn-yn- 


}   (16) 


«£«  _1_  i  Xn 


If  6V  02,  ...,  6n+1  be  the  angles  the  parts  a,,  a,,  ...,  a„+1  of  the 
cord  make  with  the  horizontal,  y1lxl  =  i&adv  (y3  -  y1)/(x2  -xl)  = 
tanfl,,  ...,  so  that  the  equations  just  found  may  be  written 

wl  =  7-(tan  0,  —  tan  0X) 
w2  =  r(tan  03  -  tan  0,) 

wn  =  T(tan  0„  + 1  -  tan  0„) 

The  obvious  interpretation  of  these  equations  is  that  t  is  the  hori- 
zontal component  of  the  stretching  force  in  each  cord.  Evidently 
the  same  horizontal  pull  must  be  exerted  towards  each  side  on 
every  individual  particle,  and  the  quantities  on  the  right  of  (15)  and 
(17)  are  the  sums  of  the  upward  vertical  pulls  exerted  on  each 
particle  by  the  cords  attached  to  it.  The  stretching  forces  in  the 
cords  AB,  BC,  ...  are  respectively  \av  X,aa,  ...,  Xn+1an+1. 
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For  the  complete  determination  of  0,,  02,  ...,  0n+1  we  have  the 
two  conditions 


«1sin01  +  a2sin03+  ...  +a)l  +  lsmdn  +  l  =  h 
ajCosflj  +  a2cos02  +  ...  +  an  +  1cosOn+l  =  l 


(18) 


where  h,  I  are  respectively  the  vertical  and  the  horizontal  distance  of 
iVfrom  A.  Equations  (17)  serve  to  find  tan02,  tan03,  ...,  tan0n+1  in 
terms  of  tan0j  and  t.  Substitution  in  (18)  will  then  give  0:  and  t, 
and  the  problem  is  completely  solved. 

As  a  particular  example  we  may  take  the  simple  case  of  two  equal 
weights  connected  as  in  Fig.  1 38  by  three  equal  strings  with  two 

Fig.  138. 


points  on  the  same  level  and  at  a  distance  I  apart  (I  >  a).  The  equa- 
tions are  in  this  case, 

w  =  7-(tan  02  —  tan  0j  =  i-(tan  03  —  tan  02) 
sin  0L  +  sin  02  +  sin  63  =  0 
cos  0j  +  cos  02  +  cos  03  =  0. 

If  in  these  equations  we  put  62  =  0  we  obtain 

tan0j+tan03  =  O 
sin0j  +  sin03  =0 

COS0,  +  COS0,  as-  —  1. 

1  3     a 

The  first  two  of  these  are  satisfied  by  61  =  2tt  —  03.  The  values 
0j  =  -  03  =  ^7r  might  be  taken  as  a  solution,  but  they  would  give  1  =  a, 
a  case  which  is  excluded  by  the  question.     The  other  values  give 


0, 


_XZ  —  a 


'la 


This  is  the  solution  represented  in  Fig.  138,  and  it  is  evidently  the 
only  solution. 

302.  Example.  Bifilar  Suspension. — As  an  example  of  stability 
of  equilibrium  we  consider  here  an  arrangement  which  forms  part  of 
several  instruments  of  great  importance  in  Physics.  A  body  of  given 
mass  M  is  suspended  by  two  threads  L,  L  of  given  lengths  attached 
at  their  upper  ends  to  two  fixed  points  not  necessarily  in  a  horizontal 
line.     The  points  of  attachment  of  the  lower  ends  of  the  threads  to 
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Fig.  139. 


the  suspended  body  are  not  assumed  to  be  on  the  same  level,  or  at 
equal  distances  on  the  two  sides  of  the  vertical  through  the  centroid 
of  the  body. 

In  Fig.  139  A,  B  are  the  projections  on  a  horizontal  plane  of  the 
points  to  which  the  upper  ends  of  the  threads  are  attached,  A',  B  are 
those  of  the  lower  ends  of  the  threads  or  points 
at  which  they  are  attached  to  the  body,  A",  B" 
are  those  of  the  latter  points  when  the  body  is 
deflected  from  the  position  indicated  by  A' B . 
As  we  shall  see,  the  body  is  in  stable  equili- 
brium when  A' B  are  in  line  with  AB. 

That  the  body  is  in  equilibrium  in  this 
position  is  evident  from  the  fact  that  then  the 
threads  are  in  one  plane.  For  let  the  body  be 
deflected  from  that  position  to  that  shown  by 
AB,  A" B" .  Each  thread  becomes  inclined  to 
the  vertical  plane  through  the  two  upper  points 
of  attachment,  and  a  couple  is  brought  into 
play  tending  to  bring  the  body  back  to  the 
former  position.  The  horizontal  components 
of  the  tension  of  the  threads  act  along  A  A", 
BB,  and  are  equal  and  parallel  since  we 
suppose  the  centroid  of  the  body  to  remain  in 
the  same  vertical  in  all  positions  of  the  body. 
The  sum  of  the  vertical  components  of  the 
stretching  forces  in  the  threads  is  Mg,  the 
gravity  of  the  body.  Hence  if  one  of  these 
vertical  components,  that  in  A  A'  say,  be  denoted 
by  \Mg{\  +c),  the  other  must  be  ^Mg(l-c). 
Also  if  the  mean  of  the  vertical  heights  of  A  above  A',  and  B  above 
B  be  h,  and  the  former  height  be  h(l  +f),  the  other  must  be  A(l  -f). 
If  c  be  positive,  f  will  be  positive  or  negative  according  as  the 
greater  or  less  stretching  force  acts  in  the  thread  of  greater  vertical 
height. 

Let  L  be  the  restoring  couple  called  into  play  when  the  body  is 
deflected,  and  p  be  the  perpendicular  distance  between  the  parallels 
A  A",  BB',  Then  the  horizontal  forces  along  these  lines  are  each 
L/p.  This  is  the  horizontal  force  which  must  be  applied  at  A",  B" 
in  each  of  these  directions  to  keep  the  body  deflected.  Hence,  since 
for  each  thread  the  vertical,  the  horizontal,  and  the  direction  of  the 
thread  represent  the  directions  of  three  forces  in  equilibrium,  we 
have  the  two  equations 


AA" 


L  p 


BB' 


L/p 


h(i+f)  pi9(i+cy  h(i-f)  mg{i-cy 


But  if  AB  =  2a,  A'B  —  2b,  the  sum  of  the  areas  of  the  two  triangles 
AIA",  BIB"  is  \{AA"  +  BB")p,  and  this  is  evidently  2ab  sin0,  if  0  be 
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the  angle  of  deflection  AIA".     Hence  we  obtain  from  the  equations 
just  written 

h{AA"  +  BB")p  =  2^  Llc/=  labsind, 
Jig   1  —  c- 

and  therefore 

l-*t^*"-  (19) 

This  shows  that  for  a  given  deflection  L  is  smaller  the  greater  h, 
that  is  the  sensibility  is  greater  the  greater  the  mean  length  of  the 
threads.  Also  L  is  greater  the  greater  a  or  b,  and  vanishes  v/ith 
either  of  these  quantities.  The  sensibility  therefore  is  less  the 
greater  a  or  b,  and  is  infinite  when  a  or  b  is  zero. 

In  general  the  arrangement  is  made  symmetrical,  that  is  each 
pair  of  points  of  attachment,  the  pair  at  the  top  and  the  pair  at  the 
bottom,  is  in  a  horizontal  line,  and  /  lies  midway  between  AB, 
and  also  between  A'B' .     Hence 

L  =  Mq  —sin  6. 


The  value  of  h  is  now  Jl2  -  A  A"-  and  AA"2  =  a2  +  b2  -  2a6cos0. 
Therefore  K1  =  t1  -{a- bf  -  4a6sin2|0.     Hence 

j  —  Mgabsind  /^x 

"  p-(a-6)2_4a6sin2^0}*  ^     ' 

If  the  fibres  be  nearly  at  the  same  distance  apart  at  top  and  bottom, 
and  I  be  great  in  comparison  with  a  and  b,  we  have 

L  =  Mg  jsind.  (21) 

That  the  potential  energy  of  the  body  is  a  minimum  when  the 
threads  are  in  the  same  plane  is  obvious  from  the  fact  that  when  the 
body  is  deflected  from  that  position  each  thread  becomes  inclined  at 
a  greater  angle  to  the  vertical,  and  so  the  body  is  raised. 

303.  Stability  of  Equilibrium  of  Bodies  at  Best  or  in  Steady 
Motion.  Centre  of  Gravity.  Vehicles  Moving  in  Curves. — 
For  a  body  resting  under  gravity  on  a  plane,  whether  horizontal 
or  inclined— for  example,  a  table  supporting  a  load — the  condi- 
tion of  stable  equilibrium  is  simply  that  the  vertical  through  the 
centroid  of  the  body  shall  fall  within  the'  base  or  area  of  sup- 
port of  the  body.  To  define  this  area,  suppose  a  closed  thread 
placed  on  the  horizontal  plane  of  support  so  as  to  surround  every 
point  of  contact  between  the  supports  of  the  body  and  the  plane, 
and  then  drawn  tightly  up  to  the  outer  supports.  It  will  mark 
out  an  area  on  the  plane,  and  that  area  is  called  the  base  of  the  body. 

If  the  vertical  fall  outside  this  area  the  resultant  force  of  gravity 
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on  the  body  and  the  resultant  of  the  vertically  upward  actions  on  the 
body  of  the  points  of  support  will  give  a  couple  turning  the  body 
about  a  horizontal  axis.  Hence  is  produced  the  overturning  of  a  cart 
or  carriage  when  it  is  drawn  along  a  slope  so  that  one  wheel  is  higher 
than  the  other,  or  in  other  cases  when  one  wheel  passes  over  a  suffi- 
ciently high  obstacle. 

The  higher  the  centroid  of  the  vehicle  the  more  danger  there  is 
of  overturning — that  is,  the  smaller  is  the  angle  through  which  the 
vehicle  can  be  tilted  from  equilibrium  on  a  horizontal  plane  without 
capsizing.  This  angle  measures  the  margin  of  stability  of  the  body. 
For  let  a  perpendicular  be  let  fall  from  the  centroid  to  the  plane  of 
support  and  meet  the  latter  in  C  (Fig.  140).     Then  if  A  be  one  of 

Fig.  140. 


the  points  of  support  the  angle  through  which  the  body  can  be  turned 
in  the  plane  GCA  is  t&n~  1CA/CG,  which  is  less  the  greater  CG.  The 
figure  shows  a  block  in  stable  equilibrium  tilted  over  through  a 
smaller  angle  CGD  or  BAD.  The  block  would  just  be  on  the  point 
of  overturning  if  it  were  tilted  so  far  that  D  coincided  with  A. 

We  may  remark  here  that  it  is  usual  to  refer  in  this  connection 
to  the  "centre  of  gravity"  of  the  body  instead  of  to  the  centroid. 
The  centre  of  gravity  of  a  body  is,  strictly  speaking,  that  point,  if 
any,  fixed  relatively  to  the  body  through  which  the  resultant  of  the 
forces  of  gravity  on  the  particles  of  the  body  always  passes,  in  what- 
ever position  the  body  may  be  placed  relatively  to  the  earth.  Strictly 
speaking,  no  such  point  exists  for  bodies  in  general,  but  only  for  dis- 
tributions of  matter  fulfilling  certain  conditions.  We  shall  discuss 
these  under  Gravitational  Attraction  ;  but  it  may  be  stated  that  since 
the  forces  of  gravity  on  the  particles  of  bodies  of  such  moderate 
dimensions  as  those  that  have  ordinarily  to  be  considered  are  very 
approximately  parallel,  the  resultant  of  gravity  always  passes  through 
a  small  space  about  the  centroid,  and  hence  the  centroid  may  be 
regarded  as  approximately  fulfilling  the  definition  of  the  centre  of 
gravity  for  the  body.  In  this  approximate  sense,  perhaps  it  may  be 
referred  to  as  the  centre  of  gravity,  but  it  is  better  to  use  the  latter 
term  only  where  it  is  strictly  applicable. 
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When  a  body — for  example,  a  railway  carriage — moves  with 
uniform  speed  round  a  curve,  the  forces  acting  on  the  body,  over  and 
above  those  required  to  give  the  acceleration  towards  the  centre  of 
curvature,  must  be  in  equilibrium.  For  this  reason  a  line  drawn  at 
right  angles  across  the  rails  is  inclined  to  the  horizontal,  so  that  the 
carriage  as  it  runs  is  tilted  inwards  towards  the  centre  of  curvature. 

Let  M  be  the  mass  of  the  carriage,  v  its  speed,  and  R  the  radius 
of  the  curve.  The  force  towards  the  centre  of  curvature  of  the  path 
(supposed  plane)  is  MvrfR.  The  reaction  of  the  rails  on  the  carriage 
must  be  such  as  to  give  a  resultant  through  the  centroid  of  the 
carriage  which  can  be  resolved  into  two  components,  one  vertical  and 
equal  to  the  weight  of  the  carriage,  the  other  horizontal  and  equal  to 
Mir  JR.  Hence  the  inclination  of  the  line  across 
the  rails  to  the  horizontal  is  tan-1(J/i^ '/ RMg)  Fig.  141. 

or  tan~1{vijgR).  , 

Of  course,  in  practice  the  tilt  of  the  rails  1    / 

is  arranged  for  some  convenient  speed  which 
should  not  be  exceeded.  The  passage  from 
the  straight  to  the  curve  on  railways  is  also 
made  gradual  according  to  certain  practical 
rules,  which  will  be  found  set  forth  in  books 
on  Civil  Engineering. 

Again,  let  a  pendulum  be  hung  in  such  a 
carriage.  The  bob  will  move  outwards  from 
the  vertical  until  the  cord  is  so  far  inclined  as 

to  give  a  horizontal  pull  equal  to  that  required  to  give  it  acceleration 
equal  to  i?/R.  The  tangent  of  the  inclination  of  the  bob  to  the 
vertical  is  then  t^/gR — that  is,  the  thread  is  perpendicular  to  the 
line  across  the  rails. 

In  turning  a  corner  quickly  a  bicyclist  inclines  the  machine  over 
towards  the  corner.  Let  PH  in  Fig.  141  represent  the  horizontal, 
and  let  PG  be  a  line  representing  the  inclination  of  the  frame  of  the 
bicycle  to  the  vertical.  Owing  to  the  grip  each  tire  has  of  the  ground, 
a  horizontal  force  is  applied  to  the  wheels  in  the  direction  PH,  besides 
a  vertical  component,  the  sum  of  which  for  the  two  wheels  is  equal 
to  the  weight  of  the  machine  and  rider,  with  a  slight  modification 
due  to  the  rotation  of  the  wheels.  The  resultant  acts  in  the  direc- 
tion represented  by  PG.  On  bicycle  racecourses,  which  are  circular, 
the  track  is  inclined  inwards  to  give,  without  danger  of  slipping,  a 
reaction  along  the  sloping  frame,  as  here  indicated.  If  G  be  the 
centroid  of  the  rider  and  machine,  the  resultant  may  be  there 
resolved  into  two  components,  a  horizontal  and  a  vertical.  The 
former  furnishes  the  inward  force  Mi?\R  towards  the  centre  of  the 
circle  of  turning,  where  v  is  the  speed,  M  the  total  mass,  and  R  the 
radius.  The  tangent  of  the  inclination  of  the  machine  to  the  vertical 
has  the  approximate  value  v*/gR. 

304.  Equilibrium  of  a  Pendulum  hung  in  Vehicle  under  Accele- 
ration.— Also  as  another  case  of  relative  equilibrium  consider  a  pen- 
dulum hung    in    a  railway  carriage  which  is  undergoing   constant 
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acceleration  in  the  direction  of  motion.  The  position  of  the  pen- 
dulum is  one  inclined  backwards  just  enough  to  give  a  forward 
pull  ma  on  the  bob.  Hence  the  inclination  of  the  thread  to  the 
vertical  is  tan-1(a/</).  If  the  carriage  is  under  a  retarding  accele- 
ration of  the  same  amount,  the  inclination  of  the  thread  is  in  the 
direction  of  motion  forward,  and  has  the  same  value. 

When  either  acceleration  is  imposed  from  uniform  motion  the 
pendulum  is  deflected  and  oscillates  about  the  position  just  indicated, 
finally  coming  to  rest  in  the  inclined  position  if  the  acceleration  is 
uniformly  maintained. 

305.  Simple  Conical  Pendulum. — -As  an  example  of  relative 
equilibrium  we  may  consider  the  arrangement  called  the  Conical 
Pendulum.  A  particle  P  of  mass  m  is  suspended  by  a  cord  of 
negligible  mass  from  a  fixed  points  (Fig.  142),  and  describes  uniform 
circular  motion  under  the  action  of  gravity  round  the  vertical  through 
the  point  support.  The  horizontal  component  of  pull  T  applied  by 
the  thread  gives  the  necessary  acceleration  of  the  particle  towards 
the  centre  C  of  the  circular  orbit ;  the  vertical  component  balances 
the  weight  of  the  particle.  Thus  if  v  be  the  velocity  of  the  particle, 
and  r  the  radius  of  the  path,  I  the  length  of  the  thread,  and  0  its 
inclination  to  the  vertical,  we  have  Tsind  =  mir/lsind.  But  the 
vertical  component  of  T  is  Tcosd,  and  therefore  Tcos6  =  mg.  Hence 
Ave  obtain,  substituting  in  the  former  relation  mgjcosd  for  T, 

v2  cos  6  =  gl  sin2  6. 

Now  if  r  be  the  period  of  revolution  of  the  particle  in  the  circle, 
T  =  27rlsin6jv,  and  v2  =  4:n2l2sin2d/r2.  Substituting  this  value  of  v2  in 
the  equation  last  obtained  we  find  gr  =  -hrlcosd,  or 

(22j 

that  is,  the  period  is  that  of  a  simple  pendulum  of  length  equal  to 
the  vertical  distance  of  A  above  the  plane  of  the  circle. 

306.  Compound  Conical  Pendulum. — Now  let  the  pendulum  be 
a  rigid  body  free  to  move  in  a  vertical  plane  about  a  point  A  in  a 
vertical  spindle  round  which  it  turns  in  azimuth,  like  one  of  the 
arms  with  attached  weight  of  the  centrifugal  governor  of  a  steam- 
engine.  Let  it  be  symmetrical  about  a  fine  through  A  and  the 
centroid  G  of  the  pendulum,  and  let  it  revolve  with  constant  angular 
velocity  w  at  a  constant  inclination  6  to  the  vertical  (Fig.  143). 
It  is  required  to  find  the  period  of  revolution  t  in  terms  of  w 
and  6. 

This  problem  may  be  solved  at  once  by  observing  that  it  is  pre- 
cisely the  problem  of  a  top,  the  motion  of  which  is  limited  to  steady 
precession  about  the  vertical  (§  264),  or  its  solution  may  be  deduced 
at  once  from  Euler's  equations  of  motion,  §  282  above.  It  is  instruc- 
tive, however,  to  solve  it  from  first  principles. 

We  observe  first  that  the  sum  of  the  moments,  about  an  axis 
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through  A  perpendicular  to  the  paper,  of  the  mass-accelerations  of 
the  particles  towards  the  vertical,  must  be  equal  to  the  sum  of  the 
moments  about  the  same  axis  of  the  forces  applied  by  gravity,  that 
is  to  Mgl sind,  if  Mbe  the  total  mass  of  the  pendulum,  and  I  be  the 
distance  of  G  from  A. 

Let  P  (Fig.  143)  be  a  particle  of  mass  m,  and  let  it  lie  in  a  plane 
PQR  perpendicular  to  the  axis  AG.  Let  fall  a  perpendicular  PR 
from  P  on  the  plane  containing  the  axis  of  symmetry  and  the  vertical, 

Fig.  143. 


--$::— -' 


and  let  x  be  the  distance  QR  from  the  foot  R  of  this  perpendicular 
to  the  axis  of  symmetry,  V  be  the  distance  AQ  and  y  the  distance 
PR.  The  distance  PU  of  the  particle  from  the  vertical  is  then 
J{(1' sind-x  cosd)2  +  y'2} .  Hence  the  force  necessary  to  give  the 
acceleration  along  P  U  required  for  the  rotation  is 

mw2{(rsin0  —  »cos0)2  +  y2}h. 

The  moment  of  this  force  about  the  line  through  A  perpendicular 
to  the  paper  is  the  component  along  the  line  RU  multiplied  by  the 
distance  AIT.  The  component  is  mw2(Z'sin0  -cccosfl)  and  A  U  is 
/'cos0  +  «sin6>.     Hence  the  moment  required  is 

mw2{(P  -  £c2)sin0cos0  -  Z'a;(cos20  -  sin20)}. 

If  now  we  find  the  sum  of  moments  for  all  particles  in  the  plane, 
we  see  that,  since  Z'and  d  are  the  same  for  all  such  points,  the 
terms  mw2l'x(cos26  -  sin20)  contribute  nothing  to  the  result.  Hence 
summing  for  the  whole  pendulum  we  have  w2sin0cos0(2wiZ'2  -  Smx2), 
for  the  total  moment.  If  A  be  the  moment  of  inertia  of  the  pen- 
dulum about  the  axis  through  A  perpendicular  to  the  paper,  and  0 
that  about  the  axis  of  symmetry,  the  foregoing  sum  is 
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w2(B-C)sindcosd. 

since  2mP  -  2 mar  =  %tnP  +  Zmy2  -  2mxr  -  2  my2  =  B-C. 

Equating  this  to   the   moment  applied  by    gravity,  we  obtain 
w2  =  Mgl{B  -  C)cos0,  or  since  w  =  2itJt. 


N/ 


(ff-G^cosfl  ,>g. 


The  same  result  may  be  deduced  from  Euler's  equations  thus. 
We  have,  putting  w3,  u>,  for  the  angular  velocities  respectively 
about  the  axis  of  symmetry,  and  about  an  axis  perpendicular  to 
the  latter  through  A  in  the  plane  GAU,  Aal  —  (C  —  B)u)3u)2  =  L, 
where  L-  Mglsind,  Wj- 0,  a>j  =  0,  w3  =  wcos0,  w2  =  wsin0.  Thus 
we  obtain  at  once  w2  =  (B  —  C)cosd  / Mgl,  the  same  result  as  before. 
When  the  pendulum  is  a  particle  of  mass  m  suspended  by  a  mass- 
less  thread  B  =  ml20  =  0,  and  J/=m.  Hence  we  fall  back  on  the 
case  discussed  in  §  302. 

307.  Equilibrium  of  a  Particle  on  a  Surface  and  on  a  Curve. — If 
the  surface  is  smooth  it  is  only  necessary  for  equilibrium  that  the 
resultant  of  the  forces  applied  to  the  particle  should  be  perpen- 
dicular to  the  surface.  The  resultant  will  then  be  balanced  by  the 
reaction  of  the  surface.  Let  direction-cosines  of  the  normal  to  the 
surface  be  I,  m,  n,  and  X,  Y,  Z  be  total  components  along  the  axis  of 
the  applied  forces.     For  equilibrium  we  must  have 

£=-  =  -.  (24) 

I      m      n 

The  co-ordinates  x,  y,  z  of  any  point  on  a  surface  are  connected 
by  a  relation  which  is  expressed  by  <f>(x,  y,  z  )  =  0,  where  <j>  denotes  a 
function  of  x,  y,  z.  If  dx,  dy,  dz  be  increments  of  x,  y,  z  giving 
new  values  x  +  dx,  y  +  dy,  z  +  dz,  then 

<p{x-\-dx,  y  +  dy,  z  +  dz)-f(x,  y,z)  =  0. 

In  the  limit  when  dx,  dy,  dz  are  taken  very  small  this  gives 

dx       dy        dz 

Hence  d<p/dx,  d<f>/dy,  dffdz  must  be  proportional  to  the  direction- 
cosines  of  a  line  perpendicular  to  the  short  line  PQ  on  the  surface 
of  which  the  projections  on  the  axes  are  dx,  dy,  dz.  Since  this  holds 
for  every  direction  in  which  PQ  is  taken  the  direction  of  this  line  La 
perpendicular  to  the  surface  at  P,  that  is,  d<pjdx,  df/dy,  d<f>/dz  are 
proportional  to  the  direction-cosines  of  the  normal  to  the  surface,  we 
have  therefore 

1  d(p  _  1  d<p  _  1  d<\>  /o-% 

Tdx~~Ydy"Idz'  *     ' 
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These  give  two  equations,  which  with  <p(x,  y,  z)  =  0  determine  the 
co-ordinates  of  P,  the  position  of  equilibrium. 

A  curve  is  given  by  two  independent  equations  connecting  the 
co-ordinates  x,  y,  z  of  points  on  the  curve,  that  is  the  curve  is 
regarded  as  the  intersection  of  two  surfaces.  Let  I,  m,  n  be  the 
direction-cosines  of  the  tangent  to  the  curve  at  any  point  P,  then  if 
a  particle  be  in  equilibrium  on  the  curve  at  P  the  component  of  the 
applied  forces  taken  along  the  curve  must  be  zero,  that  is,  we  must 
have 

lX+mY+nZ  =  0.  (26) 

This  with  the  two  equations  of  the  curve  determines  the  position  of 
equilibrium. 

Xow  let  the  surface  be  rough.  Resolve  the  resultant  of  the  applied 
forces  into  two  components,  one  along  the  normal  and  the  other  in  the 
tangent  plane.  The  former  is  \X  +  p.Y  +  vZ,  if  we  putX,  p,  vfor  the 
direction-cosines  of  the  normal.  We  shall  denote  this  by  X.  The  cosine 
of  the  angle  6  say  between  the  direction  of  the  resultant  of  the  applied 
forces  and  the  normal  is  this  quantity  divided  by  JX2  +  Y2  +  Z-. 
The  cosine  of  the  complementary  angle  is  jl  -  cos20,  and  therefore 
the  component  in  the  tangent  plane  is  JX2  +  Y2  +  Z2  Jl  -  cos20,  and 
has  the  value 

{(vY-tj.zy+(\z-vX?+{tLX-\Y)2y- 

We  shall  denote  this  by  T.     Hence  for  equilibrium 

pN±T=i).  (27) 

Xo  force,  however  great,  which  makes  an  angle  0  with  the  normal 
to  the  surface  less  than  tan-1  pNjN,  that  is  than  tan-1/*,  will  produce 
motion  of  the  particle.  For  any  such  force  will  have  a  normal  com- 
ponent N'  and  a  tangential  component  T'  such  that  N' tan©  =  T',  and 
since  tan0  <  p,  T'  <  \lN' .  But  in  consequence  of  N'  friction  of  amount 
pX'  can  be  called  into  play  to  prevent  motion,  and  this  is  greater 
than  the  tangential  force  T'. 

Xow  imagine  a  curve  drawn  on  the  surface  to  mark  out  a  region 
on  the  surface  near  P  so  that  at  every  point  Q  on  the  curve  the  angle 
which  the  direction  of  the  normal  at  P  makes  with  that  at  Q  is  just 
equal  to  tan_1/x.  That  curve  will  enclose  a  space  round  P  within 
which  the  angle  6  is  less  than  tan-1/x,  and  at  every  point  of  which 
therefore  the  particle  is  in  equilibrium. 

In  the  same  way  for  equilibrium  of  a  particle  on  a  rough  curve,  if 
as  before  I,  m,  n  be  the  direction-cosines  of  the  tangent  we  have  the 
tangential  component  IX  +mY+  nZ.  The  component  at  right  angles 
to  the  tangent  and  in  the  plane  of  the  resulant  force  and  the  tangent 
is  {{mZ  -nY)2  +  (nX-lZ)2  +  (lY-mX)2}i.     Hence  for   equilibrium 

lX+mY+nZ±fi{(mZ-nY)  +  (nX-lZ)  +  (lY-mX)¥  =  G,    (28) 
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which  with  the  two  equations  of  the  curve  determine  the  position  of 
equilibrium. 

Clearly  equilibrium  will  exist  for  any  point  for  which  the  angle 
6  between  the  direction  of  the  resultant  force  and  the  line  perpen- 
dicular to  the  tangent  in  the  plane  of  the  latter  and  the  resultant 
force  is  less  than  tan-1/x.  The  angle  tan-1/x  is  called  the  angle  of 
repose. 


CHAPTER  VII. 
GRAPHICAL  STATICS. 

308.  Funicular  Polygon  and  Polygon  of  Forces. — In  engineering 
the  forces  acting  on  the  different  parts  of  a  structure  or  machine 
are  for  the  most  part  determined  by  graphical  processes.  Of  these 
we  give  a  short  account  here,  with  a  few  examples ;  but  many  other 
applications  will  be  found  in  what  follows. 

As  an  example  to  introduce  the  subject  we  take  the  problem  of 
the  funicular  polygon,  of  which  we  have  considered  (§  301)  the 
analytical  solution  in  a  certain  case.  At  each  point  1,  2,  3,  ••• 
of  the  polygon  (Fig.  144)  three  forces  may  be  regarded  as  acting, 


Fig.  144. 


Fig.  154. 


namely,  two  along  the  adjacent  parts  of  the  chain,  and  the  third 
the  applied  force  H',  12',  ...  as  the  case  may  be.  In  each  part 
12,  23,  •••  of  the  chain  the  stress  along  the  part  pulls  on  the 
terminals  with  equal  and  opposite  forces. 

Since  the  three  forces  at  each  point  1,  2,  •  •  •  must  be  in  equilibrium 
they  must  be  capable  of  being  represented  by  the  three  sides  of  a  tri- 
angle taken  in  order  (§  142).  Thus  they  can  be  represented  by  any 
triangle  to  the  sides  of  which  their  directions  are  parallel.  Taking, 
then,  11'  we  draw  a  triangle  the  sides  of  which  are  parallel  to  the 
forces  at  1,  we  denote  by  0  the  point  in  which  the  two  lines 
representing  the  forces  in  the  two  parts  of  the  chain  meet,  and 
indicate  by  arrows  drawn  within  the  triangle  the  directions  in  which 
these  forces  act  on  the  point  1.  By  an  arrow  on  the  third  side  and 
the  number  1  placed  opposite  the  middle  of  that  side  the  applied 
force  which  acts  at  1  in  the  funicular  polygon  is  indicated. 

s 
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Now  the  side  of  this  triangle  which  represents  the  force  from 
1  to  2  in  the  funicular  polygon  will  with  a  reversed  arrow  represent 
the  opposite  force  which  acts  at  2  from  2  to  1.  Then  drawing  a  line 
from  the  extremity  of  1  (Fig.  145)  parallel  to  the  applied  force  at  2 
(Fig.  144),  to  meet  a  line  from  0  drawn  parallel  to  the  force  in  the  part 
of  the  chain  from  2  to  3?  we  add  in  Fig.  145  the  triangle  the  sides  of 
which  and  the  arrows  within  it  represent  the  magnitudes  and  direc- 
tions of  the  forces  acting  at  2  in  the  funicular  polygon.  The  line 
representing  the  applied  force  is  marked  2.  So  the  force-diagram 
(Fig.  145)  is  constructed  by  adding  a  triangle  for  successive  points 
at  which  forces  are  applied  to  the  chain  ;  and  may  be  either  confined 
to  any  partial  sequence  of  the  points  1,  2»  in  Fig.  144,  or  made 
complete  by  the  inclusion  of  all  such  points  together  with  the 
terminal  points  at  which  the  chain  is  supported.  [In  the  figures 
only  three  forces  are  shown,  but  there  may  of  course  be  any 
number.] 

For  distinction  the  numbers  which  designate  points  in  the 
funicular  polygon  and  corresponding  sides  of  the  polygon  of  forces 
are  printed  in  clarendon  type  in  the  former  case  and  in  ordinary  type 
in  the  latter. 

309.  Forces  equivalent  to  Given  System  obtained  from  Force- 
polygon. — The  lines  1,  2,  ...  Fig.  145,  form  the  sides  of  a  polygon 
which  represents  the  applied  forces  and  which  we  shall  call  the  force- 
diagram  or  force-polygon  ;  and  we  shall  prove  that  the  two  forces  which 
join  the  extremities  of  this  polygon  to  0,  if  taken  as  shown  by  the 
arrows  in  Fig.  145,  represent  two  forces  which  properly  applied  to  a 
rigid  body  would  just  equilibrate  the  forces  1,  2,  ...  if  these  were 
applied  without  change  of  magnitude  or  line  of  action  as  given  in 
Fig.  144  to  the  same  body. 

For  these  two  forces  have,  when  the  forces  are  all  transferred  to 
one  point  of  the  body  (as  specified  in  §  1 77)  a  resultant  equal  and 

opposite  to  that  of  1,  2,  Further  the  lines  bO,  Oa  represent  the 

stretching  forces  in  the  terminal  parts  of  the  chain  (Fig.  144),  and 
when  the  chain  is  in  equilibrium  the  sum  of  the  moments  of  these 
forces  round  any  point  in  the  plane  of  the  forces  must  be  equal  to 
the  sum  of  the  moments  of  the  applied  forces  about  the  same  point, 
since  those  in  the  parts  12,  23.  •  •  •  of  the  chain  being  pairs  of  equal 
and  opposite  forces  have  no  moments  round  any  point.  Thus  the 
equality  of  moments  must  still  exist  when  the  forces  H',  22 ,  •  •  •  are 
applied  as  above  to  a  rigid  body.     Thus  the  proposition  is  proved. 

From  the  proposition  just  established  we  deduce  at  once  the 
conclusion  that  if  any  forces  U',  22',  •••  act  in  any  directions  in  one 
plane  on  a  rigid  body  they  are  equivalent  to  two  forces  represented 
by  Oa,  bO  of  Fig.  145,  acting  in  these  directions  in  the  terminal  parts 
of  the  funicular  polygon  of  Fig.  144 ;  that  is  the  graphical  construc- 
tion reduces  the  system  to  two  forces. 

But,  moreover  it  is  obvious  that  for  the  given  system  of  coplanar 
forces  acting  on  a  rigid  body  we  can  construct  any  number  of 
funicular  polygons  each  of  which  will  give  a  system  of  two  forces 
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equivalent  to  the  given  system.  It  is  only  necessary  for  the 
construction  that  the  origin  0  of  the  force-diagram  should  not  lie 
in  the  direction  produced  of  any  of  the  sides  1,  2,  ...  of  this  diagram, 
or  that  if  it  is  so  situated  a  terminal  point  of  the  funicular  polygon 
should  be  taken  on  the  line  of  action  of  the  applied  force  represented 
by  the  side  of  the  force-diagram  on  which  0  lies. 

310.  Case  of  Vertical  Forces. — When  the  applied  forces  are 
vertical  the  sides  1,  2,  3,  ...  of  the  force-polygon  become  a  vertical 
straight  line,  and  the  lines  drawn  from  the  origin  0  in  Fig.  147  give 

Fig.  146. 


the  directions  and  magnitudes  of  the  forces  in  the  sides  of  a  funicular 
polygon  (Fig.  146)  which  correspond  to  these  lines.  "We  may  apply 
this  to  find  the  funicular  polygon  in  which  would  hang  a  weightless 
chain  loaded  with  equal  weights  at  successive  equal  distances  apart, 


Fig.  147. 


Fig.  148. 


(1)  when  these  distances  are  measured  along  the  polygon,  (2)  along 
the  horizontal  line  drawn  across  the  applied  forces.  We  shall 
suppose  first  the  terminal  points  A,  B  of  the  funicular  polygon 
given  and  to  be  on  the  same  level. 

Draw  the  force-polygon,  that  is,  draw  a  vertical  straight  line 
at  (Fig.  147)  divided  into  as  many  equal  parts  as  there  are  applied 
forces.  Through  the  middle  point  m  of  this  line  draw  a  perpen- 
dicular to  it,  and  take  any  point  on  this  perpendicular  as  origin  0. 
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From  0  draw  lines  to  a  b  and  each  of  the  points  of  division  of  the 
line  a  b.  These  are  the  directions  of  the  sides  of  a  funicular  polygon 
in  which  the  chain  will  hang.  For  case  (1)  take  any  distance  r 
and  lay  it  off  from  0  along  Oa,  and  take  its  projection  p,  on 
Om.  Lay  the  same  distance  along  012,  and  find  the  projection^,  on 
Om,  and  so  on  for  each  of  the  lines  Oa,  012,  023,  ...  Ob.  Take 
the  sum  u  of  the  projections,  and  if  it  is  greater  or  less  than  AB, 
diminish  or  increase  r  in  the  proper  proportion  to  give  the  proper 
sum  of  projections.  Having  obtained  the  projections  draw  vertical 
lines  at  successive  distances  apart  equal  to  the  successive  projections. 

Fig.  149 


Then  from  a  point  A  (Fig.  148)  representing  the  first  terminal  point, 
draw  a  line  parallel  to  the  line  Oa,  meeting  the  first  vertical  in  1, 
from  1  draw  a  line  parallel  to  012,  meeting  the  second  vertical  in  2, 
and  so  on  until  at  the  point  B,  the  polygon,  is  completed. 

For  case  (2),  draw  the  verticals  at  the  proper  equal  distances 
apart.  From  A  draw  a  line  parallel  to  Oa,  meeting  the  first  vertical 
in  1,  from  1  a  line  parallel  to  012,  meeting  the  second  vertical  in  2, 
and  so  on  until  B  is  reached. 

311.  Given  System  of  Forces  Reduced  to  Two  Forces  through 
Two  Given  Fixed  Points  and  Internal  Forces.— In  the  applications 
generally  made  of  the  methods  of  graphical  statics  the  applied  forces 
are  given  in  magnitude  and  line  of  action.  We  have  seen  that  given 
coplanar  forces,  if  acting  on  a  rigid  body,  are  equivalent  to  two  forces 
represented  by  Oa,  bO  of  the  force-polygon,  which  act  along  lines 
parallel  to  these  directions  from  the  extreme  points  of  a  funicular 
polygon.  When  the  forces  act  on  any  connected  system  of  particles, 
each  force  may  be  regarded  as  applied  to  some  particle  of  the  system. 
They  may  be  replaced  by  two  forces  applied  at  two  arbitrary  points 
G,  H  of  the  system  together  with  pairs  of  equal  and  opposite  forces 
acting  between  G  and  H,  and  the  points  of  application  of  the  forces 
(Fig.  150).  For  take  any  force  applied  at  a  point  A  to  the  system. 
It  can  be  resolved  into  two  components  P,  0  acting  at  A,  acting 
along  AG,  AH  respectively.  Introduce  at  G  two  opposite  forces 
each  equal  to  P  in  the  line  AG,  and  at  H  two  opposite  forces  each 
equal  to  Q  and  acting  in  the  line  AH.  Thus  we  represent  the  force 
at  A  by  a  force  P  at  G,  and  a  force  Q  at  H,  together  with  the  pair 
consisting  of  P  in  the  direction  AG  at  A  and  P  in  the  direction  OA 
at  G,  and  the  pair  consisting  of  Q  at  A  acting  from  A  to  7/  and  Q 
at  H  acting  from  H  to  A . 
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The  same  process  can  be  followed  for  all  t'oe  applied  forces,  and 
we  obtain,  therefore,  a  resultant  force  at  G,  and  a  resultant  at  H, 
which,  with  the  pairs  of  internal  forces  between  G  and  H  and  the 


points  of  application  of  forces  of  the  system,  are  equivalent  to  the 
given  forces. 

312.  System  of  Forces  on  Rigid  Body  Reduced  to  Two  Forces 
through  Two  Given  Points. — If  now  the  points  of  the  system  in- 
cluding G,  H  (Fig.  150)  are  rigidly  connected  the  introduction  of  the 
pairs  of  equal  and  opposite  forces  is  by  the  connections  rendered 
unnecessary,  as  the  two  forces  acting  through  G  and  H  are  in  their 
action  on  the  body  equivalent  to  the  given  applied  forces.  These 
two  forces  must  therefore  with  the  given  applied  forces  form  a  force- 
polygon,  that  is,  if  the  applied  forces  be  laid  down  in  order  as  the 
sides  of  a  polygon  beginning  with  a  and  ending  with  b,  it  must  be 
possible  to  find  an  origin  0  such  that  the  lines  Oa,  bO  represent  the 
forces  at  G  and  H.  The  lines  aO,  Ob  represent  the  equilibrant  of  the 
system. 

The  forces  at  G  and  H,  which,  with  the  pairs  of  internal  forces 
specified,  are  equivalent  to  the  given  forces  on  the  rigid  system,  are 
therefore  the  forces  in  the  terminal  sides  of  a  funicular  polygon  of 
the  given  applied  forces. 

It  is  clear  also  that  in  the  case  of  a  rigid  system,  it  is  possible  to 
draw  a  funicular  polygon  so  that  the  terminal  sides  in  which  the 
pair  of  equivalent  forces  act  may  pass  through  two  points  G,  IT  chosen 
arbitrarily  in  the  body.  Though  only  one  pair  of  forces  through  G,  H 
is  obtainable  by  the  process  described  above,  it  is  clear  that  more  than 
one  funicular  polygon  can  be  drawn  by  which  the  system  of  forces  is 
reduced  to  a  pair  of  forces  through  G,  H.  For  let  the  single  result- 
ant force  (if  one  exist)  of  the  system  of  forces  be  found  from  the 
pair  of  forces  equivalent  to  the  given  system,  and  its  direction  be 
laid  down  in  the  funicular  diagram.  Two  forces  in  lines  drawn 
from  any  point  in  the  resultant  to  G,  H  respectively  can  be  made  to 
give  that  resultant. 

313.  Conditions  of  Equilibrium  of  Coplanar  Forces. — We  may 
now  consider  the  conditions  of  equilibrium  of  a  system  of  coplanar 
applied  forces  acting  on  a  rigid  body. 

The  necessary  and  sufficient  conditions  of  equilibrium  are:  (1) 
that  the  forces  should  have  a  zero  resultant ;  (2)  that  the  sum  of 
their  moments  about  any  point  in  their  plane  should  vanish. 

The  first  condition  is  evidently  fulfilled  only  when  the  force- 
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polygon  of  the  applied  forces  is  closed,  that  is  when  the  points  a,  b 
coincide  :  the  second  is  fulfilled  only  when  the  funicular  polygons  are 
closed.  [The  first  condition  is  sufficient  by  itself  when  the  forces  are 
all  applied  at  one  point.] 

It  will  be  sufficient  to  show  that  one  funicular  polygon  is  closed, 
for  then  it  will  follow  that  all  are  closed.  Since  a,  b  coincide  in  the 
force-polygon  the  two  forces  Oa,  bO  to  which  the  given  forces  are 
equivalent  are  equal  and  opposite.  They  must  also  be  in  the  same 
line,  otherwise  the  sum  of  the  moments  of  the  system  round  every 

Fig.  152. 


Fig.  151 


point  in  the  plane  would  not  be  zero.  But  different  pairs  of  these 
equivalent  forces  are  given  by  the  different  positions  of  0,  and  each 
force  of  every  pair  must  pass  through  both  the  terminal  points  A,  B 
cf  the  funicular  polygon.     Hence  A,  B  coincide. 

This  is  obviously  true  for  every  funicular  polygon  that  can  be 
drawn. 

If  the  lines  of  action  of  the  forces  all  pass  through  one  point  the 
polygon  of  applied  forces  is  closed,  and,  as  remarked  above,  that  is  the 
single  condition  necessary  and  sufficient  for  equilibrium.  From  this 
we  obtain  the  following  geometrical  theorem.  If  the  polygon  of  forces 
be  drawn,  and  from  any  point  0  lines  be  drawn  to  the  points  of  meeting 
12,  23,  34, ....  of  the  sides,  and  if  then  from  a  point  chosen  arbitrarily, 
in  the  line  of  action  of,  say,  the  force  1,  a  line  be  drawn  parallel  to 
012  to  meet  the  line  of  action  of  2,  then  from  the  latter  point  of 
meeting  a  line  be  drawn  parallel  to  0  23  to  meet  the  line  of  action  of 
3,  and  so  on,  these  lines  form  a  closed  polygon. 

314.  Reciprocal  Figures. — In  fact  the  following  geometrical 
theorem  holds  for  the  two  polygons.  The  force-polygon  (Fig. 
151)  drawn  in  a  plane  has  its  angular  points  joined  with  any 
point  0  in  the  plane.  Then  a  second  closed  polygon  (Fig.  152)  is 
drawn  with  its  sides  parallel  to  the  lines  drawn  from  the  point  0  in 
the  first,  and  lines  are  drawn  through  the  angular  points  of  the 
second  polygon  parallel  to  the  sides  of  the  first,  and  these  lines  meet 
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in  a  point  0'  (Fig.  153).  The  polygons  are  said  to  be  reciprocal 
figures  and  the  points  0,  0'  are  called  their  poles. 

Each  polygon  is  a  force-polygon  for  a  system  of  equilibrating 
forces  acting  along  the  lines  drawn  from  the  pole  of  the  other,  and  a 
funicular  polygon  for  a  system  of  forces  acting  along  the  lines  through 
its  own  pole,  and  represented  by  the  sides  of  the  other  polygon. 
Hence  the  names  reciprocal  figures.  The  discussion  of  systems  of 
forces  by  means  of  reciprocal  diagrams  is  due  to  Clerk  Maxwell,  in 
his  Memoir  on  Reciprocal  Figures,  Frames,  and  Diagrams  of  Forces. 
(Trans.  R.S.E.,  vol.  xxvi.,  or  Rep.  of  Papers,  vol.  ii.  161.) 

315.  Given  System  of  Coplanar  Forces  represented  by  Single 
Force. — In  order  that  the  forces  in  their  action  on  a  rigid  body  may 
be  equivalent  to  a  single  force  it  is  only  necessary  that  the  force- 
polygon  should  not  be  closed.  Then  the  system  of  forces  is  equiva- 
lent, as  we  have  seen,  to  the  two  forces  represented  by  Oa,  bO  of  the 
force-polygon,  and  acting  as  shown  in  Fig.  145.  Let  1,  m,  be  the 
points  of  application  of  the  terminal  forces  of  the  funicular  polygon, 
and  the  two  lines  of  action  .41,  Bra  be  produced  to  meet  in  C,  then  the 
two  forces  in  these  lines  may  be  replaced  by  their  resultant,  a  single 
force  through  C.  The  same  reduction  to  a  single  force  may  be 
obtained  by  any  funicular  polygon. 

If  the  two  forces  A\,  Bm  (Fig.  153),  to  which  the  system  reduces 
in  the  first  instance,  are  parallel  the  construction  fails.     This  will  be 


the  case  when  the  pole  0  of  the  force-polygon  is  in  line  with  the 
terminal  points  a,  b  of  that  polygon.  It  is  only  necessary  then  to 
take  another  pole  not  so  situated,  and  the  reduction  is  given  at  once 
by  the  corresponding  funicular  polygon. 

When  the  force-polygon  is  closed  the  single  resultant  is  zero.  If 
one  of  the  funicular  polygons  is  not  closed,  no  funicular  polygon  is 
closed,  and  the  sum  of  the  moments  of  the  forces  round  any  point  in 
the  plane  is  not  zero.  The  forces  reduce  to  two  equal  and  opposite 
forces  represented  by  Oa,  bO  in  the  force-polygon  (as  shown  in 
Fig.  154  by  the  two  close  parallel  lines)  or  the  parallel  forces  A\,  Bxq. 
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of  the  funicular  polygon.  Hence  these  forces  form  a  couple,  the 
sum  of  the  moments  of  the  forces  of  which  round  any  point  in 
their  plane — that  is,  the  moment  of  the  couple — is  equal  to  the 
product  of  either  force  by  the  distance  between  them.  Since  the 
force-polygon  is  closed  this  result  is  obtained  for  every  position  of 
0,  and  every  corresponding  funicular  polygon.  Different  pairs  of 
forces  are  obtained  for  the  couple  for  the  different  positions  0,  but 
all  have  the  same  magnitude  and  direction  of  moment. 

Any  group  of  forces  of  the  applied  system  may  obviously  have  its 
resultant  determined  by  treating  it  as  a  separate  system  by  the 
methods  above  described. 

316.  Case  of  Parallel  Applied  Forces. — When  the  applied  forces 
are  parallel  the  force-polygon  obviously  reduces  to  a  straight  line, 

and  the  lines  of  different  forces  may 

Fig.  155.  in  whole  or  in  part  coincide,  though 

/       their    directions    may    be    opposed. 

/"     For  example,  when  the  system  has 

*\^  /  a  zero  resultant  the  polygon  is  still 

to  be  regarded  as  closed — that  is, 
the  terminal  points  a,  b  still  coin- 
cide ;  the  straight  line  represents 
the  different  parts  of  the  polygon 
brought  together  in  line. 

If  the  funicular  polygons  are  not 
closed  the  forces   are   reducible   to 
C  a  single  force  parallel  to  the  given 

forces.  For  example,  in  the  system 
of  forces  shown  in  Fig.  146  the  force-polygon  is  represented  by 
the  line  a ,  1,  2,  3,  4,  o,  6,  in  Fig.  147,  and  the  resultant  is  repre- 
sented by  the  line  ba.  To  find  its  fine  of  action  it  is  only  necessary 
to  draw  a  single  funicular  polygon  corresponding  to  any  pole  0  of 
the  force-polygon.  Two  forces  in  the  directions  .41,  Bfj  (Fig.  146) 
meeting  in  C  will  be  thus  obtained  which  are  equivalent  to  the  given 
forces,  and  the  line  through  C  is  the  line  of  action  of  the  resultant. 

317.  Graphical  Process  for  Resultant  of  Parallel  Forces. — From 
this  we  can  prove  the  rule  for  finding  the  resultant  of  two  parallel 
forces.  For  let  U',  22  (Fig.  155)  be  the  two  given  forces,  and  draw 
the  force-polygon.  Then,  choosing  a  pole,  draw  a  funicular  polygon 
as  shown.  Two  forces  in  the  directions  A\,  £2  are  equivalent  to  the 
two  given  forces.  These  are  respectively  the  resultants  of  11'  and 
F  and  22  and  F  acting  at  1  and  2,  as  shown  in  the  diagram.  Pro- 
duce ^1  and  B2  to  meet  in  C,  and  draw  lines  through  C  parallel  to 
12,  and  to  the  given  forces  respectively.  Let  the  latter  line  meet 
12  in  D.  Then  in  the  triangle  \DC,  \D  represents  F  and  DC 
represents  the  force  H',  and  in  the  triangle  2DG,  D2  and  DC 
represent  respectively  F  and  22'.  Thus  \DjDC=Fj\X  and 
D2/DC  =  F/22'.  Hence  1D/D2  =  22/11',  which  is  the  well-known 
result  for  two  parallel  forces  acting  on  a  rigid  body.  Plainly  all 
funicular  polygons  lead  to  the  same  result. 
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Clearly  from  this  it  is  possible  to  replace  a  single  force  by  two 
forces  in  given  lines  parallel  to  the  given  force.  For  let  the  given 
force  act  at  C  and  be  represented  in  magnitude  and  direction  by  CE, 
and  let  A,  B  be  points  in  the  given  lines.  Through  E  draw  a  line 
parallel  to  A B  meeting  the  given  lines  in  F  and  G.  Join  BF, 
cutting  CE  in  H.     CH  and  HE  represent  the  force  which  must  act 

Fig.  156'. 


Fig 


along  AF  and  BG  respectively.  This  follows  at  once  from  the 
similarity  of  the  triangles  CHB,  FHE. 

The  diagrams  (Figs.  156,  156')  show  the  possible  cases,  and  the 
description  applies  to  both. 

318.  Locus  of  Pole  of  Funicular  Polygons  when  Terminal  Forces 
pass  through  Fixed  Points. — The  position  of  0  may  be  taken  arbi- 
trarily, and  there  is  a  funicular 
polygon  for  every  chosen  position. 
When,  however,  conditions  are  im- 
posed on  the  terminal  forces  this 
choice  of  0  is  restricted.  Let,  for 
example,  the  terminal  forces  pass 
through  two  fixed  points  G,  H. 

It  is  clear  that  as  the  pole  of  the 
funicular  polygons  is  displaced  the 
point  of  meeting  of  any  two  of  the 
sides  of  the  polygon  moves  along 
a  straight  line.  For  in  Fig.  157 
let  1,  m  be  points  on  two  of  the 
applied  forces  from  which  the  sides 
\A,  YdB  of  a  funicular  polygon  are 
drawn;  then,  as  we  have  seen, 
forces  in  these  lines  in  the  direc- 
tions Al,  Bm  and  of  amount  given 

by  Oa,  bO  are  equivalent  to  the  applied  forces  included  between  the 
points  1,  m.  Hence  the  resultant  acts  at  C\  the  point  of  meeting 
of  these  forces,  and  this  point  of  meeting,  as  0  is  varied  in  position, 
must  always  he  on  the  line  of  the  resultant  through  G. 

We  can  now  prove  that  if  the  terminal  lines  .11,  Bjjq,  of  the 
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funicular  polygon  in  which  act  the  forces  represented  by  Oa,  bO  of 
the  force-polygon  pass  through  two  fixed  points  GH,  the  locus  of  the 
pole  0  is  a  straight  line  parallel  to  that  joining  the  fixed  points.  The 
resultant  of  these  forces  is  represented  by  the  line  ab,  and  the  point 
of  meeting  of  the  two  lines  must  lie  on  a  line  parallel  to  ab.  The 
lines  drawn  from  ab  to  the  pole  0  must  therefore  be  parallel  to  lines 
drawn  from  the  fixed  points  to  the  different  points  of  intersection 
C  of  Gl,  Hm  on  the  line  of  the  resultant. 

Let  C„  Cg,  Cs  be  different  points  on  this  line,  and  join  these  with 
G  and  H.  From  G  draw  a  line  parallel  to  CXH  intersecting  C2Cl  in 
L,  then  GCV  LG  may  be  taken  to  represent  the  forces  given  by 
Oa,  bO,  and  on  the  same  scale  LC1  will  represent  ab  the  resultant. 
Now  through  Cv  L  draw  lines  respectively  parallel  to  C,G,  C2H 
These  will  meet  in  a  point  Gg  on  Gil.  Similarly  lines  drawn  through 
Cv  L  parallel  to  G3G,  C^fl"  will  meet  on  GH.  The  points  G,  Gs,  ... 
represent  the  poles  0  of  the  force-polygon.  The  locus  of  0  is  a 
straight  line  parallel  to  GH. 

Or  suppose  the  terminal  force  G\  resolved  into  two  components 
at  G,  one  along  GH,  the  other  parallel  to  the  single  resultant, 
and  resolve  the  other  terminal  force  in  the  same  manner.  The  two 
forces  parallel  to  the  resultant  must  together  be  precisely  equal  to 
the  resultant,  and  the  forces  along  GH  must  be  equal  and  opposite, 
otherwise  the  resultant  could  not  have  the  direction  it  has.  There- 
fore, the  former  pair  of  components  is  always  the  same.  Let  ab  be 
divided  in  C  into  two  parts  representing  these  components,  then  0 
must  be  so  situated  that  the  components  of  aO,  Ob  parallel  to  GH 
may  be  equal  and  opposite.     Hence  CO  is  parallel  to  GH. 

Lines  drawn  through  GH  parallel  to  aO,  Ob  respectively  are 
terminal  sides  of  the  funicular  polygon,  and  the  remaining  sides  are 
given  by  the  other  lines  drawn  from  the  pole  0. 

319.  Frames.  Stiffness  of  Frames. — The  reader  will  now  easily 
see  how  to  apply  the  principles  which  have  been  explained  to  the 
solution  of  various  problems  regarding  funicular  polygons.  For 
example,  to  draw  a  funicular  polygon  the  terminal  sides  A  A',  BB'  of 
which  shall  pass  through  two  fixed  points  G,  H,  while  any  other  side 
shall  pass  through  a  fixed  point  /,  it  is  only  necessary  to  find  in  the 
diagram  of  the  force-polygon  the  locus  of  the  poles  of  funicular 
polygons  which  pass  through  G,  I  and  /,  H.  The  point  of  intersection 
of  these  two  loci  is  the  pole  of  the  funicular  polygon  required,  which 
can  then  be  constructed. 

We  have  not  space  to  deal  with  such  problems  in  detail ;  we  pass 
on  to  give  one  or  two  applications  to  structures  of  connected  bars 
After  these  we  can  only  take  examples  as  they  arise  in  the  discussion 
of  physical  results ;  but  many  most  interesting  applications  of 
graphical  statics  to  continuous  bodies  will  be  afforded  by  the  study 
of  the  elastic  properties  of  bodies. 

A  Frame  is  an  arrangement  of  bars  connected  where  they  meet  by 
joints,  round  which  each  bar  connected  is  otherwise  free  to  turn. 
Since  here  we  consider  only  plane  structures,  the  axes  round  which 
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the  bars  turn  at  the  joints  are  at  right  angles  to  the  plane  of  the 
bars.  The  applied  forces  are  to  be  regarded  as  applied  to  pins 
uniting  the  bars  and  forming  the  joints,  and  not  to  the  ends  of  the 
bars.  The  only  forces  in  the  bars  are  then  stresses  along  their 
lengths.  In  structures,  however,  the  bars  are  often  fixed  at  the 
ends,  and  this  has  an  important  effect  on  the  strength  of  those  bars 

Fig.  158. 


which  act  as  struts,  which  will  be  dealt  with  in  the  chapter  on 
Elasticity. 

A  frame  is  said  to  be  stiff  when  no  change  of  relative  configuration 
of  the  bars  is  possible  except  that  produced  by  extension  or  shorten- 
ing of  the  bars.  Consider  any  bar  of  such  a  frame.  Forces  are 
applied  to  it  by  the  other  bars  at  its  extremities,  and  forces  from 
without  the  frame  may  also  be  there  applied  to  it  by  the  pins  of  the 
joints.  Thus,  if  the  weight  of  the  bar  be  neglected,  the  applied 
forces  under  which  it  is  in  equilibrium  are  two  resultant  forces 
applied  at  its  ends.  Since  the  forces  internal  to  the  bar  form  by 
themselves  so  far  as  the  bar  is  concerned  an  equilibrating  system,, 
the  forces  applied  to  the  ends  must  be  in  equilibrium.  They  must 
therefore  be  equal  and  opposite  forces,  and  must  act  along  the  bar  if 
it  be  straight. 

If  the  forces  on  the  ends  be  pulling  forces,  the  bar  is  said  to  be 
under  tension,  if  they  are  pushing  forces  the  bar  is  said  to  be  under 
thrust.  In  the  former  case,  as  already  stated,  it  is  called  a  tie,  in 
the  latter  a  strut. 

In  order  that  a  closed  frame  in  which  the  bars  meet  in  n  points 
may  be  stiff,  it  is  necessary  and  sufficient  that  there  should  be  2n-3 
connecting  bars. 

320.  Application  of  Graphical  Methods  to  find  Stresses  in  Bars 
of  Frame. — Fig.  158  shows  a  frame  formed  of  bars  jointed  at  the 
points  1,  2>  3,  •••?  8>  with  external  forces  applied  to  it  at  these 
points  as  shown  by  the  arrows  external  to  the  frame.  The  system  of 
external  forces  is  in  equilibrium  and  the    force-polygon  is  shown 
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below  in  Fig.  159.     0  is  the  pole  of  a  funicular  polygon  indicated  by 

the  dotted  lines  in  Fig.  158.     This  polygon  is  of  course  also  closed. 

The  forces  in  the  connecting  bars  are  found  for  each  point,  1,  2,  3, ... 

of  meeting  the  force-polygon. 

We  begin  at  the   point  8,   where   only  three  forces  act.     The 

polygon  for  these  is  evidently 
Fig.  159.  the  triangle  the  sides  of  which 

are  the  lines  numbered  8,  9, 
10  in  Fig.  159.  This  order 
gives  also  the  direction  of  the 
forces  at  8. 

Then  we  pass  to  7>  where 
four  forces  act ;  there  the  poly- 
gon of  forces  is  a  quadrilateral 
of  which  the  two  sides  7  and  9 
are  known,  since  the  force 
applied  by  the  bar  9  is  of  the 
same  amount  but  opposite  in 
direction  according  as  it  acts 
at  7  or  8. 
The  other  two  sides  are  parallel  to  the  bars  H  and  12-    The  four 

forces  are  thus  in  the  order  indicating  their  direction,  7,  9,  11,  12, 

at  7. 

Next  we  take  the  forces  at  1.     There  the  polygon  is  a  pentagon  of 

which  three  sides  are  known,  those  given  by  the  applied  force  at  1, 


Fig.  161. 


Fig.  160. 


and  the  forces  applied  at  that  point  by  the  bars  10  and  11.  These 
latter  forces  have  at  1  the  opposite  directions  to  those  applied  by  the 
same  bars  at  the  points  8  and  7  respectively.  Thus  the  polygon  is  to 
be  completed  by  sides  parallel  to  13  and  14,  and  taken  so  that  the 
pentagon  is  closed  by  the  sides  in  the  order  1,  14,  13,  11,  10,  which 
gives  the  direction  of  the  forces  at  1.     The  sides  10  and  13  cross. 

Similarly,  the  forces  applied  by  the  other  bars  are  obtained.  The 
nature  of  the  stress  in  each  bar  is  shown  in  Fig.  158,  by  the  letters 
S,  T.     Thus  10,  14,  18,  21,  with  the  cross-bars  13  and  19,  are  in 
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compression  and  act  as  struts,  the  bars  9,  12,  16,  20,  with  the  cross- 
bars 11,  15,  17  are  in  tension,  that  is  act  as  ties. 

821.  Example.  Roof-Girder. — Another  example,  showing  a  roof- 
girder,  is  given  in  Figs.  160,  161.  The  reader  should  go  through  the 
exercise   of  finding  the  force-polygons  for  the  points  of   meeting, 

Fig.  162. 


1,  2,  3,  4,  5?  6,  7,  observing  that  there  are  no  applied  forces  at  the 
two  latter  points.  It  will  be  verified  that  the  bars  12,  23,  34, 
45  are  struts,  and  the  remaining  bars,  17,  27,  73,  36,  46,  65,  67, 
are  ties.  Each  bar  is  marked  in  the  diagram  with  S  or  T,  according 
as  it  is  a  strut  or  a  tie.    The  force-polygons  are  exhibited  in  Fig.  161. 

322.  Example.  Bridge -Girder. — Fig.  162  shows  a  bridge  girder 
with  two  sets  of  vertical  applied  forces.  The  polygon  of  forces 
consists  of  two  sets  of  parallel  forces  arranged  as  indicated  by  the 
numbers.  The  bars  in  the  frame  are  marked  T  or  S,  according  as 
they  are  ties  or  struts. 

The  diagrams  show  the  forces  acting  in  bars  which  occur  in  any 
section  of  the  girder,  and  of  course  a  girder  may  be  regarded  as  cut 

Fig.  163. 


across,  provided  forces  are  supposed  to  be  applied  to  maintain  equili- 
brium. These  forces  are  those  applied  to  the  sections  of  the  bars 
cut  across  by  the  parts  removed. 

When  the  frame  contains  bars  in  excess  of  those  required  for 
stiffness,  the  determination  of  stresses  becomes  more  troublesome, 
and  we  do  not  here  enter  into  the  question.  The  student  may  seek 
further  information  in  practical  works  on  Applied  Mechanics  and 
Mechanical  Drawing,  or  in  the  treatises  on  Graphical  Statics  of 
Cremona,  Maurice  Levy,  and  Culmann. 


CHAPTER  YIII. 

EQUILIBRIUM  AND  MOTION  OF  A  CHAIN  OR  FLEXIBLE 

CORD. 

323.  Ideal  Flexible  Chain. — The  lengths  of  flexible  compara- 
tively massless  cord  in  the  funicular  polygon  suggest  an  ideal, 
flexible,  and  massless  connection  between  particles.  We  shall  con- 
sider the  equilibrium  of  a  system  of  small  massive  particles  thus 
connected,  first  when  the  particles  are  under  the  action  of  gravity, 
then  for  any  field  of  force  whatever.  By  increasing  the  number  of 
particles  and  diminishing  the  distance  between  them,  we 
Fig.  164.  can  arrive  at  an  exact  idea  of  the  behaviour  of  a  flexible 
cord  or  chain  of  sensible  mass. 

A  chain  of  great  flexibility  and  considerable  mass  per 
unit  length  is  made  for  certain  purposes  not  requiring 
great  strength  by  connecting  small  hollow  spherical  pellets 
of  metal  by  short  links  of  thin  wire,  as  shown  in  Fig.  16-t. 
Each  link  is  of  a  kind  of  dumb-bell  shape  formed  by  two 
small  knobs  at  its  ends  and  the  connecting  piece  of  wire. 
The  adjoining  links  of  each  pellet  are  secured  by  these 
knobs,  which  have  been  passed  at  the  ends  of  a  diameter 
of  the  pellet  through  holes  the  edges  of  which  have  then 
been  pressed  down  round  the  wire.  This  is  an  approxi- 
mate realisation  of  the  ideal  chain  referred  to  above. 
The  alternation  of  perfectly  flexible  links  with  loading 
spherules  will  help  to  make  the  dynamics  of  a  chain 
clearer,  while  leaving  the  results  applicable  to  continuous 
strings  and  cords  which  are  capable  of  being  regarded  a> 
flexible. 

324.  Chain  under  Gravity.  The  Catenary. — Let  the 
particles  under  the  action  of  gravity  be  n  in  number,  of  equal  gravity 
w,  and  separated  by  successive  flexible  links  each  of  length  a.  Then 
instead  of  (17)  of  §  301  we  have 

tt?  =  T(tan02-tan01)  =  T(tan03-  tan0,)  =  ...  =T-(tan0„  +  1  -tan0„). 

Now  consider  the  curve  touching  each  link  at  its  middle  point, 
and  let  there  be  a  horizontal  link  to  coincide  with  the  horizontal 
tangent  to  the  curve.     The  equations  just  written  express  that  the 
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tangent  of  the  inclination  of  the  curve  to  the  horizontal  varies 
directly  as  the  distance  of  each  point  of  contact  measured  along  the 
polygon  from  any  chosen  point  of  contact  at  which  tan0  =  O.  If 
ar\w  be  denoted  by  c,  and  distance  along  the  polygon  from  the  middle 
of  the  horizontal  link  (evidently  the  lowest  point  of  the  curve)  be 
denoted  by  s,  the  property  just  stated  may  be  expressed  by 

tan0  =  -  (1) 

c 

Let  there  be  a  very  large  number  of  particles  at  very  small 
distances  apart  loading  the  chain,  then  the  polygon  approximately 
coincides  with  the  curve,  and  can  be  made  to  do  so  without  limit  of 
closeness,  by  taking  the  distance  between  each  pair  of  successive 
particles  infinitely  short.  The  distance  s  along  the  polygon  thus 
agrees  in  the  limit  with  the  distance  along  the  curve  between  the 
two  points,  and  (1)  may  be  applied  to  every  point  of  the  curve.  It 
may  now  be  written  in  the  form 

dx—c  (2) 

where  dy/dx  is  the  rate  of  increase  of  y  with  increase  of  horizontal 
distance  x  from  the  lowest  point. 

Now  let  8s  be  an  element  of  length  of  the  curve  thus  obtained, 
and  let  8x,  8y  be  corresponding  changes  in  x  and  y.     We  have 

8s2  =  8x2  +  8if  or  (8y/8sf  =  8y2l{8x2  +  8y2)  =  (8y/8x)2/[l  +  (8y/8x)2}. 

In  the  limit  when  8x,  8y  are  made  infinitely  small  this  becomes 


(3) 


Hence  by  (2) 

dy 
dy                dx 

dy           s 
ds     J(s2  +  r) 

In  the  same  way 

we  obtain 

dx            c 

ds     J^  +  c*)' 

(4) 


(5) 

In  these  expressions  we  suppose  the  positive  sign  always  given  to 
the  radical. 

It  may  be  verified  by  the  reader  that  the  last  equation  is  deriv- 
able from  the  integral  relation, 

x  =  clog\s  +  J{sr  +  c2)}  +  C,  (6) 
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where  C  is  a  constant.  Since  s  is  measured  from  the  lowest  point  of 
the  curve,  and  we  take  x  —  o  when  s  =  o,  we  have  C  =  -  clogc.     Thus 

x  =  clog  — y~± L . 

c 

We  may  write  the  last  equation  in  the  form 

ec  = > 

c 

where  e  is  the  base  of  the  Napierian  system  of  logarithms.  If  we 
multiply  both  numerator  and  denominator  of  the  quantity  on  the 
right  by  -  s  +  J(s2  +  c2)  and  take  the  reciprocals  of  both  sides  we 
obtain 


so  that 


•-5r-i 


(7) 


This  is  the  equation  in  terms  of  s  and  x  of  the  curve  in  which 
the  particles  hang.  It  is  known  as  the  catenary  since  it  is  the  curve 
in  which  a  uniform  flexible  chain  fixed  at  its  two  ends  always  hangs 
under  gravity.  To  find  the  equation  in  terms  of  x  and  y  we  have, 
since  dy/dx  =  sjc, 


dy      1 


dx  =  V6   ~e 


and  therefore 


y  =  s  ec+e  c    +  C, 


(8) 


(9) 


where  C  is  a  constant.     If  the  origin  be  taken  at  the  lowest  point 
of  the  curve  C  =  —c,  and  the  equation  is 


y  +  c  =  ^iec+e 


(10) 


This  is  slightly  simplified  if  the  origin  be  taken  at  a  point  distant 
vertically  below  the  lowest  point  of  the  curve.     Then 


(11) 


y  =  2[ec  +  e 


A  line  through  this  origin  parallel  to  the  tangent  at  the  lowest 
point  will  in  what  follows  be  taken  as  the  axis  of  abscissa?,  and  the 
equation  of  the  curve  will  be  (11). 

Since  (7)  gives  y-^s1  +  c\  equations  (4)  and  (5)  can  be  written 


dy 
ds 


dx 

ds 


(12) 
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These  results  are  shown  in  Fig.  165.  A  tangent  is  drawn  to  the 
catenary  at  any  point  P,  and  a  length  PT  =  s  is  taken  from  P  along 
the  tangent.  The  point  T  is  a  point  in  that  involute  of  the  catenary 
which  starts  from  the  lowest  point.  From  P  draw  the  ordinate 
of  the  curve  meeting  the  axis  OX  in  M.  From  T  draw  a  perpendi- 
cular to  the  ordinate  meeting  it  in  H.     Then 

dy/ds  =  sin  PTR  =  cos  TPR. 

But  this  is  s/y,  that  is  PTjPM.  Hence  PTM  is  a  right  angle,  and 
the  tangent  at  T  to  the  involute  meets  the  axis  OX  in  the  foot  of 
the  ordinate  drawn  to  the  point  of  contact  P. 

Again,  dx/ds  -  cosPTR  =  sin  TPR  =  TM/PM=  TM/y,  since  PTM 

Fig.  165. 


UX 


is  a  right  angle.  But  dxjds  =  c/y,  hence  TM=c,  that  is,  the  point  of 
contact  T  of  a  tangent  to  the  involute  starting  from  the  lowest  point 
of  a  catenary  is  at  a  constant  distance  from  the  point  of  intersection 
of  the  tangent  with  a  fixed  straight  line  in  the  plane  of  the  curve. 
The  curve  possessing  this  property  is  called  the  tractory. 

We  have  thus  a  simple  rule  for  drawing  a  normal  and  a  tangent 
at  any  point  P  of  a  catenary,  and  at  the  same  time  finding  the  corre- 
sponding point  on  the  involute  already  referred  to.  Draw  the  ordi- 
nate MP  to  the  point  P,  and  on  this  line  as  diameter  describe  a  circle. 
In  the  circle  lay  off  from  M  a  line  MTof  length  c,  and  draw  the  line 
PT.  PT  touches  the  catenary  at  P,  and  a  line  PN  perpendicular  to 
P  is  a  normal.,  T  is  the  corresponding  point  on  the  involute.  This 
gives  of  course  a  mode  of  describing  the  tractory  from  the  correspond- 
ing catenary. 

A  catenary  photographed  from  one  actually  formed  by  the  flexible 
chain  described  in  §  323  is  shown  in  Fig.  166.  There  is,  of  course, 
a  little  distortion  where  the  chain  passed  over  the  two  supports. 

325.  Geometrical  Description  of  Catenary. — The  catenary  can 
be  described  by  the  method  of  successive  small  arcs  drawn  from  the 
centres  of  curvature  as  explained  in  §  105.     The  radius  of  curvature 

T 
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can  be  found  as  follows.     Since  ta.n0  =  sjc,  (1+ tan2  6)dd  =  ds/c,  and 
therefore  if  B  be  the  radius  of  curvature, 


ds 


,_y 


B=™=c(l+tan26)-. 
dd      V  '      c 

Hence  to  iind  the  centre  of  curvature  for  any  point  P  of  the 
catenary  we  describe  a  circle  touching  PJf  at  P  and  passing  through 
the  point  T.  If  then  MT  be  produced  to  meet  the  circle  in  another 
point  £7  the  line  MJJ  will  give  the  length  R  of  the  radius  of  curva- 
ture. If  this  length  is  laid  off  from  P  along  the  normal  it  will  give 
as  its  other  extremity  the  centre  C  of  curvature. 

Fig.  166. 


Or  still  more  simply  thus  :  Produce  the  normal  through  P  back- 
wards to  meet  the  axis  OX  in  L,  LP  is  equal  to  P,  which  can  then 
be  laid  off  from  P  to  C.  For  the  two  triangles  PTAf,  LMP  are 
similar  and  MT  =  c.     Hence  LPjy  =  yjc  or  LP  =  iffc. 

For  example,  to  draw  a  catenary  for  which  the  value  of  c  and 
the  lowest  point  A  are  given  we  may  proceed  as  follows.  From  the 
value  of  c  find  the  origin  0.  Through  0  draw  OA  (Fig.  167),  and 
produce  it  so  that  AB  =  OA.  From  B  as  centre  draw  a  short  circular 
arc  through  A.  Join  B  to  one  extremity  Al  of  this  and  produce 
BAX  to  meet  the  axis  OX  in  Mv  Then  on  AXB  take  a  point  Bx  such 
AXBX  is  equal  to  MYAy  From  this  point  as  centre  draw  a  second  arc 
continuing  the  former  short  arc  beyond  AA  to  A3.  Join  BXA„  and 
produce  to  Mr  Repeat  the  process  just  described,  and  so  on,  till 
the  catenary  has  been  drawn  as  far  as  may  be  desired. 

The  curve  may  of  course  also  be  constructed  by  calculating  for 
given  abscissae  the  corresponding  ordinates,  and  laying  the  curve 
down  on  squared  paper  in  the  usual  way. 
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326.  Stretching  Force  in  Catenary. — The  stretching  force,  T,  in 
the  chain  at  any  point  is  easily  found.  The  horizontal  component 
of  :Tis  t  and  therefore  T  =  rds/dx,  that  is  by  (12)  and  the  value 
w/ar  of  1/c. 

T=£  =  w-y.  (18) 

c      a 

Clearly  w,  the  gravity  of  a  particle,  is  the  action  of  gravity  on 
the  matter  corresponding  to  the  length  a  of  the  chain.  When  the 
number  of  particles  is  made  very  great   a  becomes  correspondingly 

Fig.  167. 


small,  and  then  we  call  wia  the  force  of  gravity  on  the  chain  (now 
regarded  as  continuous)  per  unit  of  length.  The  stretching  force 
at  any  point  is  thus  equal  to  the  downward  force  of  gravity  on  a 
portion  of  the  chain  of  length  equal  to  the  ordinate  of  the  point 
as  given  by  (11). 

327.  General  Theory  of  the  Equilibrium  of  a  Flexible  String 
or  Chain. — The  conception  of  a  chain  as  a  succession  of  small  massive 
particles  connected  by  short  flexible  links  enables  the  general  con- 
ditions of  equilibrium  to  be  at  once  written  down.  Let  the  chain  be 
placed  in  a  held  of  force  in  virtue  of  which  there  is  exerted  on  a 
particle  of  mass  /n  situated  at  the  point  P  (x,  y,  z),  a  force  the  co-or- 
dinates of  which  are  pX,  pY,\x.Z.  Let  s  denote  a  distance  along  the 
chain  from  any  fixed  point  P,  and  let  8s  denote  the  distance  between 
the  particle  at  P  and  the  particle  next  it  on  either  side.  Also  let  T 
denote  the  tensile  (stretching)  force  in  the  link  before  P,  and 
T  +  8 T  that  in  the  link  after  P,  that  is  before  and  after  as  marked 
by  a  point  traversing  the  chain  in  the  sense  of  s  increasing.  We 
easily  arrive  at  the  following  results  : 

a.  The  component  of  the  applied  forces  X,  Y,  Z,  on  the  particle  in 
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the  direction  of  either  link  must  balance  the  difference  of  pulls  dT 
between  the  two  links.     That  is,  if  S  be  the  component  in  question 

mS+dT=0.  (14) 

b.  If  this  component  S  is  zero,  the  stretching  forces  are  the  same 
in  every  link.  The  applied  forces  on  the  particle  of  mass  m  bisect 
the  angle  (infinitely  nearly  180°  for  a  chain  of  infinitely  short  links) 
between  the  links  on  the  two  sides  of  the  particle  ;  in  other  words 
the  applied  forces  are  everywhere  normal  to  the  chain.  It  is  evident 
that  the  pulls  in  the  links  can  furnish  no  component  of  force  at  right 
angles  to  the  plane  defined  by  two  successive  links.  Hence  the 
resultant  of  the  applied  forces  on  each  particle  lies  in  the  plane 
of  the  pair  of  links  connected  with  it,  or,  as  it  is  generally  expressed, 
there  is  no  component  of  applied  force  at  any  point  perpendicular 
to  the  osculating  plane  of  the  curve  of  the  chain  at  that  point. 

c.  Also  it  can  be  proved,  as  at  §  205,  that  the  normal  component 
iV'of  the  applied  forces  on  each  particle  is  equal  to  the  product  of  the 
stretching  force  T  in  either  link  at  the  particle  into  the  curvature  of 
the  chain  at  the  particle,  that  is,  if  E  be  the  radius  of  curvature  and 
the  direction  of  iV  be  taken  as  positive  when  across  the  curve  from 
the  convex  to  the  concave  side, 

~N=lf  (15) 

328.  Analytical  Conditions  of  Equilibrium. — These  results  can 
be  expressed  more  analytically  as  follows.  Take  rectangular  axes  of 
x,  y,  z.  The  direction-cosines  of  the  link  on  the  negative  side  of  the 
particle  at  P  are  those  of  the  tangent  to  the  curve  along  which  s  is 
taken,  and  are  dx/ds,  dy/ds,  dz/'ds.  Those  of  the  next  link  (that  on 
the  positive  side)  are  dx/ds  +  8(dx;ds),  dy/ds +  8(dy  Ids),  dz/ds  + 
S(dz'ds).  The  components  of  T along  the  axes  of  x,  y,  z  are  there- 
fore Tdx/ds,  Tdy/ds,  Tdz/ds,  and  of  T+dT  are  (T  +  dT){dx/ds  + 
8 (dx/ds)},  &c.  Hence  for  the  equilibrium  of  the  particle  at  P  we  have 
for  the  direction  parallel  to  the  axis  of  x 

nX  +  (T+8T)—  +  8—-T—=0, 
d8       ds         ds 

or,  if  a  denote  the  mass  of  the  chain  per  unit  of  length,  n  =  ads,  and 
the  equation  just  written  becomes 

l/T(^)  +  <rX=0 


(16) 
ds\    ds 

ds\    ds J 
These  three  equations  are  really  all  expressed  in  (14)  and  (15) 


ds\     ds 
similarly, 

±(TdJL)+aY=0; 
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above,  which  can  be  deduced  from  them  as  follows.  Taking  the 
axis  of  x  along  the  curve  at  the  particle,  that  is,  taking  dx/ds  =  1, 
dy/ds  =  dz/ds  =  0,  we  have  X  =  S  and  dixjdst  =  0,  and  obtain 

^+<tS  =  0.  (17) 

as 

The  reader  may  verify  that  the  same  result  is  got  by  multiplying 
the  first  of  (15)  by  dx/ds,  the  second  by  dyjds,  and  the  third  by 
dz/ds,  adding  the  products,  and  observing  that  since  (dx/ds)2  + 
(dy/ds)2  +  (dz/ds)2  =  1,  dx/ds  .8(dx/ds)  +   ...  =  0. 

When  the  forces  X,  Y,  Z  are  derivable  from  a  potential  V  so  that 
X  —  -dV/dx,  Y  --=  -dV/dy,  Z  =  -dV/dz,  the  equations  of  equi- 
librium have  the  form 

|/^V-<r|I  =  0,&c.  (18) 

ds\     ds  j        (jx 

Equation  (16)  becomes  then  also 

^-  ^  =  0.  (19) 

ds         ds 

It  is  shown  at  §  55  that  if  p  be  the  step  from  the  origin  to  an 
element  of  a  curve,  dp/ds  is  a  unit  step  along  the  tangent,  while 
Rd2p/ds2  (R  being  the  radius  of  curvature)  is  a  unit  step  at  right 
angles  to  the  tangent  and  in  the  plane  of  two  consecutive  elements 
of  the  curve.  Thus  if  dx.  dy,  dz  be  the  projections  of  ds  on  the  axes 
and  i,  j,  k  be  unit  steps  parallel  to  the  axes, 


and 


Hence  also 


dp  =  idx  +jdy  +  kdz, 


i _  .ax      .ay      ,az 
ds       ds       ds        ds 


drp  .d2x  .d2y  ,  7  d2z 
— "  —  % —  +j — -  +  k —  . 
ds2        ds2        ds2        ds2'1 


Thus  d2p/dsr  is  a  step  along  the  radius  of  curvature  of  which  the 
projections  on  the  axes  of  x,  y,  z  are  respectively  d^x/ds2,  cPyjds2, 
drz/ds2.  The  components  of  any  step  along  the  radius  of  curvature 
are  proportional  to  these  quantities. 

The  direction-cosines  of  the  radius  of  curvature  are  thus 

ld2x    d2y    <Pz\l    j  f(d*x\*     ld*y\*     fd*z  \»1 

[ds2'    ds2'    ds2 ) I  V  {[ds1 j      [ds2 J      [ds2 )  )' 
and  since  Rd'p/ds2  is  a  step  of  unit  length,  we  have 

^m+m+(s^       (2o) 
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Denote  the  direction-cosines  just  found  for  the  normal  by  X,  p,  v 
for  brevity,  multiply  the  first  of  (16)  by  X,  the  second  by  /*,  the  third 
by  v,  and  add.  Since  \dx/ds  +  pdz/ds  +  vdz/ds  is  zero,  being  the 
cosine  of  90°,  we  obtain 


+  o-(\X  +  (iY+vZ)  =  0. 


(21) 


The  expression  (XJT  +  pY +  vZ)  is  what  we  have  denoted  by  N  in 
(15),  which  is  therefore  identical  with  (21).  Hence  statement  (c)  is 
proved. 

The  reader  may  easily  construct,  if  necessary,  a  formal  analytical 
proof  that  the  force  normal  to  the  osculating  plane  is  zero.  This 
follows  from  the  fact  that  the  direction-cosines  of  the  binormal 
(that  is,  a  normal  to  the  osculating  plane  at  the  point  considered)  are 
vdyjds  —  fidz'ids,  <kc. 

He  may  also  as  an  exercise  find  the  equation  of  the  common 
catenary  from  (16)  by  putting  A'=0,  Y=0,  Z  =  g ;  and  as  another 
find  the  equation  of  the  curve  in  which  the  chain  would  hang  if 
its  mass  per  unit  length  at  each  point  were  proportional  to  the 
tensile  stress  there  existing.  The  latter  curve  is  called  the  catenary 
of  uniform  strength.  The  equation  connecting  p  the  radius  of  curva- 
ture at  any  point  in  this  catenary,  and  the  distance  s  of  the  point 
from  the  lowest  point  is 


P-3r 


+  e 


329.  Analogy  between  Equilibrium  of  String  and  Curvilinear 
Motion  of  a  Particle. — The  equilibrium  of  a  chain  bears  a  remark- 
able analogy  to  that  of  the  motion  of  a  particle  along  a  curve  under 
applied  forces,  and  from  solutions  of  problems  of  the  one  kind,  those 
of  problems  of  the  other  kind  can  be  inferred.  To  see  the  nature  of 
this  analogy,  imagine  a  particle  to  move  along  the  curve  of  equilibrium 
of  the  chain  in  such  a  manner  that  its  velocity  at  each  point  is  numeri- 
cally equal  to  T,  the  stretching  force  in  the  chain  at  the  point.  Then 
we  get  for  (17)  dsjds  +  crS=0,  or  sds/ds  +  a-ST=0,  that  is  since 
sds/ds  =  s 

s  +  (rST=Q,  (22) 

the  equation  giving  the  acceleration  of  a  particle  of  unit  mass  under 
a  tangential  force  of  amount  -  a  ST  in  the  direction  of  motion. 
Again  (21)  clearly  gives  in  like  manner 


j --,«•. 


(2S) 


for  the  acceleration  at  right  angles  to  the  tangent.  The  specified 
motion  of  the  particle  is  thus  given  by  the  applied  tangential  and 
normal  forces  St  N  per  unit  length  of  the  chain,  each  multiplied 
by  T. 
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The  same  result  is,  of  course,  at  once  given  by  equations  (16), 
which  become 

x  +  <rTX=0,    y+<r2T=0,    z  +  ,rTZ=Q..  (24) 

Each  of  these  is  of  the  same  form  as  (22),  but  the  three  together  give 
also  (23). 

For  example,  a  particle  falling  along  any  smooth  curve  in  a  vertical 
plane  under  the  action  of  gravity  has  at  each  point  velocity  propor- 
tional to  the  square  root  of  the  depth  of  the  point  considered  below 
a  certain  leveJ.  In  the  particular  case  of  a  free  particle  which  has 
a  horizontal  component  of  velocity,  the  curve  is  a  parabola  with  its 
axis  vertical  and  its  vertex  upward.  The  velocity  at  any  point  is  that 
which  would  have  been  acquired  by  a  particle  in  falling  freely  from 
the  directrix  (§  50)  of  the  curve. 

The  form  of  a  chain  hanging  under  the  action  of  gravity  will,  there- 
fore, be  a  parabola  with  its  axis  vertical  and  vertex  downward  if  the 
horizontal  component  of  stretching  force  represented  by  x  be  constant. 
This  will  be  the  case  if  X=0,  and  y  =  g.  But  in  the  circumstances 
supposed  Y  =  g,  so  that  a-T=\.  But  s  =  T  —  J2gy  where  y  is  the 
height  of  the  point  at  which  T  is  taken  above  the  directrix  of  the 
parabola.  Hence  <r=  \jj2gy,  that  is  the  mass  of  the  chain  per  unit 
of  length  at  different  cross-sections  is  inversely  proportional  to  the 
square  root  of  the  height  of  the  point  above  the  directrix. 

The  equation  of  the  parabola  referred  to  the  directrix  and  the 
axis  as  axes  of  x  and  y  is  x2  =  ia(y  —  a),  where  a  is  a  constant.  Thus 
we  find  for  the  length  of  an  element  ds  the  value  dxjl  +  x*i±a? 
=  dx,Jy/a.  The  weight  of  the  element  is  proportional  to  dsj  Jy,  and 
is  therefore  proportional  to  dx.  Thus  the  weight  of  any  arc  of  the 
parabola  is  proportional  to  the  horizontal  projection  of  the  arc. 

The  analogy  just  discussed  is  given  in  Thomson  and  Tait's 
Natural  Philosophy,  §§  581,  582,  to  which  the  reader  may  refer  for 
further  examples. 

The  theory  of  a  string  in  the  field  of  a  central  force  is  very 
interesting,  but  we  have  not  here  space  to  deal  with  it. 

880.  Motion  of  an  Inextensible  Chain.  Condition  of  Inextensi- 
bility. — We  now  consider  the  motion  of  an  inextensible  string  or 
chain,  leaving  questions  regarding  elastic  strings,  so  far  as  it  is 
necessary  to  deal  with  them  apart  from  the  physical  theories  in 
which  they  arise,  to  the  chapter  on  Elasticity.  First  of  all  it  is  clear 
that  a  condition  is  imposed  on  the  variation  of  velocity  along  the 
chain  by  the  fact  that  no  element  can  alter  in  length.  Let  x,  y,  z  be 
the  component  velocities  at  one  point  P  of  the  chain,  and  x  +  dx, 
y  +  dy,  z  +  dz  the  component  velocities  at  another  point  Q,  distant  ds 
along  the  chain  from  the  former.  Then  the  tangential  velocities  at 
the  two  ends  of  ds  are 

dx       dy      -dz 
ds        ds       ds ' 
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\ds        ds]  \ds        ds )  \ds        ds 

If  the  length  ds  is  to  remain  unchanged  these  velocities  must  be  the 
same.  Hence  neglecting  small  quantities  of  the  second  order — 
namely,  the  products  dxd(dxjds),  &c. — we  obtain  the  necessary  con- 
dition. 

dx  dx     d\,  dii     dz  dz     ~  ,aK* 

— -  —  +  ^ -?  + =0.  (2o) 

ds  ds     ds  ds     ds  ds 

This  may  also  be  obtained  at  once  by  differentiating  with  respect 
to  t  the  equation  (dxids)'2  +  {dyjds)2  +  {dzids)2  =  1,  on  the  supposition 
that  ds  is  constant.  The  same  equation  differentiated  with  respect 
to  t  without  this  supposition  gives  the  rate  of  stretching  of  the 
cord,  which  it  will  be  found  is  represented  by  the  expression  on  the 
left  of  (25). 

This  equation  is  sometimes  called  the  equation  of  continuity  of  an 
inextensible  chain. 

331.  Equations  of  Motion. — To  obtain  the  equations  of  motion 
we  have  only  to  express  the  fact  that  the  component  forces  on  an 
element  of  the  chain  as  reckoned  in  (16)  above  are  no  longer  zero, 
but  are  equal  to  the  mass-accelerations  of  the  element  in  the  direction 
of  the  axes.  Taking  as  in  (328)  axes  of  x,  y,  z,  fixed  in  space, 
and  putting  M,  r,  w  for  the  velocities  at  any  instant  of  the  element 
in  the  directions  parallel  to  these  axes,  we  have  for  the  equations 
of  motion 


ffW=f/>^\  +  <rA' 
ds\    ds  I 

ds\    ds J 

ds\     ds 


(26) 


These,  with  the  kinematical  equation  (25),  are  sufficient  to  enable 
the  co-ordinates  x,  y,  z  of  an  element  of  the  chain,  and  the  stretching 
force  T,  to  be  expressed  in  terms  of  s  and  t. 

332,  Tangential  and  Normal  Resolution.  Conditions  of  Inex- 
tensibility. — When  the  motion  of  the  chain  is  in  one  plane  it  is 
convenient  to  refer  the  motion  to  moving  axes  consisting  of  the 
tangent  and  normal  to  an  element  of  the  chain.  The  appropriate 
kinematical  condition,  or  rather,  conditions,  may  be  obtained  from 
(25)  or  investigated  separately.     We  shall  choose  the  latter  course. 

Let  u,  v  now  denote  the  component  velocities  along  the  tangent 
in  the  direction  of  s  increasing,  and  towards  the  centre  of  curvature 
respectively.  These  are  not  to  be  confounded  with  the  u  and  v  used 
above,which  are  velocities  relatively  to  fixed  axes  of  x  and  y  In  a  short 
interval  of  time,  dt,  the  end  P  (Fig.  168)  will  have  moved  a  distance 
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udt  along  the  tangent  at  P  and  a  distance  vdt  along  the  normal  there  ; 
in  the  same  interval  Q  has  moved  a  distance  (u  +  du)dt  along  the  tan- 
gent at   Q   and    a    distance    (v  +  dv)dt 
along  the   normal   at  the    same   point.  Fig.  168. 

Apply  to  both  points  displacements  udt, 
vdt  equal  and  opposite  to  the  displace- 
ments of  P.  P  will  be  brought  back  to 
its  original  position  ;  Q  will  have  then 
been  displaced  relatively  to  P  through 
the      two     component      displacements, 

{(u  +  du)cosda  —  u  —  (v  +  dvsinda  }dt 

parallel  to  the  tangent  at  P,  and  / 

{(v  +  dv)cosda  -  v  +  (u  +  du) sin d a] dt  ,' 


M*x 


oc 


parallel  to  the  normal  at  P.     This  can 
be  easily  verified  from  Fig.  168. 

If  ds  is  inextensible  these  displace- 
ments cannot  have  altered  the  length 
of  ds.  If,  therefore,  d<j>  be  the  angle 
between  the  directions  of  the  element 
at  the  beginning  and  end  of  dt,  we 
have,  supposing  da  very  small,  so  that  cosset  =  1,  and  sin  da  =  da 


/C 


and 


1  ,    _u  +  du  —  u-  (v  +  dv)da 

2  v  +  dv  —  v  +  (u  +  du)da 


,    _  v  +■  dv  -  v  +  (u  +  du)du  j 
ds 


By  making  dt  very  small  we  can  make  df  as  small  as  we  please. 
Hence  in  the  limit  the  first  of  these  equations  gives  u  —  vda  =  0,  or 
since  da  =  ds/R 

du-l  =  0.  (27) 

ds     R  V     } 


The  second  equation  gives  in  the  limit  also 

dv      u  _ 
ds     It 


(28) 


where  w(  =  dyjdt)  is  the  angular  velocity  of  the  element  in  the  plane 
of  motion. 

Since  u,  v  are  velocities  referred  to  moving  axes,  the  accelerations 
of  the  element  are  to  be  calculated  as  explained  in  §  272  above.  Thus 
the  accelerations  along  fixed  axes  coinciding  with  the  positions  of 
the   tangent   and  normal  at   the   instant    under   consideration  are 
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respectively  u-ior,  v  +  mu.     The  equations  of  motion  are  thus    by 
§  273  above 

aiu  —  h)v)  =  <tS  +  -■    ; 
as 

,         ,    T  \      <29> 

a{y  +  tou)  —  o-A  +  — . 

It  will  be  remembered  that  X  as  defined  in  §  327  is  the  applied 
force  along  the  normal  towards  the  centre  of  curvature.  The  value 
of  w  is  dv  ds  -t-u  R,  as  given  in  {2H). 

333.  Steady  Motion  of  Chain.  Stiffness  due  to  Motion. 
Persistence  of  Indentation. — From  these  equations  we  can  at  once 
draw  an  important  conclusion  regarding  the  steady  motion  of  a  chain. 
Let  the  chain  be  of  uniform  mass  per  unit  length,  and  move 
uniformly  without  change  of  figure  or  change  of  position  of  its  curve 
in  space.  Then?*  =  v  =  0,  and  v  =  0.  Also  by  (2S)w  u  —  1  R.  Hence 
the  equations  of  motion  become 


as 
R 


(30) 


Thus  the  curve  in  which  the  chain  moves  is  the  equilibrium 
curve  of  the  chain  at  rest,  and  the  stretching  force  T  is  a(RX  -  ic), 
that  is  T  exceeds  the  value  for  stationary  equilibrium  by  a-ir.  When 
the  chain  is  driven  very  rapidly  the  value  of  T  becomes  very  great  in 
comparison  with  the  applied  forces,  and  consequently  these  have  only 
a  comparatively  slight  effect  in  controlling  the  figure  of  the  chain. 
Thus  let  a  chain  be  hung  over  a  pulley  in  a  vertical  plane,  and  let  it 
be  put  into  rapid  motion  by  rotating  the  pulley.  If  then  it  be 
struck  a  blow  with  a  hammer,  the  form  of  the  chain  will  be  altered 
at  the  part  struck,  and  the  hollow  made  by  the  blow  will  remain  at 
the  same  position  in  space  and  gradually  disappear  under  the  action 
of  gravity.  The  chain,  in  fact,  when  running  yields  to  the  blow 
like  a  bar  of  lead.  This  quasi -rigidity  or  stiffness  conferred  on  the 
chain  by  its  motion  is  very  suggestive  as  to  the  possibility  of 
explaining  the  mechanical  properties  of  solid  substances  as  the  result 
of  the  inertia  of  a  system  of  moving  particles,  or  even  by  the 
inertia  of  a  moving  fluid  (see  §  336). 

334.  Experimental  Illustrations  of  Stiffness  due  to  Motion. — 
The  experiment  of  the  moving  chain  is  illustrated  by  Fig.  It!'.'. 
which  shows  the  chain  (1)  revolving  in  its  figure  of  equilibrium, 
as  disturbed  by  a  blow.  It  is  well  in  making  the  experiment  to  use 
a  somewhat  large  and  deep  grooved,  pulley,  and  a  fairly  massive 
chain.  The  kind  of  dimensions  are  shown  by  Fig.  168  ;  if  the  pulley  is 
taken  as  a  foot  or  more  in  diameter  it  will  serve  very  well.  A  curb 
chain  such  as  might  be  used  as  a  light  trace-chain,  say  weighing  about 
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Fig.  169. 


three  or  four  ounces  per  foot,  serves  very  well  for  an  experiment  on 
the  scale  here  indicated.  The  pulley  should  be  well  secured  :  if  the 
room  is  not  too  lofty  the  frame  of  the  pulley  may  be  bolted  to  the 
joists  of  the  ceiling  and  driven  by  a  cord  from 
a  driving  apparatus,  and  the  chain  made  long 
enough  to  be  reached  easily  from  below. 

When  striking  the  chain  with  the  hammer, 
it  is  well,  in  order  to  avoid  throwing  the  chain 
off,  to  direct  the  blow  horizontally  in  the  plane 
in  which  the  chain  is  moving.  Fig.  169  is 
taken  from  an  address  on  The  Theory  of  Stream- 
Lines  in  Relation  to  the  Resistance  of  Ships,  by 
the  late  Mr.  William  Froude  (Proc.  B.  A.,  1875, 
Nature;  Nov.  18,  1875). 

Experiments  on  a  smaller  scale  with  lighter 
chains  may  be  made  with  a  vertical  pulley 
attached  to  a  whirling  table.  The  pulley  should 
overhang  so  that  the  chain  may  be  jerked  off 
the  pulley  while  still  spinning.  It  is  then 
possible  to  illustrate  the  apparent  or  virtual  solidity  given  to  the 
flexible  chain  by  the  motion  in  the  following  manner.  The  pulley 
(not  deeply  grooved)  is,  say,  about  six  or  eight  inches  in  diameter, 
and  a  closed  chain  a  few  inches  longer  than  the  circumference  of 
the  pulley  is  hung  on  it  so  that  there  is  a  part  below  the  pulley 
which  hangs  in  a  nearly  circular  figure,  really  in  a  catenary.  The 
chain  is  set  into  rapid  motion  in  this  figure  by  rapidly  rotating 
the  pulley,  and  is  then  jerked  off,  by  a  slight  sidewise  impulse,  so 
that  it  is  received  by  a  horizontal  board  placed  just  \inder  and  just 
a  very  little  below  the  lowest  point  of  the  chain.  The  chain  con- 
tinues to  revolve  after  leaving  the  pulley,  and  preserves  its  shape 
while  it  rolls  like  a  hoop  for  some  little  distance  along  the  board. 

335.  Chain  in  Steady  Motion  moves  in  Equilibrium  Figure. 
Velocity  of  Pulse  of  any  Form. — The  dynamical  explanation  of  the 
result,  as  stated  above,  lies  in  the  increased  stretching  force  in  the 
chain,  which  enables  the  applied  forces  to  be  neglected.  If  there 
are  no  applied  forces  any  form  of  the  chain  is  an  equilibrium  curve, 
and  uniform  motion  of  the  chain  along  the  curve,  whatever  it  may 
be,  causes  no  distortion.     The  value  of  T  is  then  <r?*2  by  (30). 

To  make  the  matter  clearer,  consider  a  uniform  chain  moving  in 
a  plane  through  a  smooth  tube  of  any  form  under  no  applied  forces 
except  those  due  to  the  reaction  of  the  tube.  This  reaction  is 
everywhere  normal  to  the  direction  in  which  the  chain  is  travelling 
relatively  to  the  tube,  and  cannot  affect  the  stretching  force  in  the 
chain,  which  is  therefore  the  same  at  every  point,  however  the 
curvature  may  vary,  and  is  equal  to  the  pull  applied  at  and  in  the 
direction  of  its  ends  if  these  are  free.  Let  now  its  value  T  be  equal 
to  (tu-.  The  force  crX  applied  to  the  chain  per  unit  of  length  will  by 
(30)  be  zero,  and  there  is  no  action  whatever  between  the  tube  and 
chain.     The  velocity  of  the  chain  is  given  by  the  equation 
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s 


(31) 


Let  the  ends  of  the  tube  be  straight  and  in  line  as  shown  in 
Fig.  170.  The  chain  enters  at  A  and  emerges  at  B  with  velocity  u. 
Now  impose  on  the  whole  system  of  tube  and  chain  a  uniform 
volocity  u  in  the  direction  opposite  to  that  in  which  the  ends  are 
moving.     This  will  not  disturb  the  relative  motion,  but  will  bring 


Fig.  170. 


The  chain  in  tube  is  a  series  of  small  spheres  at  equal 
distances  apart,  connected  by  fine  threads. 


the  straight  ends  of  the  chain  to  rest  and  produce  a  motion  of  the 
shape  AB  of  the  chain  with  velocity  u  towards  the  left.  The  mutual 
action  between  the  tube  and  chain  remains  zero,  and  therefore  the 
tube  may  be  removed.  Hence  we  get  for  the  velocity  of  propagation 
of  a  bend  of  any  shape  along  a  chain  or  flexible  cord  under  a  stretch- 
ing force  T,  the  value  JTja-.  This  is  the  result  arrived  at  in  the 
ordinary  theory  of  the  propagation  of  waves  of  transverse  displace- 
ment along  cords.  In  that  theory,  however,  the  motions  are 
generally  supposed  to  be  small:  here  no  limit  is  imposed  on  the  size 
or  shape  of  the  bend  in  the  chain.  This  simple  proof  of  the  formula 
for  the  velocity  of  a  transverse  wave  along  a  cord  seems  to  have  been 
first  given  by  Thomson  and  Tait.* 

336.  Quasi-Rigidity  of  Tube  produced  by  Fluid  flowing  in  it. 
— The  same  kind  of  rigidity  may  be  given  to  a  flexible  tube  by 
running  through  it  a  fluid  of  considerable  density,  such  as  water.  If 
the  radius  of  curvature  at  any  cross  section  be  R  and  the  velocity  of 
tha  fluid  be  u,  the  normal  force  applied  by  the  tube  towards  the 
centre  of  curvature  will  be  av?\R  if  o-  be  the  mass  of  the  fluid  per 
unit  of  length  of  the  tube.  This  will  be  applied  by  the  tube  in 
consequence  of  the  existence  in  it  of  a  stretching  force  T  of  amount 
ay?,  since  the  normal  force  per  unit  of  length  due  to  T  is  T\R.  Thus 
T  is  independent  of  the  curvature  of  the  tube  and  is  the  same 
throughout. 

337.  Example.  Chain  Falling  under  Gravity. — As  an  example 
of  the  equations  of  motion  we  may  consider  a  chain  falling  under 

*  "Elements  of  Natural  Philosophy."    Appendix. 


EQUILIBRIUM   AND    MOTION    OF    CHAIN    OR   CORD.     301 

the  action  of  gravity,  and  so  that  every  part  of  the  chain  lies  in  one 
vertical  plane  ;  a  chain,  for  example,  hung  in  a  vertical  plane,  and 
then  suddenly  released  at  one  end.  Let  <p  be  the  angle  the 
tangent  to  the  chain  at  any  element  makes  with  the  horizontal.  The 
equations  of  motion  are 


dT 

tr(u  -  w  v)  =  -  o-gsmd)  +  — 

as 

T 

cr(v  +  u>u)=  -  crgcosf  +  —  . 
R 


(32) 


Differentiate  the  first  of  these  with  respect  to  s,  and  multiply 
the  second  by  1/R,  that  is  by  d<pjds,  and  subtract  the  second  result 
from  the  first.  The  right-hand  side  of  the  resulting  equation  is 
d'2T/ds2  -  T/R-.  The  left-hand  side  reduces  by  the  kinematical 
relations  [dulds  —  vjR,  dv/ds  +  ujR  —  uj{  =  <f),  1/R  =  d  ffds]  to  -  <r f2. 
Hence  we  obtain 

'-?(*- a?  >  (33) 

which  gives  the  rate  at  which  each  element  of  the  chain  is  changing 
its  direction. 

At  the  instant  of  release  the  chain  has  no  motion,  and  conse- 
quently the  tensile  stress  at  different  points  just  after  release 
satisfies  the  equation 

d-T     T 

which  we  shall  presently  arrive  at  in  a  different  manner. 
The  integral  of  this  equation  is  (see  §  340) 

e\s-l)!R  _e-(*-DIR 
T=   ~T°       ellR_e-HR        '  (35) 

in  which  s  is  supposed  to  be  measured  from  the  point  at  which  T=  7'0, 
and  T  is  zero  when  s  =  I. 

338.  Mode  of  Solving  Problems  on  Chains.  Examples. — In 
solutions  of  the  problem  of  finding  T,  it  is  necessary  generally  to 
solve  a  differential  equation,  and  the  constants  of  the  solution  must 
be  determined  to  suit  the  case  in  hand.  For  instance,  if  the  chain 
is  cut  at  any  point,  the  value  of  T  is  there  zero ;  if  it  is  fixed  at  any 
point,  the  tangential  velocity  and  acceleration  are  there  zero,  and  so 
on.  If  one  extremity  of  the  chain  is  constrained  to  be  always  per- 
pendicular to  a  surface,  the  velocity  of  the  extremity  along  the  normal 
to  the  surface  is  always  zero. 

If  both  ends  of  the  chain  were  released  at  once,  it  is  evident  that 
from  that  instant  there  would  be  no  tensile  force  anywhere  in  the 
chain,  which  would  fall  freely  in  the  curve  in  which  it  hung  before 
release.     This  also  follows  from  (35)  above. 
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The  result  (34)  obtained  in  §  337  may  be  made  to  apply  to  any 
case  in  which  the  stretching  force  in  a  uniform  chain  is  suddenly 
altered  at  any  point — -for  example,  the  case  in  which  the  chain  given 
in  equilibrium  or  in  motion  under  applied  forces  is  suddenly  freed  or 
fixed  at  some  point,  or  has  the  stretching  force  in  it  suddenly  altered 
at  one  or  more  points.  The  solution  is  obtained  by  superimposing 
upon  the  stretching  force  T,  formerly  existing  in  the  chain,  a 
stretching  force  T  fulfilling  equation  (34).  The  stretching  force  at 
any  point  is  thereby  changed  from  T  to  T+T'.  We  take  here  a  few 
examples. 

[In  the  more  general  case  of  a  non-uniform  chain,  the  equation 
for  the  variation  of  the  stretching  force  T  to  be  applied  is  (41) 
below.] 

(1)  A  uniform  chain  is  given  in  the  form  of  a  circle  of  radius  R 
on  a  smooth  horizontal  table,  under  the  action  of  a  repulsive  force  F 
from  the  centre  of  the  circle :  it  is  required  to  find  the  change  of 
stretching  force  in  the  chain  just  after  it  is  cut  at  one  point. 

The  stretching  force  at  the  point  cut  is  suddenly  reduced  to  zero, 
and  thus  the  tensile  force  T'  suddenly  applied  there  is  -  FR.  We 
have,  therefore,  by  (34),  at  any  point  at  an  angular  distance  6  from 
the  point  at  which  the  chain  is  cut  (since  s  =  6K,  1  =  2nR) : 

6-2*  _    -(0-2*) 

T  m  FRe- - 

2*        -2* 
e      -  e 

The  tensile  force  in  the  chain  at  this  point  thus  becomes 


T+T'  =  FR 


?r{\ 


(2*- 


^2*        J   ' 


r     e2 

or  the  stretching  force  is  diminished  in  the  ratio  of  the  factor  in 
brackets  to  1. 

(2)  A  uniform  chain  is  held  in  contact  with  the  convex  surface  of 
the  lower  half  of  a  vertical  hoop  by  equal  upward  vertical  forces  just 
sufficient  for  the  purpose  applied  at  the  two  ends  of  the  horizontal 
diameter.  The  hoop  is  suddenly  removed  without  alteration  of  these 
forces :  it  is  required  to  find  the  stretching  force  in  the  chain  just 
after  the  removal  of  the  hoop. 

Let  F  be  the  amount  of  each  applied  vertical  force  and  T  the 
tensile  force  at  any  point  when  the  hoop  is  in  position.  Then  if  \L  be 
the  angle  the  radius  to  the  point  makes  with  the  horizontal  diameter, 
the  first  of  (32)  gives 

T=  F -  ogR  fcos^,d^  =  F -  agRsin \p. 
0 

At  the  lowest  point,  therefore,  T=F  —  crgR. 
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Also,  if  iV  be  the  force  per  unit  length  on  the  chain  at  the  same 
point  acting  normally  inward,  and  Ar'  be  the  reaction  of  the  hoop 
on  the  chain, 


by  (32).     Thus 


T 
Ar=-=.Y  +^sin^ 


T  F 


by  the  value  of  T  just  obtained.  At  the  lowest  point,  therefore, 
N'  =  FjR  —  2ag.  If  the  forces  F  are  just  sufficient  to  support  the 
chain,  If'  =r-0  at  the  lowest  point,  and  therefore  F=  2agR. 

Let  now  the  hoop  be  removed.     The  chain  just  after  is  not  in 
motion,  and  the  equations  fulfilled  by  the  tensile  force  are : 

dT  T 

=  -agrCOSi/,,      -  =  <70SUH//, 

as  K 

which  give  cFT/dsr  -  T\R?  =  0,  that  is,  since  ds  ~  Rd\l 

d<f>2 
Hence 

subject  to  the  conditions  that  T=F  when  ip  =  0,  and  when  v£<  =  7r. 
Thus  F=  A  +B  —  Aev  +  Be "ir.  Determining  A  and  B  from  these 
two  equations  we  obtain 

ev-e'w 

For  the  lowest  point  this  gives 

T=2F~. - , 


so  that  the  value  of  T  is  there  changed  by  the  removal  of  the  hoop 
in  the  ratio  4/(e*r  +  «~ir),  since  as  we  have  seen  T=F -  <jgR  as 
the  lowest  point,  and  F=  2agR. 

(3)  A  uniform  chain  is  hung  vertically  from  its  two  ends,  which 
are  close  together.  One  of  the  ends  is  then  let  go  :  it  is  required  to 
find  the  tensile  force  at  the  bight,  where  the  chain  passes  over  from 
the  free  side  to  the  other. 

This  cannot  be  taken  as  an  example  of  (34),  since  at  the  bight 
R  =  0,  but  the  solution  may  be  obtained  from  first  principles.  It  is 
clear  that  there  is  no  stretching  force  in  the  chain  on  the  side  that 
is  let  go,  for  each  portion  on  that  side  at  any  instant  is  then  falling 
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freely  under  gravity.  When  the  free  end  has  fallen  for  a  time  I,  it 
has  descended  a  distance  s  =  \gt-,  and  acquired  a  velocity  v  =  gt,  which 
at  that  instant  is  the  velocity  of  the  falling  part  of  the  chain.  But 
since  the  whole  length  of  the  chain  is  constant,  21,  say,  the  sta- 
tionary portion  is  now  of  length  I  +  hs,  and  is  therefore  increasing  in 
length  at  rate  ^s  =  ^v. 

The  rate  at  which  mass  is  passing  over  to  the  stationary  side  is 
hcrv,  and  since  as  it  passes  over  each  element  is  brought  to  rest,  the 
rate  of  destruction  of  momentum  at  the  bight  is  hair  =  \agH-.  This 
is  the  value  of  the  tensile  force  at  the  lower  end  of  the  non-moving 
portion. 

The  rate  of  exhaustion  of  kinetic  energy  at  the  bight  is  lag3?', 
and  hence  the  whole  energy  exhausted  from  the  beginning  up  to 
time  t  is 

E  =  \<rg*flHt  =  ^*g-V. 

As  the  reader  may  verify,  the  loss  of  potential  energy  in  the  time  t 
is  (rgs{l-\s),  and  the  kinetic  energy  of  the  falling  portion  is 
ags(l  -  hs).  The  energy  exhausted  is  thus  \crg-trs  =  Yw<rgH*  as  already 
found.  This  energy  is  wholly  dissipated  if  the  chain  be  in- 
extensible. 

Another  example  involving  discontinuity  in  the  stretching  force 
due  to  impulsive  setting  into  motion  of  successive  elements  of  the 
chain  is  the  following  : — 

(4)  A  fine  chain  lies  on  a  table  in  a  small  heap  close  to  the  edge. 
One  end  is  carried  vertically  up  from  the  table,  over  a  smooth 
horizontal  rod  at  distance  a  above  the  table,  and  down  again  until 
the  free  end  hangs  below  the  edge  of  the  table :  it  is  required  to 
determine  the  motion  and  the  stretching  force  in  the  chain  at  the  rod. 

If  x  be  the  distance  below  the  table  of  the  lower  extremity  of  the 
descending  portion  of  the  chain  at  any  instant,  the  momentum  on 
the  descending  side  is  then  a{a  +  x)x,  and  the  rate  of  increase  of 
momentum  of  the  part  already  on  that  side  is  (r(a  +  x)x.  If,  then,  Tx 
be  the  stretching  force  at  the  top  of  that  portion,  we  have 

n{a  +  x)x  =  <rg{a  +  x)  -  Tv 

The  rate  of  increase  of  momentum  of  the  chain  on  the  other  side 
of  the  rod,  the  side  of  constant  length  of  chain,  is  made  up  of  two 
parts — the  rate  at  which  momentum  is  given  to  the  chain  formerly 
at  rest  in  the  heap,  and  the  rate  of  increase  of  upward  momentum  of 
the  upward  moving  chain.  The  upward  velocity  is  numerically  i, 
since  the  chain  is  inextensible.  In  time  dt  mass  axdt  of  chain  is  set 
moving  with  velocity  x,  and  the  rate  of  generation  of  momentum  at 
the  lowest  point  is  ax1.  The  rate  at  which  the  portion  of  chain  below 
a  cross-section  very  near  the  top  (and  moving  with  the  chain),  where 
the  stretching  force  is  Tv  is  gaining  momentum,  is  thus  trax  +  ox*. 
Thus 

a  ax  +  a.t~  =  7\  -  grra. 
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In  time  dt  a  length  xdt  of  chain  is  carried  from  the  ascending 
side  to  the  other  and  has  its  momentum  changed  from  ax-dt  upwards 
to  axrdt  downwards.  If,  however,  the  length  of  chain  on  the  rod  is 
infinitesimal,  this  by  (29)  cannot  cause  any  finite  difference  in  T 
between  the  two  sides.  Thus  1\  =  T2,  and  we  obtain,  by  adding  the 
equations  formed, 

a(2a  +  x):i  +  ax-  =  crgx 
or 

~{(2a  +  xfx2}  =  2gx(2a  +  x)x. 

Hence,  integrating  and  determining  the  constant  of  integration  from 
the  fact  that  x  =  0  when  x  =  x0,  we  get 

(2a  +  xfx2  =  §#{ar(3a  +  x)  -  x02(3a  +  x0)}. 

If  we  divide  both  sides  of  this  equation  by  2(2a  +  x)  and  multiply 
by  a-,  we  obtain  on  the  left  the  kinetic  energy  of  the  moving  chain. 
The  reader  may  prove  that  the  expression  obtained  on  the  right  is 
less  than  ^ag(x  -  scj2  the  amount  of  potential  energy  lost  from  the 
beginning  of  the  motion. 

The  time  of  falling  may  also  be  obtained  from  the  value  found 
for  x.     Of  course,  if  xQ  =  0,  the  time  is  infinite. 

339  Chain  on  Rough  Surface.  Friction  of  Rope  round  Cylinder. 
— When  a  string  or  chain  rests  on  a  surface,  as  for  example  when  a 
rope  is  wound  round  a  cylinder,  or  if  the  chain  is  in  motion  under 
applied  forces,  the  action  of  the  surface  including  the  friction  must 
be  taken  into  account.  Thus  for  the  equations  of  motion  of  an 
element  of  the  chain  we  must  write  by  (29) 

a(u  -  (ov)  =  —  —  r, 
ds 

T  }■      (36) 

a(v  +  coil)  =  vN+  N'  +  -  , 

i 
where  N'  and  F  are  the  normal  force  and  the  friction  applied  to  the 
element  per  unit  of  its  length  by  the  surface.  Let  the  chain  be  at 
rest  on  the  surface  and  be  on  the  point  of  motion  under  the  tangential 
pull  T0  applied  at  one  extremity.  Further  let  N=0,  and  F=fiN', 
where  ft  is  a  constant.  We  have  N'  =  -  TjR,  and  since  dTjds  =  F, 
we  have  also 

dT  T  dT  ds  ,Q-v 

ar-1*  or  T  =  -»ir  (37) 

Hence  for  the  value  of  T  at  distance  s  from  the  end  at  which  the 
pull  is  T0, 

logy=  -J |s  (38) 

0 
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If  the  surface  be  a  circular  cylinder  round  which  the  chain  is 
wound  in  spires  at  right  angles  to  the  generating  lines,  we  have 

T=T0e'^lR-  (39) 

Thus   the  pull   which  must  be  applied  at   distance  s  from  the 

end  to  which  T0  is  applied  is  only  the  fraction  e~~  /X8'B   of  the  whole 

pull  T0.  The  remainder  l-e_MS/iJ  of  the  applied  pull  is  balanced 
bv  frictional   resistance.     For  each  turn    the   ratio  of   diminution 

isV2™. 

To  form  a  numerical  estimate  of  the  diminution  of  the  required 
balancing  pull,  let  the  cylinder  be,  say,  1  foot  in  diameter,  and  let 
the  co-efficient  of  friction  p  be  i.     In  a  distance  round  the  cylinder 

of  six  inches  the  value  of  T  is  diminished  to  e~ 1  °T,  and  therefore  in 
a  distance  of  30  inches  to  Tje,  that  is  to  y/2-71828....  In  a  little 
less  than  four  turns  of  the  rope  round  the  cylinder  the  value  of  T 
is  brought  down  to  T ,e5,  that  is,  to  TjlbO  nearly. 

This  shows  how  by  passing  a  rope  a  few  times  round  a  post  a 
great  pulling  force,  for  example  that  exerted  by  a  steamer  moored  to 
a  quay,  can  be  balanced  by  a  comparatively  slight  pull  applied  to 
the  free  end  of  the  rope. 

340.  Impulsive  Motion  of  Chain. — Now  let  the  string  given  on 
any  curve,  whether  plane  or  not,  be  set  into  motion  by  tangential 
impulses  applied  at  its  end-elements.  The  effect  of  the  applied  forces 
during  the  short  interval  t  of  the  impulse  amounts  to  nothing,  and 
thus  if  T  denote  the  tensile  impulse  at  any  point  of  the  chain,  and 
u,  v  denote  the  tangential  and  normal  velocities  generated,  we  have, 
adapting  (32)  to  the  case  of  impulse, 

dT  T  ,,.., 

'U=W    °V  =  R-  (40) 

The  second  of  these  by  (27)  is  <rdujds  =  Tj R2,  and  the  hrst  gives 
adu\ds  +  uda/ds  —  d-Tjds1.  Hence,  eliminating  u,  we  obtain  the  rela- 
tion 

d?T  _ldo_<lT  _  T  =  Q  ,41v 

dsr      a  ds  ds      R1 

which  connects  the  values  of  T  at  different  points  along  the  curve. 

That  this  result  is  not  limited  to  plane  curves  for  the  initial  form 
of  the  chain  is  obvious  from  the  fact  that  the  initial  motion  of  each 
element,  produced  as  it  is  by  impulsive  stretching  force  along  the 
chain,  can  only  take  place  in  the  osculating  plane  (the  plane  defined 
at  each  point  by  a  pair  of  consecutive  elements  of  the  curve  which 
there  meet).  There  is  no  force  anywhere,  and  no  velocity  generated, 
along  the  binormal,  that  is  perpendicular  to  the  osculating  plane. 

This  equation  can  easily  be  solved  when  the  variation  of  a-  along 
the  curve  is  known.     In  the  particular  cases  of  R  a  constant  with 
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(1)  (d<TJds)l<r,  (2)  <r,  a  constant,  the  solution  is  easy.  In  the  first  case 
in  which  (da  ids)  jo-  is  a  constant,  a  say,  we  have  a  =  cr0eas  where  <r0  is  the 
value  of  o-  where  s  =  0.  This  is  therefore  the  case  of  a  chain  the 
mass  of  which  varies  exponentially  with  distance  along  the  chain. 
The  constancy  of  R  limits  the  curve  to  the  case  of  a  circle  or  helix. 
The  solution  in  the  case  of  a  constant  is  that  of  the  equation 


If  T=l\  when  s  =  0,  and  2J=0  when  s  =  l,  we  have 

C  =  -  Te-'!Rl{tliR  -  e~"R),     C  =  T0t"Rl(ellR  -  e~l,R), 

so  that  with  these  conditions 

.(*-/!  ;r      „-«-?)  ik 

T=~T°-   en«_e-"R     •  (44) 

If  I  be  infinite  (7=0  and  C  =  T0,  and  the  solution  is 

T=T0e*'R,  (45) 

that  is,  the  ratio  of  the  value  of  the  tensile  impulse  at  any  point  to  the 
value  at  a  point  at  a  distance  R  farther  along  the  curve  is  e.  The 
curve  in  this  case  must  be  in  the  form  of  a  helix  extending  to  infinity. 
This  result  is  given  in  Thomson  and  Tait's  Natural  Philosophy,  vol.  i., 
Part  I.,  §  317,*  where  the  differential  equation  (41)  is  obtained  in  a 
different  manner. 

It  may  be  noticed  here  that  the  differential  equation  may  be 
solved  also  when  the  radius  of  curvature  R  is  a  quadratic  function 
of  *.  The  reader  may  refer  to  a  paper  by  Stokes,  Camb.  Phil.  Trains. 
1849,  or  Collected-  Papers,  vol.  i.,  or  to  Routh's  Advanced  Rigid 
Dynamics,  p.  306. 

Equation  (41),  as  has  already  been  remarked  in  §  338,  may  be 
applied  to  all  cases  in  which  the  tensile  force  T  in  the  chain  is  sud- 
denly altered  to  a  new  value  :  for  example  that  in  which  the  chain 
attached  at  fixed  points  is  suddenly  released  at  one  point. 

*  From  the  passage  here  referred  to  a  clause  seems  to  have  dropped  out. 
In  line  18  of  p.  299  after  "for  instance,"  supply  the  words  "and  when  the 
cord  is  given  in  the  form  of  a  helix,  extending  to  infinity  from  the  point 
acted  on."  The  discussion  is  carried  out  by  Lagrange's  method  of  multi- 
pliers, and  is  very  instructive. 


CHAPTER  IX. 
STATICS   AND    KINETICS   OF   FLUIDS. 

341.  Distinction  between  a  Solid  and  a  Fluid.— So  far  we  have 
considered  the  Dynamics  of  a  System  of  Particles  or  of  a  Rigid  Body  : 
we  have  now  to  consider  the  Equilibrium  and  Motion  of  Fluids. 

The  actual  physical  distinction  between  a  solid  and  a  fluid,  or  at 
all  events  between  a  solid  and  a  liquid,  is  no  doubt  clearly  appre- 
hended by  most  people,  but  the  expression  of  the  distinction  in  words 
is  a  matter  of  some  difficulty.  The  best  definition  perhaps  of  a  fluid 
is  that  it  is  a  substance  which  has  no  elasticity  of  shape.  In  a 
following  chapter  we  shall  consider  the  subject  of  elasticity,  but  one 
or  two  definitions  must  be  given  here  to  enable  the  distinction 
between  a  solid  and  a  fluid  to  be  understood. 

342.  Elasticity  of  Bulk  and  Shape. — Elasticity  itself  may  be 
defined  as  that  property  of  matter  which  renders  necessary  the 
application  of  external  force  to  change  the  bulk  or  shape  of  a  body, 
and  the  continued  application  of  the  external  force  to  maintain 
the  change  effected,  and  which  enables  the  body  to  return  towards  or 
to  its  former  bulk  or  shape  when  the  external  force  is  removed. 

When  a  body  suffers  change  of  bulk  or  of  shape  it  is  said  to  be 
strained,  and  the  change  of  relative  configuration  of  the  particles  of 
the  body  involved  sets  up  within  the  body  forces  opposing  the 
change,  which  depend  only  upon  the  amount  of  the  change  which  has. 
been  effected.  It  is  these  internal  forces  that  have  to  be  overcome 
or  balanced  by  the  external  forces  which  are  applied  to  the  bounding 
surface  of  the  body,  and  the  external  forces  required  depend  only 
upon  the  amount  of  change  of  bulk  or  shape  which  has  taken  place. 

343.  Viscosity. — There  are  however  developed  within  almost  all 
bodies  forces  of  resistance  to  change  of  shape  which  do  not  depend 
upon  the  amount  of  change  which  has  been  effected,  but  upon  the 
rate  at  which  the  change  is  proceeding.  But  this  kind  of  action  on 
the  part  of  the  body  is  no  result  of  elasticity  of  the  body.  It  is  due 
in  fact  to  tangential  action  between  the  portions  of  the  body  which 
always  opposes  their  relative  motion,  and  extinguishes  vibrational 
motion,  with  conversion  of  the  energy  of  the  motion  into  heat 
within  the  substance.  Such  forces  are  called  viscous  forces,  and  also 
dissipative  forces  because  they  dissipate  energy.  They  have  nothing 
in  common  with  the  forces  which  are  developed  within  elastic  bodies. 
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when  subjected  to  change  of  shape  or  bulk,  which  depend  on  the 
amount  of  change  that  has  taken  place,  and  which  must  be  balanced 
by  the  applied  forces,  when  the  body  remains  in  a  state  of  equi- 
librium in  the  changed  state.  These  latter  forces  are  called  elastic 
forces.  They  are  forces  concerned  in  the  transference  of  energy  from 
storage  in  one  always  available  form  to  storage  in  another,  for  example 
from  energy  of  motion  of  a  vibrating  body  to  energy  of  change  of  con- 
configuration  of  the  body  in  a  state  of  strain.  They  have  no  tendency 
to  dissipate  energy  although  in  the  body  in  which  they  are  developed 
dissipative  forces  may  at  the  same  time  have  play. 

844.  Homogeneity  and  Isotropy  of  a  Body. — Before  proceeding 
to  the  discussion  of  elasticity  of  bulk  and  elasticity  of  shape  we 
take  the  two  following  definitions,  first,  of  a  homogeneous  body, 
second,  of  an  isotropic  body.  A  body  is  said  to  be  homogeneous 
when,  if  cubes  of  equal  size  similarly  situated  in  the  body  (that  is, 
with  sets  of  parallel  edges  parallel)  are  taken,  these  cubes  show 
similarity  of  properties,  that  is,  when  properties  taken  with  respect 
to  the  direction  parallel  to  each  set  of  four  parallel  edges  are 
identical  in  all.  The  properties  however  relative  to  one  set  of 
four  parallel  edges  may  not  be  the  same  as  the  corresponding 
properties  relative  to  another  set  of  four  parallel  edges  of  the  same 
cube.  If  however  the  properties  of  any  one  cube  with  respect  to  a 
specified  direction  in  the  original  body  be  the  same  for  all  the  cubes, 
the  body  is  homogeneous. 

If  the  properties  of  the  body  be  the  same  for  all  directions 
through  the  same  point  the  body  is  not  only  homogeneous  but 
isotropic.    The  body  is  said  to  possess  homogeneity  and  isotropy. 

A  body  is  said  to  be  homogeneous  or  isotropic  as  regards  its  elastic 
properties  when  the  elastic  properties  are  those  by  which  is  is  tested. 
In  general  bodies  which  are  homogeneous  or  isotropic  with  respect 
to  one  set  of  physical  properties  are  homogeneous  or  isotropic  with 
respect  to  others,  but  this  is  not  invariably  the  case.  For  example, 
a  crystal  of  sulphur  is  not  isotropic  as  regards  its  electrical  properties, 
but  is  very  approximately  isotropic  in  its  magnetic  properties. 

■'i-i').  Elasticity  of  an  Isotropic  Body. — Bodies  which  occur  most 
commonly  in  nature  may  be  regarded  as  approximately  isotropic 
as  regards  their  elastic  properties,  and  in  the  case  of  an  elastic  body 
we  have  only  two  kinds  of  elasticity  to  deal  with  (1)  elasticity 
of  bulk,  (2)  elasticity  of  shape.  Change  of  bulk  without  change 
of  shape  is  easily  imagined.  Take  a  sphere  of  material  and  immerse 
it  in  water  in  the  cylinder  of  a  hydraulic  press ;  equal  pressure  will 
be  applied  all  over  the  surface  of  the  sphere  in  the  direction  towards 
the  centre.  If  the  sphere  be  isotropic  it  will  remain  a  sphere  under 
the  uniform  pressure  applied  all  over  its  surface,  there  will  be 
no  change  of  shape  of  the  sphere  or  of  any  portion  of  it.  It  will 
have  been  however  converted  into  a  smaller  sphere,  and  to  maintain 
it  a  smaller  sphere  the  continued  application  of  pressure  will  be 
required.  If  the  pressure  be  removed  the  sphere  will  return  towards 
its  former  bulk.     The  strain  to  which   the  sphere  is  subjected   by 
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uniform  pressure  is  measured  by  the  ratio  of  the  amount  of 
diminution  of  volume  to  the  original  volume  of  the  sphere,  that  is  if 
8vbe  the  positive  amount  of  change  of  volume,  and  v  the  original 
volume,  the  measure  of  the  strain  is  8v/v.  If  v  be  the  original 
radius  of  the  sphere  and  r  be  the  new  radius  the  value  of  8v  is 
47r(r!-?*'3),  and  the  original  volume  is  equal  to  47rr3,  hence  the 
strain  of  the  sphere  is  (i-3  -  r'3)/?*3.  This  may  be  written  (r  -  r) 
(r2  +  rr  +  r'2)/?*3  which,  if  r  be  nearly  equal  to  r,  is  very  approximately 
S(r  —  r')r.  The  quantity  (r  —  r')/r,  which  is  the  ratio  of  diminution 
of  the  length  of  radius  to  the  length  of  the  original  radius,  may  be 
called  the  strain  that  the  radius  is  subjected  to  ;  thus  the  strain  for  a 
small  alteration  of  volume  of  the  sphere  is  approximately  three  times 
the  strain  of  the  radius.  This  relation  will  appear  again  frequently 
in  the  discussion  of  the  elasticity  of  bodies. 

346.  Specification  of  Shearing. — In  order  to  specify  alteration  of 
shape  without  alteration  of  volume  let  the  reader  imagine  a  cubical 
part  of  an  isotropic  body.  Let  one  face  of  the  cube  be  imagined 
cemented  fast  down  to  a  horizontal  bed  and  let  the  opposite  face  of 
the  cube  be  cemented  to  a  horizontal  plate  at  a  distance  from  the  bed 
just  equal  to  the  length  of  edge  of  the  cube.  Now  let  the  upper  plate 
he  moved  in  its  own  plane  through  a  small  distance  in  the  direction 
of  one  set  of  parallel  horizontal  edges  of  the  cube.     There  is  thus 

no  alteration  of  the  vertical  dis- 
Fig.  171.  tance  between  the  two  faces  of  the 

cube,  but  the  effect  of  the  motion 
of  the  upper  face  in  the  direction 
specitied  will  have  been  to  render 
i  the  four  edges  which  were  formerly 

/  vertical  a  set  of  four  parallel  lines 

./. no  longer  vertical.      If  x  be  the 

/  distance  (A  A '  or  CC)  through  which 

the  upper  face  has  been  moved  as 
stated,  and /be  the  distance  between 
two  faces,  that  is  the  edge  of  the 
cube,  the  inclination  of  each  of  the 
formerly  vertical  lines  to  the  vertical  is  now  tan- lx/l.  If  x  be  small 
in  comparison  with  I,  this  inclination  is,  very  nearly,  xjl. 

By  this  displacement  each  horizontal  section  of  the  cube  has  been 
moved  parallel  to  the  direction  of  motion  of  the  upper  face  of  the 
cube  through  a  distance  proportional  to  the  distance  of  the  section 
from  the  lower  face,  that  is,  through  a  distance  PQ,  which  is  equal 
to  xy/l  if  y  be  the  distance  of  the  section  from  the  lower  face. 
Obviously  there  has  been  no  change  of  volume  of  the  body  or  of  any 
part  of  it,  the  body,  and  every  part  of  it  in  a  similar  manner, 
has  undergone  change  of  shape. 

The  kind  of  strain  here  specified  is  called  shearing  strain  and 
will  engage  our  attention  later  to  a  considerable  extent :  the 
measure  of  the  strain  is  the  ratio  xjl,  that  is,  when  .<■  is  small, 
the  inclination   to  the  vertical  of  the  two  inclined  positions   into 
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which  two  of  the  formerly  vertical  faces  of  the  cube  have  been 
thrown. 

847.  Stress  involved  in  Shearing  Strain. — When  a  solid  body  is 
thus  subjected  to  change  of  shape  without  change  of  bulk,  force  must 
be  applied  in  this  manner  to  the  plate  to  maintain  change  of  shape 
of  the  body.  This  applied  force  is  force  tangential  to  the  interface 
between  the  plate  and  the  cube  to  which  it  is  cemented,  and  has  the 
same  value  per  unit  of  area  all  over  the  interface.  The  applied  force 
must  be  maintained  if  the  state  of  strain  on  the  body  is  to  continue, 
and  on  the  withdrawal  of  the  force  the  body  returns  towards  its 
former  shape.  Within  the  body,  if  it  has  elasticity  of  shape,  is  set 
up  a  system  of  internal  forces  in  consequence  of  the  state  of  strain, 
and  tending  to  undo  that  state. 

An  isotropic  solid  has  elasticity  both  of  bulk  and  shape,  a  fluid  is 
isotropic  but  has  only  elasticity  of  bulk,  and  has  no  elasticity  of 
shape,  at  least  it  has  not  in  ordinary  circumstances.  For  it  is 
not  impossible  that  in  certain  special  circumstances  bodies  which 
ordinarily  behave  as  fluids  may  be  found  to  possess  elasticity  of 
shape.  At  present  however  we  define  a  solid  -as  a  body  which  has 
the  two  elasticities  we  have  specified,  and  a  fluid  as  a  body  which  has 
only  the  first,  namely  elasticity  of  bulk. 

348.  Viscous  Resistance  to  Change  of  Shape. — In  all  actual 
fluids  however  there  is  resistance  to  change  of  shape  not  depending 
upon  the  rate  at  which  the  change  is  proceeding,  that  is  to  say, 
all  fluids  are  more  or  less  viscous.  This  is  sufficiently  evident  from 
the  most  ordinary  observation.  By  tilting  a  glass  of  water  and 
leaving  it  to  itself  the  water  can  be  set  into  oscillation  in  the  vessel ; 
continual  changes  of  shape  of  every  part  of  the  water,  though  not  of 
bulk,  proceed  and  are  resisted  by  the  mutual  action  of  the  different 
parts  of  the  water.  This  resistance  depends  upon  the  rate  of  change 
of  shape  and  disappears  when  that  rate  is  zero  however  great 
the  change  that  has  been  effected  may  be.  In  the  course  of  a  short 
time  the  vibration  has  subsided  and  a  sufficiently  delicate  thermo- 
meter would  show  that  the  temperature  of  the  water  had  been 
slightly  raised.  Fluids  differ  very  considerably  in  viscosity,  that  is 
in  the  amount  of  resistance  which  they  offer  to  change  of  shape 
going  on  at  a  given  rate ;  in  fact  this  resistance  may  be  so  great  that 
the  body  only  very  slowly  changes  its  shape  under  ordinary  forces 
and  appears  to  behave  as  a  solid.  If  however  the  body  be  a  highly 
viscous  fluid,  a  sufficiently  long  continuance  of  only  a  small  force  will 
suffice  to  produce  a  marked  change  of  shape.  Water,  for  example, 
has  a  small  degree  of  viscosity,  alcohol  and  some  other  liquids  have 
still  less ;  the  various  animal  and  vegetable  oils  have  a  higher 
viscosity  of  varying  amounts,  that  of  castor  oil  for  example  is  very 
considerable.  The  viscosity  of  treacle  is  very  great,  so  much  indeed 
that  there  is  a  perceptible  retention  of  the  shape  of  a  portion  of  the 
treacle  for  a  short  time  after  it  is  laid  quickly  as  a  heap  on  a  table. 

349.  Experimental  Illustration  of  Viscosity. — The  following 
experiment   illustrates  the   different  viscosities  of  substances  very 
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well.      Three  or  four  ordinary  finger  glasses  are  mounted,  as  shown 
in  Fig.  172,  in  slings  made  of  wire,  each  sling  attached  by  a  stiff 

joint,  about   which   the   sling 
Fig.  172.  cannot  swivel,  to  a  stiff  wire, 

which  again  is  rigidly  attached 
to  a  hook  above.  The  sus- 
pension wires  are  all  made  of 
the  same  material  and  of  the 
same  length  and  gauge.  One 
of  the  glasses  is  filled  rather 
more  than  half  full  with 
water,  the  second,  third,  and 
fourth  with  the  same  weight 
of  sperm  oil,  castor  oil,  and 
treacle  respectively.  Small 
bits  of  paper  are  placed  on 
the  surfaces  of  the  liquids  in 
line  along  the  radii  of  the 
glasses  to  indicate  any  relative 
motion  of  the  parts  of  the 
liquid  at  the  surface  that 
may  be  set  up  by  the  motion 
given  to  the  glasses. 
Each  wire  is  taken  by  its  lower  end  and  slowly  twisted  round  so 
that  each  sling  with  the  glass  and  contents  is  made  to  turn  through 
approximately  the  same  angle.  Two  operators  can  manage  the  four 
glasses,  can  twist  them  through  the  same  angle  and  let  them  go 
approximately  at  the  same  moment.  As  soon  as  the  wires  are  let  go 
they  begin  to  untwist  and  the  glasses  with  their  contents  turn  round 
vertical  axes  coincident  with  the  wires.  As  each  wire  untwists  the 
elastic  couple  in  it  producing  the  motion  of  the  glass  diminishes,  from 
a  maximum  value  when  the  wire  is  let  go  to  nothing  when  the  twist 
has  just  all  come  out ;  but  during  the  period  of  untwisting  it  has  had  a 
positive  value,  and  so  the  glass  has  been  constantly  receiving  angular 
velocity.  The  glass  then  continues  to  turn  past  the  position  of  zero 
twist  and  the  wire  acquires  twist  in  the  opposite  direction.  As  that 
twist  increases  however,  an  increasing  couple  resisting  the  motion 
finally  brings  the  glass  to  rest  and  then  causes  it  to  describe  nearly 
the  same  succession  of  positions  in  the  reverse  order.  Thus  each 
glass  performs  vibrations  about  the  vertical  axis,  in  fact  it  is,  with 
its  contents  to  a  certain  extent,  the  bob  of  what  we  may  call  a 
torsional  pendulum.  It  will  be  noticed  on  making  the  experiment 
that  the  amplitude  or  range  of  motion  falls  off  in  all  cases,  but  with 
greater  rapidity  in  the  case  of  the  oil  than  in  the  case  of  either 
the  treacle  or  the  water.  When  the  glasses  are  left  to  themselves 
they  are  turned  round  by  the  slings,  and  if  there  were  no  disturbances 
such  as  ordinary  pendulum  vibration,  if  the  glasses  were  quite 
circular  and  turned  about,  their  axes  of  symmetry,  and  if  moreover 
the  liquids  had  no  viscosity  and  there  were  no  drag  between  the 
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glasses  and  the  liquids  exerted  at  their  surfaces  of  separation,  the 
glasses  would  turn  while  the  liquids  remained  undisturbed. 

This  state  of  things  is  more  closely  approximated  to  by  water  than 
in  the  other  cases,  but  even  in  water  there  is  a  tangential  action 
between  it  and  the  glass,  so  that  the  glass  drags  the  water  in 
its  neighbourhood  round  with  it.  This  turning  motion  with  the 
glass  is  communicated  to  portions  of  water  nearer  the  middle  by 
viscous  action  between  them  and  the  outer  portions.  This  is  shown 
by  the  displacement  which  takes  place  in  the  small  pieces  of  paper. 
If  the  glass  is  turned  round  slowly,  at  first,  the  water  turns  round 
with  it  and  the  relative  positions  of  the  paper  are  not  altered,  but 
when  the  pendulum  is  released  the  to  and  fro  motions  of  the  pieces 
of  paper  near  the  outside  show  that  the  outer  portions  of  the  water 
are  dragged  with  the  glass  through  angles  which  are  greater  the 
greater  the  distance  from  the  centre. 

In  the  case  of  the  oil  the  motion  is  more  completely  communicated 
from  the  outer  to  the  inner  portions  of  the  liquid  and  the  tangential 
drag  exerted  against  the  motion  of  the  glass  by  the  liquid  is  in  that 
case  larger  and  the  glass  is  more  quickly  brought  to  rest. 

In  the  case  of  the  treacle  however  the  viscosity  is  so  great  that 
turning  motion  takes  place  in  the  same  phase  throughout  the  liquid. 
The  glass  carries  with  it  the  outer  stratum  of  the  treacle,  the  outer 
stratum  the  stratum  next  it,  so  that  the  whole  liquid  turns  approxi- 
mately as  a  rigid  body  would  round  the  vertical  axis  and  there  is  but 
slow  falling  off  of  the  amplitude  of  vibration. 

The  oscillation  of  the  vessel  generates  waves  in  the  fluid  which 
travel  in  from  the  surface,  and  involve  dissipation  of  energy  in  work 
against  friction.  If  the  ratio  of  the  frequency  of  oscillation  to  the 
measure  of  vicosity  be  great  the  waves  travel  in  quickly,  but  are 
very  rapidly  damped  out,  so  that  only  a  very  thin  stratum  of  the 
fluid  is  affected.  When  this  ratio  is  small  the  fluid  and  vessel  move 
together ;  dissipation  of  energy  is  slight,  but  the  inertia  of  the 
oscillator  is  increased.  In  the  intermediate  case  considerable  rela- 
tive motion  is  set  up  in  the  fluid,  and  the  motion  of  the  vessel  is 
quickly  damped  out.     (See  Viscosity  in  Vol.  ii.  below.) 

350.  Behaviour  of  Pitch. — A  still  more  extreme  case  would  be 
obtained  by  filling  the  glass  with  pitch  or  shoemakers'  wax.  This 
substance  is  apparently  hard  and  brittle,  for  when  thrown  down  it 
flies  in  pieces  with  a  conchoidal  fracture  like  that  of  glass.  A  piece  of 
it  however  laid  on  a  table  gradually  flows  out  in  a  horizontal 
sheet. 

There  is  little  or  no  diminution  of  amplitude  due  to  the  viscosity  of 
this  material  when  it  is  placed  in  the  glass  of  the  torsional  pendulum ; 
but  this  is  not  due  to  the  absence  of  viscosity,  on  the  contrary  the 
great  viscosity  of  the  material  prevents  it  from  undergoing  in  the 
short  time  during  which  the  force  acts  any  sensible  distortion.  The 
viscosity  of  the  material  and  the  fact  that  in  ordinary  circumstances 
it  behaves  as  a  fluid  is  well  illustrated  by  the  following  experiment, 
which  is  due  to  Lord   Kelvin.      In  a  glass  jar  about  ten   inches 
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in  diameter  and  about  the  same  depth,  are  placed  a  small  quantity  of 
water  and  a  few  ordinary  corks.  Then  a  cake  of  shoemakers' 
wax  of  about  the  diameter  of  the  jar  and  about  three  inches  thick 
is  moulded  and  placed  in  the  water  above  the  corks  so  as  to 
confine  them  at  the  bottom  of  the  vessel,  while  the  water  rises 
above  the  wax  and  serves  to  maintain  the  temperature  fairly  con- 
stant. A  few  lead  bullets  are  laid  on  the  top  of  the  cake  and  the 
arrangement  is  left  to  itself.  It  will  be  found  that  in  the  course  of 
two  or  three  weeks  the  corks  have  become  lost  to  view  by  passing 
into  the  cake,  and  on  looking  at  the  glass  from  below  it  will  be  seen 
that  the  wax  has  closed  up  behind  the  corks  so  that  they  are  now 
under  the  influence  only  of  the  action  of  the  surrounding  wax.  The 
lead  bullets  also  will  be  found  to  have  disappeared  from  the  surface 
and  no  trace  of  their  passage  into  the  wax  will  be  discernible.  A 
few  weeks  later  the  corks  will  begin  to  push  themselves  through  the 
upper  surface  of  the  slab,  pushing  the  wax  before  them,  and  finally 
breaking  through  the  covering  skin  and  escaping  into  the  water 
above,  while  the  bullets  are  finally  found  in  the  water  below  the 
slab.     The  wax  is  now  found  to  be  perfectly  continuous. 

The  long  continued  action  of  the  forces  applied  to  the  wax  by  the 
bullets  has  enabled  them  to  pass  slowly  through  against  the  resistance 
offered  to  the  motion,  a  resistance  approximately  proportional  to  the 
velocity  of  progress  of  the  bullets.  In  the  first  instance  the  corks 
were  pressed  against  the  lower  face  of  the  wax  slab  by  the  water, 
they  gradually  penetrated  the  slab  and  were  then  urged  upwards  by 
the  force  applied  to  them  by  the  surrounding  wax,  in  a  manner 
which  will  be  explained  presently  for  fluids  generally. 

In  fact  the  slab  of  wax  has  acted  on  the  corks  and  bullets  just  as 
the  treacle  or  oil  or  any  other  imperfect  fluid  would  have  acted.  The 
bullets  would  have  sunk  down  through  the  oil,  and  the  corks  would 
have  bobbed  up  from  the  bottom  very  quickly  as  in  the  case  of 
water.  The  only  difference  in  the  case  of  the  wax  is  that  the  time 
has  been  prolonged  to  two  or  three  months.  The  wax,  which  at 
ordinary  temperatures  breaks  like  a  glassy  solid  when  thrown  down, 
behaves  here  as  an  extremely  viscous  fluid. 

351.  Solidity  of  Pitch  in  Special  Circumstances. — There  are 
circumstances  in  which  pitch  may  be  made  to  act  as  a  true  solid ;  fox- 
example,  if  a  piece  of  pitch  is  cast  into  the  form  of  a  bell,  and 
is  struck  with  a  hammer  true  elastic  forces  will  be  developed  in  it 
and  the  bell  will  vibrate  giving  out  a  musical  note.  The  fact  that  a 
musical  note  is  given  out  is  proof  that  the  particles  of  the  bell  when 
their  relative  positions  are  displaced,  are  urged  towards  their  former 
relative  positions  with  forces  proportional  to  their  displacement,  that 
is,  depending  upon  the  amount  of  relative  displacement  to  which 
they  have  been  subjected.  They  seem  therefore  to  be  true  elastic 
forces,  and  the  body  appears  to  have  in  these  circumstances  of  rapidly 
alternating  forces  applied  to  it,  true  elasticity  of  shape. 

If  the  bell  however  be  set  down  on  its  mouth  on  a  table  and  left 
to  itself,  it  will  become  in  a  few  days  a  mere  sheet  of  pitch. 
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852.  Interface  in  a  Fluid.  Fluid-Pressure.  Pressure-Head. — 
Now  let  us  consider,  as  an  approximation  to  an  actual  fluid,  an 
isotropic  fluid,  free  from  viscosity.  Since  there  is  no  elasticity  of  shape 
and  no  viscosity,  there  is  no  tangential  action  between  two  portions 
of  the  fluid  exerted  on  either  portion  at  the  separating  surface.  Thus 
any  action  whatever  exerted  by  one  portion  of  fluid  on  another  must 
be  everywhere  at  right  angles  to  the  surface  of  separation  between 
the  two  portions.  We  shall  for  brevity  call  the  separating  surface 
between  two  fluids  an  interface.  An  interface  has  of  course  no 
physical  existence,  it  is  a  mere  geometrical  boundary  between  two 
portions  of  fluid.  There  will  in  general  be  force  applied  across  the 
interface  by  one  portion  on  the  other,  and  this  as  we  have  seen 
is  everywhere  at  right  angles  to  the  interface.  Take  any  area  S  of 
the  interface,  and  let  F  be  the  force  exerted  across  it  by  one  portion  A 
on  the  other  B.  An  equal  force  is  of  course  exerted  across  the  same 
area  by  the  portion  B  on  A.  The  ratio  FfS  is  called  the  average 
2>ressure  over  the  area  S  of  the  interface.  If  throughout  any  finite 
region  of  the  interface  the  ratio  of  F  to  *S'  is  independent  of  the 
magnitude  of  >$',  uniform  pressure  is  said  to  be  exerted  over  the 
region  of  the  interface.  If  however  the  pressure  is  not  uniform  we 
define  the  pressure  at  a  point  P  in  the  interface  in  the  following 
manner.  Take  any  area  S  of  the  interface  surrounding  P  and  take 
the  force  F  over  chat  area,  then  as  just  stated  FjS  is  the  average 
pressure  over  the  area  S  which  includes  P.  Now  let  S  be  diminished 
indefinitely,  but  be  always  taken  so  as  to  include  P,  and  let  the  ratio 
FjS  approach  as  this  diminution  is  carried  on  more  and  more  nearly  to 
a  fixed  value.  This  fixed  value  of  the  ratio  is  the  pressure  at  P.  It  is 
shown  in  §  395  that  the  pressure  at  P  is  the  same  for  all  interfaces. 

The  height  of  a  column  of  fluid  required  to  give  a  pressure  p  at 
its  base  by  its  weight,  is  called  the  head  of  the  fluid.  If  p  be  the 
pressure  and  p  the  density,  then  the  wreight  of  a  column  of  the  fluid 
of  unit  area  of  cross  section  and  height  h  is  gp  h,  in  absolute  units,  or 
ph  in  gravitation  units.  In  the  latter  case  if  h  be  in  feet  and  p  in 
pounds  per  cubic  foot,  the  pressure  p  in  pounds  per  square  foot  is  ph. 

353.  Hypotheses  of  Ordinary  Hydrodynamics. — In  the  definition 
of  pressure  given  above  we  have  assumed  that  the  diminution  of  the 
area  is  pursued  indefinitely.  This  statement  however  must  not  be 
taken  as  meaning  more  than  that  this  fixed  ratio  is  approached  more 
and  more  nearly  the  farther  the  diminution  of  the  area  is  carried, 
within  the  limits  of  observation  or  experience  of  areas  set  by 
the  most  refined  instruments  of  physical  research.  No  doubt  if  we 
could  go  beyond  those  limits  we  should  come  down  to  the  grained 
structure  of  the  substance,  and  have  to  take  into  account  the 
want  of  homogeneity  involved  in  our  having  molecules  with 
interspaces  between  them.  In  that  case  it  would  be  necessary 
to  have  recourse  to  a  statistical  treatment,  but  this  is  avoided  by  the 
hypothesis  here  adopted  that  the  smallest  portion  of  fluid  with 
which  we  have  to  deal  possesses  all  the  physical  properties  which  the 
fluid  has  in  bulk.     The  first  thing  we  have  to  do  then  is  to  calculate 
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the  acceleration  of  a  portion  of  the  fluid  ;  for  this  purpose  it  is 
necessary  to  calculate  the  forces  acting  upon  the  portion.  These 
forces  fall  into  two  sets :  (1)  The  forces  applied  to  the  surface  of  the 
fluid  by  the  surrounding  fluid,  or  by  the  molecular  actions  of  the 
molecules  of  the  fluid  itself  near  the  surface  as  in  capillarity. 
(2)  Actions  upon  the  particles  of  the  fluid  applied  from  without,  for 
example,  the  forces  of  gravity  on  the  particles  of  the  fluid.  We 
shall  suppose  the  fluid  at  first  incompressible,  that  is  to  say,  that  no 
system  of  forces  acting  upon  a  portion  of  the  fluid  is  capable  of 
altering  its  volume.  Afterwards  we  shall  consider  shortly  the 
motion  of  compressible  fluids. 

*354.  Acceleration  of  an  Element  of  a  Fluid. — We  have  now  to 
calculate  kinematically  the  acceleration  of  a  particle  of  a  fluid.  Let 
the  velocity  of  a  particle  of  the  fluid  at  a  point  P  be  q  and  let  the 
direction  in  which  it  is  moving  at  that  point  be  specified,  let  it 
arrive  at  a  point  Q  along  its  path  after  an  interval  St  and  let  q  be 
the  velocity  it  has  at  Q.  Then  the  acceleration  of  the  particle  is  the 
limit-ratio  of  the  increase  of  velocity  q '  -  q  to  the  interval  of  time  8t  in 
which  it  is  effected.  When  the  interval  of  time  is  made  vanishingly 
small  the  limiting  value  of  the  ratio  is  Sq  8t.  It  is  to  be  observed 
that  8q  is  the  difference  between  the  velocity  which  exists  for 
a  particle  at  P  at  time  t,  and  the  velocity  which  exists  for  a  particle 
at  Q  at  time  t  +  8t.  The  change  is  therefore  made  up  of  two  parts  : 
(1)  the  difference  between  the  velocity  at  Q  at  time  t,  and  the 
velocity  at  the  point  P  at  the  same  time,  (2)  the  change  of  velocity 
which  the  velocity  at  Q  undergoes  in  the  interval  of  time  8t. 

If  cq /3*  denote  the  rate  of  variation  of  q  along  the  path  of  the  par- 
ticle at  time  t,  and  ds  the  length  of  the  step  from  P  to  Q  be  very  small, 
the  change  specified  in  (1)  is  cq  ds.ds.  Again  let  cfl  let  be  the  rate 
of  change  of  velocity  at  Q  with  time,  then  since  the  velocity  at  Q  at  time 
t  is  q  +  cqrs.ds  at  time  t  +  dt  it  has  become  q  +  £(<?  +  cqlds-ds)ct.dt, 
that  is  q  +  c}q!ct-dt+  {c(cqlds)dt}dsdt-  The  last  term  vanishes  in 
comparison  with  the  others,  and  when  dt  is  made  very  small  we  have 
for  the  change  in  q  brought  about  by  the  displacement  of  the  particle 
from  P  to  Q  in  the  interval  dt  the  value  cq/ct-dt  +  cqjcs.ds.  Hence 
if  q  denote  the  time-rate  of  change  of  q  we  have  since  q  =  dsjdt  or  i, 

In  the  case  of  steady  motion  the  velocity  at  each  point  of  the  path 
of  the  particle,  and  indeed  at  each  point  of  the  fluid,  does  not  change 
with  the  time,  and  we  have  then 

ir-iSf.  (*) 

These  equations  may  be  put  into  other  forms  which  are  sometime! 
convenient.  Thus  let  ii,  v,  w  be  the  components  of  acceleration 
parallel  to  the  axes.  Since  q- =-■  v?  +  xr  +  vr  we  have  q  =  uu/q 
+  vvlq+ww/q,  dq/fit  =  dujdt-ujq  +  dv/dt.vjq  +  dw/dt.to/q,    '/r'j  3* 


STATICS    AND    KINETICS  OF   FLUIDS.  317 

=  udu/cs  +  vfiv/ds  +  wdw/ds  =  u/q.(udu/dx  +  v^ujcy  +  wdu/dz) 
+  v/q.(udv/dx  +  vdv/dy  +  wdv/dz)  +  w/q.(udw/d%  +  vdwjdy 
+  wowjcz).  Taking  the  sum  of  these  expressions  for  dq/fit  and 
'ir'lics,  and  equating  to  the  value  of  q  we  obtain  an  equation  which 
must  hold  for  any  given  case  however  the  axes  are  chosen.  Hence 
the  quantities  multiplied  by  ujq,  vjq,  wjq  on  the  two  sides  of  the 
equation  must  be  equal.     We  obtain  therefore  : 

u  =■  £-  +  i*V -  + 1£-  +  w~ 
dt       dx      dy       d* 


r)v  r)v  r)v  r)v 

ot       dx       dy       d* 
dt       3»      cy       d« 


(3) 


•855.  Equation  of  Continuity. — Now  we  have  to  establish  an 
equation  which  states  that  if  there  be  no  creation  or  annihilation 
of  matter  in  any  part  of  the  space  occupied  by  the  fluid,  whatever 
increase  or  diminution  of  the  amount  of  matter  within  any  portion  of 
space  takes  place  in  any  time  must  be  precisely  the  difference  between 
the  amount  of  fluid  that  has  entered  the  space  and  the  amount  that 
has  passed  out  of  the  space  across  its  boundaries  in  that  time. 

This  is  called  the  equation  of  continuity.  First  we  shall  show  that 
tne  time  rate  of  increase  of  volume  of  a  rectangular  element  the 
centre  of  which  is  at  the  point  x,  y,  z  where  the  components  of 
velocity  are  u,  v,  w,  and  the  edges  of  which  are  lengths  clx,  dy,  dz 
taken  along  the  axes,  is  (dw/d%  +  dv/dy  +  dwl6z)dxdydz. 

For  consider  a  filament  of  infinitely  small  cross-section  a  and 
length  parallel  to  the  axis  of  x.  If  02,  63  be  positive  numerical 
multipliers,  each  less  than  unity,  the  co-ordinates  of  the  extremities 
of  such  a  filament  relatively  to  P  are  -  ^dx,  62dy,  63dz  for  one  end, 
\dx,  82dy,  63dz  for  the  other.     Hence  the  expression 

u  =f  |3«/3a  dx  +  Q^ujcy.dy  +  63vu/dz-dz 

gives  the  value  of  u  at  the  former  or  latter  extremity  of  the  filament 
according  as  the  negative  or  the  positive  sign  is  taken.  Hence  the 
excess  of  the  value  of  u  at  the  latter  extremity  above  that  at  the 
former  is  du/dx.dx.  This  is  the  rate  of  increase  of  length  of  the 
filament,  and  produces  a  rate  of  increase  of  volume  of  the  filament  of 
amount  a(cu/dx-d>x)- 

The  quantity  du/dx  is  constant  for  all  the  filaments  and  we 
have  therefore  for  the  rate  of  increase  of  volume  of  the  element  due 
to  the  variation  of  u  the  value  Qu\dx.dxdydz. 

Similarly  for  the  rate  of  increase  due  to  the  variation  of  v,  w 
through  the  element  we  have  cv\dy-dxdydz,  dwjdy.dxdydz  respec- 
tively. The  whole  rate  of  change  of  volume  is,  in  the  limit,  the 
sum  of  these.  The  ratio  of  this  sum  to  the  original  volume  of  the 
fluid,  or  what  may  be  termed  the  united  rate  of  change  of  volume, 
is  called  the  divergence  of  the  flow  of  the  fluid  at  P,  and  is  denoted  by 
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divq  where  q  is  the  resultant  of   u,  v,  w  at  P.     Hence  we  write 

^_§«+f?+f*  (4) 

ox    oy    oz 

This  expression  gives  the  divergence  as  far  as  quantities  of  the  first 
order  of  smallness.  It  will  be  noticed  for  example  that  the  rates  of 
increase  of  dimensions  in  the  directions  of  y  and  z  augment  the  rate 
of  increase  of  volume  produced  by  the  flow  along  x,  and  similarly  for 
the  other  directions  y,  z.  These  effects  are  left  out  in  the  discussion 
given  above,  but  the  reader  may  easily  verify  that  the  terms  depend- 
ing on  them  are  small  compared  with  those  retained. 

The  unital  increase  of  volume  in  time  dt  sustained  by  a  given 
portion  of  the  fluid  at  P  is  thus  (cu/dx  +  cl'!cy  +  cw;cz)dt.  If  p  he 
the  density  of  the  portion  of  the  fluid,  its  density  at  time  dt  is 
p  +  pdt.  Hence  the  mass  of  the  element  after  dt  has  elapsed  is 
(p  +  pdt){l  +(cu!(jx  +  cr  cy  +  (WJcz)dt}dxdydz.  But  since  this 
must  have  the  same  value  as  before,  namely  pdxdydz,  we  find, 
neglecting  the  term  multiplied  by  dt-, 

which  is  the  equation  of  continuity.  In  fact,  quantities  of  the 
second  order  being  neglected,  p(puicx-\-cv'cy +  cw!dz)dxdydz  is  the 
rate  of  increase  of  the  mass  of  the  element  in  consequence  of  the 
alteration  of  volume,  and  pdxdydz  is  the  rate  of  increase  of  its  ma.-s 
arising  from  alteration  of  density,  and  these  must  together  give  a 
zero  result. 

In  the  same  way  may  be  reckoned  the  divergence  of  any  other 
quantity  connected  with  the  flow  of  the  fluid  if  the  quantity  varies 
continuously.  Thus  we  have  a  similar  expression  for  the  divergence 
of  the  flow  of  inertia  of  the  body.  The  rate  of  flow  of  inertia  per 
unit  of  volume  at  P  is  pq  if  p  be  the  density  at  P.  The  components 
of  this  are  pu,  pv,  pw,  so  that 


oy        oz 


(■'■ 


(6) 


Clearly  since  this  is  the  rate  of  diminution  of  matter  in  unit 
volume  it  is  the  time  rate  of  diminution  of  density  at  the  fixed  point 
P,  namely  cp/vt-     Hence  we  have 


op  +  v(pu)  +  d(pv)  +  c(pw)  =  0 

ct       dx         ( y         d* 


(7) 


which  is  another  form  of  the  equation  of  continuity.  Since  p  may 
vary  with  the  time  for  a  fixed  point,  and  also  with  the  position  of 
a  particle  of  the  fluid  at  time  t,  the  value  p  of  the  rate  of  increase  of 
p  regarded  as  a  quantity  characteristic  of  a  portion  of  the  fluid  is  given 
by 

ct      o*     oy      oz 
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*356.  Velocity-Potential. — When  the  distribution  of  velocities  at 
any  point  in  the  fluid  at  any  particular  instant  of  time  is  obtained 
from  a  function  0  of  the  co-ordinates  of  the  point,  in  the  manner 
described  by  the  equations 

»-  -dfldn,    v=  -d<p/dy,    w=  -dfldz,  (9) 

the  motion  is  said  to  be  characterised  by  a  velocity-potential  0.  The 
reader  will  notice  that  this  is  the  mode  of  deriving  the  component- 
forces  from  a  force-potential  as  explained  at  §  218  above.  It  is  an 
elementary  theorem  of  what  is  called  partial  differentiation  that 
d2<p/dxdy  "d2(t>ld'</d^,  so  that  if  the  velocities  are  so  derivable  from 
a  function  0  of  the  co-ordinates  we  must  have  the  three  relations 

dw/dy~dv/dz  =  0,    3w/3z-3tt>/3.-«  =  0,    dv/dz-du/dy  =  U-    (9') 

When  equations  (9)  hold  we  have 

udx  +  vdi/  +  wdz  =  —(i)<f)lc)x.dx  +  c<p/c)y.d}/  +  ()<l>jc)z.dz)=  -  d(f>, 

where  dep  is  the  change  of  0  which  takes  place  when  as,  y,  z  are 
changed  to  x  +  dx,  y  +  dy,  z  +  dz.  The  quantity  dtp  is  what  is  called 
a  perfect  differential  of  the  function  0  of  the  co-ordinates.  The 
integral  of  df/ds.ds  taken  along  any  path  in  the  fluid  is  then  <ps  —  0t 
where  0  ,  0,  are  the  values  of  0  at  the  final  and  initial  ends  of  the 
path.  This  integral  is  not,  however,  free  from  ambiguity  in  certain 
cases,  as  will  be  explained  below.     (See  §§  358,  193.) 

The  quantities  on  the  left  of  equations  (9')  have  a  certain  physical 
interpretation  which  may  be  explained  in  the  following  manner. 
Think  of  a  small  rigid  sphere  with  its  centre  at  the  point  x,  y,  z,  and 
let  the  centre  move  with  component  velocities  u,  v,  v).  Let  the 
angular  velocities  of  the  sphere  about  diameters  parallel  to  the  axes 
of  x,  y,  z  be  Bv  H.,,  0,  then  the  velocities  of  a  point  on  the  surface,  the 
co-ordinates  of  which  are  dx,  dy,  dz,  are  by  §  277, 

?',  -  d.Kdy  +  Ogdz,    v  —  Q^dz  +  63dx,    w  —  d2dx  +  d^y. 

A  small  sphere  of  the  fluid  however  does  not  move  as  a  rigid 
body.  The  component  velocities  at  a  point  (x  +  dx,  y  +  dy,  z  +  dz) 
are  u  +  (}ujcjx.dx  +  ()ujf)y.dy  +  c)ulcz.dz,  ...,and  these  can  be  written 


u  +  Z" 


with  two  similar  expressions.  We  shall  show  that  the  last  line 
corresponds  to  the  terms  -  d3dy  +  63dz  of  the  velocity  of  the  point  on 
the  surface  of  the  rigid  sphere,  that  in  fact  the  component  angular 
velocities  £,  tj,  £  (or  components  of  spin)  of  the  fluid  at  the  point 
x,  y,  z  are  given  by 
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«-*6r&  '•*&-&  '-*^-S>    (10) 

When  these  quantities  are  all  zero  the  motion  is  said  to  be 
irrotationcd ;  if  they  are  not  all  zero  the  motion  is  said  to  be 
rotational,  but  is  most  frequently  called  vortex-motion. 

*3i.7.  Rotational  Motion  of  a  Fluid  Element.  Components  of 
Angular  Velocity. — Consider  a  small  sphere  of  the  fluid  the  centre 
of  which  is  at  P  (x,  y,  z),  where  the  velocity  components  are  u,  v,  w. 
If  cu/dx,  cu/dy,  ...  be  the  space-rates  of  variation  of  u,  v,  w  at  P, 
the  velocity  of  a  point  very  close  to  P,  of  which  the  co-ordinates  are 
x  +  a,  y  +  f3,  z  +  y  has  components  u  +  acuicx  +  pcu  cy  +  yculczi  •••■> 
so  that  the  component  velocities  of  the  element  relatively  to  P  are 

adu/dx  +  fi^ujoy  +  yduldzi The  moment  of  momentum  hv  of 

the  sphere  about  an  axis  through  P  parallel  to  that  of  z  is  therefore 

pdCT  ^_o  +  ^-/3  +  ^-y  /3-  f  pdTZ  ^_a  +  ^-/3  +  ^-y  W, 


\dx       cy        d*  j     J  \3a?      dy       d 

where  the  integrals  are  taken  throughout  the  sphere.  But  c«'  c  ''■  ■■■ 
are  constants  throughout  the  field  of  integration,  and  hence  there  is 
for  every  term  pdZ5.afi"^wj^x  for  which  /3  is  positive  another  term 
for  which  p  has  an  equal  but  negative  value,  while  everything  else  is 
the  same,  and  so  for  the  terms  involving  py. 
The  moment  of  momentum  thus  reduces  to 

The  moment  of  inertia  of  the  sphere  about  the  diameter  is 
pf{fi~  +  y-)dT3 ,  and  clearly  by  symmetry  fp-dVl  =/y-duJ.  Hence  if 
p  be  the  moment  of  inertia  pj  fi'2dZ3  =  pfyJdZ3  =  ^p,  we  have  for  the 
moment  of  momentum  of  the  sphere  about  the  diameter  parallel 

w(j£-!i)-  (») 

\oy    ozj 

This  proves  that  |(3<o/3y  —  3«/32)  is  the  angular  velocity  of  the 
sphere  about  the  axis  of  z.  In  the  same  way  h2,  h3  can  be  found 
and  £((julc)Z  -  dwjdx),  ^(dv/d^  —  d^ldy)  shown  to  be  the  angular 
velocities  of  the  sphere  about  the  diameters  parallel  to  y  and  z. 

*358.  Irrotational  Motion.  Single  and  Multiple  Valued  Poten- 
tials.— The  vanishing  of  the  quantities  hv  hr  h3  shows  that  the 
fluid  has  no  rotation  of  its  elements.  But  the  vanishing  of  these 
quantities  is  the  criterion  that  u,  v,  w  should  be  derivable  from  a 
function  <p  of  the  co-ordinates  by  the  process  of  differentiation  stated 
in  §  354  above,  that  is,  of  the  existence  of  a  velocity-potential  <p ; 
and  conversely,  the  existence  of  a  velocity-potential  proves  that 
there  is  no  rotation  of  the  elements  of  the  fluid  (§  361).     It  can 
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be  proved  that  if  in  a  perfect  fluid  a  velocity-potential  exists  in  any 
part,  that  part  retains  its  velocity-potential  so  long  as  the  fluid 
continues  to  exist  as  such,  provided  the  forces  acting  on  it  are  con- 
servative (§  193). 

The  potential  <f>  may  be  either  single  or  multiple  valued,  that  is 
for  assigned  values  of  the  co-ordinates  <p  may  have  a  single  definite 
value  or  have  any  one  of  a  series  of  possible  values.  In  the  former 
case  the  value  of  fdfjds.ds  or  jdty  taken  along  a  path  drawn  in  the 
iield  has  the  same  value  <f>2  -  <pt  (where  <pv  0,  are  the  values  of  f  for 
the  final  and  initial  points  of  the  path)  for  all  paths  having  the  same 
initial  and  final  points  ;  in  the  latter  case  it  may  be  impossible  to  vary 
the  path  indefinitely  without  affecting  the  value  of  the  integral  along 
it.  It  is  generally  possible,  however,  to  draw  a  family  of  paths 
joining  two  points  of  the  field  for  each  of  which  the  integral  referred 
to  has  the  same  value.  It  is  only  necessary  to  assign  to  the  initial 
point  P  of  the  path  a  value  tpx  of  <£,  then  the  value  (j>2  at  the  terminal 
point  Q  will  be  greater  than  <p,  by  the  integral  fd<f>/ds.ds,  the  value 
of  which  depends  on  the  mode  in  which  the  path  is  drawn. 

For  example,  consider  an  endless  tube  with  fluid  flowing  along  it 
in  closed  paths.  The  value  of  fdcp/ds.ds  taken  along  one  of  these 
paths  is  not  zero  though  the  initial  and  final  points  P,  Q  of  integra- 
tion coincide,  for  (f>  continually  diminishes  at  positive  rate  —  d<j>/ds(  =  q) 
along  the  path,  so  that  if  0L  be  an  assigned  value  of  <f>  for  the  starting- 
point  and  <p2  be  the  corresponding  value  for  the  (coincident)  final  point 
of  the  integration,  <f>3  =  <j>l  —  K,  where  ac  is  what  is  called  the  cyclic 
constant  for  the  flow  along  the  tube. 

On  the  other  hand,  when  a  closed  path  is  drawn  in  the  tube 
beginning  at  P  and  returning  to  P,  and  such  that  it  can  be  contracted 
to  a  point  without  passing  out  of  the  tube,  the  value  of  fd<p/ds.ds 
taken  along  it  is  zero,  since  whatever  diminution  of  <f>  along  one  part 
of  the  path  which  proceeds  on  the  whole  with  the  flow  of  the  fluid,  is 
annulled  in  the  part  of  the  path  which  returns  against  the  flow. 

As  an  example  of  a  single  valued  function,  let  <p  be  fijr,  where  r  is 
the  distance  of  the  point  considered  from  a  point  0.  The  value  of 
fdf/ds.ds(  =fd<f)  taken  along  a  path  from  a  point  P  to  a  point  Q  for 
which  r  has  the  values  r,,  r3  respectively,  is  fi/r2  —  n/rv  and  is 
therefore  zero  for  any  closed  curve  not  passing  through  the  point  0, 

On  the  other  hand  if  <p  =  /x  tan- '(?//»:), 

fd(p/ds.ds  =  fi  {tan  ~1(y2/x!)  -  tan  "'(^i/^i)} 

when  taken  along  a  path  from  an  initial  point  P,  (xv  yt)  to  a  final 
point  Q  (x2,y2),  Fig.  173.  But  this  is  n(d2  -  0,)  if  62  -  01  be  the  angle 
between  the  radii  drawn  from  the  origin  0  of  co-ordinates  to  Q  and 
P.  This  angle  obviously  depends  on  the  path  drawn  from  P  to  Q : 
for  if,  like  the  path  PA  Q,  it  consists  partly  of  a  single  closed  loop 
round  the  origin,  the  radius-vector  turns  round  as  a  point  passes 
along  the  curve  from  P  to  Q  through  an  angle  2rr+  l.  QOP.  If  the 
curve  makes  a  double  circuit  round  the  origin  the  value  of  d2  -  Qy  is 
4:ir+  l  QOP,  and  so  on.     The  integral  is  thus  the  same  for  all  paths 
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joining  P  and  Q  which  make  the  same  number  of  circuits  round  the 
origin. 

Again  in  this  case  let  curves  PBQ,  PCQ  be  drawn  from  P  to  Q, 
so  that  the  two  form  a  closed  curve  round  0.     The  integral  along 

PBQ  is  not  equal  to  the  integral 

Fig.  173.  along    PCQ.       For    the    integral 

taken  along  the  closed  curve  from 

P  back  to  P  again,  in  the  direction 

taken  as  positive  (sax PA  Q),  is  '2  np.. 

C ;  \-~* p       and  therefore  if  the  integral  from  P 

to  Q  along  PBQ  be  p.  I  that  along 

PCQ  is  2-n-p-fiI.     If  the  closed 

curve  PBQCP  did  not  enclose  0  the 

integral  round  it  would  be  zero,  for 

as  a  point  passed  from  P  round  the 

path  the   angle  d   between  a  line 

drawn  to  it  from  0  and  OP  would  not  turn  through  2n  but,  however 

devious  the  path  might  be,  through  a  zero  angle  on  the  whole. 

In  all  cases  of  multiple-valued  functions  the  integral  can  be 
deprived  of  ambiguity  by  imposing  restrictions  on  the  path.  In  the 
case  just  considered  let  a  line  OD  be  drawn  in  the  plane  of  x,  y  from 
0  to  infinity,  and  let  no  path  be  drawn  which  crosses  this  line.  The 
integral  is  then  the  same  for  all  paths  starting  at  P  and  ending  at 
Q  ;  in  fact,  the  function  is  rendered  single-valued. 

Similarly  in  the  case  of  the  closed  tube  along  which  fluid  is 
flowing  the  potential  may  be  rendered  single-valued  by  introducing 
a  diaphragm  across  the  tube  which  no  path  of  integration  can  cro 

These  considerations  are  of  course  applicable  to  force-potentials 
as  well  as  to  velocity- potentials.     (See  also  §  486.) 

•859.  Equations  of  Fluid-Motion. — We  may  now  write  down  the 
equations  of  motion  of  a  fluid,  and  apply  them  to  a  few  of  the  simpler 
cases  which  occur  in  practice.  Consider  again  a  parallelepiped  of  the 
fluid  having  its  centre  at  the  point  x,  y,  z,  and  its  edges  of  lengths 
dx,  dy,  dz  parallel  to  the  axes.  Let  X  be  the  applied  force  per  unit 
of  mass  on  the  element,  then  X pdxdydz  is  the  force  acting  on  the 
element  from  without  in  the  direction  of  the  axis  of  X.  Besides 
this  there  is  force  due  to  pressure  applied  to  the  element  by  the 
surrounding  fluid.  If  the  pressure  at  the  centre  x,  y,  z  be  P  then  we 
obtain  by  the  process  used  in  §§  351,  355,  for  the  difference  of 
pressures  on  the  two  ends  which  are  at  right  angles  to  the  axis  of 
./•.  -  dp/cjx.dx  towards  the  right.  The  force  on  the  element  due  to 
this  difference  of  pressure  is  -  cplcx-dxdydz.  The  whole  force 
applied  in  the  direction  of  x  to  the  element  is  therefore 

{p  X  —  dp/dx}  dxdydz. 

This  must  be  equal  to  the  acceleration  of  the  element  multiplied 
into  its  mass,  and  similar  results  hold  for  the  acceleration  in  the 
other  two  directions.  By  the  values  of  the  component  accelerations 
given  in  §  355  we  obtain  for  the  equations  of  motion 
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pox  dt  dx  ay  a* 
pay  at  dx  dy  d« 
pd«    at      dx      ay       a* 

If  the  forces  X,  Y,  Z  are  derivable  from  a  potential  function  Q,  the 
potential  energy  per  unit  of  volume  in  the  field  of  the  applied  forces, 
these  equations  become 

in  which  it,  v,  w  are  used  for  the  component  accelerations.  Now  for 
any  instant  of  time  p  is  a  function  of  x,  y,  z,  and  the  change  of  p 
corresponding  to  changes  dx,  dy,  dz  of  x,  y,  z  is  dp  =  dp/dx.dx 
+  dp/dy-dy  +  dp/dz-dz,  and  similarly  dQ  =  d&/dx.dx  +  dQ/dy-dy 
+  d&jdz-dz.  If  then  we  take  the  three  equations  of  motion  as  last 
written,  multiply  the  first  by  dx,  the  second  by  dy,  and  the  third  by 
dz,  we  obtain 

-  tdQ  +  -dp\=udx  +  vdy  +  ibdz.  (14) 

Now  let  p  be  a  function  of  p  so  that  lfp  is  equal  to  f'(p)  where 
f'(p)  is  ^ne  differential  co-efficient  with  respect  to  p  of  a  function 
f(p),  of  p.  The  quantity  within  the  brackets  on  the  left  is  then,  for 
a  given  instant  of  time,  purely  a  function  of  the  co-ordinates,  and 
the  whole  expression  on  the  left  denotes  the  diminution  of  Q,  +f(j>), 
a  function  of  the  co-ordinates,  which  takes  place  when  x,  y,  z  are 
changed  to  x  +  dx,  y  +  dy,  z  +  dz,  and  is  therefore  a  perfect  differen- 
tial (§  356).  The  quantity  on  the  right  is  therefore  in  this  case 
proved  to  be  also  a  perfect  differential  of  a  function  of  the  co- 
ordinates x,  y,  z  (which,  however,  may  also  depend  upon  t). 

*360.  Kelvin's  Theorem  of  Fluid  Motion. — The  greater  part  of  the 
theory  of  fluid  motion  may  with  truth  be  said  to  be  contained  in  the 
following  theorem  due  to  Lord  Kelvin.  Before  stating  the  theorem 
we  lay  down  one  or  two  definitions.  If  I,  m,  n  be  the  direction  cosines 
of  an  element  of  a  line  of  particles  moving  with  the  fluid,  the  rate 
at  which  the  particles  are  moving  along  the  line  is  lu  +  mv  +  nw. 
This  velocity  multiplied  by  ds,  the  length  of  the  element,  is  called 
the  flow  along  the  element.  If  dx,  dy,  dz  be  the  projections  of  ds  on 
he  axes  the  values  of  I,  m,  n  are,  by  §  24,  dxjds,  dy/ds,  dz/ds. 
Hence  we  may  write  the  flow  in  the  form  udx  +  vdy  +  wdz. 

Now  consider  the  rate  of  alteration  of  this  quantity  with  the 
time  at  any  instant.  It  will  depend  upon  two  things,  the  rates 
of  alteration  of  u,  v,  w,  and  the  rates  of  alteration  of  dx,  dy,  dz  at 
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that  instant.  The  former  rates  are  u,  v,  w  ;  the  latter  are  dx,  dy,  dz  ; 
for  if  x,  for  example,  be  the  velocity  in  the  direction  of  x  at  the 
initial  (left  hand)  end  of  dx,  x  +  dx  is  the  velocity  at  the  other  end. 
The  difference  between  these  velocities  is  dx,  and  is  the  rate  at 
which  dx  is  increasing  in  length,  and  similarly  dy,  dz  are  the  rates 
at  which  dy,  dz  are  increasing.      For  x,  y,  z  we  may  write  of  course 

U,  V,  w. 

Hence  if  at  the  beginning  of  an  element  of  time  dt  the  flow 
along  the  element  be  udx  +  vdy  +  wdz,  at  the  end  of  that  time  it  is 

(u  +  udt)(dx  +  drdt)  +  (v  +  vdt)(dy  +  dydt)  +  (w  +  wdt)(dz  +  dzdt). 

Hence  the  change  is  {iidx  +  vdy  +  wdz  +  udu  +  vdv  +  wdw}  dt  +  a 
quantity  multiplied  by  dt2.  Neglecting  the  latter,  since  dt  is  taken 
very  small,  and  dividing  by  dt,  we  get  for  the  rate  of  change  of  flow 
the  equation 

— (  udx  +  vdy  +  wdz  )  =  udx  +  vdy  +  wdz  +  udu  +  vdv  +  wdw 
dt\  J 

—  udx  +  vdy  +  wdz  +  qdq, 

where  <f  =  u2  +  vr  +  w2,  the  square  of  the  resultant  velocity. 

The  flow  along  any  finite  curve  s  drawn  in  the  fluid  is  the 
integral  fg(udx  +  vdy  +  v:dz)  taken  along  the  curve  from  one  end  to 
the  other.  [That  an  integral  is  taken  along  a  curve  or  over  a  surface 
we  denote  by  the  suffix  s  or  5  placed  below  the  integral  sign.] 
Hence  the  rate  of  alteration  of  the  flow  along  the  finite  arc  s  is  by 
the  result  already  obtained 

—  /  (udx  +  vdy  +  wdz)  =   I  {udx  +  vdy  +  vdx)  +  \(q2  - q02),     (15) 

*  s 

where  qv  q0  are  the  values  of  the  velocity  at  the  final  and  initial 
ends  of  the  line.    This  is  Lord  Kelvin's  theorem. 

If  the  curve  be  closed  ql  =  q0  and  the  integrated  term  on  the 
right  vanishes.  If  udx  +  vdy  +  wdz  be  a  perfect  differential  of  a 
single  valued  function  of  the  co-ordinates,  the  conditions  for  which 
have  been  stated  in  §  359,  the  integral  on  the  right  also  vanishes. 
and  the  flow  along  the  curve  s  is  constant  as  the  fluid  moves. 

Lord  Kelvin's  theorem  is  expressed  by  the  equation,  derived  by 
<15)  from  §  359, 

^tf(u<lx  +  vdy  +  wdz)=  -JdP.-Ql  +  Qo  +  l(q^-qo^       (16) 

The  only  conditions  (besides  the  condition  that  £1  shall  be  one  valued) 
therefore  required  to  prove  that  the  quantity  on  the  left  vanie 
when  the  integral  is  taken  round  a  closed  path  are  that  1/p  =f'(p),  and 
thsitff{p)dp,  or  f(p),  and  £2  should  be  single- valued  functions  of  the 
co-ordinates. 
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The  integral  f{udx  +  vdy  +  wdz)  taken  round  any  closed  curve  is 
called  the  circulation  round  the  curve.  Hence  Lord  Kelvin's  theorem 
for  this  case  asserts  that  under  the  conditions  stated  if  the  circulation 
is  zero  at  one  instant  of  time  for  a  closed  curve  moving  with  the 
fluid  it  is  zero  ever  afterwards. 

361.  Curl  of  Velocity.  Normal  Spin.  Circulation  round  Curve 
expressed  as  Surface  Integral  of  Normal  Spin. — Now  consider  any 
closed  curve  moving  with  the  fluid  and  any  surface  of  which  the  curve 
is  the  bounding  edge.  Let  dS  be  an  element  of  the  surface  and  ds 
an  element  of  the  curve,  and  let  I,  m,  n  be  the  direction  cosines 
of  the  normal  to  dS  drawn  towards  the  positive  side  of  the 
surface. 

The  positive  side  of  the  surface  is  defined  in  the  following 
manner.     Let  the  integral  f(udx  +  vdy  +  wdz)  be  taken  round  the 

Ftg.  174. 


closed  curve  in  a  direction  chosen  as  positive,  and  then  suppose  an 
observer  to  walk  round  the  curve  in  the  positive  direction  while  the 
surface  lies  on  his  left  hand.  The  observer  then  looks  down  on  the 
positive  side  of  the  surface. 

There  are  in  fact  for  every  element  of  the  surface  two  associated 
positive  directions,  one  of  traversing  the  edge,  and  one  of  the  normal 
to  the  element.  These  are  related  like  the  direction  of  turning  and 
the  direction  of  advance  of  a  right-handed  screw. 

We  can  divide  any  surface  bounded  by  a  single  closed  curve  into 
elements  infinitesimal  in  every  direction,  by  means  of  lines  drawn  on 
the  surface.  Let  this  be  done  and  let  the  boundary  of  each  element 
in  succession  be  traversed  in  the  positive  direction.  Each  linear 
element  of  boundary  will  in  this  process  be  traversed  twice  but 
in  opposite  directions  if  it  belongs  to  two  adjacent  elements  of 
surface,  and  only  once  if  it  is  part  of  the  boundary  of  the 
surface. 

If  the  outer  bounding  curve  enclose  regions  like  A ,  B,  over  which 
the  surface  integral  is  not  taken,  the  integral  round  the  boundary  is 
to  be  extended  to  the  edges  of  all  such  regions.     Fig.  174    shows 
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the    direction  of    the   line   integration   for   these   portions   of  the 
boundary  according  to  the  observations  stated  above. 

These  things  being  understood,  we  can  now  prove  the  following 
theorem  : 

f{udx  +  vdy  +  u-dz)  =  2f{l£  +  mi)  +  nC)dS,  (17) 

where  the  second  integral  is  taken  over  the  surface  and  the  first  is 
taken  round  the  whole  bounding  edge. 

To  prove  this  consider  Fig.   J  75.     Let  ABC  A  be  a  triangular 

Fig.  175. 


element  of  the  surface,  OA,  OB,  OC  lines  drawn  from  a  point  0  to 
the  vertices  of  the  triangle  parallel  to  the  axis  of  co-ordinates.  Then 
we  have,  going  round  in  the  order  of  the  letters  A,  B,  C, 


/(  u~  +  V  -¥  +  W-^\d8 
\    ds        as         ds) 

3CA 


ABC  A 


dz  ,     dx\j 
ds 


ds  J 


OABO 


OB  CO 


OCAO 


If  the  element  be  very  small,  and  the  lengths  of  OA,  OB,  OC  be 
dx,  dy,  dz  we  can  use  the  values  of  u,  v,  w  for  the  middle  points  of 
OA,  OB,  OC  in  calculating  the  three  integrals  on  the  right.  Take 
the  first  of  the  three,  it  is  evidently 

U  +  l  &Ux\dx  -lu  +  $~dx  +  ^Udy\dx 

+  (v  +  ^dx  +  ^dy\dy-(v  +  ^y)dy, 
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which  reduces  to 


»®-fe)**-e-B* 


if  n  be  the  cosine  of  the  angle  which  the  normal  to  the  area  ABC 
makes  with  OC,  the  normal  to  the  area  AOB,  and  clS denote  the  area 
of  the  triangle  ABC. 

In  the  same  way  we  obtain  the  other  two  integrals  and  therefore 
we  have  for  the  element  ABC. 


f(udx  +  vdy  +  wdz)  =  flfiu 


dy     d*/ 

™irtH3-:-l)h-  <i8) 

Here  the  positive  direction  of  the  normal  is  from  the  surface  in  the 
direction  receding  from  the  point  0. 

Doing  this  for  the  whole  surface  divided  into  triangular  elements 
(it  is  possible  so  to  divide  the  surface)  and  adding  the  line  integrals 
together  for  one  sum  and  the  surface  integrals  for  another,  the  line 
integrals  along  sides  which  are  common  to  two  adjacent  triangles  cut 
one  another  out,  and  leave  only  the  line  integral  taken  once  round 
the  whole  bounding  edge.  Hence  by  (10)  the  theorem  expressed  by 
(17)  is  proved. 

This  is  a  most  important  theorem  and  holds  for  any  directed 
quantity  of  which  the  components  are  u,  v,  w.  The  components 
dw/dy -dv/dzy  ■■■■>  that  is  2£,  2r],  2£,  may  be  taken  as  components 
parallel  to  x,  y,  z  of  another  directed  quantity  of  which  the  component 
along  the  normal  (which  is  twice  what  may  be  called  the  normal  spin) 
is  given  by  the  quantity  in  brackets  on  the  right  of  (18).  These  latter 
components  dw/dy  -f)v/dz,  •••>  have  been  called  the  components 
of  the  curl  of  u,  v,  w,  and  the  process  here  illustrated  of  deriving 
one  directed  quantity  from  another  is  sometimes  called  curling. 

Returning  now  to  (17)  we  see  that  if  £,  r],  £  be  all  zero  for  any 
surface  enclosed  by  a  curve  the  circulation  is  zero  round  the  curve. 
Hence  if  it  is  zero  for  one  surface  enclosed  by  the  curve,  it  must  be 
zero  for  all  such  surfaces,  that  is  every  such  surface  must  give  a  zero 
integral  of  normal  spin. 

Now  from  Lord  Kelvin's  theorem  we  have  the  result  that  in  the 
circumstances  stated  in  §  359  the  circulation,  if  zero  at  any  one 
instant,  is  henceforth  always  zero.  Hence  if  the  surface  integral  of 
curl  is  zero  for  the  surface  enclosed  by  any  curve  it  is  henceforth 
always  zero.  Since  this  can  be  applied  to  all  curves  moving  with  the 
fluid  that  can  be  drawn,  it  follows  that  if  £,  r/,  £  be  once  zero  for  any 
portion  of  the  fluid  they  must  henceforth  always  be  zero  for  the  same 
portion  of  the  fluid. 

*362.  First  Integral  of  Equations  of  Motion.  Steady  Motion. — 
Now  let  a  velocity-potential  exist  and  Q  be  a  single-valued  function 
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of  the  co-ordinates  for  any  epoch  of  time  that  may  he  taken :   the 
left-hand  side  of  (16)  is  -  d((f>l  -  <f>Q)/dt,  so  that  the  equation  becomes 

[-3+/*+*-*-*,>*         (19) 

But  d4>ldt  =  d<t>ldt  +  xd<f>/dz  +  yd(l>/dy  +  zd<t>/dz  =  d<p/dt-q2  so  that 
(19)  may  be  written 

[/^♦■i-Eta-      « 


If  (p  does  not  vary  at  any  particular  point  in  the  fluid  the 
co-ordinates  of  which  are  fixed,  or,  as  it  is  usually  put  in  technical 
language,  if  <p  is  not  an  explicit  function  of  the  time,  9^/3^  =  0,  and 
the  motion  is  then  said  to  be  steady.  The  last  equation  may  then 
be  written,  with  suffixes  dropped  for  the  integrals,  in  the  form 


f(lP  +  lq-  +  Q=C,  (21 

J     P 


where  C  is  the  value  of  the  expression  on  the  right  of  (20)  for  the 
initial  end  of  the  line.  The  quantity  on  the  left  is  the  total  energy 
of  the  fluid  at  the  point  considered  per  unit  of  mass.  Where  p  is 
taken  in  absolute  units  of  force  per  unit  of  area  {Jdpjp  +  ^q-  +  Q)lg  ifl 
a  quantity  which  is  sometimes  called  the  dynamic  head  of  the  fluid 
(§  352).  Thus  in  the  case  of  steady  motion  there  is  constancy  of 
dynamic  head  both  at  a  fixed  point  in  the  fluid  and  at  each  particle 
in  its  motion. 

If  p  be  a  function  of  p,  we  have  for  fdpjp  the  value  f(p)  and 
therefore 

/(ft)  -f(P0)  +  M<?i2  -  ?«f)  +  (At  -  n.)  -  0.  (22) 

Thus  if  the  pressure  be  the  same  at  both  ends  of  the  line  /(/>,)  =/(p0)> 
and 

K?i8-s/H-a,+o,  (23) 

The  interpretation  of  (22)  is  that  -  O,  +  O0  is  the  amount  of  potential 
energy  in  the  field  of  applied  force  lost  by  the  fluid  per  unit  of  mass 
in  passing  along  the  curve  from  one  end  to  the  other  :  \(qf  -  q*) 
is  the  kinetic  energy  per  unit  of  mass  gained  by  it.  The  latter  is 
equal  to  the  former  plus  the  work  done  by  fluid  pressure  on  the  fluid 
in  the  passage.  But  the  fluid  on  entering  the  portion  of  curve 
considered  has  work  p0  done  on  it  per  unit  of  volume,  and  therefore 
work  f(p0)  per  unit  of  mass,  and  on  leaving  it  does  work  per  unit  of 
its  own  massy^)  on  the  surrounding  fluid.  Or  thus  :  unit  mass  of 
the  fluid  on  entering  brings  energy  hq02  +  i20,  and  has  work  done 
upon  itf(p0);  unit  mass  in  leaving  carries  off  energy  ^q'  +  Q^  and 
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does  work /(pj  and  we  have  ^q*  +  O,  +f(pl)  =  $q0* •+  Q„  +f(p0)-     The 
equation  expresses  thus  the  conservation  of  energy  in  the  fluid. 

In  the  case  of  a  liquid  for  which  p  may  be  taken  as  independent 
of  the  pressure /(/?)  =p/p,  and  equation  (22)  becomes 

-(ft  -  ft) +  Mf  i"  -  IS)  +  (o,  -  Q.)  =  <>•  (24> 

P 

It  is  to  be  carefully  noticed  that  (20)  does  not  give  the  actual 
value  of  the  pressure  at  any  point.  All  it  does  is  to  give  when  p  and 
Q  are  known  the  difference  between  the  values  of  p  at  two  points  in 
the  fluid.     If  p  be  uniform  the  equation  is 

ft  -  ft  +  hp(<l{  ~  ?.*)  +  p(Q,  -  O0)  -  P\jft]  '  <25> 

Of  course  this  pressure  is  not  necessarily  unknown,  It  may  be 
experimentally  found  in  most  cases. 

*363.  Stream-Lines. — An  idea  of  great  importance  ami  utility  iu 
fluid  motion  is  that  of  a  stream-line,  that  is  a  curve  drawn  in  the  fluid 
so  that  for  any  given  instant  the  direction  of  motion  of  the  fluid  at 
any  element  is  that  of  the  tangent  to  the  curve.  If  ds  be  an  element 
of  length  of  a  stream-line,  dx,  dy,  dz  its  projections  on  the  axes 
of  x,  y,  z,  the  equations  of  the  line  are 

(26) 


dx 

dy 

dz 

ds 

u 

V 

w 

9 

or 

if  the 

velocities 

are 

derivable  from  a 

potential 

dx 

dy 

dz 

ds 

d±     d±    dj>     of.  (27) 

3*     dy    dz     c* 

Hence  a  stream-line  is  perpendicular  at  each  point  to  the  surface 
of  equal  velocity-potential  there.  These  stream-lines  are  precisely 
analogous  to  lines  of  force  in  the  cases  of  gravitational  attraction 
and  electrical  and  magnetic  attraction  and  repulsion.  (See  chap.  x. 
below.) 

The  flow  along  an  element  of  a  stream-line  udx  +  vdy  +  udz 
is  qds,  and  hence  we  have 

d\  j qds = f  *ds + f qdq =f^ds+ Htf  -  &■>■      (28> 


In  the  case  of  steady  motion  we  have 

-(qds)  =  -^qds  +  qdq  =  2qdq, 
at  as 
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so  that  Lord  Kelvin's  theorem  when  applied  to  a  stream-line  in 
a  fluid  in  steady  motion  becomes 

Kft'-fd-/!*-  -0,+fl,-/    %.  (29) 

*  • 

Dropping  suffixes  for  the  values  of  the  quantities  at  the  final  end 
of  the  line,  and  denoting  by  C  the  value  of  \  q0J  +  Q0  +  the  initial 
value  of  Jdp/p,  we  get 

iq*+  f^P  +  Q  =  C.  (30) 

J    P 

C  has  thus  a  value  peculiar  to  each  stream-line,  but  in  general  has 
different  values  for  different  stream-lines.  The  equation  is  the  same 
as  that,  (21),  obtained  for  any  path  upon  the  supposition  of  the 
existence  of  a  velocity-potential.  This  theorem  is  due  to  Daniel 
Bernoulli,  and  is  given  in  his  Hydrodynamica,  1738  ;  it  is  there 
obtained  practically  from  the  consideration  of  work  done  on  a  portion 
of  the  fluid  in  passing  along  the  stream-line  from  one  point  to 
another  (see  §§210,  362). 

*364.  Two-Dimensional  Motion. — A  very  important  particular 
case  of  motion  is  that  which  is  independent  of  one  of  the  co-ordi- 
nates, z  say  ;  this  is  commonly  called  motion  in  two  dimensions. 
For  this  case  the  equation  of  continuity  if  the  fluid  is  incompres- 
sible is 

P+P  =  0.  (31) 

d*    dy 

The  equation  of  a  stream-line  may  be  written  for  two-dimensional 
motion  in  the  form 

udy  —  vdx  =  o,  (32) 

and  the  equation  of  continuity  just  written  is  the  condition  that  the 
velocities  u,  v  are  derivable  from  a  function  \p  of  the  co-ordinates 
(and  possibly  of  t),  called  the  stream-function,  by  the  equations, 

u=-|*,    v  =  p.  (33) 

dy         3« 

The  equation  of  the  stream-line  may  therefore  be  written  in  the 
form 

^dx  +  p:dy  =  Q.  (34) 

o*       dy 

Equation  (34)  integrated  gives 

^  =  F{t),  (35) 
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and  if  the  motion  be  steady  this  reduces  to 

$mCt  (36) 

which  is  the  integral  equation  of  a  stream-line  in  the  case  of  steady 
motion.  This  equation  may  be  regarded  as  giving  the  whole  family 
of  stream-lines  if  G  be  regarded  as  varying  from  one  stream-line  to 
another. 

If  there  exist  a  velocity-potential  <f>  (which  of  course  is  also  a 
function  of  x,  y,  t  in  the  case  of  two-dimensional  motion)  the  two 
expressions  for  each  component  velocity  give 

fa       dy'    dy    9*' 

"We  get  thus  the  equation  of  continuity  for  an  incompressible 
fluid 

fix*    dy* 

and  the  companion  equation  in  \p 

d^     dy2 

This  last  expresses  the  fact  that  the  quantity  dvfdx  -  du/dy  (double 
the  angular  velocity  of  an  element  of  the  fluid  about  an  axis  parallel 
to  the  axis  of  z)  is  zero,  that  is  that  the  motion  is  irrotational. 


Consider  an  element  ds  of  an  equipotential  line ;  the  com- 
ponents of  ds  on  the  axes  are  dx,  dy.  The  flow  across  ds  is  (see 
Fig.  1 76)  vdx  -  udy.     But 

vdx  -  udy  =  ^dx  +  -^-dy  =  d\p, 

dx        dy 

that  is  d\p  measures  the  rate  of  flow  of  fluid  across  ds  (AB  in  Fig.  176) 
in  the  direction  from  right  to  left  to  an  observer  looking  along  ds 
in  the  positive  direction  (from  A  to  B  in  Fig.  176). 
The  differential  equation  of  an  equipotential  line  is 

j&fc  +  |^y  =  0,  (38) 

dx        dy 
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and  that  of  a  stream-line  is 


cy       ox 


(39) 


which  show  that  equipotential  lines  and  stream-lines  are  families  of 
curves  at  right  angles  to  one  another. 

*365.  Conjugate  Functions. — The  equations  (37)  are  the  analytical 
conditions  that  W,  =  <f>  +  i\j/,(i  =  J  -  1)  should  he  a  function  of  the 
complex  variable  z  —  x-viy;  in  other  words  W  changes  with  z  in 
such  a  manner  that  the  rate  of  variation  dWdz,  of  IT  with  z,  is 
independent  of  the  particular  change  given  to  z,  that  is  of  the  relation 
of  dx  to  dy.  Thus,  representing,  as  in  §  27,  #  by  distance  along  the 
axis  of  x  from  a  chosen  origin  and  y  by  distance  along  the  axis  of  y, 

and  z  by  the  step  OP,  where 
Fig.  177.  P  is  the  point  given  by  the 

Cartesian  co-ordinates  x,  y, 
dW/dz  is  independent  of  the 
direction  of  the  infinitesimal 
step  PQ  (  =  dz)  from  P  to  a 
neighbouring  point  Q.  The 
proof  that  equations  (37)  ex- 
press this  is  left  to  the  reader. 
It  is  an  elementary  theorem 
proved  at  the  outset  in  trea- 
tises on  Functions  of  a  Com- 
plex Variable. 

If  then  we  can  find  a 
function  W  of  the  complex 
variable  z,  and  if  that  func- 
tion be  expressed,  as  it  can 
always  be,  in  the  form  <p  +  i  C. 
where  <f>,  \\,  are  functions  of  the  real  variables  x,  y,  we  see  that 
the  curves 


y  =  const.,     -J/  =  const. 


(40) 


form  a  conjugate  system,  that  is  if  either  set  of  curves  be  taken  as  the 
equipotential  lines,  the  other  set  is  the  corresponding  system  of 
stream-lines.    Hence  <p  and  -J/  are  what  are  called  conjugate  functions. 

In  Fig.  177  are  shown  two  such  sets  of  conjugate  curves.  They 
may  be  regarded  as  (1)  the  stream-lines  and  equipotential  lines  due 
to  two  line-sources  A,  B,  one  positive,  the  other  negative,  that  is, 
one  a  line-source,  the  other  a  line-sink,  at  right  angles  to  the  plane 
of  the  diagram.  Fluid  flows  out  along  the  lines  diverging  from  A 
and  converging  on  B :  the  curves  (circles)  closed  round  the  sources 
are  the  equipotential  curves. 

The  curves  may  also  be  regarded  as  (2)  the  lines  of  flow  and 
equipotential  curves  for  fluid  moving  without  rotation  in  closed  paths 
round  A  and  B,  in  opposite  directions  on  the  two  sides  of  the  central 
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line  running  up  and  down  the  page.  This  central  line  is  a  rectilinear 
line  of  flow  for  both  A  and  B.  The  curves  radiating  from  A  and 
converging  to  B  are  then  the  equipotential  curves. 

The  theory  of  conjugate  functions  is  dealt  with  in  books  on  the 
Theory  of  Functions  of  a  Complex  Variable  {e.g.,  the  treatise  of 
Forsyth  or  that  of  Harkness  and  Morley).  To  these  and  to  treatises 
on  Electricity  and  Magnetism  we  must  refer  for  a  full  account  of  the 
properties  of  these  functions,  and  the  principle  of  Conformal  Repre- 
sentation, by  which  from  the  solution  of  one  problem  the  solutions 
of  others  may  be  derived. 

366.  Effect  of  Motion  on  Pressure.  Torricelli's  Theorem. — In 
§  362  we  have  found  the  important  result  that  the  pressure  at  any 
point  is  less  than  it  would  be  if  there  were  no  motion  by  \pq-,  where 
q  is  the  velocity  at  the  point.  An  excellent  example  of  this  is  given 
by  a  liquid  escaping  under  gravity  from  an  orifice  in  a  vessel,  the  free 
surface  of  the  liquid  in  which,  as  well  as  the  jet,  is  at  atmospheric 
pressure,  and  in  which  either  through  the  great  cross-section  of  the 
vessel  in  comparison  with  that  of  the  orifice,  or  by  a  continual 
supply  of  liquid,  the  level  of  the  free  surface  is  kept  up.  Take  a 
path  beginning  in  the  free  surface  and  ending  in  the  surface  of  the 
jet,  then  Q.  =  -  gz,  where  z  is  measured  downwards  from  some  chosen 
level.  Hence  if  h  be  the  depth  of  the  point  on  the  jet  chosen  below 
the  free  surface  we  have  qQ  =  0,  Ql  —  Q0  =  -  gh,  and 

f-  =  2gh,  (41) 

where  q  is  the  velocity  in  the  jet  at  the  point  on  its  surface.  This 
is  known  as  Torricelli's  theorem. 

It  is  to  be  most  carefully  observed  that  this  tells  us  nothing  of 
the  velocity  inside  the  issuing  jet.  That  depends  on  the  value  of 
p  at  the  point  considered. 

367.  Velocity  in  Jet.  Vena  Oontracta. — Although  the  velocity 
at  the  surface  of  the  issuing  jet  is  given  by  Torricelli's  theorem,  this 
cannot  be  taken  as  the  velocity  for  the  whole  jet.  For  some  distance 
beyond  the  orifice  within  the  vessel  the  stream-lines  of  fluid  are 
convergent,  and  this  convergence  continues  in  the  jet  outside  the 
orifice.  The  velocity  inside  the  jet  is  therefore  less  than  at  the 
surface,  and  the  pressure  is  greater.  At  a  little  distance  in  front  of 
the  orifice  the  stream-lines  have  become  parallel,  and  we  may  take 
the  velocity  as  uniform  there  over  the  cross-section,  and  the  pressure 
as  atmospheric.  The  cross-section  is  smaller  than  that  of  the  orifice, 
and  the  velocity  is  that  (J2gh)  for  the  fall  h  from  the  surface  to  the 
cross-section. 

This  vena  contracta,  as  it  is  called,  has  an  area  depending  on 
circumstances,  and  the  investigation  of  its  amount  except  in  par- 
ticular cases  is  impossible.  It  can  however  be  shown  to  be  less 
than  the  area  of  the  actual  orifice.  For  consider  the  liquid  in  the 
vessel  with  the  orifice  plugged  up.  The  pressure-force  of  the  liquid 
on  each  element  of  the  wall  is  accompanied  by  an  equal  and  opposite 
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force  applied  to  the  liquid  by  the  wall.  Thus  the  force  applied  to 
the  liquid  by  one  element  of  the  wall  may  be  regarded  as  balanced 
by  that  applied  by  an  opposite  element  of  the  internal  surface,  so 
that  no  motion  of  the  liquid  takes  place. 

If  now  the  orifice  be  opened,  a  force  which  is  left  unbalanced  is 
applied  to  the  liquid  by  the  part  of  the  wall  opposite  the  orifice. 
If  h  be  the  depth  and  a  the  area  of  the  orifice,  the  unbalanced  force 


Fig.  178. 


/ 


\ 


Fig.  179. 


Fig.  178'. 
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applied  is  gpah,  or,  in  gravitation  units,  pah.  This  must  be  the 
momentum  produced  per  unit  of  time  in  the  issuing  fluid,  if  the 
pressure  on  every  other  part  of  the  wall  is  gpah,  which  will  be 
approximately  the  case  if  the  region  of  motion  within  the  vessel  is 
remote  from  the  wall,  as  when  the  orifice  is  formed  by  a  tube 
with  sharp  edge  passed  some  way  into  the  liquid,  Fig.  178.  In 
this  case  then  we  have  pa'v2,  for  the  momentum  of  the  fluid  issuing 
per  unit  of  time,  if  a  be  the  effective  area  of  the  orifice,  that  is  the 
area  of  the  contracted  vein,  since  weight  pa'v  issues  with  velocity  v. 
This  must  be  gpah,  and  therefore 


,     a    j 
a 


'42) 


This  has  been  verified  by  Borda,*  who  obtained  a'  =  a/l*!»24, 
with  an  orifice  formed  by  a  re-entrant  tube  as  described. 

A  concordant  result  was  obtained  by  the  late  Mr.  W.  Froude,  of 
Torquay,  and  published  in  the  Proceedings  of  the  Glasgow  Philo- 
sophical Society,  1876,  in  two  communications  (February  23  and 
March  31) — one  an  extract  from  a  letter  of  Mr.  Froude  to  Sir 
William  Thomson,  and  the  other  a  note  by  Professor  James  Thomson. 
The  accompanying  cuts,  Figs.  178, 178',  show  the  flow  at  a  re-entrant 
orifice  with  thin  edges  :  the  first  gives  the  general  nature  of  the 
jet,  the  second  the  stream-lines  near  the  edge.     Fig.  179  shows  the 

*  Mern.  de  l'Academie  des  Sciences,  1786.     For  the  theory  of  the  vena  con- 
tracta  see  also  Rayleigh,  PAH.  May.  1876,  p.  441,  or  Collected  Papers,  vol.  i.  p.  297. 


STATICS    AND    KINETICS   OF    FLUIDS. 


335 


stream-lines  near  an  orifice  with  thin  edge  in  the  vertical  side  of  a 
vessel. 

In  most  cases  the  condition  stated  above  is  only  approximately 
fulfilled.  When,  for  example,  the  orifice  is  one  made  in  the  vertical 
side  of  a  vessel,  there  is  considerable  motion  near  it  in  the  liquid 
and  the  pressure  is  lowered  in  consequence.  The  flow  therefore 
corresponds  to  an  unbalanced  pressure  over  an  opposite  area  of  the 
surface  greater  than  that  of  the  orifice,  and  the  vein  approaches 
more  nearly  to  the  orifice  in  area. 

There  is  also  in  all  cases  a  small  diminution  of  velocity  due  to 
friction,  so  that  if  c,  be  the  ratio  a  fa,  and  ct  the  ratio  of  the  actual 
velocity  of  discharge  to  the  Torricellian  value,  we  have  for  the 
volume  discharged  per  second  clc3aj'2gh  or  caj'lgh,  if  c  =  cxcr 

It  may  be  taken  that  for  orifices  in  the  walls  or  bottom  of  a 
vessel,  without  projecting  or  re-entrant  mouthpiece,  c  is  about  -62. 

Fig.  180. 


Fig.  181. 


Fig.  182. 
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368.  Flow  through  a  widening  Spout. — A  greater  flow  is  obtained 
by  fitting  the  orifice  with  a  projecting  tube  or  spout,  as  in  Fig.  180. 
For  a  mouthpiece  at  right  angles  to  the  side 
with  a  sharp  edge  of  junction  the  value  of  c 
is  about  -82.  A  loss  of  pressure  takes  place 
in  consequence  of  the  fact  that  the  pipe  just 
outside  the  inner  mouth  is  not  quite  filled 
with  the  stream-lines  of  the  liquid.  Within 
this  space  eddies  or  whirls  are  formed,  which 
involve  waste  of  energy  of  head  in  work  done 
against  friction. 

A  larger  rate  of  flow,  in  fact  one  exceed- 
ing the  higher  limit  corresponding  to  the 
orifice  in  the  vessel,  is  obtained  by  making 
the  mouthpiece  as  nearly  as  may  be  of  the 
form  of  the  tube  given  by  the  stream-lines 
at  emergence,  but  with  a  widening  outer  end 
which  becomes  gradually  cylindrical.  The 
loss  of  pressure  just  referred  to  is  then  avoided,  and  for  a  smooth 
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well-made  mouthpiece  of  this  kind  a  velocity  only  about  3  per  cent, 
below  the  limit  is  obtained. 

The  velocity  is  thus  a  little  less  than  J2gh,  but  the  area  of  the 
orifice  is  really  that  of  the  mouth  of  the  tube.  The  mouthpiece 
must  however  be  made  to  run  full,  that  is  it  must  be  filled  before 
the  flow  is  allowed  to  begin.  The  velocity  through  the  throttled 
part  of  the  vein  near  the  junction  of  the  mouthpiece  with  the  vessel 
is  of  course  greater  than  that  at  the  mouth,  and  the  pressure  is 
correspondingly  small.  If  the  area  of  the  narrowest  part  be  made 
very  small,  the  pressure  may  fall  towards  zero,  and  approach  to  this 
value  is  shown  by  the  jet  leaving  the  surface  of  the  mouthpiece  and 
occupying  only  part  of  the  outlet-space.  For  if  P  be  the  pressure 
where  the  jet  has  become  cylindrical,  p  be  the  pressure  at  the  neck, 
and  V,  v  be  the  corresponding  velocities,  we  have  P  —p  =  ^p(vr 
But  if  A,  a  be  the  areas,  vjV=A/a,  and  therefore 

P-p  =  hPV2(A2/a--l),  or  P-p  =  gPh(A2ja--l). 
If  then 

p  ^  0,  that  is  if 

A^^P  +  gph 

a-  >       <j pit 

the  pressure  at  the  neck  is  equal  to  or  less  than  zero.  But  it  is 
found  experimentally  that  a  liquid  containing  air  bubbles,  as  water 
generally  does,  cannot  sustain  negative  pressure,  that  is  stretching 
force,  and  the  limit  is  reached  really  before  A-  has  been  made  so 
great  that 

A1  _P  +  gph_r+l  .     . 

*        g~p~h  T'  {i4} 

where  r  is  the  ratio  of  the  pressure  p  to  that  due  to  the  head  h. 
Thus,  if  gph  =  P,  we  have  A'1  jar  =  2,  or  A  =  aj2. 

Thus  it  is  not  sufficient  in  determining  the  supply  of  water  from  a 
reservoir  to  consider  only  the  area  of  the  orifice  in  the  wall  of  the 
reservoir.  The  form  of  the  tube  beyond  must  also  be  considered. 
The  Romans  were  well  aware  of  this  method  of  increasing  the  flow 
through  an  orifice,  and  a  law  had  to  be  passed  to  prevent  its  use  by 
persons  supplied  with  water  from  the  public  reservoirs. 

869.  Experimental  Illustrations  of  Torricelli's  Theorem. — That 
the  square  of  the  velocity  of  efflux  is  proportional  to  the  height  of  the 
free  surface  above  the  orifice  in  the  case  here  considered  is  frequently 
illustrated  by  the  apparatus  indicated  in  Figs.  183,  184.  The  range 
of  the  jet  on  a  horizontal  plane  below  the  orifice  is  measured  for 
various  depths  of  the  orifice  below  the  surface  and  heights  above 
the  plane.     Let  h  be  the  depth  of  the  orifice  below  the  surface,  x  it- 
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height  above  the  horizontal  plane  on  which  the  jet  impinges.  Let 
the  jet  emerge  horizontally.  Then  the  horizontal  velocity  remains  v 
throughout ;  the  vertical  velocity  of  a  portion  of  the  jet  at  any  time  t 
after  it  left  the  orifice  is  gt.  Hence  in  time  t  the  horizontal 
distance  travelled  is  vt,  and  the  vertical  distance  fallen  is  \gt2-  But 
this  is  x,  and  therefore  we  have  t  =  J2xjg.  If  y  be  the  range  on 
the  horizontal  plane, 

y2  =  &!2x/g  =  4hx, 

by  Torricelli's  theorem. 

The  point  at  which  the  jet  meets  the  plane  is  therefore  a  point 
on  a  parabola  of  which  the  orifice  is  the  vertex  and  of  which  the 
latus-rectum  is  4A.  Also,  if  the  vertical  distance  x  between  the 
plane  and  the  orifice  be  fixed,  the  ranges  for  different  depths  h  of 


Fig.  183. 


Fig.  184. 


y////w///////////////^^^^^ 


'y///////////////////^^^^^ 


the  orifice  below  the  free  surface  are  the  ordinates  of  a  parabola  of 
which  the  values  of  h  are  the  abscissae  and  the  latus-rectum  is  4x. 

The  square  of  the  range  is  thus  for  given  positions  of  the  orifice 
and  the  free  surface  proportional  to  the  distance  x  of  the  plane 
below  the  orifice,  and  for  a  given  position  of  this  plane  is  proportional 
to  the  depth  h  of  the  orifice  below  the  surface.  A  vessel  is  therefore 
constructed  with  orifices  at  different  points  in  the  same  vertical,  and 
for  a  certain  position  of  the  free  surface  (which  can  be  kept  constant 
by  having  a  sufficient  supply  and  an  overflow  or  a  siphon  to  prevent 
the  level  from  rising  above  the  required  position),  the  ranges  on  the 
horizontal  plane  of  the  jets  from  these  orifices  are  calculated  and 
marked  on  the  plane,  and  the  result  is  verified  by  causing  the  jets  to 
flow.  Fig  183  gives  the  range  for  different  values  of  h  in  the  propor- 
tion !),  16,  25,  on  a  plane  at  the  same  distance  below  the  orifice  in 
each  case.  Fig.  184  shows  the  ranges  on  the  same  plane  for  depths 
of  the  orifice  in  the  proportion  stated.  The  figures  are  taken  from 
Winkelmann's  Handhuch  der  Physik. 

It  will  be  noticed  that  if  any  two  values  of  x  and  h  be  taken 
these  may  be  interchanged,  that  is  the  range  for  a  distance  x  of  the 
plane  below  the  orifice  and  a  depth  h  of  the  orifice  below  the  surface 
is  the  same  as  that  for  a  distance  h  of  the  plane  below  the  orifice  and 
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This  is  illustrated  by 


Fig.  185. 


a  depth  x  of  the  orifice  below  the  surface. 

Fig.  185. 

*370.  Flow  of  a  Compressible  Fluid.     Adiabatic  Flow  of  a  Gas. 

— So  far  we  have  considered  mainly 
the  case  in  which  p  is  constant.  In  a 
gas  however  the  density  varies  with 
the  pressure  and  in  different  ways 
according  to  the  condition  imposed  on 
the  fluid.  If  the  temperature  is  kept 
constant  the  density  is  proportional  to 
the  pressure,  that  is  p/p  =pjp0-  If 
the  heat  contained  by  each  portion  of 
the  fluid  remains  constant,  that  is  for 
adiabatic  compression   or  rarefaction, 

the  condition  is  p/p'Y  =  p0/p0'Y,  where  y 
is  the  ratio  of  the  specific  heat  of  the 
fluid  pressure  constant  to  the  specific  heat  volume  constant. 

In  the  former  case  we  have  fgdplp  =  {p0jp^)\ogpllpQ  where  p0,  pl 
refer  to  the  initial  and  final  ends  of  the  line  of  integration  s.  Hence 
(22)  is  in  this  case 


^mmmmmzzzz^*"- 


Po         P» 


?o2)  +  fii-Qo  =  °- 


(45) 


In  the  other  case 


fdpjp  =  yipJp.-Po/poJ/iy  -  1), 


so  that  for  (22)  we  have 


Po  y 


P*  y-Po1 


>)+K?i2-?o2)  +  Qi-q0=o. 


(46) 


If  at  the  initial  end  of  the  line  s  the  velocity  is  zero  or  negligible 
•and  £2j  -  £i0  be  negligible  we  have 

,  v-i 

r » = ly.. P q( j  _  / Pi  \ y  \  =  ly  (Po  _  Pi 

y  - 1  pn  y 
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Po 
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This  equation  may  be  applied  to  integration  along  a  stream-line 
in  all  circumstances,  or  to  integration  along  any  line  moving  with 
the  fluid  if  the  motion  is  irrotational. 

•871.  Steady  Flow  of  a  Gas  into  a  Vacuum. — It  will  be  shown 
later  that  the  square  of  the  velocity  of  propagation  of  waves  of 
voluminal  compression  and  compression  through  an  elastic  fluid  is 
equal  to  the  value  of  dp/dp>  where  dp/dp  is  the  rate  of  variation  of 
pressure  with  density  taken  under  the  condition  of  constancy  of 
temperature,  or  of  zero  transmission  of  heat  from  one  part  to  another, 
or  whatever  the  condition  may  be  which  obtains  when  the  pulse  is 
transmitted.     It  is  known,  from  the  small  amount  of   stifling  of 
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sound  with  distance  traversed  in  ordinary  cases,  that  in  air  and 
other  gases  waves  of  the  kind  here  referred  to  are  transmitted 
adiabatically.  Hence  dp/dp  must  be  calculated  from  the  equation 
p/py=C,  so  that  we  have  dp/dp  =  yp/p-  Henco  if  the  velocity  of 
sound  at  pressure  pt  and  density  pl  be  Vv  and  at  pressure  p0  and 
density  Po  be  V0, 

From  the  first  expression  for  y,a  in  (47)  it  will  be  seen  that  \\  =  0 
when  px  —  0,  and  therefore  when  the  gas  escapes  adiabatically  into  a 
vacuum  the  velocity  of  efflux  is  V0j2/Jy  -  1.  The  value  of  y  is  for 
air,  oxygen,  nitrogen,  and  hydrogen  1-41  nearly,  so  that  the  limiting 
velocity  is  2-209  V0. 

Here  an  interesting  point  arises.  The  mass  of  gas  flowing  from 
an  orifice  into  a  vacuum  is  q^a  where  a  is  (as  at  §  367)  the 
effective  area  of  the  orifice.  Hence  we  have  by  the  value  of  ql  just 
obtained 

J2 
qiPxa'  =  a'-==-V0pl.  (49) 

But  since  p1  is  zero,  this  would  give  zero  rate  of  flow  of  gaseous 
matter,  a  result  which  requires  careful  consideration.  The  case  of 
1^  =  0  is  a  limiting  one  which  has  no  existence  in  practice.  The 
gas  cannot  at  once  expand  into  the  vacuous  space  so  as  to  fulfil 
just  beyond  the  orifice  the  condition  p,  =  0,  but  follows  for  some 
way  stream-lines  which  finally  become  lost  by  viscosity  and  diffusion 
of  the  gas. 

Let  us  suppose  that  at  the  orifice  the  pressure  is  p  and  the 
density  p.  If  the  flow  is  steady  the  amount  of  matter  crossing  a 
section  of  a  tube  of  flow  must  be  the  same  at  all  parts  of  the  tube. 
The  amount  per  unit  area  is  therefore  qp,  and  this  must  be  the  same 
at  every  point  in  a  stream-line.  If  then  a  be  the  area  of  a  tube 
and  M  be  the  rate  of  flow  of  fluid  across  a  section,  we  have  a  =  Mjqp. 

Since  M  is  constant  the  value  of  a  will  be  least  where  qp  is 
greatest.     Now  we  have  for  a  maximum  or  minimum  of  qp 

or 

dq  _      q  dp 
dp         p  dp 

But  also  by  (22),  since  Q  =  0  and  q0  —  0 
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and  therefore  qdq/dp  =  —  1/p.  Substituting  in  the  value  of  dqjdp 
just  found  we  obtain  dqjdp-  -\jqp  =  -q/p.dpjdp,  or  dp/dp  =  1/?2 
that  iss 

dp 


T  = 


d, 


(50) 


or  the  velocity  is  that  of  the  propagation  of  sound.  "When  this  is 
the  case  the  cross-section  of  the  stream  is  a  minimum,  for  clearly 
this  must  give  a  maximum  value  of  q  p. 

Now  in  the  case  of  adiabatic  flow  by  (48)  q-  =  2(F02  -  V-)/(y  -  1); 


Fig.  186. 


hence,  since  for  maximum  flow  along  a  stream-line  we  have  q- '  =  P, 
V-  =  2  r*f(y  +  1 )  or  p/p  =pjp0.2/(y  +  1 ).      This  last  result,  with  p  p~< 

=  Po!poy  gives 


p  _ 

/    2    \& 

p  - 

(  2  f* 

Po 

W+v  ' 

Po 

\y+l.) 

or  if  y=  1*41,  p  =  -635^,,,  and  p=  '527p0. 

The  conclusion  is  that  if  pv  the  pressure  in  the  receiving  chamber, 
be  less  than  this,  the  stream,  after  coming  to  a  minimum  width, 
widens  again  somewhat,  as  shown  in  Fig.  186.  The  curve  drawn 
normally  across  the  streams  from  A  to  B  is  evidently  concave 
outwards,  and  therefore  the  narrowest  parts  of  the  tubes  must 
be  on  the  outward  side  of  that  curve,  as  indicated  by  the  cross-lines. 

The  pressure  in  the  narrowest  part  of  each  stream-tube  cannot  be 
less  than  •b27p0,  nor  p  less  than  *635p0.  Outside  this  the  streams 
must  widen  and  the  velocity  increase  since  p  diminishes. 

If,  however,  the  pressure  jt),  outside  the  orifice  be  greater  than 
this  the  flow  will  be  in  parallel  tubes  at  the  narrowest  part  and  the 
pressure  will  be  pl . 

When  the  velocity  of  flow  is  greater  than  V  no  disturbance  of 
pressure  can  be  propagated  back  along  the  outfloAving  gas,  since  this 
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would  take  place  at  velocity  V,  so  that  diminution  of  pressure  below 
'527p0  cannot  affect  the  pressure  behind  the  contracted  vein. 

The  discussion  of  this  case  is  due  to  Professor  Osborne  Reynolds, 
Phil.  Mag.  March  1886.  The  -results  agree  with  experiments  made 
by  Mr.  R,  D.  Napier,  Engineer,  18(17,  January  1  and  25. 

For  adiabatic  flow  of  a  gas  there  are  thus  two  values  of  the 
pressure  for  a  value  of  the  cross-section  of  the  tube  greater  than  its 
minimum  value,  one  greater  than  ■~)2~p0  and  one  less.  Hence  there 
are  two  possible  values  of  the  pressure  at  C  (Fig.  187)  in  a  tube  of 


Ftg. 188. 


varying  section  for  which  the  pressure  at  the  two  equal  necks  A,  B 
is  -&27p0.     For  a  liquid  the  pressure  at  C  is  greater  than  at  A  or  B. 

*37'2.  Jet-Pump. — Fig.  188  shows  the  action  of  Professor  James 
Thomson's  jet-pump.  A  jet  of  water  is  driven  at  high  velocity 
through  the  converging  mouthpiece  P,  which 
opens  at  a  point  just  a  little  short  of  the  most 
constricted  part  of  the  surrounding  tube  T. 
This  tube  is  connected  by  a  side  branch  with 
the  space  from  which  the  water  is  to  be 
drawn.  The  flow  of  the  water  along  the  con- 
stricted neck  of  T  gives  by  Bernoulli's  theorem 
a  lower  pressure  at  the  constriction  than  at  the 
part  beyond,  and  there  is  consequently  a  flow  of 
fluid  from  the  space  surrounding  and  behind 
the  nozzle.  The  increasing  pressure  from  the 
constricted  part  of  T  forwards  is  employed  in 
retarding  the  fluid  flowing  into  it. 

The  pump  may  be  employed  of  course  to 
transfer  one  fluid  from  the  space  by  means  of  a 
jet  of  another  fluid  applied  by  P.  In  this 
case  a  mixture  of  the  two  fluids  is  delivered 
by  T  to  the  delivery  pipe.  We  shall  suppose 
that  the  average  pressure  of  the  fluid  in  the 
nozzle  is  pv  in  the  surrounding  pipe  p2,  and  in 
the  delivery  pipe  p,  while  the  densities  of  the 
fluids  and  their  velocities  are  p1?  p,,  p,  vv  i\7  v  respectively,  while 
the  areas  of  delivery  in  the  three  cases  are  av  a„  a.  The  momentum 
carried  in  by  the  jet  in  unit  of  time  is  p.vfa*,  and  the  rate  at  which 
momentum  is  generated  by  the  pressure  is  jt?1a1 ;  similarly  in  the 
other  cases.  The  rate  at  which  momentum  is  delivered  by  the  jet 
and   the  surrounding  pipe  is  therefore    (p1  +  p1vl2)al  +  (pi  +  p3v.j-)ar 


342  DYNAMICS,    PROPERTIES    OF    MATTER. 

The  momentum  delivered  per  second  across  a  cross-section   of  the 
delivery  tube  is  (p  +  pvr)a,  and  we  have 

(Pi  +  pivi)ai + (j>, + p»Vte = (p + p^>-  ( :>1) 

Besides  this  we  have  the  equation  of  continuity,  namely,  the 
condition  that  as  much  matter  is  delivered  as  flows  from  the  two 
jets.     This  condition  is 

alPlvl  +  aspMv,  =  aPv.  (52) 

Of  course  the  engineering  student  will  understand  that  here  and 
elsewhere,  if  pressure  is  measured  in  pounds  per  square  foot  or 
square  inch,  the  p  in  the  formula  as  written  above  is  y  (that  is  32-2) 
times  the  pressure  thus  reckoned,  and  equation  (51)  will  have  the 
form 

(Pl  +  P-f)a  +  (ft  +  P-^VH  =  [P  +  Pf  )«■  (5g) 

Thus  if  pv  p2,  p  be  taken  in  pounds  per  square  foot,  vv  vr  v  in 
feet  per  second,  pv  ps,  p  will  be  taken  in  pounds  per  cubic  foot,  and 
«,,  a2,  a  in  square  feet.  The  quantities  pjpv  Ptlp3t  p\p  wiH  be  the 
heads  in  feet  corresponding  to  the  three  pressures. 

*373.  Numerical  Example  on  Action  of  Jet-Pump. — We  take  an 
example  from  Professor  Perry's  treatise  on  "  The  Steam  Engine " 
(to  which  the  reader  may  very  profitably  refer  for  further  practical 
examples  on  this  and  similar  subjects).  Let  the  rate  of  flow  in  the 
jet  be  1  cubic  foot  per  second  under  a  head  of  fiO  feet,  and  let  it  mix 
with  6  cubic  feet  drawn  in  the  same  time  through  the  surrounding 
tube  T  from  a  tank,  the  surface  of  the  water  in  which  is  at  the  same 
level  as  the  jet :  it  is  required  to  find  how  high  the  mixed  jet  will 
rise  with  atmospheric  pressure  above  it.  All  frictional  loss  in 
addition  to  that  involved  in  the  mixing  is  to  be  neglected,  and  the 
pressure  at  the  nozzle  is  to  be  taken  as  9  34  of  an  atmosphere. 

Taking  the  weight  of  a  cubic  foot  of  water  as  unity,  and  as  the 
unit  of  pressure  the  gravity  of  a  cubic  foot  oi  water  (that  is  62*5 
pounds)  per  square  foot  we  obtain  v*(2g  —  94  -  9  =  85,  vfj2g  =  2.j.  .-. i 
that  (if  g  =  3X-2)  ^  =  74,  t\,  =  40  (in  feet  per  second).  But  vlai  —  l 
and  vjx,  =  6,  so  that  ax  =  1/74,  o,=  3/20,  and  a=  1/74  +  3/20  =  121  740 
(in  square  feet).  Hence  ^121/740  =  7  and  v  =  5180/121,  in  feet  per 
second. 

If  then  j>  be  the  average  pressure  where  the  streams  have 
become  completely  mixed  we  have 


(^F)TiJ=(9+170>r4+<9+50)|>' 

,  tf     740/179     177;  5180- 


2y     121\74       20/     121- x  04-4 
09-28-458  =  40-542. 
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Since  the  water  is  driven  out  against  atmospheric  pressure,  taken 
as  equivalent  to  a  head  of  34  feet  of  water,  the  height  to  which  the 
pump  can  raise  the  water  above  the  jet  in  the  circumstances  stated 
is  40*542  -  34  =  6-542  in  feet. 

*374.  Variation  of  Pressure  in  Horizontal  Tapering  Pipe.— It  is 
important  that  the  physical  reader  should  consider  what  happens  in 
as  many  practical  cases  as  possible.  We  therefore  give  here  a  few 
cases  of  variation  of  fluid  pressure,*  which  may  help  to  correct  pre- 
conceived and  erroneous  ideas.     Fig.  189  shows  discharge  of  a  liquid 


Fig.  189. 


Fig.  190. 


GT 


from  a  vessel  by  a  very  gradually  tapering  tube,  which  at  the 
extremity  of  the  nozzle  is  nearly  straight.  The  variation  of  pressure 
is  shown  by  glass  tubes  kept  filled  by  the  fluid  to  heights  which 
indicate  the  pressures  at  the  points  at  which  the  tubes  are  attached. 
Let  us  suppose  that  at  D  the  orifice  has  half  the  area  that  the  cross - 
section  of  the  mouthpiece  has  at  C,  that  the  latter  area  is  half  the 
cross-section  that  the  mouthpiece  has  at  B,  and  that  at  A  the  area 
of  cross-section  is  so  great  that  there  is  no  sensible  motion. 

At  D  the  pressure  is  atmospheric,  at  C  the  velocity  is  half  that 
at  D,  and  therefore  the  pressure  p  at  C  is  given  by  the  relation 
P  +  hi^l^y  —  P  +  \<f  '■>  and  since  <f  =  2gh  where  h  is  the  height  of  the 
level  of  the  liquid  above  the  orifice,  we  have  p=  P  +  %gph.  The 
gauge-glass  at  G  shows  the  difference  of  pressures  \gph.  Thus  the 
motion  has  brought  down  the  pressure  from  the  static  value  that 
would  exist  at  C  by  \gph.  Similarly  the  pressure  at  B  is  greater 
than  that  at  C  by  f  of  the  amount  \gph  which  that  at  C  is  below 
the  static  value,  and  so  on,  until  the  great  width  at  A  is  reached, 
where  the  diminution  of  pressure  is  not  sensible. 

Another  case  is  that  shown  in  Fig.  190.  There  the  pipe  is 
earned  up  and  bent  horizontally.  The  pressure  at  the  nozzle  is 
again  atmospheric,    and   the  velocities  are  the  same,  so  that    the 


Mostly  taken  from  the  Address  of  Mr.  W.  Froude,  Brit.  Assoc.  Rep.    1875. 


344 


DYNAMICS,    PROPERTIES    OF   MATTER. 


pressure  p  at  the  lower  horizontal  part  of  the  mouthpiece  at  D 
is  by  Bernoulli's  theorem  connected  with  that  at  E  by  the  relation 
p  -  yp(H  +  h)  =  P  —  gpH,  where  H  is  the  vertical  distance  of  the 
orifice  E  below  the  level  of  the  liquid,  and  h  is  the  further  distance 
ID.  Hence  p  =  P  +  gph.  Then,  just  as  before,  the  vertical  heights 
HI,  GH,  ...,  correspond  each  to  |  of  the  static  pressure  correspond- 
ing to  the  depth  of  the  orifice  below  the  free  level  of  the  liquid. 

The  flow  is  the  same,  in  fact,  as  it  would  be  if  the  mouthpiece 

were   opened   at    D   and    the 
Fig.  191. 


^*= 


height  of  the  free  surface  were 
brought  down  bv  the  distance 
ID. 

Fig.  191  shows  two  vessels 
connected  by  a  channel  at  the 
bottom  of  a  double  conoidal 
form  so  that  it  gradually  nar- 
rows at  the  middle  to  a  cylin- 
drical neck,  and  then  widens 
again  in  like  manner.  The 
flow  in  the  cylindrical  neck  is  that  due  to  the  loss  of  head,  and  the 
excess  of  pressure  above  atmospheric  shown  by  the  gauge-glass  there 
is  zero.  At  the  very  wide  parts  of  the  channel  where  the  velocity 
is  insensible,  the  excess  pressure  shown  is  that  due  to  the  head. 

Liquid  is  supplied  to  one  vessel,  and  flows  out  of  the  other  at 
the  same  rate  ;  and  the  level  (save 
for  a  little  loss  due  to  friction)  is 
the  same  in  both  vessels. 


Fig.  192. 


The  following  experiment, made 
by  Mr.  Froude,  is  also  interesting. 
Two  vessels  are  made  like  those 
which  would  be  formed  by  cutting 
the  cylindrical  neck  of  the  con- 
necting pipe  across  the  middle,  so 
that  they  have  two  conoidal  mouth- 
pieces.      The     two     nozzles     are 

placed  opposite  one  another  at  the  same  level  and  a  little  distance 
apart,  as  shown  in  Fig.  11)2.  When  both  vessels  are  filled  up  to  the 
same  level,  and  the  orifices  are  then  opened,  both  vessels  discharge, 
and  the  two  jets  meeting  form  a  plane  sheet,  at  right  angles  to  the 
horizontal  line  joining  the  centres  of  the  nozzles.  As  one  vessel.  A, 
empties  rather  more  rapidly  than  the  other,  B,  the  jet  from  B  -rains 
the  preponderance  and  the  disk  formed  by  the  meeting  fluids  moves 
towards  A.  The  flow  from  A  is  diminished,  while  that  of  B  is 
increased ;  and  the  level  of  B  falls  more  rapidly,  and  the  opposite 
state  of  motion  of  the  disk  takes  place,  and  so  on.  There  is  thus  an 
oscillation  of  the  disk  of  meeting  fluid  between  the  two  orifice-. 

If  the  level  in  B,  say,  be  adjusted  by  an  overflow  to  be  less  than 
that  at  A  by  a  sufficient  amount,  the  jet  from  A  will  enter  B,  and 
the  level  in  B  will  be  maintained  if  a  supply  to  A   makes  good   the 
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loss  of  level,  so  that  the  flow  between  the  mouthpieces  is  kept  at  a 
constant  value. 

In  Mr.  Froude's  experiment  the  recipient  vessel  B  had  a  head  of 
18  inches  above  the  orifices,  while  A  had  a  head  of  20|  inches. 
The  difference,  2|  inches,  represents  the  head  employed  in  over- 
coming friction. 

37.">.  Flow  along   Pipes  of  Variable  Section. — The  variation  of 
pressure   in    tubes   of   non-uniform  cross-section    is   illustrated    by 


Fig. 

193. 

Figs.  193,  194,  which  show  respectively  a  widening  and  a  constric- 
tion of  a  horizontal  pipe  running  full  of  liquid  in  steady  motion. 
The  gauge-tubes  show,  by  the  height  of  the  liquid  standing  in  them, 
the  variation  of  pressure.  Thus  the  flow  is  faster  where  the  tube 
is  narrower,  and  slower  where  the  tube  is  wider  than  the  average ; 


Fig.  194. 


and  consequently  the  pressure  is  greater  in  the  wider  parts   and 
smaller  in  the  constricted  parts  than  the  average. 

That  the  contrary  is  the  case  is  a  very  common  opinion,  but  its 
falsity  is  easily  seen  by  the  most  elementary  considerations.  When 
a  portion  of  the  liquid  is  passing  from  a  wider  to  a  narrower  part  of 
the  pipe,  Fig.  193,  running  full,  it  must  undergo  acceleration,  since 
in  steady  motion  the  same  quantity  passes  all  sections  in  the  same 
time.  The  pressure  must  therefore  on  any  part  be  greater  behind 
than  in  front.  Thus  the  pressure  must  continually  diminish  along 
a  part  of  the  tube. 
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Similarly  when  the  fluid  is  moving  from  a  constricted  path  to  a 
wider  there  must  be  retardation ;  that  is,  the  pressure  must  be 
greater  in  front  than  behind  on  any  part  of  the  liquid. 

It  is  also  not  an  uncommon  idea  that  fluid  flowing  along  a  pipe, 
like  that  in  Fig.  194,  will  tend  to  push  the  pipe  before  it.  This  is.  of 
course,  an  entire  mistake,  as  will  be  understood  from  the  fact  that 
the  pressure  on  the  tube  is  at  right  angles  to  its  sides,  and  does  not 
depend  on  the  direction  of  motion. 

37(5.  Stream-Line  Flow  Past  an  Obstacle.  Steady  Motion  of 
Solid  in  Fluid. — Another  common  notion,  which  however  has  more 
foundation  in  experience,  is  that  any  obstacle  whatever  in  a  stream 
is  pushed  in  the  direction  of  flow.  This  is  not  the  case  in  a  perfect 
fluid  if  the  body  be  of  such  a  shape  (see  Fig.  195)  as  will  allow  of 
continuous  stream-line  motion  of  the  fluid  past  it.     If  the  fluid   is 


Fig.  195. 


viscous  there  is  always,  whatever  the  shape  of  the  body  and  whether 
or  not  it  is  completely  submerged,  a  drag  on  the  body  due  to  what 
is  called  skin-friction,  which  tends  to  carry  the  body  with  the 
stream ;  and  if  there  are  discontinuities  of  curvature  eddies  or 
whirls  of  the  fluid  are  produced. 

The  stream-lines  of  the  fluid  past  one  side  of  a  submerged 
obstacle  are  shown  in  Fig.  19ft.  It  will  be  seen  that  they  are 
crowded  together  midway  between  the  ends,  and  are  wider  apart 
beyond  the  obstacle  both  in  front  and  behind,  and  that  at  each 
of  these  places  they  approach  to  coincidence  with  the  undisturbed 
stream-lines,  shown  by  the  dotted  straight  lines.  They  are  also 
wrider  apart  than  the  average  just  after  they  have  begun  to  change 
from  the  straight  course,  and  just  before  they  resume  it. 

There  is  therefore  a  diminution  of  pressure  below  the  average 
opposite  the  middle  of  the  body  on  both  sides,  and  an  increase  of 
pressure  in  front  of  and  behind  the  body.  As  a  result  of  this,  when 
a  ship  moves  through  the  water  the  water  rises  above  the  undis- 
turbed level  at  the  bow  and  stern  and  falls  below  it  amidships. 

Since  the  stream-lines  at  points  at  a  considerable  distance  from 
the  body,  up  stream  and  dowrn  stream,  are  undisturbed  by  the 
presence  of  the  body,  whatever  forcive  (system  of  forces)  is  applied 
to  the  body  on  the  up-stream  side,  in  consequence  of  the  deviation 
of  the  stream-lines,  is  balanced  by  an  equal  and  opposite  forcive  due 
to  the  resumption  by  the  fluid  of  the  undisturbed  course. 

From  this  wTe  can  pass  to  a  submerged  body  of  fair  shape  moving 
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uniformly  through  a  perfect  fluid.  It  is  only  necessary  to  impose 
on  the  fluid  and  body  a  motion  equal  and  opposite  to  that  of  the  undis- 
turbed fluid  in  the  case  just  considered.  The  fluid  will  be  brought 
to  rest  at  some  distance  in  front  and  behind  ;  the  body  will  move 
with  a  speed  equal  to  that  of  the  fluid  in  the  former  case,  and  the 
actions  between  the  body  and  the  fluid  will  not  be  altered.  Hence 
the  body  will  experience  no  resistance  to  its  motion. 

Sir  George  Stokes  has  shown  (loc.  cit.  below)  that  a  viscous 
liquid  flowing  between  parallel  plane  walls  in  a  thin  film  round  an 
obstacle  has  stream-lines  identical  with  those  of  the  two-dimensional 
steady  motion  of  a  perfect  liquid  round  an  infinite  cylinder  of  cross- 
section  represented  by  the  obstacle.  In  this  way  Professor  Hele  Shaw 
has  shown  the  stream-lines  of  a  perfect  liquid  (Brit.  Assn.  Rep.  1898). 
In  water  or  other  actual  fluids  the  body  experiences  a  drag 
exerted  by  the  fluid  on  its  surface.  This  is  called  skin- friction,  and 
is  the  chief  resistance  experienced  by  a  body  of  good  lines  in  passing 
through  the  fluid.  The  friction  causes  a  deviation  of  the  stream- 
lines from  the  forms  they  would  have  in  a  perfect  fluid,  and  sets  up 
eddies  in  a  thin  stratum  of  the  fluid  at  the  surface  of  the  body. 
Also  if  the  body  is  of  a  bad  shape  there  is  a  formation  of  eddies  or 
whirls  of  the  fluid  where  the  stream-lines  fail  to  close  in  round  the 
body.  There  is  in  this  case  great  differences  of  velocity  between 
different  parts  of  the  fluid,  and  consequently  great  loss  from  friction. 

377.  Wave  -  Resistance  to  Motion.  —  A  completely  submerged 
boat  is  free  from  another  serious  cause  of  loss  of  energy  which 
affects  many  ordinary  vessels.  In  the  case  of  the  latter  there  is, 
as  has  been  noted  above,  a  rise  of  the  level  of  the  water  at  the  bow 
and  stern,  and  a  depression  amidships  according  to  the  excess  and 
defect  of  pressure  already  described.  These  changes  of  level  form 
the  origin  of  waves  which  spread  out  from  the  position  of  the  ship 
in  all  directions  along  the  surface,  and  are  gradually  wiped  out  by 
fluid  friction  or  dissipated  by  breaking  on  the  shore.  Hence  the 
ship  in  its  motion  is  a  source  from  which  energy  is  radiated  in  wave 
motion,  and  this  energy  is  supplied  by  the  motive  power  of  the  ship. 
There  is  therefore  a  great  deal  to  be  said,  on  the  ground  of 
economy  of  power,  in  favour  of  submarine  vessels,  or  for  vessels 
which  disturb  the  free  surface  as  little  as  possible  :  of  course  the 
objections  on  other  grounds  are  obvious. 

•878.  Resistance  to  Flat  Disk  Moving  through  Fluid. — Though 
we  never  have  to  deal  with  perfect  fluids,  there  is  in  an  ordinary 
fluid  a  considerable  force  exerted  on  a  body  of  unfavourable  shape 
(e.g.,  the  disk  shown  in  Fig.  197)  which  tends  to  carry  it  down  stream, 
and  which  cannot  be  put  down  to  the  action  of  friction.  According 
to  a  theory  worked  out  by  Kirchhoff  and  Lord  Rayleigh,  the 
motion  is  really  discontinuous,  so  that  (eddies  neglected)  a  region 
of  dead  water  is  formed  behind  the  obstacle  in  which  the 
pressure  is  the  same  as  that  in  the  moving  fluid  at  a  considerable 
distance  behind.  This  region  is  separated  from  the  rest  of  the 
fluid    by  a   surface  tangential   to    the   edges   of   the  plate,   and  is 
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determined  by  the  condition  that  the  pressure  is  the  same  at  every 
point  of  it  as  in  the  stream  at  a  distance  behind.  Fig.  197  shows 
the  form  of  this  separating  surface  near  a  long  blade  with  parallel 
edges  immersed  as  described  below. 

The  fluid  is  thus  brought  to  rest,  or  nearly  so,  just  in  front  of  the 
centre  of  the  disk,  and  there  is  an  excess  of  average  pressure  on  the 
front  of  the  disk  above  that  behind,  which  pushes  the  disk  down  stream. 
The  action  is  thus  very  similar  to  that  of  the  impact  of  a  jet  on  a  disk. 


Fig.  196. 


Fig.  197. 


which  is  the  view  frequently  taken  in  the  attempts  made  to  reckon 
the  effect  quantitatively. 

]f  the  motion  were  perfectly  continuous  there  would  be  no  such 
force  tending  to  carry  the  body  down  stream,  but  the  continuity  of  the 
motion  would  require  infinite  velocity  at  a  sharp  edge  of  the  obstacle, 
and  the  pressure  there  would  be  of  infinite  negative  value,  that  is. 
the  fluid  would  be  subject  at  the  edge  to  infinite  tension.  Of  course 
a  perfectly  sharp  edge  cannot  be  obtained,  but  a  considerable  falling 
short  of  perfect  sharpness  would  result  in  tension  far  greater  than 
the  fluid  in  ordinary  circumstances  (for  example,  water  containing 
small  air-bubbles)  could  bear. 

*379.  Rayleigh's  Theory  of  Resistance  to  Motion  of  Plate  in 
Fluid. — According  to  Lord  Rayleigh's  theory  (see  Phil.  Mag.  Dec. 
187G,  to  which  the  reader  must  refer  for  the  analytical  proof),  if  a 
long  plane  lamina  with  parallel  edges  be  held  in  a  stream  so  that  the 
angle  between  its  plane  and  the  direction  of  flow  is  a,  and  the  edges 
are  perpendicular  to  the  direction  of  flow,  the  mean  unbalanced 
pressure  on  the  body  is  />r27rsina/(4  +  7rsina)  where  V  is  the  un- 
disturbed velocity  of  the  fluid  in  the  stream.  Thus  if  a  =  90'  .  this 
becomes  *pV*/( 4  +  «-).*  This  multiplied  by  the  area  of  the  lamina 
is  the  force  down  stream. 

According  to  the  ordinary  theory  of  a  jet  in  which  the  velocity 
of  the  fluid  is  supposed  to  be  destroyed  by  impact  on  the  anterior 
face  of  the  plate  the  force  would  be  hpV'2  x  area.  Now  it  (4  +  7r)  =  "44 
nearly,  so  that  the  force  is  "44pP2  x  area,  which  shows  that  the 
ordinary  view  gives  in  this  case  a  fair  approximation. 

*  This  result  is  also  given  by  Kirchhoff.  Vories.  it.  Math.  Physilc.,  Meehanik, 
p.  308.  It  ought  to  be  stated  here  that  the  application  of  this  theory  to  actual 
fluids  has  been  forcibly  objected  to  by  Lord  Kelvin  (Naturt,  50  1894),  who  quotes 
experiments  by  Dines  (Proc.  R.S.  June  1890)  which  give  much  greater  resistance. 
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It  will  be  observed  that  if  the  plate  is  oblique  to  the  direction  of 
flow  the  formula  gives  a  transverse  as  well  as  a  down-stream  compo- 
nent of  force.     The  average  force  per  unit  area  of  the  plate 

pF27rsina/(4  +  7rsina) 

is  perpendicular  to  the  plate,  and  has  therefore  components  in  the 
directions  specified  of  amounts 

p  r27rsinaCOSa/(4  +  7rsina),  p  F27rsin2a/(4  +  7rsina). 

It  will  be  observed  that  the  transverse  component  has  a  maximum 
value  for  a  =  39°  nearly. 

These  results  are  of  course  equally  applicable  to  a  plate  moving 
steadily  through  a  fluid  at  rest  everywhere  at  a  distance  from  the 
plate.  It  is  only  necessary  to  impress  on  the  fluid  and  plate  a  velocity 
equal  and  opposite  to  the  fluid.  The  force  on  the  plate  will  not  be 
altered,  and  we  have  the  case  of  a  plate  moving  through  fluid  other- 
wise at  rest. 

A  very  remarkable  conclusion  follows  from  these  results,  and  may 
be  very  easily  verified  qualitatively  by  the  reader,  by  the  following 
simple  experiment  suggested  by  Mr.  Froude.  Standing  in  a  boat 
moving  through  the  water,  immerse  the  blade  of  an  oar  vertically  in 
the  water,  so  that  the  blade  is  broadside  on  to  the  direction  in  which 
the  boat  is  going,  and  make  a  mental  estimate  of  the  muscular  effort 
required  to  overcome  the  resistance  to  the  motion.  Now  without 
changing  the  position  in  which  the  blade  is  held,  move  it  to  and  fro 
in  the  horizontal  transverse  direction.  It  will  be  found  that  the 
resistance  offered  to  the  forward  motion  has  been  sensibly  increased 
by  the  transverse  motion. 

The  explanation  is  furnished  by  Lord  Rayleigh's  theory  of  the 
force  on  the  plate  held  obliquely  in  the  stream.  Let  the  plate  supposed 
held  at  right  angles  to  the  stream  have  a  velocity  v  in  its  own  plane. 
If  an  equal  and  opposite  velocity  be  supposed  imposed  on  both  the 
fluid  and  plate,  the  plate  will  be  brought  to  rest  and  the  fluid  will 
have  a  resultant  velocity  JV'  +  v'2  in  a  direction  inclined  at  the  angle 
a  =  sin -irx/F2  +  v-  to  the  plate.  Hence  the  average  force  at  right 
angles  to  the  plate  is 

,  7rSmq      P(V2  +  v2)  =      „     7,- -P(V2  +  v*).  (54) 

The  force  at  right  angles  to  the  blade  is  therefore  altered  in  the 
ratio  (4  +  «■)(  V2  +  v-)f  F(tt  F+  4v/P  +  ?r). 

This  increase  of  broadside-on  resistance  due  to  motion  of  an 
elongated  body  edgeways  through  water  is,  as  Mr.  Froude  has  also 
pointed  out,  illustrated  by  the  diminution  of  leeway  made  by  a  vessel 
produced  by  increase  of  her  speed  to  windward.  Thus  he  says  (loc. 
cit.)  : 

"  When  a  vessel  was  working  to  windward,  immediately  after  she 
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had  tacked,  and  before  she  had  gathered  headway,  it  was  plainly 
visible,  and  it  was  known  to  every  sailor,  that  her  leeway  was  much 
more  rapid  than  after  she  had  begun  to  gather  headway.  The  more 
rapid  her  headway  became  the  slower  became  the  lee-drift,  not 
merely  relatively  slower,  but  absolutely  slower."* 

The  place  of  maximum  pressure  is  where  the  stream  divides  in 
front  of  the  plate,  and  therefore  when  the  plate  is  perpendicular  to 
the  stream  lies  midway  between  the  edges.  Not  so,  however,  when 
the  plate  is  inclined  to  the  stream  :  it  is  easy  to  see  that  the  place  of 
division  is  then  nearer  to  the  upstream  edge  than  to  the  other.  The 
analysis  shows,  in  fact,  that  the  resultant  of  the  parallel  forces  on  the 
plate  acts  at  a  distance  3/cosa/4(4  +  7rsina)  from  the  middle  of  the 
plate,  where  I  is  the  breadth  of  the  plate. 

Hence  if  a  be  zero,  that  is,  if  the  plate  be  edge-on  to  the  stream, 
this  distance  is  SI/ 16.  If  then  the  plate  be  pivoted  about  a  vertical 
axis  in  its  plane  at  this  distance  from  the  middle,  the  plate  will  be  in 
stable  equilibrium  in  the  position  in  coincidence  with  the  stream  with 
the  edge  nearer  to  the  axis  up-stream.  If  the  vertical  axis  be  at  a 
greater  distance  from  the  middle  the  plate  will  be  in  stable  equi- 
librium in  the  same  position.  If  the  vertical  axis  be  at  a  less  dis- 
tance, x,  from  the  middle,  the  position  parallel  to  the  stream  is 
unstable,  and  there  are  two  positions  of  stable  equilibrium  equally 
inclined  to  the  stream  given  by 

.T=3£coSa/4:(4+7rsina).  (55) 

Lord  Rayleigh  points  out  that  the  force  per  unit  area  may  be 

*  This  will  be  understood  from  the  diagram,  Fig.  198.  SS  shows  the 
direction  of  the  sail  for  a  ship  sailing  in  the  direction  A  A.  The  wind  gives  a 
component  of  force  DA  perpendicular  to  the  sail  which  resolves  into  two 

Fig.  198. 


components,  one  CA  in  the  direction  of  motion,  the  other  B A  at  right  angles 
to  that  direction  The  motion  produced  by  the  latter  is  called  leeway  or  lee- 
drift. 
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made  accurately  Jog-,  if  the  obstacle  be  in  the  form  of  the  bottom  of 
a  box,  at  right  angles  to  the  stream,  with  two  vertical  sides  project- 
ing up  the  stream  so  far  that  the  fluid  is  very  nearly  at  rest  at  the 
surface  of  the  obstacle. 

*380.  Stable  Position  of  Moving  Plate. — If  x  =  0  the  plate  is  stable 
only  when  broadside  on  to  the  stream.  To  verify  this,  Lord  Rayleigh 
has  suggested  a  simple  experimental  illustration,  which  any  one  can 
carry  out.  A  slip  of  brass  is  pointed  at  the  ends  and  mounted  with 
its  points  in  two  opposite  indentations  formed  by  a  centre  punch  in 
the  inner  surface  of  the  limbs  of  a  U-shaped  strip  of  thicker 
material. 

The  strip  when  moved  through  water  will  set  itself  perpendicular 
to  the  direction  of  motion. 

It  is  an  objection  to  the  kind  of  motion  here  assumed,  namely, 
that  of  a  region  of  non-moving  fluid  separated  from  the  moving  fluid 
by  a  surface  of  discontinuity,  that  such  a  mode  of  motion  would  be 
unstable.  For  let  any  swelling  of  the  surface  into  the  region  of 
moving  fluid  take  place.  Into  that  space  is  thus  introduced  an  increase 
of  pressure  which  would  tend  to  spread  the  swelling  further,  and  the 
deviation  of  the  surface  from  the  equilibrium  form  determined  by  the 
condition  of  constant  pressure  would  be  augmented.  Lord  Rayleigh 
however  doubts  whether  the  value  of  the  resistance  would  be  mate- 
rially affected  by  this,  since  the  instability  would  begin  only  at  some 
distance  behind  the  plate,  and  the  pressures  in  front  would  be  only 
slightly  affected. 

The  results  are  confirmed  by  some  old  experiments  of  Vince,  pub- 
lished in  the  Phil.  Trans,  for  1798.  The  common  theory  gives  the 
force  for  an  inclined  lamina  as  proportional  to  sin2 a  instead  of  to 
sina/(4  +  7rsina)  as  in  Lord  Rayleigh 's  theory.  The  following  table 
taken  from  Lord  Rayleigh's  paper  gives  a  comparison  of  numbers 
proportional  to  the  resistances  obtained  by  Vince  with  those  obtained 
by  calculation  from  the  formula  here  given ; 


a 

sin2  a 

Vince's 
Numbers. 

sin  a  (4 -f  ir) 
4  +  7rsina 

90° 

1  -0000 

1-000 

1-0000 

70° 

•8830 

•974 

•9652 

50° 

•5868 

•873 

•8537 

30° 

•2500 

•663 

•6411 

20° 

•1170 

•458 

•4814 

10° 

•0302 

•278 

•2728 

The  agreement  of  the  fourth  column  with  the  third  is  very  good  ; 
there  is  really  no  agreement  between  the  second  and  the  third. 

The  investigation  of  the  resistance  in  this  case  of  motion  is  of  the 
highest  importance  for  the  theory  of  aeroplanes  and  the  flight  of 
birds. 
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*381.  Liquid  Revolving  with  Uniform  Angular  Velocity.  Forced 
Vortex. — A  case  in  which  stream-lines  exist  is  that  of  a  liquid 
revolving  in  steady  motion  about  a  vertical  axis  under  gravity.  This 
is  known  as  a  farced  vortex,  and  like  the  "  free  vortex,"  to  be  con- 
sidered presently,  is  of  great  importance  in  the  theory  of  turbines  and 
water  motors. 

A  line  of  particles  moving  with  the  fluid  is  one  drawn  on  the  free 
surface  at  right  angles  to  the  stream-lines  at  all  points.  The  flow 
along  that  line  is  zero,  and  consequently  the  left-hand  side  of  (lf>)  is 
zero.     Hence  we  have  by  (16) 


-I 


dp 


-i21  +  a0  +  i(?r-?o2)^0- 


(56) 


Let  the  line  begin  at  the  intersection  of  the  axis  with  the  free 
surface  and  end  at  a  stream-line  of  radius  r.  The  velocity  at  the 
axis  is  zero,  at  the  final  end  q*  =  wt2.  Also  since  dp  =  0,fdp'p  =  0, 
and  we  have 

S2j  -  Qv  =  ^io-r2. 

Now  Q,  the  potential  energy  of  the  liquid  per  unit  volume,  may, 
as  we  have  seen,  be  taken  as  —  gz  where  z  is  the  distance  of  the 
element  considered  below  a  fixed  horizontal  plane.  Let  h  be  the 
distance  of  the  intersection  of  the  axis  with  the  surface  below  the 
plane  chosen,  and  z  the  distance  below  the  same  plane  of  the  element 
considered.     We  have  Q1  -  Q0  =  g  (h  -  z).     Thus  we  have 


wr  =  2g(h  -  z). 


(57) 


This  relation  between  r  and  z  represents  a  paraboloid  of  revolu- 
tion, which  is  therefore  the  form  of  the  free  surface.     If  we  write  x' 

for  h  —  z  its  equation  is 
Fig.  199. 


%r. 


(58) 


The  latus-rectum  of  the  paraboloid 
is  thus  2g/u>2.  A  section  of  a  para- 
boloid is  shown  in  Fig.  1  99  ;  and  gives 
the  form  of  the  free  surface  at  a  dis- 
tance from  the  side  of  the  revolving 
vessel. 

This  case  may  be  treated  in  the 
following  more  elementary  manner, 
as  one  of  equilibrium  of  a  rotating 
body.  Let  A,  B,  Fig.  200,  be  sections 
by  the  paper  of  two  surfaces  of  equal  pressure.  Consider  a  small 
rectangular  element  with  faces  in  the  two  surfaces,  and  therefore 
the  other  two  pairs  of  sides  perpendicular  to  them.  For  equi- 
librium,   the   difference   of    pressures  dp  must  supply  the    vertical 
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force  necessary  to  balance  that  due  to  gravity,  and  the  horizontal 
force  required  to  give  the  acceleration  wV  towards  the  axis ;  or,  as  it 
is  usually  put  (when  the  case  is  reduced  to  a  purely  statical  one  by 
the  introduction  of  a  centrifugal  force  7/iwV  from  the  axis),  the 
difference  of  pressures  must  be  equal  and  opposite  to  the  resultant  of 
gravity  and  centrifugal  force. 

The  acceleration  at  right  angles  to  the  surfaces  A,  B,  is  the 
equilibrant  of  urr  outwards  andgr  downwards, 
and  therefore  the  tangent  of  the  inclination  Fig.  200. 

of  the  section  of  A  or  B  to  the  horizontal  is 
urr/g,  which,  since  z  is  taken  positively  down- 
wards, is  —  dz/dr.  Hence  integrating  we 
obtain  —  gz  =  hurr2  +  C.  But  at  the  axis  r  =  0 
and  z  =  H,  say.  Hence  C=  —gll.  There- 
fore the  integral  equation  of  a  surface  of 
equal  pressure  is 

2g(R-z)  =  cj-i-2, 

which  agrees  with  the  result  already  ob- 
tained. 

The  rate  of  variation  of  pressure  along 
r  is  evidently  given  by  dp/dr  =  pu)2r,  and 
therefore 

p  =  hporir  +  C,  (59) 

where  C  is  a  constant.  This  shows  how  pressure  increases  with 
distance  from  the  axis,  and  is,  of  course,  merely  the  result  already 
obtained  in  equation  (56),  since  for  variation  in  a  horizontal  direction 
£l  is  a  constant. 

If  p  be  measured  in  gravitation  units  (as  in  pounds  per  square 
foot),  the  above  equation  is 


9 


(60) 


where  p  is  the  weight  of  liquid  in  a  unit  of  volume  {e.g.,  pounds  per 
cubic  foot),  and  g  is  the  acceleration  due  to  gravity  {e.g.,  32*2  foot- 
second  units). 

For  the  direction  of  the  normal  to  the  surface  of  constant 
pressure,  that  is  of  the  resultant  of  gravity  and  centrifugal  force,  we 
have  dz/dr  =  g /urr,  or 

z  =  l\ogr  +  C,  (61) 


where  C  is  another  constant. 

To  find  the  pressure  for  a  point  within  the  liquid,  draw  a  path 
radially  into  the  liquid  from  any  surface  stream-line,  and  let  r  now 
denote  the  distance  from  the  axis  of  the  stream-line  arrived  at.  If  p 
be  the  pressure  at  the  final  point,  we  have  as  in  (56) 


p  -  P  +  g  p{H  -  z)  =  hpurr- . 


m 
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This  result  is  really  that  expressed  in  (59),  which  was  obtained  in 
another  way. 

The  surface  of  equal  pressure  is  still  a  paraboloid  of  revolution 
about  the  axis  of  rotation,  and  it  is  easy  to  see  that  it  differs  from 
the  former  only  by  a  change  of  position  of  the  vertex,  which  is  at  a 
distance  (p-P)jgp  below  that  of  the  surface,  paraboloid. 

382.  Plummet  Immersed  in  Forced  Vortex. — It  is  interesting  to 
consider  the  position  of  equilibrium  of  a  plummet  hung  from  a  point 
on  the  axis  of  such  a  vortex,  and  having  its  bob  immersed  in  the 
liquid  and  turning  with  it.  By  the  discussion  in  last  Article  the 
plummet  will  be  in  equilibrium  if  the  thread  be  perpendicular  to 
the  surface  of  equal  pressure  on  which  it  lies.  Clearly  it  will  not 
be  in  equilibrium  unless  this  is  the  case,  as  may  be  seen  by  the  fact 
that  the  centrifugal  and  gravity  forces  are  in  the  ratio  w2r/g,  and 
their  resultant  makes  an  angle  with  the  axis  the  tangent  of  which 
has  this  value. 

The  pull  applied  by  the  cord  must  balance  this  resultant,  less 
what  is  balanced  by  the  immersion  of  the  bob  in  the  liquid. 

If  the  plummet-cord  be  vertical,  and  the  length  of  the  cord  be 
greater  than  the  radius  of  curvature  gju)2,  at  the  vertex  of  the 
paraboloid  on  which  the  bob  lies,  the  plummet  if  deflected  will  find 
itself  in  a  position  in  which  the  cord  makes  a  smaller  angle  with  the 
vertical  than  does  the  normal  to  the  paraboloid  on  which  the  bob 
now  lies.  The  string  will  not  supply  the  necessary  horizontal  force 
u2r,  and  the  cord  will  move  farther  off  from  the  vertical.  The 
plummet  is  in  this  case  in  unstable  equilibrium.  If  the  length  be 
less  than  g/u)2  the  equilibrium  will  be  stable. 

If  the  bob  be  specifically  lighter  than  the  liquid  the  cord  will 
have  to  be  moored  to  a  point  of.  the  revolving  vessel  below  the 
surface,  and  the  plummet  will  be  turned  in  the  opposite  direction. 
In  this  case  it  will  be  stable  when  in  the  axis. 

It  will  be  shown  in  connection  with  the  Principle  of  Archimedes 
that  if  w  be  the  weight  of  the  plummet  bob,  s  its  specific  gravity,  its 
weight  in  water  is  w(l  —  1/s).  The  downward  vertical  force,  and  the 
centrifugal  force  (relative  to  the  fluid  exerted  by  the  bob  on  the  fluid 
in  which  it  is  immersed)  are  wg{\  —  1/s)  and  w(l  -  l/s)u>2r.  The 
latter  force  is  negative  when  s<l,and  so  the  bob  tends  to  move 
towards  the  lowest  point.  Thus,  as  every  one  has  observed,  a  body 
floating  in  a  whirlpool  moves  towards  the  lowest  part  as  a  place  of 
equilibrium. 

383.  Forced  Vortex  of  several  Non  Mixing  Liquids. — If  the 
fluid  consists  of  different  non-miscible  parts  of  different  densities,  it 
will  arrange  itself  in  a  forced  vortex  in  a  series  of  strata  increasing 
in  density  from  stratum  to  stratum  from  the  free  surface  into  the 
fluid.  That  this  will  be  the  case  is  evident  from  §  381.  The 
pressure-force,  which  applies  at  a  given  radius  and  level  the  required 
centre-ward  acceleration  to  an  element  of  fluid  of  density  p,  will  be 
insufficient  to  give  that  acceleration  to  an  element  of  equal  volume, 
but  of  greater  density,  at  the  same  distance  and  level. 
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This  is  taken  advantage  of  for  various  purposes  in  the  arts. 
For  example,  a  bowl  kept  filled  with  milk  is  rotated  rapidly  about  a 
vertical  spindle  the  axis  of  which  coincides  with  the  axis  of  figure  of 
the  bowl.  The  lighter  part,  the  cream,  is  thus  brought  to  the  central 
part  of  the  bowl,  and  the  heavier  more  watery  part  passes  to  the 
outside  in  consequence  of  centrifugal  force.  The  cream  and 
skimmed  milk  thus  separated  are  drawn  off  by  pipes  communicating 
with  the  inner  and  outer  regions  of  the  bowl  and  are  received  in 
separate  vessels. 

*384.  Free  Vortex. — If  the  angular  velocity  be  not  constant  but 
a  function  of  the  distance  from  the  axis,  we  must  proceed  in  a 
different  manner,  inasmuch  as  a  line  of  constant  (zero)  flow  cannot 
now  be  obtained  by  taking  a  radial  line  of  particles.  Let  a  velocity- 
potential  exist ;  then  for  any  line  of  particles  in  the  fluid  we  have 

P  +  Q  +  ltf  =  C, 
P 

where  C  is  a  constant  throughout  the  fluid. 

Applying  this  to  a  line  drawn  in  a  radial  plane  from  a  point  at 
which  p-P,£l=  -  gh,  and  q2  =  Q-,  to  any  chosen  terminal  point,  we 
have 

p  p 

or 

l^l=-g(h-z)-tf  +  W.  (63) 

p 

In  the  case  of  rotation,  the  component  velocities  are  given  by 
u=  -  w?/,  v  =  u)X,  where  x,  y  are  the  horizontal  rectangular  co- 
ordinates of  a  point  considered,  reckoned  from  an  origin  on  the  axis. 
Hence 

d#     ay  dx      dy  or 

Therefore  if  2w  +  r^wjci"  —  0,  a  velocity-potential  will  exist.  This 
relation  is  equivalent  to  wf3  =  c,  where  c  is  a  constant,  that  is,  the 
angular  velocity  must  be  inversely  proportional  to  r.  The  actual 
linear  velocity  q  is  thus  c/r.  For  a  surface  of  equal  pressure  we  get 
then 

P-P-W  +  g(h-z)=  -J*  (64) 


(' 


r 


If  for  the  quantity  on  the  left  we  write  -  gz',  we  have  for  the 
equation  of  a  surface  of  equal  pressure 


29 


A  surface  of  equal  pressure  is,  therefore,  that  generated   by  the 
revolution,  about  the  axis,  of  the  quasi-hyperbolic  curve,  the  equation 
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of  which  is  x'-z  =  c2/2g.  The  value  of  x*  is  smaller  the  greater  z',  and 
therefore  as  the  depth  of  a  section  below  a  fixed  plane  increases,  the 
section  of  the  free  surface  narrows.  Also  the  rate  of  diminution  of 
a;  diminishes  with  increase  of  z  (for  drxjdz'1  is  positive),  and  the  curve 
is  therefore  convex  to  the  axis. 

If  P  be  atmospheric  pressure,  the  free  surface  is  got  from  (64) 
by  putting  p  —  P.  This  is  the  so-called  free  vortex.  If  the  level  at 
which  the  velocity  is  Q  be  the  free  undisturbed  surface  far  from  the 
vortex,  Q  =  0  ;  and  we  see  that  the  velocity  at  any  point  on  the  free 
surface  is  that  given  by  v2  =  2gh'  where  K  is  the  depth  of  the  point 
below  the  undisturbed  surface.  The  velocity  at  any  point  in  the 
interior  of  the  fluid  is  the  same  as  that  of  the  point  vertically  above 
on  the  free  surface. 

Since  every  particle  has  velocity  c/r,  its  moment  of  momentum 
about  the  axis  is  the  same  whatever  its  distance  from  the  axis ;  and 
consequently  if  an  element  of  the  fluid  alters  its  distance  from  the 
axis,  there  is  no  turning  motive  required  to  give  it  the  moment  of 
momentum  proper  to  its  new  position. 

It  is  to  be  observed,  however,  that  in  reality  it  is  not  a  case  of 
vortex-motion  in  the  proper  technical  sense.  There  is  no  rotation  of 
the  elements  of  the  fluid,  since  the  conditions  for  a  velocity-potential 
are  fulfilled.  At  every  instant  each  elementary  part  of  the  fluid  is 
being  carried  bodily  in  a  stream-line  about  the  axis,  while  every 
particle  of  the  element  is  moving  at  the  same  instant  with  velocity 
identical  in  magnitude  and  direction. 

*385.  Steady  Radial  Flow. — Now  let  us  consider  the  case  of 
steady  radial  flow  outwards  from  or  inwards  towards  an  axial  right 
circular  cylinder,  which  in  the  first  case  is  a  surface  from  which  the 
liquid  is  delivered,  in  the  second  case  is  a  surface  at  which  the  fluid 
is  received  and  withdrawn  from  the  space  considered.  In  the  first 
case  the  surface  may  be  called  a  surface- source,  in  the  second  a 
surface-sink. 

We  suppose  the  velocity  of  the  fluid  to  be  everywhere  the  same 
over  cylindrical  surfaces  co-axial  with  the  surface  source  or  sink. 
Since  the  same  quantity  of  fluid  crosses  in  the  same  interval  of  time 
all  cylindrical  surfaces,  we  have,  if,  as  we  suppose,  p  is  constant  and 
v,  v0  are  the  velocities  at  cylinders  of  radii  r,  r0,  vjv0  =  r0jr. 

This  is  clearly  a  case  in  which  a  velocity-potential  exists.  In 
fact,  the  velocity-potential  is  <p  =  -  ty0log?',  which  gives 

-d<p/dr  =  v0rjr. 

We  can  apply  exactly  the  same  analysis  to  this  as  to  the  former 
case,  and  arrive  at  exactly  the  same  result.  For  Bernoulli's  theorem 
gives  precisely  equation  (64)  with  cr  =  r2,  and  the  surfaces  of  equal 
pressure  are  the  same  as  in  the  former  case. 

*386.  Spiral  Vortex. — If,  then,  we  have  in  any  case  of  a  free 
vortex  portions  of  the  liquid  moving  say  inwards  at  any  part  with  a 
motion  compounded  of  a  circular  and  radial  motion,  the  velocity  in 
each  being  inversely  as  the  distance  from   the  axis,   the    surfaces 
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of  equal  pressure  will  be  exactly  the  same  as  if  the  motion  were 
purely  circular  or  purely  radial.  Thus  the  two  motions  may 
co-exist,  and  we  have  the  so-called  spiral  vortex.  There  is  no 
cylindrical  surface,  as  supposed  above,  at  which  the  fluid  is  received, 
but  there  is  a  free  surface  of  the  form  given  by  (04).  The  fluid 
has,  combined  with  the  motions  just  discussed,  a  downward  motion, 
by  which  it  is  withdrawn  from  the  vortex  at  the  lowest  part. 

In  a  spiral  vortex  in  which  the  radial  and  circular  components 
of  velocity  are  inversely  proportional  to  the  distance  from  the  axis 
the  stream-lines  are  everywhere  equally  inclined  to  the  radius  vector 
drawn  to  the  point  considered.  For  if  a/r,  bjr  be  the  circular  and 
radial  velocities,  and  f  be  the  angle  the  streamdine  makes  with  the 
radius,  we  have  tan^  =a/b.  The  stream-lines  are,  therefore,  equi- 
angular spirals,  with  their  poles  on  the  axis. 

This  is  the  kind  of  motion  in  the  whirlpool  chamber  of  a  centri- 
fugal pump  constructed  according  to  the  principles  laid  down  by  the 
late  Professor  James  Thomson.  The  water  is  delivered  at  the 
circumference  of  the  wheel,  and  flowTs  spirally  outwards  in  a  sur- 
rounding chamber  of  about  twice  the  diameter  of  the  wheel,  until  at 
the  outside  circumference  it  reaches  the  delivery-pipe,  and  leaves 
the  chamber  tangentially,  or  nearly  so.  The  velocity  is  thus 
diminished  and  the  pressure  correspondingly  increased,  and  there- 
fore also  the  efficiency  of  delivery  of  the  pump  when  used  to  deliver 
water  at  a  higher  level. 

The  wrater  in  the  wheel  is  revolving  with  the  wheel,  and  thus 
there  is  a  combination  of  the  forced  and  free  vortices. 

Cyclones  are,  no  doubt,  vortices  of  the  kind  here  described,  with, 
however,  a  central  part,  in  which  the  fluid  is  rotating  with  nearly 
the  same  angular  velocity  at  every  point,  so  that  the  velocity  at  the 
centre  is  very  small.  This  is  confirmed  by  the  fact  that  there  is 
comparative  calm  at  the  centre  of  a  cyclone,  together  with  very  low- 
pressure,  which  is  what  we  should  expect  by  §  384. 

Also  the  fluid  near  the  base  of  the  vortex  is  retarded  by  friction 
with  the  water  or  the  ground,  and  therefore  as  the  pressure  in  the 
outer  parts  of  the  vortex  is  higher  than  in  the  inner  parts,  the  air  near 
the  bottom  flows  inward  as  well  as  revolves.  The  air  thus  arriving 
spirally  at  the  centre  is  there  carried  upward  together  with  some- 
times dust  or  water  in  a  divided  state,  as  spray  or  spindrift.* 

Water  revolving  in  a  washhand  basin  as  it  escapes  by  a  hole  in 
the  bottom  is  a  case  of  a  free  spiral  vortex,  interfered  with  no  doubt 
by  friction,  especially  where  the  water  is  in  contact  with  the  surface 
of  the  basin.  The  velocity  is  great  in  the  middle  near  the  axis,  and 
is  small  near  the  sides,  where  also  the  pressure  is  greater.  In  con- 
sequence of  the  retardation  of  the  sides  of  the  vessel,  there  is  a 
downward  flow  of  the  liquid  along  the  sides. 

387.  J.  Thomson's  Theory  of  Formation  of  River  Bends. — 
Another  case  of  a  free  spiral  vortex  is  to  be  found  in  a  river  bend, 

*  Professor  J.  Thomson  on  II "hirltdnih  unci  Waterspouts.     B.A.  Rep.  1884. 
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and  Professor  James  Thomson  has  given  by  its  means  an  explanation 
of  the  wearing  away  of  the  outer  bank  of  the  river  at  the  bend,  and 
the  formation  of  deltas.  As  the  water  flows  round  the  bend  (Fig. 
201),  the  pressure  is  greater  towards  the  outer  bank  by  the  theory 

Fig.  201. 


just  given,  and  consequently  the  level  is  higher  there,  otherwise  the 
flowing  water  would  not  be  in  equilibrium.  But  in  consequence  of 
the  retardation  due  to  the  friction  of  the  bottom,  the  water  there 
requires  less  acceleration  towards  the  inner  bank,  and  consequently 
the  excess  of  pressure  sets  up  an  obliquely  inward  flow  along  the 
bottom,  which  begins  above  the  bend  as  shown  by  the  dotted  line  in 
Fig.  201.  Also  at  the  outer  bank  the  water  which  is  there  moving 
rapidly  is  retarded  to  some  extent  by  the  friction  of  the  bank,  and  a 
component  flow  downward  along  the  bank  is  produced  as  shown  in 

Fig.  202. 


Fig.  202.  The  smoothly  moving  liquid  at  the  outer  bank  scours  the 
surface,  and  the  downward  current  continued  by  the  bottom  current 
carries  mud  and  gravel,  and  deposits  it.  to  some  extent  on  the  inner. 
The  inner  bank  is  moreover  protected  by  being  covered  by  upward 
slowly-moving  fluid.  Thus  the  bend  becomes  sharper  and  sharper, 
until  the  river  at  some  favourable  place  and  time  cuts  across  the 
narrowed  piece  of  land  between  the  two  limbs  of  the  bend,  and 
insulates  a  portion  between  two  channels  and  forms  a  delta. 

Fig.  202  shows  the  general  nature  of  the  flow  in  a  section  of  the 
stream.  It  is  to  be  remembered,  of  course,  that  the  diagram  shows 
only  the  transverse  component  of  flow. 

The  currents  are  easily  illustrated  on  a  small  scale,  as  was  done 
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by  Thomson,  by  causing  water  to  flow  in  an  artificial  river  channel 
and  watching  the  flow  in  different  places  by  introducing  small  crys- 
tals of  permanganate  of  potash  or  aniline.  The  crystals  dissolve, 
and  show  by  the  filamentary  streams  from  them  the  direction  of 
flow. 

*388.  Kinetic  Energy  of  Liquid  in  Simply  Connected  Space 
Theorem  of  Minimum  Energy.  Physical  Analogies. — The  kinetic 
energy  T  in  any  space  filled  with  fluid  is  \fpq2dV5  where  dT3  is  an 
element  of  volume,  and  the  integral  is  taken  throughout  the  space. 
If  there  be  a  velocity-potential  throughout  the  space  we  have 

T  =  k/pfda  =  U/fp{(^f  +  (|*)'  +  (&)%}dsdydz.        (65) 

If  the  space  be  simply  connected  or  rendered  so  by  diaphragms 
we  can  integrate  this  by  parts  and  obtain 

where  fs  denotes  integration  taken  over  the  bounding  surface  of  the 
space,  and  the  triple  integration  is  taken  throughout  the  space 
enclosed  by  the  surface.  But  if  p  be  invariable,  V2<£  =  0  by  the 
equation  of  continuity.  Hence  for  irrotational  motion  in  a  fluid  of 
invariable  density  the  kinetic  energy  within  the  surface  is  given  by 

T=-\?r^±dS,  (67) 


where  df/dn  is  written  for  IdQ/dx  +  mdtp/dy  +  ndQ/dz,  the  rate  of 
variation  of  <p  along  the  normal  inwards  from  the  surface  towards  the 
space. 

It  is  to  be  remarked  that  if  j'sd<pjdn.dS  =  0  (and  this  condition  is 
always  fulfilled  when  the  whole  boundary  of  a  space  in  which 
V2<p  =  0  is  considered)  the  addition  of  an  indeterminate  constant  to 
<\>  in  no  way  affects  the  value  of  the  kinetic  energy. 

It  follows  from  (68)  that  if  (a)  <p  =  0  over  the  surface,  or  (b) 
d(j>/dn  =  0  over  the  surface,  or  (c)  0  =  0  over  part  of  the  surface,  and 
d(f>/dn  =  0  over  the  remainder,  T  —  0.  Moreover,  since  the  element  of 
integration  (fdV5  is  everywhere  positive,  the  fluid  is  at  rest  every- 
where if  (a),  (b),  or  (c)  is  fulfilled. 

If  then  at  no  point  of  the  surface  there  is  motion  of  the  fluid 
normal  to  the  surface,  the  fluid  is  everywhere  at  rest.  But  if  the 
surface  is  at  rest,  that  is  if  the  space  considered  is  bounded  by 
perfectly  rigid  walls,  d(f>/d?i  =  0,  and  there  can  be  no  irrotational 
motion  of  the  liquid  anywhere  within  the  space.  This  is  only  true, 
of  course,  if  p  be  invariable. 

Consider  another  motion  of  component  velocities  u  +  u0,  v  +  v0, 
w  +  w0,  where    (u,  v,   w)=  -Q<f>jdx,    d<f>/dy,    d^fdz),  and  lu0  +  mv0 


360  DYNAMICS,    PROPERTIES    OF   MATTER. 

+  nw0  =  0,  so  that  the  velocity  normal  to  the  surface  is  the  same  at 
every  element  as  in  the  motion  just  considered.     Also  let  duj^x 

+  dvjdy  +  dwjdz  =  0- 

From  the  conditions  imposed  on  u0,  v0,  wa,  it  follows  that 

dx       dy       dz    J 


—  I   ^(lu^  +  mv^  +  uiv 


^-/jT^^^y^"^- 


But  for  the  kinetic  energy  of  the  new  motion  we  have 

T=  %p{f(u'  +  v2  +  w2)dZ3  +/{u02  +  v02  +  iv*)dT3  +  2/(uu0  +  wv  +  ivw0)d~}. 

The  third  term  on  the  right  vanishes  by  the  result  just  obtained  : 
hence 

T=T1  +  T0,  (fig) 

where  Tv  T0  are  the  kinetic  energies  of  the  irrotational  motion 
(u,  v,  w)  and  the  motion  (u0,  v0,  iv0)  which  is  unrestricted  except  by 
the  conditions  stated  above. 

Hence  the  kinetic  energy  of  the  irrotational  motion  (u,  v,  to)  of 
the  liquid  is  less  than  the  kinetic  energy  of  any  other  motion, 
fulfilling  the  same  surface  conditions  and  the  equation  of  continuity, 
by  the  kinetic  energy  of  the  motion  which  must  be  compounded  with 
the  irrotational  motion  to  produce  the  other. 

This  theorem,  which  is  due  to  Lord  Kelvin,  is  a  particular  case  of 
the  more  general  theorem,  also  due  to  Lord  Kelvin,  that  a  material 
system,  if  started  from  rest  by  impulses  applied  to  certain  points  of 
the  system  and  adjusted  to  communicate  certain  specified  velocities 
to  those  points,  has  smaller  kinetic  energy  than  that  of  any  other 
possible  motion  of  the  system  fulfilling  the  same  velocity  conditions 
(see  §  251  above). 

In  a  fluid  of  invariable  density,  and  filling  infinite  space  outside 
a  closed  region  £,,  the  kinetic  energy  is  given  by 


r.-yf^. 


Si 

It  is  not  legitimate  to  assume  this  from  (68)  on  the  ground  that 
Sy  is  now  the  whole  boundary  of  the  fluid.  A  surface  8V  including 
Sv  however,  may  be  regarded  as  drawn  in  the  fluid,  and  if  the 
motion  is  irrotational  in  the  space  between  £,  and  aS's  we  have 


STATICS    AND    KINETICS    OF    FLUIDS.  361 

It  will  be  observed  that  wherever  the  outer  surface  S.  may  be  taken 
the  integral  fSid(p/dn.dS2  has  always  the  same  value.  Now,  by  taking 
S  far  enough  from  St  at  every  point,  we  can  make  the  velocity- 
potential  have  as  nearly  as  we  please  at  all  points  of  St  a  constant 
value.  Let  this  be  C,  then  we  have  for  the  kinetic  energy  within 
the  space 

*--*{/*&*/<&$  <li9> 

If  there  is  no  flux  of  the  fluid  on  the  whole  across  the  outer 
boundary,  then  fS2d<j>/dn.dS2  =  —fSld<p/dn.d$l  =  0,  and  we  have 

8, 

This  is  the  kinetic  energy  of  the  motion  outside  any  closed  surface 
enclosing  sources  and  sinks  of  fluid,  the  sources  on  the  whole  giving 
out  at  each  instant  fluid  at  the  same  rate  as  fluid  is  being  received  by 
the  sinks. 

A  source  from  which  fluid  is  produced  at  the  rate  q,  and  a  sink 
•at  which  fluid  is  produced  at  rate  -  q,  that  is  disappears  at  rate  q, 
are  perfectly  analogous  to  positive  and  negative  (§  47-1)  charges 
of  gravitationally  attracting  matter,  and  solutions  of  problems  of 
fluid  motion  in  which  these  are  concerned  are  at  once  translateable  into 
solutions  of  problems  of  attraction  due  to  corresponding  distributions 
of  attracting  matter.  For  the  velocity-potential  <f>,  and  the  gravita- 
tional potential  V  fulfil  the  same  space  differential  equation,  and  the 
same  surface  conditions. 

It  will  be  seen  from  (70)  that  if  dtyldn  be  everywhere  zero  over 
Sv  T  is  zero.  Hence  there  can  be  no  irrotational  motion  in  infinite 
space  external  to  the  surface  S.,  for  the  surface  integral  is  zero,  and 
therefore  u,  v,  w  must  be  zero  at  every  point  of  the  space  considered. 
Also  if  St  be  infinitely  small  there  is  no  motion. 

Irrotational  motion  is  thus  impossible  in  the  space  within  and 
the  space  without  Sv  if  &\  be  everywhere  at  rest;  for  then  the  liquid 
in  contact  with  the  surface  at  any  instant  cannot  have  any  component 
of  velocity  d<p/dn  at  right  angles  to  the  surface.  Also  it  is  impossible 
in  a  liquid  filling  infinite  space  and  at  rest  at  infinity. 

There  is  a  similar  analogy  between  the  velocity  of  a  fluid  sur- 
rounding a  system  of  vortices  and  the  magnetic  force  due  to  a  system 
of  currents,  but  the  subject  is  too  complicated  to  be  dealt  with  here. 
(See  Magnetism  mid  Electricity.) 

•389.  Steady  Motion  of  Sphere  and  Cylinder  in  Infinite 
Liquid. — As  an  example  we  may  find  the  kinetic  energy  of  a  perfect 
fluid  of  invariable  density  in  which  a  solid  sphere  of  radius  a  moves 
with  uniform  velocity  V.     The  radial  velocity  of  the  surface  of  the 
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sphere  at  any  point  the  radius  to  which  makes  an  angle  6  with  the 
direction  of  motion  is  TcosQ. 

This  value  of  -d^jdn  or  —d<f>fdr  is  obtained  from 

,  ,T  ,cos0 

which  satisfies  the  equation  of  continuity  V-^>  =  0,  and  gives,  when 
r  =  a,  —  d(f>/dn=  VcosO.  Hence  when  r  —  a  we  have  -  <pd<p  dn 
=  !«F2cos20,  and  dS=2tra?sii\QdQ,  so  that 

T=  rrpa3 V2  fcos26d(  -  cos 0) 
6 

.  \npasV2. 
3 

The  kinetic  energy  of  the  fluid  is  therefore  half  the  kinetic  energy 
of  a  sphere  of  the  same  density  as  the  fluid  moving  with  velocity  V, 
without  rotation.  If  M  be  the  mass  of  the  sphere,  and  m  the  mass 
of  a  sphere  of  the  fluid  of  radius  a,  we  have  for  the  total  kinetic 
energy 

r  =  i(J/+lm)F. 

This  is  the  work  that  must  be  done  to  set  the  sphere  in  motion 
with  velocity  V  in  the  liquid,  and  shows  that  the  presence  of  the 
liquid  gives  the  sphere  an  apparent  increase  of  inertia  of  amount 

This  result  is  of  importance,  as  was  first  pointed  out  by  Green,  for 
the  correction  of  the  period  of  a  pendulum-bob  vibrating  with  small 
maximum  velocity  (and  therefore  slight  acceleration)  in  a  fluid  of 
constant  density,  and  shows  that  in  strictness  a  correction  for  the 
inertia  of  the  fluid  is  necessary,  as  well  as  one  for  the  virtual 
diminution  of  gravity  due  to  the  weight  of  the  liquid  displaced.  It 
was  shown  by  Green  that  when  the  bob  is  of  the  form  of  a  very 
oblate  spheroid  of  equatorial  radius  a,  and  polar  radius  b',  and 
vibrates  in  the  equatorial  plane,  the  density  of  the  solid  should  be 
increased  from  p  to  p  +  irb'p  j±d  where  p  is  the  density  of  the  fluid. 
This  correction  is  small  in  the  flat  bobs  parallel  to  the  plane  of 
vibration  with  which  pendulums  are  frequently  furnished. 

If  a  velocity  -  V  be  imposed  on  both  sphere  and  fluid,  the  former 
will  be  brought  to  rest,  and  we  shall  have  the  case  of  a  steady  stream 
past  a  spherical  obstacle.  Neither  in  this  case,  however,  nor  in  the 
former,  is  there  any  force  exerted  on  the  sphere.  Once  started  in  an 
infinite  perfect  fluid,  the  sphere  will  continue  to  move  for  ever  with 
uniform  velocity.  The  impulse  required  to  start  it  is,  however,  greater 
than  if  there  were  no  fluid  by  the  amount  |roF.  When  the  sphere 
is  reduced  to  rest  in  a  steady  stream  there  is  no  force  upon  it,  for  the 
distribution  of  velocity  with  respect  to  the  sphere  is  the  same  up- 
stream as  it  is  down-stream. 
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For  the  velocity-potential  we  have  in  this  case 


In  the  case  of  a  cylinder  moving  with  steady  velocity  V  perpen- 
dicular to  its  axis  in  an  infinite  liquid  the  equation  of  continuity 
becomes 

?*  +  ?>  =  0,    or  ^  +  1^  +  1^  =  0, 
da?     r;r  dr2      rfir     ?-r«J 

if  r  be  the  distance  of  the  point  considered  from  the  axis  of  the 
cylinder,  and  d  the  angle  which  the  plane  through  the  axis  and  the 
point  makes  with  the  plane  of  the  axis  and  the  direction  of  motion. 

The  velocity  of  a  point  on  the  surface  of  the  cylinder  is  Fcosfl. 
We  write,  therefore,  for  the  velocity-potential  cp,  and  the  stream 
function  xl,  which  are  found  to  be  : 

jt  „cos0        ■  Tr  ,sin0 

eh  =  Voir ,     ii ■  =  -  Va- . 

r  r 

This  value  of  <p  fulfils  the  equation  of  continuity,  and  gives  -  dtyjdn 
=  Tcosfl  for  r  =  a.  Hence  when  r  =  a,  —  <pd<pjdn  =  J/2«cos20,  and  the 
kinetic  energy  of  the  motion  of  the  liquid  per  unit  of  length  of  the 
cylinder  is 

T=  y  V-d1/ cos2 Odd  =  hnpd2V\ 
o 

that  is  the  kinetic  energy  of  the  motion  of  the  fluid  is  equal  to  that 
of  an  infinite  cylinder  of  the  fluid  of  the  same  radius  and  moving 
with  the  same  velocity  as  the  given  cylinder.  Thus  if  M  be  the  mass 
of  unit  length  of  the  latter,  and  m  denote  jr pa2,  we  have 

By  imposing  on  the  whole  material  system  a  velocity  -  V,  we 
obtain  the  case  of  a  frictionless  fluid  flowing  past  a  fixed  cylinder  in 
a  direction  perpendicular  to  its  axis.  The  potential  and  stream 
functions  are  now 

<t>=r(r  +  a^),     ^F/f-JLs, 

as  the  reader  may  verify.  As  before,  the  stream  exerts  no  force  on 
the  solid. 

•890.  Equations  of  Equilibrium  of  a  Fluid. — The  equations  of 
equilibrium  of  a  fluid  are  given  at  once  by  (12).  It  is  only  necessary 
to  put  in  these  the  right-hand  sides,  that  is  the  component  accelera- 
tions of  the  element  of  the  fluid,  equal  to  zero.     Thus  we  get 

fP-pX-0,    ^-p7=0,    °P-PZ  =  0,  (71) 

d*  dy  d« 
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which  simply  express  the  fact  that  the  force  per  unit  of  area  applied 
to  a  short  straight  filament  having  its  ends  along  either  of  the  three 
axes  must  be  balanced  by  the  difference  of  pressures  between  its  two 
ends. 

It  is  important  to  notice  that  if  X,  Y,  Z  be  zero,  there  is  no  varia- 
tion of  pressure  from  point  to  point  in  the  fluid,  that  is  the  pressure 
is  the  same  at  every  point. 

If  the  forces  X,  Y,  Z  are  derived  from  a  potential  Q.  we  have  the 
corresponding  equations 

dP  +  f£9  =  0,    ^  +  P|"  =  0,    ^  +  P^  =  0.  (72) 

dx     dx         dy     dy         d«      3* 

From  (71)  since  dp  =  dp/dx.dx  +  dp/dy-dy  +  dplvz-dz  we  have 

dp  =  p{A'd,r  +  Ydy  +  Zdz),  (73) 

which  serves  to  determine  the  pressure. 

This  equation  is  easily  obtained  from  first  principles  as  follows  : — 
Consider  a  prismatic  filament  of  the  fluid  of  which  the  length  is  ds, 
and  the  area  of  cross-section  a.  Let  dx,  dy,  dz  be  the  projections  of 
ds  on  the  axes  of  co-ordinates,  and  let  P  be  the  applied  force  per  unit 
volume  in  the  direction  taken  as  positive  for  the  length  of  the 
filament.  The  force  tending  to  move  it  in  the  direction  of  P  is 
Ppads.  But  if  p  be  the  pressure  at  the  negative  end  of  the  filament, 
the  pressure  at  the  other  end  is  p  +  dpjds.ds.  The  pressure-force 
resisting  motion  in  the  positive  direction  is  therefore  odjyjds.ds. 
Thus  we  obtain 

^  =  PP,    or  dp  =  P pels.  (74) 

ds 

But  Pds  =  Xd.v  +  Ydy  +  Zdz,  and  therefore 

dp  =  p{Xdx  +  Ydy  +  Zdz), 
as  already  obtained. 

•891.  Case  of  Pressure  a  Function  of  the  Co-ordinates. — Now  we 
suppose  that  p  is  a  function  of  the  co-ordinates  taken  with  respect  to 
a  system  of  axes  fixed  relatively  to  the  fluid.  Therefore,  the  left- 
hand  side  is  a  perfect  differential  (see  §  193)  of  a  function  of  x,  //.  :  : 
it  follows  that  the  right-hand  side  is  also  a  perfect  differential.  The 
criterion  of  this  is  given  by  the  three  equations  : 

a(^)_a(pF)=0)  a(px)_a(£^)=0j  a(Pr)_a(Px)_0 

dy         3«  3«         dx  dx  dy 

]f  the  first  of  these  be  multiplied  by  X,  the  second  by  Y,  and  the 
third  by  Z,  and  the  equations  be  added,  we  obtain 

If  we  draw  a  line  of  force  through  the  point  x,y,  s  considered,  its 
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direction-cosines  are  proportional  to  X,  Y,  Z.  "We  have  then  in  (75) 
three  multipliers,  a,  b,  c,  which  give  aX  +  bY  +  cZ  =  0,  and  these  (§  24) 
must  be  proportional  to  the  direction-cosines  of  a  line  passing  through 
x,  y,  z  at  right  angles  to  the  line  of  force.  The  values  of  a,  b,  c  show 
that  the  lines  of  force  are  cut  orthogonally  by  a  system  of  surfaces. 

For  let  F(x,  y,  z)  -c  be  the  equation  of  a  family  of  surfaces, 
the  individual  members  of  which  are  obtained  by  giving  different 
values  to  c.  Then  the  direction-cosines  of  the  normal  to  the  surface 
of  this  family  passing  through  the  point  considered  must  be  propor- 
tional to  X,  Y,  Z  if  the  surface  cuts  the  line  of  force  at  right  angles. 
Hence  we  have 

^iur,  §I=kYr  d^=hz, 

?x  dy  d~ 

where  h  is  a  multiplier,  the  same  for  X,  Y,  Z,  but  in  the  general  case 
a  function  of  the  co-ordinates.  This  gives  c{hZ)  Zy  =  ?j(hY)i(jz,  &c, 
from  which  we  obtain  again  (75).  The  latter  ecpiation  is  therefore 
the  condition  stated  above. 

892.  Surfaces  of  Equal  Pressure  are  Surfaces  of  Equal  Potential. 
— The  density  p  is  thus  an  integrating  factor  of  the  quantity 
Xdx  +  Yd])  +  Zdz,  that  is,  converts  the  expression  into  a  perfect 
differential.  If  p  be  invariable,  that  is  if  the  fluid  be  incompressible, 
Xdx  +  Ydy  +  Zdz  is  itself  a  perfect  differential,  that  is  the  component 
forces  are  derivable  from  a  potential  function.  Hence  the  fluid  is  in 
this  case  in  equilibrium  only  if  the  system  of  forces  is  derivable  from 
a  potential  function. 

If  a  force-potential  exist,  we  have,  whether  p  is  constant  or  not, 

dp  —  -  pdQ..  (76) 

The  surfaces  of  equal  pressure  are,  therefore,  also  surfaces  of 
equal  potential  of  the  field  of  applied  force,  for  if  dp  vanishes  so  also 
does  do..  It  follows  also  that  p  is  constant  over  a  surface  of  equal 
pressure  in  this  case  :  for  if  dp  be  the  constant  step  of  pressure  from 
one  equipressure  surface  to  another  adjacent,  do,  is  the  constant  step 
of  potential  for  the  same  two  surfaces,  and  p  must  therefore  be  con- 
stant over  the  surface. 

If  the  applied  forces  be  those  due  to  gravity,  surfaces  of  equal 
pressure  must  be  horizontal  surfaces,  that  is,  surfaces  perpendicular 
to  the  vertical,  in  other  words,  to  the  plumb-line. 

39:3.  Surfaces  of  Equal  Pressure  Cut  Lines  of  Force  at  Right 
Angles. — The  equations  of  equilibrium  express  the  fact  that  in  all 
cases  the  surfaces  of  equal  pressure  cut  the  lines  of  force  orthogonally. 
For  p  is  a  function  of  x,  y,  z,  say  f(x,  y,  z).  If  then  we  take  any  constant 
value  of  p  the  equation  f( x,  y,  z)=p  is  the  equation  of  an  equipressure 
surface.  The  direction-cosines  of  this  surface  are  proportional  to 
(/(■-.  cfdy,  cflc*,  that  is  to  dp /fix,  dpldy,  dp/d*,  and  equations  (71) 
stare  that  these  are  proportional  to  X,  Y,  Z.  The  resultant  of  the 
applied  forces  is  therefore  at  each  point  perpendicular  to  the  surface 
of  constant  pressure  at  that  point. 


366  DYNAMICS,    PROPERTIES    OF    MATTER. 

We  have  seen  already  that  if  the  applied  forces  are  derivable 
from  a  potential,  the  surfaces  of  equal  pressure  and  the  surfaces  of 
equal  density  coincide.  If  however  the  forces  be  not  so  derivable, 
this  coincidence  does  not  necessarily  exist.  As  in  all  the  practical 
cases  we  shall  have  to  consider  the  forces  have  a  potential,  we  need 
not  occupy  space  with  the  theory  of  the  other  case.  We  may  merely 
remark  that  a  surface  of  equal  pressure  has  the  equation 

Xdx+Ydy  +  Zdz  =  Q,  (77) 

while  one  of  equal  density  has  the  equation 

gt^+ge^+fte-o.  (78) 

dx       dy       c* 

The  intersection  of  two  surfaces,  one  of  each  kind,  gives  a  line  of 
equal  pressure  and  density. 

394.  Compressible  Fluid  in  Field  of  Force. — In  the  case  of  a 
compressible  fluid  the  density  is  a  function  of  the  pressure  p  and  the 
absolute  temperature  0  (see  Part  II.)  of  the  form  p/p0  =  pjp000  or 
pjp  =  RQ  where  R  is  a  constant.  Thus  the  equations  of  equilibrium 
become 

pdx    Re'  '  pdy    &Q   '   pW*    ~R0   '  {" ' 

and  the  equation  for  the  determination  of  the  pressure  is 

—  =  ]fe(Xdx+Yd!f  +  Zdz\  (80) 

If  a  force-potential  exists,  we  have 

which  cannot  be  integrated  unless  we  know  the  distribution  of  6  in 
the  fluid.     If,  for  example,  6  be  constant,  we  have 

logp=  ~M^  +  a  (82> 

This  integral  is  taken  along  a  line  drawn  in  the  fluid,  and  C  is  the 
value  of  \ogp  +  Q'R0  for  the  initial  end  of  the  line.  The  equation 
may  be  written 

p  =  ce-ti/xe  =  ce-n/ic^  (83) 

if  when  d  is  constant  we  write  instead  of  p/fj  =  R6,  p  =  kp,  where 
k  =  R6,  and  put  c  for  the  value  of  ec. 

The  pressure  therefore  falls  off  in  geometric  progression,  as  the 
value  of  £1  increases  in  arithmetical  progression.  In  the  atmospheiv. 
when  the  positive  direction  is  taken  upwards,  Q,  is  positive  and  varies 
as  the  height  above  a  chosen  zero  level. 


CHAPTER   IX. 
HYDROSTATICS. 

395.  Elementary  Theory  of  Equilibrium  of  a  Fluid.  Pressure 
at  a  Point  is  the  same  in  all  Directions. — We  may  deal  with  the 
equilibrium  of  a  fluid,  and  especially  of  a  fluid  under  gravity,  in  the 
following  more  elementary  manner.  First  of  all  we  can  show  that 
at  any  point  in  the  fluid  the  pressure  is  the  same  in  all  directions,  a 
proposition  which  is  true  for  all  actual 
fluids,  however  viscous,  if  they  be  in  Fig.  203. 

equilibrium. 

Consider  a  small  regular  tetrahe- 
dron of  the  fluid.  Fig.  203  shows 
such  an  element  of  the  fluid,  as  it 
would  appear  to  an  observer  viewing 
it  in  a  direction  at  right  angles  to 
one  face  from  beyond  the  opposite 
vertex.  All  the  four  faces  are  equi- 
lateral triangles.  This  portion  of  fluid  is 
kept  in  equilibrium  under  two  systems 
of  forces  applied  to  the  matter  con- 
tained in  it :  (1)  the  external  applied 
forces  of  which  the  components  are  X,  Y,  Z  ;  (2)  the  pressure-forces 
applied  over  the  triangular  faces.  If  no  momentum  of  the  tetra- 
hedron, or  any  part  of  it,  be  generated,  the  equilibrium  is  the  same 
as  that  of  a  portion  of  rigid  matter  of  the  same  shape,  size,  and 
density,  replacing  the  tetrahedron  of  fluid  under  the  same  system  of 
forces. 

If  s  be  the  length  of  edge  AB  of  the  tetrahedron,  the  volume  of 
it  is  J 2s3/ 12,  and  the  area  of  each  face  is  JSs2/-!.  The  external 
force  in  the  direction  of  x  is  therefore  J2£pXI\%  and  the  pressure- 
force  over  a  face  is  J'ds^-pji.  The  ratio  of  the  former  to  the  latter 
is  J2spX/3j~3p.  Now  let  s  be  indefinitely  diminished.  The  ratio 
just  found  diminishes  towards  zero,  and  can  be  made  as  small  as 
may  be  desired  by  making  s  small  enough.  Thus  the  applied  force 
in  any  direction  tends  to  vanish  in  comparison  with  the  pressure- 
force  on  a  face.  For  a  very  small  element,  therefore,  the  external 
applied  forces  may  be  neglected  in  comparison  with  the  pressure- 
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forces,  with  approximation  approaching  perfect  exactness  as  the 
element  is  made  more  and  more  nearly  of  zero  dimensions. 

Considering  therefore  only  the  pressure-forces  on  the  tetra- 
hedron, it  is  obvious  that  for  equilibrium  these  must  be  equal  forces. 
Thus  the  average  pressure^  is  the  same  over  each  face,  and  in  the  limit 
we  have  the  result  that  the  pressure  at  the  centre  of  the  tetrahe- 
dron is  the  same  in  all  the  four  directions  perpendicular  to  the  faces. 

Now  keeping  the  plane  of  one  of  the  faces  fixed  in  position  take 
a  new  tetrahedron  in  the  position  which  the  former  would  have  if 
slewed  round  through  any  angle  about  an  axis  perpendicular  to  the 
plane  of  that  face,  say  through  its  centroid.  We  get  the  same 
result  for  the  direction  that  has  remained  fixed  and  the  three 
directions  normal  to  the  positions  of  the  three  other  faces.  By 
repeating  this  process  we  can  prove  the  proposition  for  succes>ive 
groups  of  four  directions  perpendicular  to  the  faces,  and  thus  show 
that  the  pressure  is  the  same  in  all  directions  at  the  centre  of  the 
element  of  the  fluid. 

This  proved,  it  is  seen  at  once,  by  considering  the  equilibrium  of 
a  prism-shaped  element  of  the  fluid,  that  the  pressure  is  the  same  at 
all  points  in  the  fluid  if  there  be  no  applied  forces. 

390.  Fluid  Tinder  Gravity.  Surfaces  of  Equal  Pressure  are 
Horizontal. — Now  consider  a  fluid  of  uniform  density  under  the 
action  of  gravity. 

First,  it  can  be  proved  that  the  pressure  is  the  same  at  all  points 
in  a  horizontal  surface.  So  far  as  effects  of  fluid  pressure  have  to  be 
considered  in  ordinary  cases,  such  a  surface  at  any  place  may  be 
taken  as  a  plane.  Take  then  a  thin  prism  of  the  fluid  the  length  of 
which  is  horizontal  and  the  ends  of  which  are  vertical.  If  the  fluid 
is  in  equilibrium  the  prism  is  in  equilibrium  in  all  respects,  and  has 
therefore  no  acceleration  in  any  direction.  Now  the  forces  acting  on 
it  are:  (1)  the  external  applied  forces  due  to  gravity  which  act 
vertically  downwards  on  the  particles  of  the  fluid ;  (2)  the  pressure- 
forces  applied  to  its  bounding  surface  by  the  surrounding  fluid. 
The  latter  fall  into  two  sets,  the  forces  applied  to  the  sides  of  the 
prism  and  the  forces  applied  to  its  ends. 

Consider  acceleration  of  the  prism  in  the  direction  of  its  length. 
Neither  the  applied  forces,  which  are  vertical,  nor  the  pressure- 
forces  on  the  sides  can  have  any  influence  in  producing  or  preventing 
such  acceleration,  since  their  directions  are  at  right  angles  to  the 
length  of  the  prism.  There  remain  therefore  only  the  pressure- 
forces  on  the  ends.  One  of  these  urges  the  prism  in  one  direction, 
the  other  in  the  opposite  direction.  They  must  therefore  be  equal. 
otherwise  there  would  be  acceleration.  Hence  the  pressures  at  the 
two  ends  are  also  equal ;  and  since  the  pressure  at  any  point  is  the 
same  in  all  directions,  the  pressure  in  any  direction  at  one  point  in  a 
horizontal  plane  is  equal  to  the  pressure  in  any  direction  at  another 
point  in  the  horizontal  plane. 

397.  Variation  of  Pressure  with  Level. — Again  consider  a  thin 
prism  with  its  length  in  the  vertical  direction,  and  its  ends  in  two 
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horizontal  planes  at  a  distance  h  apart.  As  regards  acceleration  in 
the  vertical  direction  the  pressure- forces  on  the  sides  have  no 
influence,  and  there  remain  only  the  pressure-forces  on  the  ends, 
and  the  gravity-forces.  If  p  be  the  pressure  in  the  lower  plane,  pr 
that  in  the  upper,  and  a  be  the  area  of  cross-section  of  the  prism, 
there  is  applied  to  the  prism  an  upward  pressure -force  pa  in  the 
lower  interface,  and  a  downward  pressure-force  in  the  upper  inter- 
face. Also  a  downward  force  is  applied  by  gravity  of  amount  in 
absolute  units  gpah.  The  upward  force  must  balance  the  total 
downward  force  and  therefore  : 


pa=p'a  +  gpah 
p=p+gph; 


(1) 


the  pressure  in  the  lower  horizontal  interface  therefore  exceeds 
that  in  the  upper  by  gph,  or  in  gravitation  units  of  pressure 
by  ph. 

For  example,  consider  a  pond  10  feet  deep.  The  pressure  at  the 
surface    is    atmospheric,   P 

say.       The    weight     of     a  Fig.  204. 

column  of  the  water  of 
one  square  foot  cross-sec- 
tion is  in  pounds  10  x  62-5, 
since  1  cubic  foot  of  water 
weighs  roughly  62-5  pounds. 
The  pressure  at  the  bottom 
is  therefore  in  pounds  per 
square  foot  625.  Atmo- 
spheric pressure  is  equal  to 

34  x  62-5  lbs.  per  square  foot,  and  the  whole  pressure  is  2750  lbs. 
per  square  foot,  or  about  19  lbs.  per  square  inch.* 

398.  Vessel  containing  Different  Fluids  which  do  not  Mix. — It 
may  be  remarked  that  since  a  system  of  bodies  is  in  stable  equi- 
librium only  when  the  potential  energy  of  the  system  is  a  minimum, 
a  number  of  fluids,  which  are  of  different  densities  and  which  do 
not  mix,  will  when  placed  in  the  same  vessel  arrange  themselves  in 
order  of  density  with  the  fluid  of  greatest  density  lowest.  Only 
with  this  arrangement  can  the  potential  energy  of  the  system  of 
attracting  earth  and  the  fluids  in  the  vessel  (the  position  of  which 
is  supposed  given)  be  a  minimum. 

399.  Surface  of  Separation  of  Two  Fluids  is  Horizontal.  Com- 
municating Vessels. — We  can  now  show  that  the  surface  of  separa- 
tion of  two  adjacent  fluids  is  horizontal.  For  draw  two  horizontal 
surfaces  AB,  CD  (Fig.  204),  one  in  each  fluid.  The  pressure  is  the  same 
at  all  points  in  each.     Take  two  narrow  vertical  prisms  with  their 

*  A  cubic  foot  of  pure  water  at  58°  F.  weighs  62  4  lbs.  and  at  the  temperature 
of  maximum  density,  that  is  4°  C.  or  39*2°  F.,  it  weighs  62-425  lbs.  Sea  water 
weighs  about  64  lbs.  per  cubic  foot.  Muddy  water  has  generally  a  markedly 
higher  density. 

2  A 
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lower  ends  in  the  lower  surface,  and  their  upper  ends  in  the  upper 
surface.  Their  heights  are  the  same,  hut  if  the  surface  of  separation 
EF  be  not  horizontal  they  can  be  taken  in  positions  such  that  the 
lengths  of  them  in  the  lower  and  upper  fluids  are  not  the  same  for 
both. 

Let  hv  h3  be  the  lengths  of  the  prisms  in  the  lower  fluid,  h\,  A',  their 
heights  in  the  upper,  p,  p  the  densities  of  the  fluids,  and  p,  p 
the  pressures  in  the  lower  and  upper  horizontal  surfaces.  By  (1) 
we  have 

p=p'  +  g{phx  +  p'h\)  =  ft  +  g(p  K  +  p'k'J. 

Hence  phx  +  p'h\  =  pK  +  p'h'r     Also  p(Ax  +  h\)  =  p(ha  +  A',). 
We  get  from  these  by  subtraction 

h\(p  ~  P)  =  h'*(p  ~  p')i 

or  the  lengths  of  the  prism  contained  in  the  upper  fluid  are  the  same. 

Fig.  205. 


that  is 


Hence  the  surface  of  separation  is  horizontal,  and  so  for  any  other 
separating  surface. 

Let  us  suppose  that  we  have  given  two  liquids  contained  in 
a  vessel  consisting  of  an  upper  and  lower  chamber  connected  by 
cross  pipes  of  different  sizes  and  shapes.  If  one  liquid  be  contained 
in  the  lower  chamber  and  part  of  the  connecting  pipes,  and  the  other 
liquid  occupy  the  upper  chamber  and  the  remaining  space  in  the 
pipes,  it  will  be  found  that  the  level  of  the  surface  of  separation  is 
the  same  in  all  the  connecting  channels. 

A  particular  case  is  that  shown  in  Fig.  205.  There  the  lower 
chamber  and  the  under  parts  of  the  tubes  of  different  shapes  com- 
municating with  it  are  filled  with  water,  the  upper  parts  of  the  tubes 
and  the  whole  atmospheric  space  into  which  their  upper  ends  open 
are  filled  with  air,  and  the  level  is  the  same  in  every  tube  or  con- 
necting channel. 

This  result  is  described  often  in  popular  language  by  saying  that 
"  water  finds  its  level."     The  proof  by  hydrostatic  principles  that 
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different  parts  of  the  fluid  which  are  in  communication  by  channels 
filled  with  the  same  fluid  stand  with  their  surfaces  at  the  same  level 
is  perfectly  simple.  Take  (Fig.  20(5)  the  horizontal  prism  in  the  lower 
part  the  extremities  of  which  are  AB.  Let  B  be  on  a  vertical  drawn 
from  the  free  surface,  but  let  A  be  situated  beyond  any  such  vertical. 
The  pressure  at  A  is  the  same  as  the  pressure  at  B,  and  the  pressure 
at  B  is  greater  than  that  at  E  by  gph.  Again  the  pressure  at  D  is 
the  same  as  the  pressure  at  C,  which  is  greater  than  the  pressure  at  E 
by  gph'.  Hence  the  height  of  the  free  surface  above  D  must  be  K . 
Let  two  liquids,  for  example  water  and  mercury,  be  in  contact  in 
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a  U-shaped  tube  as  shown  in  Fig.  207.  If  they  are  immersed  in  the 
atmosphere  let  P  be  atmospheric  pressure  at  the  top  of  the  right- 
hand  column,  h,  K  the  heights  of  the  right  and  left  columns  above  AB, 
the  level  of  the  surface  of  separation,  p,  p'  the  densities  of  the  liquids, 
and  pa  the  density  of  the  air.  The  pressure  at  AB  on  the  right  is 
P  +  gph,  and  on  the  left  it  is  P  +  gpjh  -  h')+gp'h'.  These  pressurse 
must  be  equal,  and  therefore  we  have 

(p-Pa)h  =  (p-pa)h'.  (2) 

The  densities  p  -  pa,  pl  —  pa  are  therefore  inversely  proportional 
to  the  heights  h,  K  above  the  common  surface  of  separation.  If 
pa  be  neglected  or  the  arrangement  be  in  a  vacuum 


p  _h 

p      h 


(2') 


It  will  be  noticed  that  the  cross-sections  of  the  tubes  do  not  enter 
here.  The  two  limbs  may  in  fact  have  any  relative  cross-sections 
provided  they  are  large  enough  to  obviate  capillarity  effects. 
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400.  Interference  of  Capillarity  with  Horizontality  of  Surface. — 
It  is  necessary  to  notice  here,  what  we  shall  consider  in  more  detail 
later,  that  the  horizontality  of  the  surface  of  separation  of  two  fluids 
does  not  hold  except  at  a  distance  from  the  walls  of  the  containing 
vessel  given  by  experience.  The  surface  of  water  standing  in  a 
capillary  tube  of  bore  a  millimetre  or  less  in  diameter  is  nowhere 
horizontal,  except  at  one  point.  If  the  water  wets  the  vessel  the 
surface  is  concave  upwards,  and  this  concavity  leads  to  an  elevation 
of  the  surface  above  the  level  at  which  it  would  stand  if  it  were 
plane. 

On  the  other  hand,  mercury  in  a  narrow  glass  tube  is  convex, 
and  the  surface  stands  at  a  lower  level  than  it  would  if  the  surface 
were  plane. 

It  may  be  taken  that  there  is  no  sensible  rise  or  depression  of 
liquids  in  tubes  |  inch  in  diameter  or  more.  At  the  walls,  however, 
there  will  be  found  a  curvature  of  the  liquid  surface,  either  concave 
or  convex. 

Any  one  can  see  the  upward  curvature  of  tea  round  the  wall  of 
the  cup,  or  notice  the  meniscus  formed  by  wine  in  a  glass  by  holding 
the  glass  between  the  eye  and  a  light.  The  convexity  of  the  surface 
of  mercury  in  a  barometer  is  well  known,  and  is  used  to  determine 
whether  the  surface  of  the  column  is  rising  or  falling.  When  the 
surface  is  rising  in  the  tube  the  sides  of  the  column  retarded  by  the 
tube  lag  behind,  and  the  central  part  of  the  column  rises  relatively. 
increasing  the  convexity  above  the  average  value  which  it  has  when 
the  column  is  stationary.  The  reverse  takes  place  when  the  surface 
is  falling ;  the  convexity  is  then  less  than  the  average. 

401.  Transmission  of  Pressure.  Hydrostatic  Paradox. — It 
follows  from  what  has  been  stated  that  if  a  liquid  be  contained  in  a 
space  bounded  by  unyielding  walls,  any  pressure  applied  to  it  at  any 
part  of  the  wall  will  be  communicated  throughout  the  liquid.  For 
the  differences  of  pressure  due  to  differences  of  level  must  remain 
the  same  as  before,  so  that  the  pressure  everywhere  has  been 
increased  by  the  same  amount. 

This  gives  a  very  remarkable  result  which  has  been  called  the 
hydrostatic  paradox,  and  is  illustrated  in  Fig.  208! 

The  containing  vessel  consists  of  two  cylinders  communicating  as 
shown.  One  cylinder  is  of  one  or  two  inches  diameter,  the  other  of 
diameter  comparatively  large.  We  shall  suppose  their  areas  to  be  a, 
A.  The  cylinders  are  fitted  with  pistons,  supposed  water-tight  and 
frictionless,  and  for  convenience  of  description  are  supposed  to  be 
vertical. 

If,  now,  a  weight  of  P  pounds  be  applied  to  press  down  the  small 
piston,  the  large  piston  will  be  pressed  up,  and  a  weight  W=PA  a 
will  be  required  to  keep  it  in  the  same  position  as  before.  For  if 
the  space  occupied  by  the  liquid  is  not  altered  the  pressure  of  the 
fluid  against  the  under  surface  of  the  smaller  piston  must  have  been 
increased  by  P/a.  Hence  the  pressure  against  the  under  surface  of 
the  larger  piston  has  been  increased  by  the  same  amount,  and  the 
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Fig.  208. 
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Fig.  209. 


extra  pressure- force  applied  to  it  is  PA /a.     That  the  force  P  applied 

by  the  small  piston  to  the  fluid  should  give  a  force  PAja  applied  to 

the  large  piston  by  the  fluid  has  been  supposed  to  be  paradoxical. 
There  is  no  paradox,  however,  when  the 

matter  is  viewed  in  the  light  of  the  principle 

of  work.     If  the  small  piston  be  driven  down 

a  distance  h  the  work  done  by  the  force  P  is 

Ph.    But  if  the  volume  of  the  fluid  remains 

the  same  as  before  the  large  piston  must  rise, 

so  that  the  space  has  been  increased  by  just 

as  much  as  it  was  diminished  by  the  descent 

of   the    small    piston.       This   volume   is   ah. 

Hence    the    large    piston    rises    a    distance 

H—ahjA.      The   work  done  in  raising  the 

weight  IFis  then  WahjA.     But  W =  PA  fa,  so 

that  the  work    WahjA   is  Ph ;  that    is,    the 

work  spent  in  depressing  the  small  piston  is  precisely  equal  to  that 

spent  in  i-aising  the  large  one. 

In  practice,  as  the  result  of   friction,  the  work  done  in  raising 

the  large  piston  is 
never  so  great  as  that 
spent  in  depressing 
the  other. 

402.  Hydraulic 
Press. — This  arrange- 
ment illustrates  the 
principle  of  the  hy- 
draulic press  invented 
by  the  celebrated 
Blaise  Pascal.  The 
pressure  is  applied  to 
the  water  in  the  small 
cylinder  by  forcing 
down  the  plunger  by 
theleverZ)(Fig.209). 
The  upward  motion 
of  the  large  piston 
is  resisted  by  a  body 
placed  between  the 
"ram"  carried  by  the 
large  piston  and  a 
beam  overhead.  It 
was  made  a  practical 
machine  by  Bramah, 
who  overcame  the 
serious  difficulty  of 
making  the  pistons 
water-tight  by  fitting  them  with  the  leather  collar  of  U  section  shown 
apart  in  Fig.  209,  and  also  in  cross-section  at  the  upper  end  of  the 
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ram-cylinder.  The  water  enters  the  annular  space  between  the  two 
edges  of  the  leather,  and  forces  the  inner  wall  against  the  cylinder. 
Other  details  not  shown  in  the  representation  of  the  pre.-s  in  Fig.  209, 
which  is  taken  from  an  old  cut,  are  found  in  modern  apparatus. 
Water  is  kept  under  sufficient  head  in  a  reservoir  below,  and  flows 
through  a  valve  opening  upwards  at  the  bottom  of  the  small 
cylinder  when  the  plunger  is  lifted.  A  strong  tube  of  copper  of 
fine  bore  now  generally  connects  the  plunger  cylinder  with  the  ram- 
cylinder.  The  channel  is  here  shown  cut  in  a  block  of  metal  and 
fitted  with  a  spring-valve  which  opens  towards  the  ram-cylinder. 

If  we  have  a  closed  vessel  and  a  number  of  pistons  working  in 
attached  cylinders  as  in  Fig.  210  ;  then,  if  a  high  pressure  be  main- 
tained in  the  vessel,  work  may  be  done 
Fig.  210.  on  these  different  pistons  by  the  pres- 

\  sure  which  they  all  receive  from  the 

liquid.  This  is  realised  in  practice  by 
high  pressure  in  mains  which  supply 
power  for  working  lifts  and  other 
hydraulic  engines.  For  example,  the 
Hydraulic  Power  Company  supply  water 
in  London  for  such  purposes  at  a  pres- 
sure of  750  lbs.  per  square  inch.  It  is 
y^^^^Z-'-^L^^  easy  to  calculate  the  work  done  in  any 

given  expenditure  of  such  water.  Since 
p  is  constant,  the  work  done  in  an 
expenditure  of  a  volume  v  is  simply  pv.  If  p  be  in  lbs.  per  square 
foot,  and  v  be  in  cubic  feet,  the  work  done  will  be  given  by  pv  in 
foot-pounds.  A  consumption  of  4,000,000  gallons,  or  640,000  cubic 
fe-?t  per  twenty-four  hours,  gives  a  rate  of  working  of  about  1 500 
horse- power. 

Hydraulic  power  is  now  used  for  many  purposes.  For  example, 
for  opening  and  shutting  dock -gates,  for  lifts,  for  riveting  iron  and 
steel  plates,  for  working  guns  on  board  ship,  in  "  jacks  "  for  lifting 
locomotives,  &c.  The  hydraulic  power  is  frequent!}'  applied  by 
means  of  an  accumulator  as  it  is  called.  This  consists  of  a  heavy 
weight,  which  forces  down  a  plunger  and  gives  the  necessary  pressure. 
This  arrangement  is  very  convenient  when  the  power  is  not  con- 
tinually required,  as  in  opening  dock-gates,  &c,  for  the  accumulator 
may  be  gradually  pumped  up  again  by  an  engine  of  comparatively 
small  power  working  during  the  intervals 

The  energy  given  out  by  the  engine  is  stored  up  in  the  lifted 
weight,  or  rather  in  the  system  of  earth  and  weight  separated 
against  their  mutual  attraction,  and  can  be  u;?ed  up  in  a  compara- 
tively short  time.  The  storage  battery  performs  the  same  part  in 
electricity.  Energy  stored  at  a  slow  rate  in  chemical  change  of  the 
substances  in  a  battery  can  be  given  out  again  as  quickly  as  may  be 
required. 

403.  Pressure -Forces.  Thrust  on  a  Plane  Surface. — Let  dS  be 
an  element  of  a  surface  so  small  that  the  pressure  (which  is  supposed 
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to  vary  continuously  from  point  to  point)  may  be  taken  as  uniform 
over  it.  The  product  pdS  is  sometimes  called  the  "  whole  pressure" 
over  the  element,  and  the  sum  2(pdS)  of  such  products  taken  for 
the  whole  surface  or  any  part  of  it  is  called  the  "  whole  pressure  " 
over  the  surface  or  over  that  part.  This  designation  seems  very 
undesirable  ;  pdS  has  the  dimensions  of  a  force,  and  is  the  thrust 
exerted  by  the  fluid  on  the  element  dS,  and  in  no  circumstances 
ought  to  be  called  a  pressure  either  whole  or  partial.  Again,  2(pdS) 
has  the  dimensions  of  force,  but  it  is  a  mere  addition  of  the  numerical 
values  of  forces  which  have  different  directions  in  the  general  case, 
in  which  the  surface  is  not  plane. 

We  shall  call  pdS  a  thrust,  or  sometimes  a  pressure-force.  When 
the  surface  is  a  plane  E(pdiS)  is  the  total  thrust  excited  on  the  sur- 
face by  the  fluid.  When  the  surface  is  not  plane  '2(pdS)/'S,dS',  the 
sum  of  the  thrusts  on  the  elements  divided  by  the  area  of  the  surface 
is  the  average  pressure  on  the  surface.  If  6  be  the  inclination  of  the 
normal  at  dS  to  a  chosen  direction,  H,pcosddS  is  the  thrust  on  the 
surface  in  that  direction. 

The  calculation  of  the  thrust  exerted  on  a  plane  surface  is  im- 
portant for  many  practical  purposes ;  for  example,  the  total  thrusts 
exerted  by  the  water  inside  and  outside  on  a  dock-gate. 

If  we  denote  the  thrust  exerted  on  a  plane  surface  by  T  we  have 

T=fpdS,  (8) 

where  p  is  the  pressure  at  the  element  dS,  andy*  denotes  integration 
taken  over  the  whole  plane.  ' 

If  the  fluid  be  of  uniform  density,  and  the  pressure  be  due  to 
gravity,  we  have 

r=/(P  +  gPh)dS,  (3') 

6" 

where  P  is  the  pressure  at  the  free  surface,  and  h  is  the  depsh  of  dS 
below  it.     To  take  account  of  P  it  is  only  necessary  to  multiply  the 

area  by  P ;  hence  we  may  disregard  P  and  calculate  only  fgphdS. 

s 
As  a  first  example  consider  a  triangular  plate  immersed  so  that 
the  vertex  is  in  the  surface  and  the  base  is  parallel  to  the  surface. 
Denote  the  inclination  of  the  plane  to  the  vertical  by  6,  the  distance 
of  the  vertex  from  the  base  by  b,  and  the  length  of  the  base  by  a, 
The  area  of  a  strip  at  distance  h  from  the  vertex,  and  of  breadth  dh 
is  ahdh/b,  and  the  pressure  is  gphcosd,  since  the  vertical  depth  of 
the  strip  is  Acosfl.     Hence 

b 

T  =  gpcosd-  /h?dh  =  —gpab2cosd.  (4) 

o 

This  is  the  magnitude  of  the  resultant  of  the  thrusts  on  the 
elements  of  the  plate.  It  is  the  product  of  gp  and  the  volume 
Ja&jCosft  of  the  prism  formed  by  drawing  from  BC  lines  BD,  CE 
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(Fig.  211),  perpendicular  to  the  plane  of  the  triangle  ABC,  and  of 
length  equal  to  the  depth  of  BC  below  the  surface. 

404.  Thrust  on  the  Bottom  of  a  Vessel.  Experiment  on  Pascal's 
Vases. — It  was  shown  by  Pascal  that  the  total  pressure-force  on  the 
bottoms  of  vases  of  different  shapes,  as  in  Fig.  212,  and  filled  with 
liquid,  had  the  same  value.  This  follows,  of  course,  from  the  action 
of  hydrostatic  pressure,  but  it  can  be  verified  by  supporting  the 
vessel  independently,  and  counterpoising  a  disk  closing  the  bottom 
of  the  vessel.     It  is  found  that  in  all  cases  the  counterpoise  is  equal 

Fig.  212. 


Fig.  211. 
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to  the  weight  of  the  disk  together  with  that  of  a  cylindrical  column 
of  liquid  of  section  equal  in  area  to  the  circular  opening  of  the 
bottom  of  the  vase. 

This  has  been  supposed  to  be  paradoxical,  but  the  explanation  is 
evident.  The  additional  weight  in  the  case  of  the  wide-mouthed 
vase  is  borne  by  the  sides  of  the  vessel ;  in  the  narrow-mouthed  vase 
the  whole  weight  is  less  than  the  thrust  on  the  bottom,  but  the  total 
downward  force  exerted  by  the  liquid  is  the  downward  thrust  on  the 
bottom  minus  the  total  upward  thrust  exerted  on  the  inward  sloping 
sides  of  the  vessel,  and  this  downward  force  is  precisely  the  weight 
of  the  liquid.  For  the  upward  thrust  is  exactly  the  weight  of  the 
liquid  required  outside  in  the  latter  case  to  make  up  the  cylinder  of 
liquid,  as  shown  by  the  dotted  lines  in  the  third  diagram  of  Fig.  212. 

405.  Centre  of  Pressure. — It  is  clear  that  a  pull  of  amount 
gpfhdS,  applied  perpendicularly  to  an  immersed  plane  plate  at  some 
point,  will  equilibrate  the  resultant  of  the  thrusts  on  the  elements 
of  one  face  of  the  plane.  To  find  this  point  we  take  any  two  non- 
parallel  lines  of  reference  in  the  plane,  and  put  x,  y  for  the  distances 
of  dS  from  them. 

For  the  sums  J/,  Mt  of  the  moments  of  the  thrusts  about  these 
lines  of  reference  we  have 

■ifi  -  gpfhxdS,  i/2  ==  gpfhydS, 

and  if  £,  17,  denote  the  distances  of  the  line  of  action  of  the  resultant 
from  the  same  lines 
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where  the  integrals  are  taken  over  the  plate. 

The  point  found  is  the  centroid  of  a  distribution  of  matter  over 
the  plate,  of  surface-density  proportional  to  h,  the  depth  of  the  point 
below  the  surface.  It  is  called  the  Centre  of  Pressure  of  the  plate 
for  the  distribution  of  pressure  here  supposed. 

For  the  triangular  plate  situated  as  described  above  we  take  one 
reference  line  in  the  plane  and  one  in  the  free- surface.  A  second 
line  is  unnecessary,  as  clearly  the  line  of  action  of  the  resultant 
must  in  this  case  pass  through  a  point  in  the  line  joining  the 
vertex  with  the  middle  of  the  base.     We  have  therefore 

«-$g-|fc  (6) 

0 

If  the  base  of  the  triangle  were  in  the  surface  we  should  have 
for  the  length  of  a  strip  parallel  to  the  base  and  of  distance  h  from 
the  base  the  value  a(b  —  h)/b,  and  therefore 

T=gP^cosdf(b-h)hdh  =  ypab2cos6,  (7) 

o  0 

or  half  the  former  result  (4). 

The  centre  of  pressure  is  easily  found  to  be  in  this  case  at  a 
distance  \b  from  the  base.  This  can  be  seen  without  calculation,  as 
the  thrusts  on  strips  at  equal  distances  on  the  two  sides  of  the 
middle  of  AF  have  evidently  equal  moments  about  the  base. 

406.  Centre  of  Pressure  for  any  Plane  Area. — For  any  plane  area 
immersed  in  a  uniform  liquid  under  gravity  the  pressure  at  any 
point  is  proportional,  as  we  have  seen,  to  the  depth  of  the  point 
below  the  free  surface  if  we  take  the  surface  pressure  as  zero.  It 
follows  that  the  pressure  is  proportional  to  the  distance  of  the  point 
from  the  line  of  intersection  A B  of  the  plane  of  the  area  with  the 
free  surface.  If  x,  y  be  the  co-ordinates  of  any  point  P  in  the  plane 
area,  with  reference  to  axes  in  the  plane,  and  a  be  the  angle  which 
a  perpendicular  let  fall  from  the  origin  on  a  line  through  P  parallel 
to  AB  makes  with  the  axis  of  x,  the  perpendicular  distance  of  the 
origin  from  the  line  is  evidently  x  cos  a  +  y  sin  a.  If  then  V5  be  the 
distance  of  the  origin  from  AB  we  have  for  the  distance  of  P  from 
AB,To  —  a?  cos  a  -  ysinn.  Hence  for  the  co-ordinates  of  the  centre  of 
pressure  we  have,  integrating  over  the  immersed  area, 

.,      fx(7n -x  cos  a -?/ sin  a)dS         _  j'y(uj  —  xcosa  —  ysina)d$        ,^x 
/"(CT  —  xcosa  —  ysma)d>S,  I *(C7  -  iccosa  -  ysma)dS 

If  now  the  origin  of  co-ordinates  be  taken  at  the  centroid,  and 
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the  axes  be  the  principal  axes  of  inertia  there,  we  have,  §§  147, 
1 68,  fxdS  =  0,  fydS  =  0,  fxydS  =  0,  so  that 

..  cosa  r  97C,  sina   f  -,,.,  ,nx 

But  fxrdS,  f^fdS  are  the  moments  of  inertia  of  the  area  about 
the  axes  of  y  and  x  respectively.  Denoting  these  by  Sor,  Sb* 
respectively,  where  a,  b  are  proportional  to  the  reciprocals  of  the 
semi-axes  of  the  momental  ellipse  for  the  plane,  we  have 

t  a~  &*   .  ,    A. 

£  =  -  — COSa,      7)= sina.  (10) 

Zj  Zj 

These  enable  us  to  write  the  equation  of  the  line  AB,  which  is 
iccosa  +  ysina  —  ZS  —  0,  in  the  form 

a        o 

so  that  the  line  AB  is  the  polar  of  —  t,  —  rj  with  respect  to  the 
ellipse  x^ja-  +  y2/b-  =  1,  that  is  £,  -q  is  what  is  called  the  antipole  of 
the  line  AB  with  respect  to  this  ellipse. 

If  the  plane  be  so  placed  that  a  principal  axis  of  the  ellipse,  say 
that  of  x,  is  horizontal,  cosa  =  0,  and  sina  =  1 ,  so  that  I  —  0,  tj  =  —  b-/to. 
The  centre  of  pressure  is  then  on  the  perpendicular  drawn  through 
the  centroid  to  the  line  AB. 

If  the  surface  pressure  P  be  not  zero,  it  is  only  necessary  to 
increase  Z5  by  the  amount  corresponding  to  the  depth  of  a  stratum 
of  the  liquid  which  would  produce  P. 

4<>7.  Centre  of  Pressure  of  a  Triangle  with  Vertices  at  any 
Depths. — As  a  final  example  we  may  find  the  centre  of  pressure  of  a 
triangle,  the  vertices  of  which,  A,  B,  C,  are  at  depths  f,  g,  h.  We 
shall  take  the  axis  of  x  horizontal.  The  plane  of  the  triangle  may 
be  taken  as  vertical  without  alteration  of  the  position  of  the  centre  of 
pressure  relatively  to  the  triangle.     We  have  £  =  0,  rj  =  -  b-JTS. 

Now  the  moment  of  inertia  of  the  triangle  about  a  horizontal 
axis  in  its  own  plane  through  the  vertex  A  is 

^u</-/)2 +(.?-/)  {h-f)+{h-m- 

The  depth  of  the  centroid  below  the  vertex  A  is  \(g  +  h  -  2/ ),  and 
consequently  the  moment  of  inertia  of  the  triangle  about  a  horizontal 
axis  in  its  own  plane  through  the  centroid  is 

-  tVS(/-'  +  <r  +  A?  -f.g  -gh-  hf). 

Hence,  since  Z5  —  ^ (  f+  g  +  h),  the  distance  of  the  centroid  below  the 
surface, 
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12  f+u  +  h 

The  depth  of  the  centre  of  pressure  below  the  surface  is  thus 

^-n  =  l{(f+y)2  +  (9  +  hy  +  (h+ff}/(f+g  +  h).         (12) 

408.  Thrust  in  Given  Direction  on  Curved  Surface. — The  whole 
thrust  in  any  direction  over-  a  curved  surface  is  to  be  found  by 
taking  the  pressure  over  each  element  J>S  of  the  surface  and  multi- 
plying that  by  the  cosine  of  the  angle  6  between  the  normal  to  dS 
and  the  proposed  direction.  Thus  summing  for  the  whole  surface 
we  have 

T=/pcosBdS.  (13) 

If  p  be  constant  over  the  surface 

T=p/cos6.dS.  (14) 

Buty*cos  B.dS  is  the  area  of  the  projection  of  the  bounding  edge  of 
the  curved  surface  on  a  plane  perpendicular  to  the  proposed  direction. 
If  we  call  that  area,  t$„  we  have 

T-pS,l 

If  p  be  not  constant  we  can  find  a  quantity  pa  which  fulfils  the 
equation 

T=fpcosd.dS=paS.  (15) 

pa  is  called  the  average  component  of  pressure  in  the  proposed 
direction. 

The  average  pressure  over  the  surface  is  not  this  but  (fpdS)/S. 
where  S  is  the  total  area. 

409.  Pull  required  to  separate  Magdeburg  Hemispheres. — As  an 
example  consider  a  sphere  made  up  of  two  hemispheres  of  external 
radius  r  united  by  flanges  round  a.  great  circle  of  the  sphere  and 
exhausted  of  air.  It  is  required  to  find  the  force  required  to  separate 
the  hemispheres  against  the  external  air  pressure.  This  arrangement 
is  known  as  the  Magdeburg  hemispheres,  from  its  having  been  invented 
by  von  Guericke  of  Magdeburg  to  illustrate  air  pressure. 

If  the  external  breadth  of  the  flanges  be  b,  and  the  external 
pressure  P,  the  force  required  is  nP(r  +  b)'- ;  since  the  projection  of 
the  surface  acted  on,  taken  perpendicular  to  the  direction  of  pull,  is 
a  circle  of  radius  r  +  b.  Thus,  for  Magdeburg  hemispheres  of  radius 
3  inches  and  breadth  of  flange  1  inch,  the  force  required  would  be 
about  14-7  x  IG7J-,  or  nearly  740  pounds,  that  is  nearly  a  third  of 
a  ton.  In  an  old  cut  illustrating  experiments  with  the  air-pump 
two  teams  of  horses  are  shown  pulling  apart  two  Magdeburg  hemi- 
spheres of  no  very  great  size. 
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Fig.  218. 


410.  The  Principle  of  Archimedes. — Let  a  body  be  immersed  in 
a  fluid  under  gravity,  and  suppose  the  thrust  exerted  by  the  fluid  on 
the  surface  of  the  body  to  be  the  same  at  each  element  as  it  would 
be  on  the  corresponding  element  of  a  mass  of  the  fluid  in  equilibrium, 
substituted  for  the  body  without  disturbing  the  surrounding  fluid  in 
any  way.  On  this  supposition  the  vertical  com- 
ponents of  pressure-force  on  the  different  parts  of 
the  surface  of  the  fluid  replacing  the  body  are  pre- 
cisely the  same  as  those  on  the  body.  But  the 
resultant  upward  thrust  exerted  on  the  fluid  is  equal 
to  the  gravity  of  the  fluid  replacing  the  body,  hence 
there  is  a  resultant  upward  thrust  exerted  on  the 
body  of  exactly  the  same  amount.  The  body  ap- 
pears therefore  to  lose  gravity  by  immersion  to  an 
amount  equal  to  that  of  the  fluid  displaced  by  it. 

411.  Experimental  Verification  of  Principle  of 
Archimedes. — This  result  can  easily  be  verified  by 
the  arrangement  shown  in  Fig.  213.  A  balance  is 
arranged  with  a  solid  cylinder  of  copper  or  brass 
which  has  above  it  a  hollow  cylinder  the  internal 
volume  of  which  is  equal  to  the  volume  of  the  solid 
cylinder.  When  the  cylinders  are  equipoised  by 
weights  in  the  other  scale  of  the  balance,  a  vessel  of 
water  is  introduced  below  the  solid  cylinder  so  as 
to  immerse  the  latter.  The  equilibrium  of  the 
balance  is  disturbed  by  the  upward  thrust  exerted 
on  the  immersed  cylinder,  and  is  restored  by  filling 
the  upper  cylinder  with  water. 

It  may  be  remarked  here  that  if  the  vessel  of  water  be  placed  on 
one  scale  of  another  balance  the  immersion  of  the  solid  cylinder  will 
cause  an  apparent  increase  of  the  weight  of  water  and  vessel.  This 
is  due  to  the  increased  depth  of  water  in  the  vessel,  which  gives 
a  thrust  on  the  bottom  greater  than  before  by  the  weight  of  water 
displaced  by  the  cylinder.  Thus  the  weight  of  the  cylinder  apparently 
lost  from  the  first  balance  is  added  to  that  of  the  vessel  of  water. 
Archimedes'  principle  may  be  verified  also  by  weighing  a  body 
of  regular  shape  the  dimensions  of  which  have  been  accurately 
measured  and  its  volume  V  in  cubic  centimetres  calculated.  The 
body  is  then  weighed  and  the  apparent  loss  of  weight  in  water  found. 
This  should  be  V  grammes  since  a  cubic  centimetre  of  water  is  very 
approximately  one  gramme. 

412.  Application  of  Principle  to  Detection  of  Adulteration  of 
Gold. — The  principle  stated  above  was  obtained  by  Archimedes, 
who  had  been  commissioned  by  Hiero,  King  of  Syracuse,  to  ascertain 
whether  a  crown  which  had  been  made  for  him,  and  which  was  sup- 
posed to  be  of  pure  gold,  had  been  adulterated  by  any  baser  metal. 
The  larger  the  body  immersed  the  greater  is  the  quantity  of  fluid 
required  to  replace  the  body,  and  therefore  the  greater  is  the  upward 
thrust  exerted   on  the  body.      Now  a  certain  weight  of  an   alloy 
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of  gold  and  silver,  or  of  gold  and  copper,  would  have  a  greater 
volume  than  an  equal  weight  of  pure  gold.  Thus  there  would  be  a 
greater  apparent  loss  of  weight  of  the  alloy  than  of  the  gold  produced 
by  immersion  in  water;  and  the  question  as  to  the  purity  of  the 
crown  could  be  tested.  It  was  only  necessary  to  take  a  weight 
of  gold  of  the  required  standard  of  purity  exactly  equal  or  in  a  known 
ratio  to  the  weight  of  the  crown,  and  note  the  loss  of  weight  by 
immersion  in  water  in  the  two  cases. 

"It  is  related  that  this  mode  of  deciding  the  question  occurred  to 
Archimedes  on  observing  the  supporting  effect  of  the  water  on  his 
body  in  the  bath. 

413.  Correction  in  Weighing  for  Air  Displaced. — The  principle 
applies  to  all  fluids  on  which  gravity  has  any  sensible  action.  Thus 
a  piece  of  wood  entirely  immersed  in  water  experiences  an  upward 
thrust  measured  by  the  weight  of  water  displaced,  a  force  which  is 
greater  indeed  than  the  weight  of  the  wood,  and  causes  ascent  of  the 
body  when  no  other  force  is  applied  ;  a  balloon  is  acted  on  by  an 
upward  force  equal  to  the  weight  of  air  displaced,  greater  it  may  be 
than  the  weight  of  the  balloon  and  its  appendages,  and  therefore 
causing  ascent  of  the  balloon. 

It  follows  that  in  the  exact  weighing  of  bodies  it  is  necessary  to 
take  account  of  the  weights  of  air  displaced  by  the  body  and  by  the 
weights  put  in  the  other  scale-pan.  Hence  we  have  a  practical 
method  of  determining  the  specific  gravities,  or  in  other  words,  com- 
paring their  densities  (§  135).     We  shall  return  to  this  presently. 

414.  Work  done  on  Liquid  in  Immersing  a  Body.  Example. — 
The  principle  of  Archimedes  may  be  deduced  in  the  following  manner 
from  the  principle  of  energy.  Let  a  body  of  volume  V  be  totally 
immersed  in  a  liquid  of  density  p.  If  the  depth  of  the  centroid  of 
the  volume  V  be  increased  by  an  amount  x.  there  is  no  alteiation  of 
the  position  of  the  free  surface,  and  the  alteration  of  distribution  of 
the  liquid  is  exactly  that  which  would  be  effected  by  raising  a  volume 
V  of  the  liquid  through  a  distance  x.  Hence  the  work  done  on  the 
liquid  is  in  gravitation  units  of  work  pVx,  that  is,  the  upward  force 
exerted  by  the  liquid  on  the  body  is  pV  in  gravitation  units  of  force. 

Thus  p  Vx  is  the  increase  of  energy  of  the  liquid  caused  by  the 
change  of  position  of  the  body  in  this  case. 

If  the  body  be  only  partially  immersed,  and  the  volume  in  the 
liquid  be  increased  from  T"  to  V+v,  the  work  done  on  the  liquid  is 
that  involved  in  raising  the  centroid  of  the  liquid  displaced  through 
the  distance  through  which  that  of  the  former  volume  Thas  descended, 
together  with  the  work  done  in  raising  a  volume  v  of  the  liquid  above 
the  former  free  surface  in  the  space  surrounding  the  body.  This 
work  is  p  vx  if  x  be  the  distance  through  which  the  centroid  of  this 
portion  of  the  liquid  has  been  raised. 

Let  a,  a  be  the  cross-sections  at  the  free  surface  of  the  body  and 
vessel  respectively,  and  let  the  body  be  lowered  vertically  without  other- 
change  of  position  through  a  small  distance  x.  If  only  the  volume  V 
formerly  below  the  free  surface  were   further  immersed,  the  work 
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done  on  the  liquid  would  be  pVx  as  just  found.  The  liquid  would 
then  have  the  same  free  surface  as  before,  and  this  would  stand  a 
height  x  above  the  highest  point  of  the  volume  V. 

The  addition  of  a  length  x  to  the  part  of  volume  V  will  raise  the 
fluid  which  thus  stands  above  into  a  layer  above  the  former  free 
surface  of  thickness  ax j (a  —  a).  The  "centre  of  gravity"  of  this 
portion  of  liquid  is  thus  raised  through  a  height  hx  +  \ax\{a  -  a)  or 
^a'xjia  —  a).  The  work  done  is  the  product  of  this  by  pax,  that  is, 
jfpaa'x2l(a  -  a).  The  whole  work  w  done  on  the  liquid  is  therefore 
given  by 

w  =  pVx  +  ^px2a— .  (16) 

v  zr      a  -  a  v     ' 

For  the  average  force  F  exerted  on  the  fluid  by  the  solid,  and  on 
the  solid  by  the  fluid,  we  have,  therefore,  in  gravitation  units, 

F  =  pV+yxa^-a.  (17) 

The  second  term  is  negligible  if  x  be  infinitesimal,  and  therefore  the 
force  is  p  V  as  before. 

As  an  example,  we  may  show  that  when  a  sphere  of  radius  r  is 
held  just  immersed  in  a  cylindrical  vessel  of  radius  R  containing 
water,  and  is  caused  to  rise  gently  just  out  of  the  water,  the  loss  of 
potential  energy  of  the  water  is  Wr{l  —  %r*jR-)  if  W  be  the  weight 
of  the  water  displaced  by  the  sphere. 

When  the  sphere  is  immersed  to  a  distance  h  measured  from  its 
lowest  point  to  the  free  surface,  and  is  then  caused  to  rise  in  actual 
level  a  distance  dx,  the  depth  h  diminishes  by  an  amount 

dh  =  a'dxl(a  —  a). 

But  (a  -a)la=(R2-'2rh  +  h2)/R-,  so  that  dx  =  (R-  -  2rh  +  h-)dh  L". 
Putting  dx  for  x  in  (16),  and  for  V  its  value  ^Trk-(^r  -  h),  we  get  for 
the  whole  potential  energy  lost  by  the  water  in  falling  a  distance  dh 
along  the  sphere  the  equation 

dw  =  —np  (R'2  -  2?7i  +  h2)h2dh. 

3   r   R- 

The  last  term  in  (16)  is  neglected  since  it  involves  (/./•-.  and  we 
make  here  dx  infinitesimal.  The  whole  potential  energy  lost  by  the 
water  is  therefore 

2r 
JK  f(&  -  2rh  +  V)(Sr  -  h)h?dh  -  irrpr*  (  1  -  |^ 

0 

which  was  to  be  proved. 
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The  whole  change  of  level  of  the  sphere  x  is  given  by 

x  =  I  f{R  -  2rh  +  tf)dh  =  -i  R2  -  -A 
R~ J  R-\         '6    ) 

0 

Hence  the  potential  energy  gained  by  the  solid  sphere  in  rising  is,  if 
IT  be  the  weight  uf  the  sphere, 

2Hv(l-fJj. 

These  results  are  given  in  gravitation  units  ;  e.y.,  if  p  be  in  lbs- 
per  cubic  foot,  and  R,  r  be  measured  in  feet,  the  energies  are  given 
in  foot-pounds  by  the  expressions  found.  This  example  is  taken  from 
the  unsolved  Exercises  in  Greenhill's  Hydrostatics,  to  which  the  reader 
mav  refer  for  instructive  examples  in  all  parts  of  the  subject. 

415.  Centre  of  Buoyancy.  Buoyancy  of  a  Body. — The  vertical 
components  of  pressure-force  have  a  resultant  which  acts  in  a  definite 
vertical  in  the  body.  For  let  the  body  be  removed  and  equilibrium 
maintained  by  filling  up  the  space  vacated  by  it  with  fluid  (the  same 
as  that  in  which  the  body  is  immersed)  without  disturbing  the 
arrangement  of  the  surrounding  fluid  in  any  way  whatever.  The 
forces  of  gravity  on  the  fluid  thus  replacing  the  body  have  a  resultant 
which  acts  downwards  through  the  centroid  of  the  replacing  portion 
of  fluid,  and  we  assume  that  the  pressure-forces  exerted  by  the  sur- 
rounding fluid  on  the  body  were  the  same  as  those  now  exerted  on  the 
surface  of  the  portion  of  fluid  replacing  it.  The  thrust  exerted  on  this 
tluid,  and  therefore  that  on  the  body,  must  act  upward  through  the 
same  point.  The  point  of  the  portion  of  the  space  occupied  by  the  body 
in  the  fluid  which  would  thus  coincide  with  the  centroid  of  the  replacing 
fluid  is  called  the  centre  of  buoyancy  of  the  body  in  the  state  of  immer- 
sion, whole  or  partial  as  the  case  may  be,  which  it  has  in  the  fluid. 

The  upward  force  equal  to  the  weight  of  the  displaced  fluid  is 
called  the  buoyancy,  and  is  therefore  for  a  floating  body  equal  to  the 
weight  of  the  body.  A  floating  body  is  said  to  have  a  reserve  of 
buoyancy  depending  on  the  amount  of  the  body  above  the  surface  of 
the  liquid.  The  freeboard  or  height  of  the  side  of  a  ship  above  the 
water-line  is  an  indication  of  the  vessel's  reserve  of  buoyancy. 

On  every  British  ship  of  over  eighty  tons  displacement  must  be 
painted  a  load  water-line  (the  upper  edge  of  an  inch  broad  hori- 
zontal line  across  a  circle),  beyond  which  the  ship  should  not  be 
sunk  in  salt  water.  This  ensures  that  the  ship  shall  have  a  reserve 
of  buoyancv  of  one-fourth  of  her  total  buoyancy.  The  buoyancy  with 
any  load  is  strictly  the  weight  of  water  she  displaces  with  that  load  : 
but  the  term  is  very  frequently  used,  especially  in  connection  with 
buoys  or  life-belts,  to  denote  the  reserve  of  buoyancy  which  the  body 
when  floating  possesses. 

By  building  vessels  in  watertight  compartments,  a  reserve  of 
buoyancy  may  be  retained  after  collision  has  caused  one  or  more  com- 
partments of  the  vessel  to  be  filled.     The  buoyancy  lost  is  of  course 
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only  that  due  to  the  tilling  up  with  water  of  space  formerly  unoccu 
pied  by  cargo. 

If  a  body  of  weight  W  which  floats  displace  when  completely 
immersed  a  weight  W  of  water,  the  reserve  of  buoyancy  is  IT  -  W 
or  W{W jW-  1).  The  ratio  W\W  is  the  apparent  specific  gravity  of 
the  body.  It  is  frequently  denoted  by  s.  Hence  the  reserve  of 
buoyancy  is  W(l/s  -  1). 

416.  Interchange  of  Buoyancy  and  Reserve  of  Buoyancy.— 
Suppose  a  homogeneous  body  of  specific  gravity  s  to  float  in  water 
with  a  certain  water-line.  The  buoyancy  is  W,  and  the  reserve  of 
buoyancy  ]V(ljs—l).  Let  now  the  specific  gravity  be  changed  to 
1  -  s,  the  buoyancy  will  become  ir(l  —  s)/s,  and  the  reserve  of  buoy- 
ancy JF(1  -s)/s.{l/(l  -  s)  -  1}  or  W.  By  the  change  of  specific 
gravity  the  buoyancy  and  reserve  of  buoyancy  have  been  inter- 
changed. Therefore  the  body  after  the  change  of  specific  gravity 
will  float  if  inverted  with  the  same  water-line  as  before. 

Moreover,  in  the  inverted  position  the  body  will  have  the  same 
righting  moment  as  before  for  the  same  angle  of  heel.  For  conside 
the  portions  of  the  body  on  the  two  sides  of  the  plane  of  the  water- 
line.  Since  the  body  is  homogeneous  the  centroids  of  these,  which 
are  the  centres  of  buoyancy  for  the  two  positions  of  the  body,  lie  on 
a  line  through  G,  and  are  at  distances  from  G  which  are  inversely  sfi 
the  volumes  of  the  portions.  But  the  buoyancies  in  the  two  positions 
are  directly  as  these  volumes  ;  hence  the  proposition. 

Hence, as  pointed  out  by  Professor  Elgar,  in  a  letter  to  the  Tines. 
September  1,  1883,  the  stability  of  a  vessel  with  deep  draft  and  low 
freeboard  is  similar  to  that  of  a  vessel  with  light  draft  and  high  free- 
board. 

417.  Righting  Moment. — The  notion  of  centre  of  buoyancy  is 
necessary  for  the  proper  understanding  of  the  conditions  ol  equili- 
brium of  a  body  immersed  in  a  fluid.  The  resultant  downward  force 
due  to  gravity  on  the  body  acts  in  a  vertical  through  the  centroid  of 
the  body,  the  upward  resultant  of  the  pressure-forces  on  the  surface 
of  the  body  acts  in  the  vertical  through  the  centroid  of  the  buoyancy. 
For  equilibrium  these  two  forces  must  be  equal  and  act  in  the  suae 
vertical.  If  the  body  be  displaced  through  a  small  angle  from  the 
position  in  which  this  condition  is  fulfilled,  the  two  forces  are  no 
longer  in  the  same  vertical,  and  form  a  couple  which  turns  the  body 
either  towards  or  from  the  position  of  equilibrium.  In  the  former 
case  the  equilibrium  is  stable,  in  the  latter  unstable.  The  moment 
of  the  couple  brought  into  play  for  any  position  of  the  body  inclined 
to  that  of  equilibrium  is  called  the  righting  or  the  capsizing  man. 
according  as  it  tends  to  cause  the  body  to  move  towards  or  from  the 
equilibrium  position. 

418.  Metacentre.  Metacentric  Height.  Curves  of  Stability.— 
Now  let  a  body  floating  in  equilibrium  be  inclined  over  through  any 
angle  so  as  to  maintain  the  same  displacement.  The  position  of  the 
centre  of  buoyancy  and  the  centroid  of  the  vessel  will,  in  general,  be 
no  longer  in  the  same  vertical.     The  vertical  through  the  new  position 
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of  the  centre  of  buoyancy  will  meet  the  line  through  the  centroid  of 
the  vessel  which  is  vertical  in  the  equilibrium  position  in  a  point  M, 
which  is  called  the  metacentre.  The  position  of  the  metacentre 
relatively  to  the  centroid  of  the  vessel  determines  whether  the 
equilibrium  is  stable  or  unstable. 

Thus,  let  Fig.  21 4  represent  a  cross-section  of  a  ship  heeled  over 
through  the  angle  6  indicated,  between  the  two  water-lines,  LL',  L^L^, 

Fig.  214. 


and  let  the  centre  of  buoyancy  be  B',  while  B  is  the  point  which 
would  coincide  with  the  centre  of  buoyancy  if  the  vessel'  were  on 
even  keel.  Also  let  G  be  the  centroid  of  the  vessel.  If  the  dis- 
placement has  not  been  altered  by  the  heel,  the  section  has  been 
turned  about  an  axis  through  C,  the  centroid  of  the  plane  of  flotation 
or  water4ine  area  of  the  ship,  as  the  reader  may  prove. 

If  the  weight  or  "  displacement "  of  the  ship  be  W,  the  righting 
moment  N  is  IV  x  distance  between  G  and  the  line  B'M,  that  is 

N  -  W.  MG  sin  d  =  WHm  sin  6, 

if  Hm  denote  MG.  Thus  the  righting  moment  is  greater  for  a  given 
angle  of  heel  the  greater  the  height  //,„  of  the  metacentre  above  the 
centroid  of  the  vessel.  Clearly  for  stability  M  must  be  above  G ; 
the  equilibrium  is  unstable  if  M  is  below  G.  Thus  the  equilibrium 
is  stable  according  as  the  metacentric  height  Hm  is  positive  or 
negative. 

The  position  of  the  metacentre  varies  with  the  value  of  0,  and 
not  infrequently  becomes  very  small  or  even  negative  in  ships  for 
very  large  values  of  6.  In  such  a  case  the  greatest  care  must  be 
taken  by  the  navigating  officers  to  prevent  the  ship  from  getting 
broadside  on  to  waves  of  period  nearly  equal  to  that  of  the  free 
rolling  of  the  ship,  lest  so  great  an  amplitude  6  of  heeling  oscilla- 
tion should  be  produced  as  may  go  beyond  the  point  at  which 
//„,  vanishes.  If  this  amplitude  of  rolling  is  reached  the  ship  will 
capsize  unless  prompt  means  be  taken,  as  causing  a  body  of  men 
to  move  across  the  deck,  to  bring  into  play  a  moment  aiding  the 
recovery  of  the  ship. 

2  B 
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The  position  of  M  for  an  infinitely  small  angle  of  heel  is  some- 
times defined  as  the  metacentre,  and  the  corresponding  value  of 
Hm  as  the  metacentric  height.  When  used  in  this  sense  the  meta- 
centric height  is  a  correct  measure  of  the  stability  of  the  ship  when 
upright,  or,  as  it  is  called,  is  "  on  even  keel." 

As  the  ship  heels  over  about  a  horizontal  line  at  right  angles  to 
the  cross-section  represented  in  Fig.  214,  and  passing  through  C  the 
centre  of  buoyancy  moves  into  successive  positions  Z?1?  Bs,  ...,  which 
lie  on  a  curve  called  the  curve  of  buoyancy. 

Generally  the  stability  of  a  ship  for  small  angles  of  heel  is  slight, 
in  consequence  of  MG  for  such  displacements  being  small.  In  such 
cases  MG  rapidly  increases  with  0,  so  that  for  large  inclinations  the 
vessel  is  thoroughly  stable.  For  moderately  small  angles,  therefore, 
the  ship  has  a  long  period  of  oscillation,  and  possesses  great  steadi- 
ness. A  ship  in  which  the  metacentric  height  is  great  for  small 
inclinations  is  said  to  be  stiff.  The  degree  of  stilFness  for  different 
inclinations  may  be  exhibited  in  a  curve  of  which  the  abscissa1  are 
angles  of  heel,  and  the  ordinates  are  the  corresponding  metacentric 
heights. 

A  curve  in  which  the  metacentric  heights  are  replaced  by 
the  moments  of  the  righting  couples  is  called  the  curve  of  statical 
stability.  Another  curve  is  also  drawn  called  the  curve  of  dynamical 
stability.  In  the  latter  the  ordinates  are  proportional  to  the  amounts 
of  work  which  must  be  spent  in  heeling  the  vessel  slowly  over  from 
the  vertical  to  the  inclined  positions.  It  is  clear  that  each  ordinate 
of  the  curve  is  proportional  to  the  area  of  the  curve  of  statical 
stability  from  the  initial  point  up  to  the  corresponding  ordinate  of 
the  latter  curve. 

41 <).  Longitudinal  Metacentre.  Surface  of  Buoyancy.  Meta- 
centric Heights. — A  ship  may,  however,  turn  about  a  horizontal 
axis  perpendicular  to  a  longitudinal  section  through  G  and  the  keel, 
as  when  she  "  pitches  "  when  kept  with  her  head  to  the  waves,  or  in 
any  way  undergoes  change  of  trim,  as  it  is  called,  that  is  of  the 
difference  of  draft  of  water  at  bow  and  stern.  For  this  inclination 
there  also  exists  a  metacentre  which  is  called  the  longitudinal  meta- 
centre. For  this  the  metacentre  height  is  evidently  much  greater 
than  the  ordinary  or  transverse  metacentric  height.  The  righting 
moment  has  an  expression  corresponding  to  that  already  obtained. 

Hence  when  the  ship  is  inclined  in  a  combination  of  heeling  and 
pitching  the  centre  of  buoyancy  moves  to  a  succession  of  positions 
which  lie  on  a  surface,  which  is  called  the  surface  of  buoyancy. 

The  metacentric  heights,  both  transverse  and  longitudinal,  are 
determined  experimentally  for  ships  by  moving  a  weight  along  the 
deck  and  observing  the  inclination  produced  by  it  in  different  posi- 
tions, or  by  filling  the  boats  on  the  two  sides  of  the  vessel  alter- 
nately with  a  known  weight  of  water.  This  is  done  for  different 
displacements  of  the  vessel,  so  that  the  stability  in  different  circum- 
stances may  be  known. 

Let  the  weight  moved  be  denoted   by  P,  and  let  it  be  moved 
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across  the  deck  through  a  distance  b.  Then  if  W  be  the  displace- 
ment of  the  ship  and  0  the  inclination,  we  have  for  equilibrium 
Pbcost)=W.GZ  =  WUmsm6,  or 

Pb=WHmtanO. 

But  II m  tan  0  is  the  distance  through  which  the  centroid  of  the  ship 
has  been  displaced  in  the  same  direction  relatively  to  the  ship  as 
has  P,  for  if  this  distance  be  denoted  by  GG}  we  have  b/GGl  =  W/P. 
If  then  the  displacement  W  of  the  ship  be  known,  and  0  be  observed 
by  means  of  a  clinometer  (or  pendulum  hung  in  the  ship  with  a 
graduated  circular  arc  to  measure  its  angular  deflection  from  a  line 
fixed  in  the  ship  through  the  point  of  suspension),  the  value  of 
PbjWoT  GGX  is  calculated,  and  from  this  Hmis  obt  lined  as  GG J tand. 

To  take  an  example  (see  Greenhill,  Hydrostatics,  p.  150),  H.M.S. 
Achilles,  of  displacement  9000  tons,  was  inclined  over  by  moving 
20  tons  across  the  deck  through  a  distance  of  42  feet,  so  that 
the  bob  of  a  pendulum  20  feet  long  moved  through  a  distance  of 
10  inches,  and  the  angle  of  heel  was  changed  from  -  0  to  +  0. 

Heretan20  =  10/(20  x  12)=  l/24,nearly,and2££1  =  20  x  42/9000, 
in  feet.  Thus  3/(5  =  20x24x42/9000  =  2-24,  in  feet.  The  value 
of  0  in  degrees  is  57-3/48,  very  nearly,  or  0=1°  12'. 

420.  Wedges  of  Emersion  and  Immersion. — When  a  ship  is 
heeled  over  as  in  Fig.  214,  a  wedge  of  the  vessel  CLLX  is  brought 
under  water,  while  another  wedge  of  equal  volume  CL '  L\  emerges. 
The  former  is  called  the  wedge  of  immersion,  the  latter  the  wedge  of 
emersion.  The  righting  couple,  L,  due  to  these  wedges,  is  the  sum 
of  the  moments  about  the  longitudinal  line  through  C  of  the  buoyancy 
of  the  wedge  of  immersion,  and  the  negative  buoyancy  of  the  wedge  of 
emersion.  These  give  two  moments  in  the  same  direction.  Letter 
be  any  volume  of  the  wedge  of  immersion,  x  its  horizontal  distance 
from  the  line  through  C,  and  let  pdGJ  be  the  weight  of  water- 
filling  c?CT.  Also  let  the  same  symbols  accented  apply  to  the  wedge 
of  emersion.     We  have 

L=fpxdTX+fpx'dTZf',  (18) 

where  the  integrals  are  taken  throughout  the  wedges. 

Take  two  parallel  cross-sections  at  distance  dy  apart,  and  let  0 
be  small.  Then  we  have  for  an  element  of  the  space  between  these 
dVJ  =  x8dxdy. 

But  dxdy  is  an  area  dA  parallel  to  the  water  level,  is,  in  fact, 
an  element  of  what  is  called  the  plane  of  flotation,  the  section  of  the 
ship  by  the  water  level.  Hence,  summing  for  all  slices  of  the 
wedges  thus  taken,  we  may  write  (18), 

L  =  pd{fx2dA+fx2dA'}.  (19) 

The  quantity  on  the  right  is  the  moment  of  inertia  about  the 
longitudinal  line  through  C  of  a  plane  of  matter,  of  amount  pd 
per  unit  of  area,  coinciding  with  the  plane  of  flotation.     If  A  be 
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the  whole  area  of    the   plane  of    flotation,  and  k  be  its  radius  of 
gyration  about  the  longitudinal  through  C,  we  have 

L  =  pdAk2.  (20) 

If  the  centroids  of  the  two  wedges  be  found,  and  be  denoted  by 
g,  g,  the  line  <7<7'  must  evidently  be  parallel  to  the  line  BB'  (Fig.  214). 
joining  the  centres  of  buoyancy  for  the  two  positions  of  the  ship. 
Also  if  U  be  the  volume  of  a  wedge,  Fthe  total  immersed  volume, 
q  the  length  of  the  projection  of  gg'  on  the  water  line  in  the  dis- 
placed position,  and  p  the  length  of  the  perpendicular  let  fall  from 
B  on  B'Jf,  clearly  q=pVjU.  Now  when  6  is  infinitesimal  gg'  is 
infinitely  nearly  horizontal,  and  therefore  BB'  is  then  horizontal. 
Hence  the  tangent  to  the  curve  of  buoyancy  at  B  is  parallel  to  the 
water  line. 

By  the  relation  between  p  and  q  just  stated  we  have  for  the 
righting  moment 

W.GZ=W(p-GBsmd) 

=  W(jrq  -  GBam0\=p(Uq  -  V.GBsind). 

The  last  relation  is  known  as  Atwood's  theorem. 

The  term  pUq  is  plainly  the  couple  L(  —  pdAk'2)  due  to  the 
wedges  of  emersion  and  immersion.  The  total  righting  moment  is 
therefore  to  be  determined,  in  any  given  case  of  a  floating  body,  by 
calculating  pdAk2  for  the  plane  of  flotation  and  subtracting  from  the 
result  the  value  of  W.GBsind.  Thus  for  a  homogeneous  right  circular 
cylinder  of  radius  r,  and  height  2h,  floating  with  its  axis  vertical  and 
immersed  to  a  depth  d,  we  have  d  being  small, 

pdAk2  =  lPdirr\   W.GBsind  =  pm^h  -  \d)d, 
so  that 

righting  moment  =  p6irr2{\r  -  (A  -  hl)d). 

The  equilibrium  is  unstable  only  if  Ak-  <  V.GB.  Hence  in  the  case 
just  considered  the  equilibrium  is  unstable  only  if  d-  -  2hd  +  h~  <  0 
and  is  thoroughly  stable  if  \r2>hr,  that  is  if  h<r/J2,  since  this 
ensures  that  d2  -  2hd  +  ^r,  or  (d  -  h)2  +  l?-2  -  h2  shall  be  positive 
whatever  d  may  be. 

If  the  body  be  completely  immersed  the  centre  of  buoyancy  is 
fixed  in  the  body,  since  the  shape  of  the  space  occupied  by  it  in  the 
fluid  in  no  way  alters.  It  will  be  clear  by  merely  drawing  a  figure, 
that  for  stability  of  equilibrium  the  centre  of  buoyancy  B  must  be 
above  the  centre  of  gravity  G.  The  righting  moment  for  an  inclina- 
tion 6  is  evidently  W.GB.  sin0. 

421.  Oscillations  of  a  Floating  Body.— For  small  oscillations  of 
a  floating  body,  such  as  a  ship,  we  can  obtain  an  approximate  ex- 
pression by  §  53  if  we  neglect  the  motion  of  the  water.     Calling 
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WK-  the  moment  of  inertia  of  the  ship  about  the  horizontal  line 
through  0,  and  T  the  period,  we  have 


(21) 


Thus  the  greater  the  righting  moment  the  smaller  the  period  of 
rolling.  The  quantity  WHm  may  be  taken  as  a  measure  of  what 
is  called  in  §  418  the  stiffness  of  the  ship. 

The  theory  of  the  oscillations  of  a  ship  is  a  very  important 
part  of  applied  mechanics,  and  cannot  be  dealt  with  here.  The 
reader  must  refer  to  treatises  on  the  stability  of  ships. 

422.  Heel  Produced  in  Screw  Steamer  by  Propeller. — A  screw 
steamer  is  heeled  over  by  the  reaction  of  the  water  on  the  pro- 
peller, and  a  sailing  ship  by  the  action  of  the  sails,  which  also  tends 
to  send  down  the  bow  and  raise  the  stern.  In  the  former  case 
the  torque,  or  total  turning  motive  applied  by  the  engines  to  the 
propeller,  measures  the  torque  N  of  reaction  exerted  by  the  water. 
This  torque  is  balanced  by  the  heeling  over  of  the  vessel  through 
an  angle  6  in  the  reverse  direction  to  that  in  which  the  engines  are 
turning  the  screw.  If  the  horse-power  given  out  by  the  engines  at 
the  propeller  be  U,  and  n  be  the  number  of  revolutions  made  by  the 
propeller  per  minute,  the  angular  velocity  of  the  screw  in  radians 
per  minute  is  2wn.     We  have  then 

33000*7=  2 TrnxW  or  tf= 83000 Uj2irn 

in  pound-foot  units  of  torque.     If  Hm  be  as  before,  the  metacentric 
height  in  feet,  and  6  the  angle  of  heel  produced,  we  have 

33000*7     m„    .    a 

— - =  WHmsm6, 

2irn 

or  if  6  be  small 

33000*7  (     . 

•IxlUO-nnWHj  V     ' 

where  W  is  to  be  taken  in  tons. 

For  a  warship  of  12,000  tons  and,  say  2  feet  metacentric  height, 
the  engines  of  which  develop,  say  12,000  horse-power,  with  the  screw 
running  at  100  revolutions  per  minute,  the  inclination  in  degrees 
is  33  x  57-3/(4*  x  224)  =  1-5. 

The  effect  of  the  reaction  of  the  water  on  the  wheels  of  a  paddle 
steamer  is  in  a  similar  way  to  alter  the  trim  of  the  vessel — throwing 
up  the  bow  and  depressing  the  stern.  The  opposite  effect  of  the 
action  of  the  wind  on  the  sails  of  a  sailing  vessel  is,  to  some  extent, 
counteracted  by  the  "  rake  "  of  the  masts  toward  the  stern. 

We  have  not  space  to  pursue  further  here  the  subject  of  the 
equilibrium  of  floating  bodies,  important  as  it  is  from  a  practical 
point  of  view.     The  reader  will  find  a  detailed  and  interesting  prac- 
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tical  treatment  in  Professor  Greenhill's  treatise  on  Hydrostatics.  He 
may  consult  also  treatises  on  Naval  Architecture. 

4  -2  :  I .  Specific  Gravity .  Determination  of  Specific  Gravity  of  Solid. 
Relation  between  Specific  Gravity  and  Density. — As  remarked 
above,  an  important  application  of  Archimedes'  principle  is  to  the 
determination  of  specific  gravities.  The  specific  gravity  of  a  body 
is  the  ratio  of  the  true  weight  of  the  body  (the  weight  in  vacuo)  to 
the  true  weight  of  an  equal  volume  of  water  at  the  temperature  of 
maximum  density.  [Water  taken  at  the  temperature  of  melting  ice 
and  warmed  first  contracts  until  the  temperature  4°  centigrade  is 
reached,  then  expands  as  the  temperature  is  raised  further.] 

These  weights  can  be  determined  approximately  by  weighing  the 
body  in  air,  and  then  ascertaining  the  loss  of  weight  when  the  body 
is  weighed  in  water.  The  former  weighing  is  performed  with  the 
body  hung  by  a  fine  thread  from  a  "  short  pan  "  attached  to  one  end 
of  the  beam,  an  equal  length  of  thread  being  placed  with  the  weights 
in  the  other  pan.  Then  a  beaker  of  water  is  placed  in  the  balance- 
case,  and  raised  so  as  to  completely  immerse  the  body.  But  several 
corrections  are  necessary  to  obtain  an  accurate  result.  First,  the 
true  weight  of  the  body  must  be  ascertained  by  correcting  for  the  air 
displaced  by  the  body  and  the  air  displaced  by  the  weights,  the 
weight  of  the  body  in  water  must  be'  similarly  corrected,  and  the 
temperature  of  the  water  must  be  observed,  and  a  correction  applied 
to  take  account  of  the  fact  that  the  water  in  which  the  body  was 
weighed  was  not  at  maximum  density. 

The  following  precautions  are  necessary  in  carrying  out  the 
experiments.  The  water  must  have  been  freed  from  air  by  boil- 
ing. Bubbles  of  air  carried  in  by  the  bodies  immersed  and  clinging 
to  them  should  be  removed  by  touching  them  with  a  clean  wire 
from  the  outside.  The  body  when  weighed  in  water  should  not 
be  allowed  to  touch  the  side  of  the  vessel,  or  to  come  very  near  it 
anywhere. 

The  relation  between  specific  gravity  and  density  is  evident.  Let 
W  be  the  weight  of  a  body,  iv  the  weight  of  an  equal  volume  of  water 
at  its  temperature  of  maximum  density.*  Then  if  G  be  the  specific 
gravitv,  we  have 

)V=Gw.  (28) 

But  W  =  Vp  where  V  is  the  volume  of  the  body  and  p  its 
density.  Also  w  --=  Vp^  if  p„.  be  the  density  of  the  water  (pounds  per 
cubic  foot,  or  grammes  per  cubic  centimetre,  &c,  as  the  case  may  be). 
Hence  we  have 

P  =  GPw,  (24) 

that  is  the  density  of  the  body  is  equal  to  its  specific  gravity 
multiplied  by  the  density  of  water :  in  other  words,  the  specific 
gravity  of  the  body  is  the  ratio  of  the  density  of  the  body  to  the 

*  In  future,  in  this  connection,  this  temperature  will  be  understood  unless 
the  contrary  is  stated. 
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density  of  water,  as  is  evident  from  the  meaning  of  density  and  the 
definition  of  specific  gravity  given  above. 

It  is  to  be  observed  that  the  specific  gravity  of  a  body  does  not 
depend  on  the  units  employed,  while  the  density  does.  The 
dimensional  formula  of  density  is  evidently  ML~*. 

If  the  system  of  units  be  such  that  the  density  of  water  is  unity 
the  specific  gravity  is  numerically  the  same  as  the  density.  This  is 
approximately  the  case  in  the  metric  system,  where  the  weight  of  a 
cubic  centimetre  of  water  is  very  nearly  1  gramme.  It  is,  however, 
to  be  observed  very  carefully  that  in  this  system  a  gramme  is  not 
defined  as  the  mass  of  a  cubic  centimetre  of  water,  but  as  1/1000  of 
the  mass  of  Borda's  standard  kilogramme  (see  §13-1). 

Particular's  regarding  methods  of  weighing  and  correcting  for  the 
buoyancy  of  air  are  given  in  chap.  xvi.  on  Measurements  and  Instru- 
ments. We  shall  merely  give  here  some  account  of  the  determination 
of  the  specific  gravities  of  solids  and  liquids,  leaving  the  determina- 
tion of  the  densities  of  gases  for  discussion  in  Part  II. 

124.  Determination  of  Specific  Gravity  of  a  Solid  which  floats  in 
Water. — When  a  solid  is  of  smaller  specific  gravity  than  that  of  water, 
it  is  necessary  to  attach  it  to  a  sinker,  preferably  made  of  copper  or  brass 
wire,  in  order  that  the  weight  of  an  equal  volume  of  water  may  be  ascer- 
tained. It  is  not  necessary  that  the  true  weight  of  the  sinker  should 
be  known,  but  merely  its  weight  in  water.  For  let  the  true  weight 
of  the  solid  be  W,  that  of  the  solid  and  sinker  together  in  water  be 
Wv  and  that  of  the  sinker  in  water  IF,.  Put  for  a  moment  W  for 
the  true  weight  of  the  sinker.  Then  weight  of  water  equal  in 
volume  to  body  and  sinker  together  =  W +  IP-  Wv  The  weight  of 
water  displaced  by  the  sinker  =  W  —  Wr  Hence  weight  of  water 
displaced  by  the  solid  =  W+  W  -  W%  -  (IP  -  W,)  =  W-  W1  +  Wr  There- 
fore 

G  = - .  (25) 

In  the  determination  of  the  specific  gravities  of  a  number  of 
substances  specifically  lighter  than  water  the  same  sinker  of  copper 
wire  may  be  used  and  left  in  the  water.  The  body  can  easily  be 
attached  when  required. 

In  the  determination  of  the  specific  gravities  of  bodies  which  are 
soluble  in  or  are  chemically  attacked  by  water,  it  is  necessary  to 
weigh  the  solid  in  some  other  liquid  by  which  it  is  not  so  affected, 
then  determine  the  specific  gravity  of  the  liquid  by  some  suitable 
method.  If  W  be  the  weight  of  the  body  and  IF,  be  the  weight  in  the 
liquid,  what  we  may  call  the  specific  gravity  of  the  body  relatively  to 
the  liquid  is  given  by 

W 

G^=w=w-  <26) 

If  now  the  weight  of  any  volume  of  the  liquid  be  found  to  be  to,  and 
that  of  the  same  volume  of  water  be  w,  a  volume  of  water  equal  to 
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that  of  the  solid  will  weigh  w(  W  —  W2)/w2,  or  if  s  be  the  specific  gravity 
wjw  of  the  liquid  this  volume  of  water  will  weigh  (W  -  Wt)/s.  Hence 
the  true  specific  gravity  is 

&=     w*     =Gjb.  (27) 

■425.  The  Specific  Gravity  Bottle. — The  densities  of   both  solids 
and  liquids  can  be  determined  by  means  of  the  pyknometer  or  specific 


Fig.  216. 


Fig.  215. 
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gravity  bottle.  This  is  a  small  glass  flask  provided  with  a  ground 
neck  and  a  glass  stopper  accurately  fitting  it  so  that  the  stopper  can 
always  be  put  in  to  exactly  the  same  distance.  Through  the  stopper 
from  top  to  bottom  runs  a  narrow  perforation  to  allow  air  and  liquid 
to  escape  through  the  stopper  when  it  is  inserted,  so  that  the  flask 
may  be  exactly  filled  with  liquid  up  to  the  stopper.  (See  Fig.  215.) 
The  true  weight  of  the  flask,  and  the  weight  of  water  which  it 
contains  having  been  ascertained,  it  is  then  well  dried  *  and  filled 
exactly  with  liquid  and  weighed,  and  the  weight  of  the  contained  liquid 

*  A  good  method  of  drying  a  flask  is  to  force  air  from  a  bellows  through  a 
narrow  glass  tube  a  good  length  of  which  is  kept  hot  in  the  flame  of  a  Bunsen 
lamp.  If  the  end  of  the  tube  be  inserted  in  the  neck  of  the  bottle  a  stream  of 
dry  warm  air  is  made  to  circulate  in  the  interior  and  quickly  evaporates  any 
moisture  remaining.  It  is  of  little  use,  besides  being  dangerous  to  the  flask,  to 
attempt  to  drive  off  the  moisture  by  holding  the  flask  above  the  gas  flame. 
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found  by  applying  the  necessary  corrections  to  the  result.  If  Jfr,,  W 
be  the  weights  of  liquid  and  water  respectively  contained  by  the 
bottle  we  have 

9=%.  (28) 

To  determine  the  specific  gravity  of  a  solid,  for  example,  a 
few  fragments  of  a  rare  metal,  or  an  insoluble  powder,  the  weight 
Wt  of  the  solid  is  ascertained,  then  the  solid  is  placed  in  the  bottle, 
the  bottle  filled  up  with  water,  and  the  weight  W  of  the  contents 
found.  The  weight  of  water  in  the  bottle  along  with  the  substance 
is  now  JF  -  Ws.  The  weight  of  a  volume  of  water  equal  to  that  of 
the  body  is  therefore  W-  ( W  -  Wt)  =  W+  Ws  -  W.     Hence  we  have 

G= ^ .  (29) 

W+Wg-W  V     ' 

426.  Volumenometer. — The  volume  of  a  body  and  therefore  its 
specific  gravity  can  be  determined  by  means  of  a  volumenometer,  or 
stereometer  as  it  is  sometimes  called.  This  was  invented  by  a  French 
officer  named  Say  for  the  determination  of  the  specific  gravity  of 
gunpowder. 

One  form  of  the  instrument  is  represented  in  Fig.  216.  AB  are 
two  parts  of  a  vessel  connected  by  a  short  neck.  The  lower  part  B 
is  continued  by  one  limb  of  a  U-tube,  the  other  limb  of  which 
is  furnished  with  two  taps  one  above  and  one  below  the  junction. 
The  lower  end  of  the  second  limb  C  can  be  left  free  or  have  attached 
to  it  a  flexible  tube  connected  with  a  cistern  containing  mercury,  by 
which  mercury  can  be  raised  to  any  required  level  in  the  U-tube, 
The  upper  lip  of  the  vessel  A  is  ground  so  as  to  fit  air-tightly 
a  greased  plate  of  glass  slipped  over  it. 

The  instrument  is  first  calibrated  as  follows.  The  lower  end  of 
the  limb  0  is  left  free  and  the  tap  Ts  is  closed,  the  other  left  open. 
Mercury  is  then  poured  in  at  the  mouth  of  C  until  it  has  risen  to  the 
top  of  A,  which  is  then  closed  by  the  glass  plate,  care  being  taken  to 
include  no  air.  The  tap  Tx  is  then  closed,  and  T3  opened,  and  the 
mercury  run  out  from  A  to  the  mark  a,  and  weighed.  This  gives 
the  volume  of  A,  Vl  say.  The  mercury  is  then  run  out  to  b,  and 
weighed,  and  gives  the  volume  of  B,  V2  say. 

In  a  determination  with  the  instrument  the  movable  cistern  is 
attached  for  convenience,  though  it  is  not  absolutely  essential,  and 
the  mercury  is  made  to  stand  at  the  level  a  while  both  limbs  are  open 
to  the  atmosphere.  The  plate  is  then  slipped  over  A,  and  the  cistern 
is  lowered  until  the  mercury  falls  to  b.  The  air  contained  in  the 
space  AB  thus  falls  below  atmospheric  pressure,  by  an  amount 
indicated  by  the  vertical  distance  of  the  top  of  the  column  in  C  below 
b.  Let  this  height  be  h,  then  if  pressure  be  reckoned  in  terms  of 
the  height  of  a  column  of  mercury,  and  H  be  the  height  of  the 
barometric  column,  we  have  for  the  pressure  in  AB,  H-h.  The 
mercury  is  again  brought  to  a  with  the  vessel  A  open.     The  body  of 
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which  the  volume  is  to  be  formed  is  then  placed  in  A,  the  plate 
replaced,  and  the  cistern  lowered  until  the  mercury  falls  to  b  in  the 
left-hand  limb.  The  vertical  depth  h'  of  the  column  in  C  below  h  is 
now  read  off. 

The  calculation  of  the  volume  v  of  the  body  is  then  carried  out 
as  follows.  By  Boyle's  law  of  the  pressure  of  air  (§  431)  we  have 
from  the  first  determination  of  pressure  (H -  h)jH=  VJ(V1  +  V2),  and 
from  the  second  (H  —  h')/H=  ( P,  —  v)/(  V.  +  V2  -  v).  From  these  two 
equations  we  obtain 

Thus  v  having  been  obtained,  and  the  weight  W  of  the  body 
having  been  determined  we  get  at  once  the  density 

,-*  (8!) 

It  is  necessary  of  course  that  h,  K  should  be  large  enough  to  be 
accurately  determined. 

The  instrument  is  liable  to  inaccuracy  through  moisture  contained 
in  the  air,  leakage  of  the  plate,  and  variation  of  temperature. 

If  the  atmospheric  pressure  is  varying  it  is  necessary  to  read  the 
barometer  when  the  mercury  stands  at  a,  and  when  h  and  h'  are 
observed,  and  use  the  observed  values  in  a  formula  obtained  without 
supposing  II  constant,  to  avoid  any  error  from  this  cause. 

A  description  of  another  form  of  volumenometer  invented  by 
Prof.  W.  Stroud,  for  which  great  accuracy  is  claimed,  will  be  found 
in  the  Phil.  Mag.  August  1893. 

427.  Watt's  Hydrometer. — The  specific  gravities  of  liquids  can 
be  compared  by  an  apparatus  due  to  James  Watt  and  indicated  in 
Fig.  217.  In  two  beakers  containing  the  liquids  to  be  compared 
stand  two  glass  tubes,  A,  B,  which  are  open  at  the  bottom,  and  are 
united  by  a  bend  at  the  top,  provided  with  a  tube  T,  by  which  air 
can  be  sucked  out  of  both  tubes.  The  tube  can  be  closed  when 
required  by  a  pinch  cock  on  a  piece  of  rubber  tubing  terminating  T. 

When  air  is  sucked  out  at  T  the  liquids  rise  in  the  tubes  above 
the  levels  in  the  beakers.  Let  the  two  heights  above  these  levels 
in  AB  be  h,  h',  let  P  denote  the  pressure  of  the  atmosphere,  p  the 
pressure  in  the  bend  above  the  columns  (neglecting  the  pressure- 
difference  in  the  air  at  the  tops  of  the  columns  due  to  difference  of 
levels),  and  p,  p  the  densities  of  the  liquids.  We  have  P  —  p  =  (jph 
=  gp  h' ,  so  that 

e*  (82) 

p      fl 

428.  Specific  Gravity  of  Fluid.  Hydrometer  of  Variable  Im- 
mersion. Graduation. — The  specific  gravity  of  a  liquid  can  be 
determined  by  ascertaining  the  apparent  loss  of  weight  sustained  in 
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the  liquid  by  a  body  of  known  volume.  If  this  loss  be  w  grammes, 
and  the  volume  of  the  body  be  V  cubic  centimetres,  the  specific 
gravity  sought  is  10JV. 

The  specific   gravities   of    fluids   are,   however,  when   not  very 
accurately  required,  determined  by  hydrometers.     These  are  of  two 


Fig.  218. 


Fig.  217. 
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kinds — hydrometers  of  variable  immersion,  and  hydrometers  of  con- 
stant immersion.  A  hydrometer  of  variable  immersion  consists  of  a 
hollow  body  furnished  with  a  uniform  graduated  stem  as  shown  in 
Fig.  21*.  It  is  weighted  with  shot  or  mercury  in  the  lower  part  of 
the  body  so  as  to  float  in  a  fluid  with  the  stem  vertical.  The 
free  surface  of  the  liquid  stands  at  some  point  of  the  stem,  and, 
as  the  stem  is  of  small  cross-section,  the  instrument  is  approximately 
a  body  completely  immersed,  and  is  subject  to  very  nearly  the  same 
conditions  of  stability. 

It  is  clear  that  the  greater  the  specific  gravity  of  the  liquid  the 
lower  will  be  that  cross-section  on  the  stem  which  coincides  with  the 
free  surface,  so  that  the  position  of  this  cross-section  determines  the 
specific  gravity  of  any  liquid   in   which   the    hydrometer    may   be 
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placed.  The  specific  gravity  may  be  obtained  from  a  knowledge  of 
the  volume  of  the  body  of  the  instrument  up  to  some  cross-section 
of  the  stem,  the  weight  of  the  instrument,  and  the  cross-section  of 
the  stem.  These  may  be  determined  in  the  following  manner  : 
First,  the  instrument  is  weighed.  It  is  then  immersed  in  a  liquid 
the  specific  gravity  of  which  has  been  determined  accurately  by 
some  other  means.  The  cross-section  which  coincides  with  the  free 
surface  is  observed,  and  is  marked  on  the  stem.  The  volume  of  the 
instrument  up  to  this  mark  is  equal  to  the  volume  of  the  liquid 
which  has  the  same  weight  as  the  hydrometer,  and  this  volume  can 
be  ascertained  from  the  known  weight  of  the  instrument  and  the 
specific  gravity  of  the  liquid. 

The  cross-section  of  the  stem  is  found  either  by  measuring  the 
diameter  at  a  number  of  places  by  means  of  a  screw  gauge  or  vernier 
callipers  (chap,  xvi.),  or  by  placing  the  instrument  in  a  second 
liquid  also  of  known  specific  gravity.  In  the  latter  case  the  instru- 
ment will  sink  to  another  cross-section  of  the  stem,  and  if  Y  be  the 
volume  immersed  in  the  first  liquid,  V+v  the  volume  immersed  in 
the  second  liquid,  s,  s  the  specific  gravities  of  the  two  liquids,  the 
difference  of  volume  is  plainly  equal  to  V(s  —  s')js'.  The  length  of 
stem  between  the  two  cross -sections  being  measured,  the  cross- 
section  is  v/l,  thus  the  cross-section  of  the  stem  being  known  the 
volume  of  any  length  of  the  stem  is  of  course  also  known. 

To  graduate  the  instrument  we  proceed  as  follows.  First,  the 
specific  gravity  corresponding  to  a  mark  which  is  to  be  taken  as  the 
lowest  point  of  the  stem  is  ascertained  as  follows.  The  volume  of 
the  instrument  up  to  that  cross-section  is  calculated.  The  specific 
gravity  of  a  liquid  in  which  the  instrument  stands  at  that  mark  is 
evidently  W/Vpu.,  where  W  is  the  weight  of  the  instrument,  V  the 
volume  of  the  instrument  and  pu.  the  density  of  water. 

The  specific  gravity  of  a  liquid  in  which  the  instrument  stands  at  a 
distance  x  above  the  lowest  mark  is  W/(V+xc)pK,  where  c  is  the  cross- 
section  of  the  stem.  Let  Fbe  equal  to  Ic  so  that  I  is  a  length  of  the 
stem  which  would  be  equal  in  volume  to  V.  Then  the  specific  gravity 
of  the  liquid  corresponding  to  the  point  at  distance  x  from  the 
lowest  point  is  equal  to  Wj{l  +  x)cpw.  If  we  denote  the  specific  gravity 
corresponding  to  x  by  y  we  have  the  equation  (l  +  x)y  —  Wjcpw.  If, 
then,  from  an  origin  0  along  the  axis  of  x  we  lay  off  a  distance  l  +  x, 
and  from  the  point  so  found,  and  at  right  angles  to  that,  lay  off  a 
distance  y  =  Wl{l  +  x)cpv,  and  do  this  for  different  values  of  x  we  shall 
get  a  series  of  points  forming  a  curve.  The  ordinates  of  that  carve 
are  the  specific  gravities  of  the  liquids  corresponding  to  the  different 
values  of  x.  The  curve  is  clearly  an  equilateral  hyperbola  referred 
to  its  asymptotes  as  axes  of  co-ordinates  and  is  shown  in  Fig.  219. 
It  is  only  necessary,  then,  to  draw  an  equilateral  hyperbola  for  the 
constant  parameter  W/cpw,  and  we  have  the  complete  graduation  of 
the  instrument. 

Values  of  y  are  taken  expressed  by  simple  numbers,  and  differing 
from    one   another   in  arithmetical    progression,    and    the    points 


HYDROSTATICS. 


397 


Fig.  219. 


corresponding  to  these  are  marked  by  the  cross  lines  on  the  scale 
along  the  stem.  As  will  be  seen  from  the  curve  the  distances  AB, 
BC,  CD,  between  the  lines  representing  values  of  y  in  arithmetical 
progression,  are  closer  together,  the  smaller  the  value  of  x,  that  is 
the  higher  the  specific  gravity.  The  graduation  of  the  stem, 
therefore,  becomes  more  and  more  open  towards  the  top  of  the 
instrument. 

Let  OM  represent  1  +  length  of  stem  from  the  lowest  division  to 
highest.  The  ordinate  MP  at  M  is  the  least  specific  gravity  shown  by 
the  instrument.  To  find  the 
point  on  the  stem  for  any 
specific  gravity  which  the 
instrument  can  measure,  the 
following  construction  can  be 
used.  Draw  from  P  a  line 
Pp  parallel  to  OM.  Lay  off 
along  MP  the  specific  gra- 
vity for  which  the  point  is 
required,  let  it  be  MQ.  Join 
OQ,  intersecting  Pp  in  q,  and 
let  the  ordinate  through  q 
meet  OX  in  G.  MC  is  the 
distance  of  the  point  along 
the  stem  from  the  top  divi- 
sion of  the  hydrometer. 

An  instrument  could  be 
made  to  have   any  required 

range  by  making  the  stem  sufficiently  long,  but  it  would  be  very 
unwieldy,  consequently  a  succession  of  instruments  is  arranged  for 
by  adjusting  the  ballasting  weight  and  volume  of  the  body  of  the 
instrument,  so  that  where  the  range  of  one  stem  leaves  off  at  the 
top  the  range  of  the  next  begins  at  the  bottom. 

In  the  form  of  variable  immersion  hydrometer  constantly  used 
called  "  Twaddell's  hydrometer,"  the  numbers  marked  at  the  divisions 
of  the  stem  are  not  themselves  the  specific  gravities  corresponding 
to  these  marks.  If  n  be  one  of  the  numbers  the  specific  gravity  is 
1+5?*/ 1000  or  1 +«/200. 

429.  Hydrometer  of  Constant  Immersion.  Nicholson's  Hydro- 
meter.— A  constant  immersion  hydrometer  consists  of  a  hollow  body 
with  fine  stem  above,  and  weighted  below  to  give  stability,  but  carries 
at  the  top  of  the  stem  a  pan  to  receive  weights.  There  is  only  one 
mark  on  the  stem  to  which  the  instrument  is  sunk  in  all  liquids  by 
means  of  weights  placed  in  the  scale-pan  above.     (See  Fig.  220.) 

If  II"  be  the  weight  of  the  hydrometer,  and  Ww  the  weight 
required  in  the  scale-pan  to  sink  the  instrument  to  the  mark  in 
water,  the  weight  of  water  displaced  by  the  instrument  when  so 
sunk  is  W  +  IT,,.. 

Let  now  W%  be  the  weight  which  must  be  placed  in  the  scale-pan 
to  sink  the  hydrometer  to  the  mark  in  a  liquid,  the  specific  gravity 
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of  which  is  to  be  determined.     The  weight  of  liquid  displaced  by  the 
hydrometer  is  W+  Wt.     Hence,  if  G  be  the  specific  gravity, 


G_w+w, 


(33) 


Fig.  220. 


The  instrument  is  clearly,  up  to  a  certain  limit  [G=Wj{W+Ww)\ 

applicable  to  liquids  specifically  lighter  than  water. 

It  is  possible  also  to  find  the  approximate  weight  of  a  body  (which 
is  not  too  heavy)  with  this  hydrometer, 
by  placing  it  in  the  upper  scale  pan 
with  additional  weights  to  sink  the 
instrument  to  the  mark.  The  body 
is  then  replaced  by  weights  which 
sink  the  hydrometer  again  to  the 
mark. 

In  Nicholson's  hydrometer  the  in- 
strument just  described  has  added  to 
it  a  scale  pan  or  basket  at  the  lower 
end,  which  enables  the  specific  gravity 
of  a  body  weighed  as  just  described 
to  be  determined.  The  body  after 
being  weighed  in  the  upper  scale  pan 
is  transferred  to  the  lower,  and  the 
additional  weight  required  in  the  upper 
pan  to  sink  the  instrument  to  the  mark 
is  added. 

Let  the  weight  of  the  instrument 
be  IF,  of  the  body  Wh,  and  the  weights 
which  must  be  added  in  the  upper  scale 
pan  when  the  body  is  in  the  upper  and 
lower  scale  pan  respectively  be  Tri?  Wr 
The  weight  of  water  displaced  in  the 
first  case  is  W+  W,.+  Wv  in  the  second 

it  is  Tr+Tr2+ir,. 

The  weight  of  water  displaced  by  the  body  in  the  second  case 
is  therefore  ( W+  W2  +  Wb)  -  (W+  Wh  +  W,)  =  W2  -  W\.  The  specific 
gravity  of  the  body  is  therefore 


<; 


w„ 


ir,  -  w. 


(33) 


The  sensibility  of  Nicholson's  hydrometer  is  greater  the  thinner 
the  stem  at  the  mark  which  is  adjusted  to  be  at  the  liquid  surface. 
For  clearly  any  additional  small  weight  placed  in  or  taken  oft'  the 
scale  pan  will  cause  a  larger  depression  or  rise  of  the  instrument, 
since  the  volume  immersed  or  withdrawn  is  equal  to  the  cross-section 
of  the  stem  multiplied  by  the  depression  or  rise  in  question.  The 
thickness  of  the  stem  is  in  many  of  the  ordinary  instruments  absurdly 
too  large.     An    instrument   which  the  author   had    constructed    is 
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wholly  of  glass  and  platinum  (except  the  upper  scale  pan)  and  has  a 
stem  only  1  millimetre  in  diameter. 

The  capillary  elevation  of  the  water  round  the  stem  of  the 
hydrometer  produces  a  downward  force  upon  it;  the  error  due  to 
this  is  minimised  by  making  the  stem  as  small  as  pos-ible. 

430.  Period  of  Vertical  Oscillation  of  a  Hydrometer. — The 
vertical  oscillation  of  such  a  hydrometer  is  easily  investigated  if  the 
motion  of  the  liquid  be  neglected.  Let  the  instrument  floating  with 
the  mark  at  the  surface  be  depressed  a  further  distance  x.  The 
additional  volume  immersed  is  xs  if  s  be  the  cross-section.  The 
upward  force  acting  is  now  in  absolute  units  (W  +  pxs)g,  if  p  be  the 
density  of  the  liquid,  and  this,  besides  balancing  gravity,  gives  an 
upward  accelerating  force  pxsg.  The  upward  acceleration  is  pxsg/W. 
Hence  we  have  for  the  period  T  of  oscillation, 


V  psg 


T=2i 

Ps9 

The  length  of  the  equivalent  simple  pendulum  is  thus  W/ps, 
and  is  greater  the  smaller  s  and  the  smaller  p.  A  very  sensitive 
Nicholson's  hydrometer  set  up  in  this  way  has  been  used  by  Messrs. 
Milne  and  Gray  for  observations  of  the  vertical  motions  of  the 
ground  in  earthquakes.  The  instrument  having  a  very  long  period 
of  oscillation  does  not  respond  to  the  quickly  varying  vertical  motions 
of  its  support,  and  gives  a  steady  point  relatively  to  which  these 
motions  can  be  observed. 

431.  Pressure  in  Gases  (Boyle's  Law). — A  gas,  as  we  have  seen, 
is  a  fluid  that  diffuses  into  any  space  presented  to  it,  even  if  that 
space  be  already  occupied  by  another  gas.  Also  two  portions  of  the 
same  gas  are  really  diffusing  into  one  another.  An  equilibrium  state, 
however,  is  set  up  in  which  changes  of  pressure  are  balanced  at  all 
places  in  the  gas,  which  is,  however,  subject  to  the  elementary  laws 
of  the  pressure  in  a  fluid  under  gravity. 

We  must  defer  to  Vol.  II.  the  full  discussion  of  the  laws  of  gases, 
including  the  phenomena  of  diffusion,  inasmuch  as  these  involve  the 
conception  and  measurement  of  temperature.  We  may,  however, 
deal  shortly  with  the  subject  of  gaseous  pressure  under  the  condition 
of  constancy  and  uniformity  of  temperature,  or  thdt  of  non-communi- 
cation of  heat,  applying  in  the  latter  case  the  (here  assumed) 
relation  between  pressure  and  volume. 

We  have  assumed  at  §  42G  above  the  law  of  Boyle,  which  states 
that  the  temperature  being  kept  constant,  the  pressure  in  any  portion 
of  gas  is  inversely  as  the  volume  which  the  portion  occupies.  This  law 
was  established  by  Boyle  in  an  experiment  of  which  we  transcribe 
here  his  own  description.  It  is  to  be  premised  that  the  question  was 
then  being  discussed  whether  the  support  of  the  mercury  in  the 
barometer,  or,  as  it  was  then  called,  the  Torricellian  tube,  was  due  to 
the  pressure  of  atmospheric  air.  To  form  the  Torricellian  tube  the 
process  followed  was  that  which  is  used  to  the  present  day  in  making 
a  mercury  barometer. 
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A  clean  glass  tube  of  about  3  ft.  long  and  over  §  inch  in  internal 
diameter  is  taken,  and  is  closed  at  one  end.  Held  with  the  closed 
end  down  it  is  filled  with  mercury  to  within  an  inch  or  so  of  the  top, 
and  with  the  finger  of  the  operator  closing  the  open  end,  it  is  inverted. 
The  bubble  of  air  from  the  unoccupied  space  runs  up  carrying  with 
it  most  of  the  small  bubbles  of  air  at  the  sides  of  the  tube. 
Fig.  221.  It  is  then  inclined  back  and  the  air  returns  to  the  open 
^  p  end,  still  further  freeing  the  mercury  column  from  air. 
This  is  repeated  two  or  three  times,  then  the  unoccupied 
space  is  filled  with  mercury,  the  finger  pressed  against 
the  open  end,  the  tube  inverted  and  the  open  end  inserted, 
before  the  finger  is  withdrawn,  below  the  surface  of  mer- 
cury contained  in  an  open  vessel.  The  top  of  the  mercury 
column  is  then  found  to  settle  to  a  height  of  about 
30  inches,  or  about  7G  centimetres,  more  or  less,  above 
the  level  of  the  mercury  in  the  open  vessel. 

The  construction  of  the  instrument  can  be  more  per- 
fectly carried  out  by  boiling  the  mercury  in  the  tube,  so 
as  to  expel  the  air.  This  must  be  done,  however,  with 
great  care.  First,  only  about  two  or  three  inches  of  the 
tube  are  filled  with  mercury,  heat  is  then  applied  by  a 
lamp  at  the  lower  or  closed  end  while  the  tube  is  held 
in  an  inclined  position.  The  mercury  is  made  to  boil 
first  at  the  bottom,  and  mercury  vapour  and  air  are 
expelled,  then  the  lamp  is  moved  a  little  higher  up  to 
cause  the  mercury  to  boil  higher  up,  and  so  on  to  within  -J  of  an 
inch  of  the  surface.  To  avoid  oxidation  of  the  mercury,  the  boiling 
is  not  allowed  to  reach  the  surface.  Then  a  few  more  inches  are 
added,  and  the  boiling  is  carried  on  as  before  until  the  tube  is  all 
but  full.  After  the  mercury  has  been  left  to  cool  undisturbed,  the 
tube  is  filled  up  and  inverted  in  the  open  vessel  or  cistern  as 
described. 

That  the  column  was  supported  by  atmospheric  pressure  was 
asserted  by  Torricelli  and  proved  by  the  celebrated  Blaise  Pascal,  who 
carried  in  1048  a  barometer  up  a  tower  in  Paris,  30  metres  high,  and 
found  the  height  of  the  column  to  fall  3  millimetres.  Pascal  sug- 
gested the  experiment  which  was  made  the  same  year,  of  carrying 
a  mercury  barometer  up  the  mountain  of  the  Puy  de  Dome,  when  it 
was  observed  that  in  proportion  as  the  pressure  fell  off  with  elevation 
the  height  of  the  column  diminished. 

432.  Boyle's  Experiments  on  the  "Spring  of  Air." — We  shall 
discuss  the  barometric  principle  and  various  forms  of  barometer  more 
fully  below.  We  give  now  Boyle's  own  account  of  his  remarkable 
experiments  "touching  the  measure  of  the  force  of  the  spring  of  air 
compressed  and  dilated." 

'•  We  took  then  a  long  glass-tube,  which,  by  a  dexterous  hand  and 
the  help  of  a  lamp,  was  in  such  a  manner  crooked  at  the  bottom,  that 
the  part  turned  up  was  almost  parallel  to  the  rest  of  the  tube,  and 
the  orifice  of  this  shorter  leg  of  the  siphon  (if  I  may  so  call  the  whole 
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instrument)  being  hermetically  sealed,  the  length  of  it  was  divided 
into  inches  (each  of  which  was  subdivided  into  eight  parts)  by  a 
streight  list  of  paper,  which  containing  those  divisions,  was  carefully 
pasted  all  along  it.     Then  putting  in  as  much  quicksilver  as  served 
to  fill  the  arch  or  bended  part  of  the  siphon,  that  the  mercury  stand- 
ing in  a  level  might  reach  in  the  one  leg  to  the  bottom  of 
the  divided  paper,  and  just  to  the  same  height  or  horizontal  Fig. 222.. 
line  in  the  other ;  we  took  care,  by  frequently  inclining  the 
tube,  so  that  the  air  might  freely  pass  from  one  leg  into  the 
other  by  the  sides  of  the  mercury  (we  took,  I  say,  care) 
that  the  air  at  last  included  in  the  shorter  cylinder  should 
be  of  the  same  laxity  with  the   rest  of  the  air  about  it. 
This  done,  we  began  to  pour  quicksilver  into  the  longer 
leg  of  the  siphon,  which  by  its  weight  pressing  up  that  in 
the  shorter  leg,  did  by  degrees  streighten  the  included  air : 
and  continuing  this  pouring  in  of  quicksilver  till  the  air  in 
the  shorter  leg  was  by  condensation  reduced  to  take   up 
half  the  space  it  possessed    (I   say,    possessed,    not   filled) 
before ;  we  cast  our  eyes  upon  the  longer  leg  of  the  glass, 
on  which  was  likewise  passed  a  list  of  paper  carefully  divided 
into  inches  and  parts,  and  we  observed,  not  without  delight 
and  satisfaction,  that  the  quicksilver  in  that  longer  part  of 
the  tube  was  29  inches  higher  than  the  other.     Now  that 
this  observation  does  both  very  well  agree  with  and  confirm 
our  hypothesis,  will  be  easily  discerned  by  him  that  takes 
notice   what    we    teach ;    and    Monsieur  Paschal    and    our 
English  friend's  experiments  prove,  that  the  greater  the 
weight  is  that  leans  upon  the  air,  the  more  forcible  is  its 
endeavour   of    dilatation,  and    consequently   its    power    of 
resistance  (as  other  springs  are  stronger  when  bent  by  great 
weights).     For  this  being  considered,  it  will  appear  to  agree 
rarely-well  with  the  hypothesis,  that  as  according  to  it  the 
air  in  that  degree  of  density  and  correspondent  measure  of 
resistance,  to  which  the  weight  of  the  incumbent  atmosphere 
had  brought  it,  was  able  to  counter-balance  and  resist  the 
pressure  of   a  mercurial   cylinder   of   about   29   inches,   as 
we  are  taught  by  the  Torricellian  experiment ;  so  here  the 
same  air  being  brought  to  a  degree  of  density  about  twice 
as  great  as  that  it   had  before,  obtains  a  spring  twice  as 
strong  as  formerly.     As  may  appear  by  its  being  able  to  sustain  or 
resist  a  cylinder  of  29  inches  in  the  longer  tube,  together  with  the 
weight  of  the  atmospherical  cylinder,  that  leaned  upon  those  29  inches 
of  mercury ;    and,  as  we  just  now  inferred  from  the  Torricellian 
experiment,  was  equivalent  to  them. 

"  "We  were  hindered  from  prosecuting  the  trial  at  that  time 
by  the  casual  breaking  of  the  tube.  But  because  an  accurate  experi- 
ment of  this  nature  would  be  of  great  importance  to  the  doctrine 
of  the  spring  of  air,  and  has  not  yet  been  made  (that  I  know) 
by  any  man  ;    and   because   also   it    is   more   uneasy   to   be   mode 
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than  one  would  think,  in  regard  of  the  difficulty  as  well  of  pro- 
curing crooked  tubes  fit  for  the  purpose,  as  of  making  a  just  estimate 
of  the  true  place  of  the  protuberant  mercury's  surface  ;  I  suppose  it 
will  not  be  unwelcome  to  the  reader,  to  be  informed,  that  after  some 
•other  trials,  one  of  which  we  made  in  a  tube  whose  longer  leg  was 
perpendicular,  and  the  other,  that  contained  the  air,  parallel  to  the 
horizon,  we  at  last  procured  a  tube  of  the  figure  exprest  in  the 
scheme  ;  which  tube,  though  of  a  pretty  bigness,  was  so  long,  that  the 
■cylinder,  whereof  the  shorter  leg  of  it  consisted,  admitted  a  list  of 
paper,  which  had  before  been  divided  into  12  inches  and  their 
quarters,  and  the  longer  leg  admitted  another  list  of  paper  of  divers 
feet  in  length,  and  divided  after  the  same  manner.  Then  quicksilver 
being  pourei  in  to  fill  up  the  bended  part  of  the  glass,  that  the  sur- 
face of  it  in  either  leg  might  rest  in  the  same  horizontal  line,  as  we 
lately  taught,  there  was  more  and  more  quicksilver  poured  into  the 
longer  tube  :  and  notice  being  watchfully  taken  how  far  the  mercury 
was  risen  in  that  longer  tube,  when  it  appeared  to  have  ascended  to 
any  of  the  divisions  in  the  shorter  tube,  the  several  observations, 
that  were  thus  successively  made,  and  as  they  were  made  set  down, 
afforded  us  the  ensuing  table  : 
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procal  proportion." 

Boyle  took  a  thin  tube,  open  at  both  ends,  pressed  it  vertically 
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downwards  into  a  deep  cistern  of  mercury  until  only  about  an  inch 
protruded,  and  sealed  up  the  open  end  writh  sealing-wax.  He  had 
thus  a  quantity  of  air  which,   under  atmospheric  pressure,   filled 

about  an  inch   of  the 
FlG-  223-  tube.     He  then  raised 

the  tube  to  a  somewhat 
higher  level,  so  that 
the  air  could  occupy  a 
greater  length  of  the 
tube,  and  noticed  that 
the  mercury  rose  in 
the  tube  above  the 
level  in  the  cistern. 
The  pressure  in  the  air 
in  the  tube  was  then, 
by  §  397,  equal  to  at- 
mospheric pressure  less 
gph,  where  h  was  the 
height  of  the  top  of 
the  column  of  mercury 
X  in  the  tube  above  the 
mercury-surface  in  the 
cistern,  and  p  the  density  of  mercury.  By  raising  the  tube,  there- 
fore, to  different  distances  and  measuring  the  values  of  A,  Boyle 
made  a  series  of  experiments  at  pressures  below  atmo- 
spheric, which  confirmed  his  former  results. 

If  pressures  be  taken  as  ordinates  of  a  curve  of 
which  the  corresponding  volumes  of  a  mass  of  air  are 
abscissae,  the  state  of  the  gas  is  represented  by  points 
on  a  rectangular  hyperbola  (Fig.  223),  which,  therefore, 
is  the  graphical  expression  of  Boyle's  law.  A  curve, 
thus  showing  the  connection  between  the  pressures 
and  corresponding  volumes  of  a  gas  at  constant  tem- 
perature, is  called  an  Isothermal  curve. 

The  ordinary  experimental  arrangement  for  veri- 
fying Boyle's  law,  both  for  pressures  above  and  pres- 
sures below  atmospheric,  is  that  shown  in  Fig.  223. 
The  tube  on  the  left  is  closed  and  contains  air,  that  on 
the  right  is  open  and  is  the  pressure  measuring  tube. 
Both  tubes  can  be  altered  as  to  level,  and  the  pressure 
applied  to  the  air  over  and  above  atmospheric  pressure 
is  equal  to  the  height  of  the  level  of  the  mercury 
surface  in  the  right-hand  tube  above  the  surface  in 
the  left. 

433.  Verification  of  Boyle's  Law.    Experiments  of 
Regnault   and   Amagat. — The   exactness  with   which 
Boyle's  law  is  followed  by  gases  formed  the  subject  of  an  important 
research  by  Regnault,  and  later  by  Amagat,  who  extended  Regnault's 
investigation  to  a  much  greater  range  of  pressures. 


Fig.  224. 
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It  is  essential  that  the  air  compressed  should  be  maintained  always 
at  the  same  temperature.  This  was  carefully  secured  in  Regnault's 
experiments  by  means  of  a  water-bath  surrounding  the  space  in  which 
the  gas  was  compressed.  The  apparatus  was  a  Boyle's  tube,  the 
short  limb  of  which  was  3  metres  long,  and  had  been  exactly  cali- 
brated. Two  marks  upon  this  indicated  volumes  which  were  in  the 
ratio  of  1  to  2.  The  other  limb  was  about  36  metres  long,  and  was 
so  arranged  as  to  enable  different  pressures  to  be  applied,  and  to  give 
an  exact  measure  of  these  pressures.  The  tube  was  so  constructed 
that  the  limb  in  which  the  gas  was  compressed  could  be  connected  at 
will  to  a  reservoir  of  gas,  and  filled  with  the  gas  at  any  required 
pressure.  The  gas  chamber  in  the  tube  was  first  filled  with  the  gas 
at  a  pressure  in  the  reservoir  which  was  noted  (the  first  pressure 
taken  was  atmospheric),  then  the  gas  was  compressed  into  half  the 
space,  and  the  pressure  required  obseiwed.  The  tube  was  then  filled 
with  gas  at  about  two  atmospheres,  and  the  volume  again  reduced  to 
approximately  half  under  an  observed  pressure.  The  same  experi- 
ment was  made  with  gas  initially  at  4  atmospheres  pressure  and  so  on. 

This  method  of  proceeding  obviated  the  difficulty  of  making 
experiments  at  very  high  pressures  by  compressing,  as  in  Boyle's  own 
mode  of  experimenting,  the  air  initially  at  atmospheric  pressure  into 
a  space  so  small  as  to  render  its  measurement  with  anything  like 
accuracy  nearly,  if  not  altogether  impossible. 

The  general  result  was  to  show  that  the  product  pv  fell  off 
slightly  for  air,  nitrogen,  and  carbonic  acid  as  the  pressure  was 
increased  ;  that  is,  these  gases  were  more  compressible  at  constant 
temperature  than  according  to  Boyle's  law,  while  the  contrary  was 
the  case  for  hydrogen.  Regnault,  however,  could  not  obtain  pres- 
sures higher  than  about  45  atmospheres,  and  the  result  just  given 
was  found  by  Amagat  (who  experimented  at  much  higher  pressures) 
to  be  a  very  incomplete  statement  of  the  facts. 

Amagat's  apparatus  was  similar  to  Regnault's.  His  compression- 
tube,  however,  was  placed  in  a  gallery  of  a  coal-pit,  where  of  course 
the  temperature  was  nearly  constant,  while  his  pressure- tube,  made  of 
steel,  passed  up  the  shaft  of  the  pit  and  was  about  1000  feet  long. 
A  number  of  side  branches,  at  each  of  which  was  a  tap  on  the  branch 
and  another  on  the  main  tube,  were  provided  at  intervals  along  the 
pipe  so  that  the  pressure  could  be  fixed  by  opening  the  side  tap  and 
closing  that  on  the  main  tube.  Mercury  was  forced  up  from  below 
by  a  force  pump  until  it  ran  out  at  the  branch  fixing  the  pressure. 

Careful  experiments  were  first  made  on  nitrogen  with  pressures 
varying  from  about  30  up  to  420  atmospheres.  These  experiments 
then  enabled  the  behaviour  of  other  gases  to  be  compared  with 
that  of  nitrogen  by  compressing  them  in  closed  tubes  side  by  side 
under  the  same  source  of  pressure,  as  was  first  done  by  Pouillet. 

The  general  results  of  Amagat's  experiments  are  given  for 
nitrogen  and  hydrogen  in  Figs.  225,  225',  in  which  the  ordinates  are 
values  of  pv,  and  the  abscissa;  are  values  of  the  pressure  in  atmo- 
spheres.    It  will  be  seen  that  the  gradual  fall  in  the  value  of  pv  in 
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the  case  of  nitrogen  vanishes  (in  the  curve  at  temp.  17 7°  C.)  at  a 
pressure  of  about  40  atmospheres,  and  that  for  higher  pressures  the 
gas  is  less  compressible  than  according  to  Boyle's  law.  Thus  at  the 
pressure  of  minimum  value  of  pv  Boyle's  law  is  exactly  fulfilled. 


Fig.  225. 
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The  point  at  which  Boyle's  law  is  exactly  fulfilled,  it  will  be 
observed,  occurred  at  a  lower  and  lower  pressure  the  higher  the  tem- 
perature for  which  the  curve  was  obtained. 

Similar  results  were  observed  for  air,  carbonic  acid,  marsh-gas, 
and  ethylene. 

The   diminution  of  pv  to  a  minimum  and  subsequent  increase 

Fig.  225'. 
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with  rise  of  pressure  is  very  strikingly  shown  by  ethylene  and 
carbonic  acid,  but  a  full  discussion  of  the  curves  is  reserved  for 
Part  II.  of  this  work,  where  also  will  be  found  an  account  of  the 
classical  researches  of  Andrews  on  carbonic  acid. 

For  hydrogen  Amagat's  curves  for  all  temperatures  were  straight 
lines   sloping    upwards,    as  shown  in  Fig.  225',  thus   showing  less 
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compressibility  than  according  to  Boyle's  law.  The  great  similarity 
of  the  hydrogen  curves  to  the  high-pressure  parts  of  the  nitrogen 
curves  should  be  noted. 

At  high  pressures,  where  the  curves  for  nitrogen  are  nearly 
straight  lines,  and  for  hydrogen  so  far  as  the  observations  go,  the 
equation  of  the  curves  is  very  nearly 

p(v  -b)  =  c.  (35) 

No  very  reliable  results  as  to  fulfilment  of  Boyle's  law  at  low 
pressures  have  been  obtained.  At  very  low  pressure  there  is  great 
difficulty  caused  by  condensation  of  the  gas  on  the  walls  of  the  tube. 
The  general  result  is  to  show  very  slight,  if  any,  deviation  from 
Boyle's  law. 

434.  Dalton's  Law  of  a  Mixture  of  Gases. — Another  law  which 
includes  that  of  Boyle  holds  for  a  mixture  of  gases.  If  a  number  of 
gases  occupy  together  a  certain  volume  at  a  certain  temperature,  the 
pressure  is  the  sum  of  those  which  the  gases  would  give  if  they  occu- 
pied separately  the  whole  space  at  the  given  temperature.  This  law 
is  only  approximately  true,  but  it  may  be  regarded  as  being  nearly 
enough  so  for  all  practical  purposes.  This  law  also  will  be  dealt 
with  in  Part  II. 

435.  Isothermals  of  a  Gas. — If  Boyle's  law  be  regarded  as- 
accurately  true  for  a  gas  it  will  be  seen,  as  remarked  in  §  432,  that 
the  isothermal  curve,  as  it  is  called,  that  is,  the  curve  obtained  by 
taking  the  pressures  as  ordinates  and  the  corresponding  volumes  as- 
abscissse,  is  a  rectangular  hyperbola  of  which  the  axes  of  zero  pressure 
and  zero  volume  are  the  asymptotes.  Different  curves  are  obtained 
for  different  temperatures ;  in  fact  the  parameter  c  in  the  equation 
pv  =  c  of  the  curve  is  directly  proportional  to  the  absolute  tempera- 
ture. [See  Vol.  II.]  Fig.  222  shows  the  form  of  the  curve.  The 
parameter  kf  the  square  of  the  ordinate  of  the  point  in  which 
the  axis  of  symmetry,  the  line  bisecting  the  right  angle  XOY,  cuts- 
the  curve. 

430.  Sounding  Machine.  Depth  Gauge. — In  Lord  Kelvin'* 
sounding  machine,  now  much  used  for  obtaining  rapid  soundings 
on  approaching  the  shore  in  thick  weather,  a  tube  coated  inside  with 
chromate  of  silver  and  closed  at  one  end  is  let  down  with  the  sinker, 
with  the  open  end  downwards.  The  sea- water  entering  it  compresses 
the  air,  and  to  the  height  to  which  it  rises  discolours  the  tube,  and 
so  leaves  a  register  of  the  depth.  The  tube  applied  to  a  rod  properly 
graduated  enables  the  depth  to  be  read  off  in  fathoms  in  a  moment. 

The  graduation  of  the  rod  will  furnish  an  example  of  Boyle's  law. 
Initially  the  pressure  of  the  air  is  atmospheric,  and  the  height  in 
fathoms  of  a  column  of  sea  water  which  gives  at  its  base  atmospheric 
pressure  being  H,  immersion  to  a  depth  D  raises  the  pressure  in  the 
ratio  (H+  D)jH.  If  I  be  the  length  of  the  tube,  and  h  the  height  to 
which  the  sea-water  rises  in  it,  we  have  for  the  ratio  of  the  initial 
and  final  volumes  of  the  air  1/(1 -h).  By  Boyle's  law  we  have 
( //  +  D)(l  -h)  =  HI,  and    therefore  D  =  IIhj(l  -  h)   is   the    depth    in 
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fathoms.  To  graduate  the  rod  it  is  only  necessary  to  mark  on  it 
at  points  at  different  distances  h  from  the  end  against  which  the 
open  end  of  the  tube  is  to  be  laid  the  corresponding  values  of  D 
given  by  the  formula,  Hhj(l-h).  This  gives  the  depth,  of  course, 
of  the  top  of  the  water  column  in  the  tube,  but  this  is  accurately 
enough  for  all  practical  purposes  the  depth  of  water  at  the  ship. 

In  this  discussion  capillary  action  is  neglected,  but  it  is  allowed  for 
in  graduating  the  rod.  Capillarity  of  course  affects  the  form  of  the 
water  surface  in  the  tube  and  prevents  the  free  surface  from 
becoming  horizontal  when  the  tube,  following  in  the  wake  of  the 
ship,  is  inclined  to  the  vertical.  The  height  to  which  the  water  rises 
is  thus  always  well  defined. 

The  action  of  this  tube  is  the  same  as  that  of  the  diving-bell, 
formerly  much  used  for  examining  ships  and  other  objects  under 
water.  As  the  bell,  which  was  made  heavy  and  of  low  centre  of 
gravity,  sank  mouth  downwards  in  the  water,  air  was  compressed  into 
the  upper  part.  It  is  easy  to  calculate  by  Boyle's  law  the  pressure 
for  any  depth. 

Into  this  space,  however,  air  was  continually  pumped  from  a  boat 
above  to  support  the  respiration  of  the  occupants  of  the  bell,  so  that  the 
pressure  was  not  necessarily  that  given  by  the  calculation  made  above 
for  the  sounding  machine.  Now,  however,  divers  almost  universally 
employ  the  Fleuss  diving  dress,  an  air-tight  covering  into  which  air 
is  pumped  by  a  tube  from  above.  The  diver  is  therefore  free  within 
the  limits  of  the  tube  to  move  about  on  the  wreck  or  sea-bottom. 

437.  Theory  of  Pipette. — A  tube  open  at  both  ends  is  dipped 
into  a  liquid  to  a  depth  A,  the  finger  is  then  placed  on  the  upper  end 
and  the  tube  is  raised  ;  it  is  required  to  find  what  length  of  column 
is  raised  in  the  tube.  Let  x  be  this  length,  and  I  the  length  of  the 
tube  ;  the  pressure  in  the  air  above  it  is  P  -  gpx  if  P  be  atmospheric 
pressure  and  p  the  density  of  the  liquid.  The  volume  of  the  air  has 
been  increased  in  the  ratio  of  I  —  x  to  I  —  h.  Thus  we  have  by  Boyle's 
law  (P  —  gpx)(l  —  x)  =  P(l  —  h),  which  gives  for  x  the  quadratic  equation 

gpx2-(P  +  gpl)x  +  Ph  =  (>.  (36) 

The  solution  of  the  problem  is  the  smaller  root  of  this  equation. 

The  same  principle  may  be  applied  to  explain  the  action  of  the 
pipette  in  which  the  liquid  is  made  to  rise  (either  by  dipping  it  suffi- 
ciently deeply  or  by  suction  applied  to  the  upper  end)  into  a  wider 
middle  part.     In  the  above  solution  capillarity  is  neglected. 

438.  Barometer.  Measurement  of  Atmospheric  Pressure. — The 
construction  of  a  barometer  has  been  described  in  §  431  above;  in 
practice  it  is  usual  to  employ  various  aids  to  exact  determination  of 
the  pressure.  Before  proceeding  to  speak  of  these,  we  may  notice 
here  a  very  erroneous  mode  of  explaining  the  action  of  the  barometer 
employed  in  some  popular  lectures,  as  well  suited  to  the  intelligence 
of  elementary  or  young  students !  The  statement  made  is  that  the 
weight  of  the  atmospheric  column  standing  on  the  surface  of  the 
mercury  in  the  open  vessel  outside  the  tube  balances  the  weight  of 
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the  mercury  column  in  the  tube.  The  absurdity  of  this  "  explana- 
tion "  is  manifest  when  it  is  considered  that  the  weight  of  the  column 
is  quite  independent  of  the  relation  between  the  area  of  the  surface 
exposed  to  the  atmosphere  and  the  area  of  the  cross-section  of  the 
tube.  The  area  of  the  surface  of  the  mercury  in  the  open  vessel  or 
a  cistern  "  might  be  increased  from  a  square  inch  or  two  to  half  an 
acre  without  appreciably  affecting  the  height  of  the  column  sup- 
ported. But  the  weight  of  the  atmosphere  supported  would  be 
increased  just  as  many  times  as  the  former  area  of  sur- 
Fig.  226.  face  is  contained  in  the  new.  The  statement  about  the 
balance  of  the  two  weights  is  therefore  pure  nonsense. 

The  equality,  of  course,  is  between  the  hydrostatic 
pressure,  or  force  per  unit  of  area,  applied  to  the  surface 
of  the  mercury  by  the  air,  and  the  pressure  at  the  same 
level  in  the  mercury  within  the  tube. 

The  pressure  in  atmospheric  air  varies  from  hour  to 
hour  and  from  day  to  day,  but  in  all  its  fluctuations 
(except  on  extraordinary  occasions)  it  never  departs  more 
than  at  most  5  or  6  per  cent,  from  its  average  value. 
But  any  diminution  x  of  the  height  of  the  top  of  the 
column  means  a  rise  of  level  of  the  mercury  in  the  cistern, 
of  amount  xajA  where  a,  A  are  the  cross-sectional  areas 
of  the  column  at  the  top  and  of  the  surface  of  the  mercury 
in  the  cistern.  If  x  is  read  off  from  a  scale  at  the  upper 
part  of  the  tube,  the  true  fall  of  height  of  the  column 
is  x(l  +a/A).  If  the  height  of  the  column  is  known 
for  say  the  position  of  the  top  of  the  column  when  x  =  0, 
the  height  after  the  fall  x  of  level  of  the  top  is 
h  —  x(l  +  ajA).  The  quantity  xa/A  is  called  sometimes 
the  correction  for  capacity.  If  x  be  a  rise,  of  course  the  formula  is 
h  +  x(l+a/A). 

By  making  the  graduation  divisions  shorter  than  the  true  length 
in  the  ratio  of  A I  (A  +  a)  the  fall  can  be  read  off  correctly  at  once 
from  the  scale  at  the  top  of  the  column.  Marine  barometers  are 
graduated  in  this  way,  and  moreover  a  length  of  the  tube  intermediate 
between  the  top  and  bottom  is  made  of  narrow  bore  to  prevent 
violent  oscillation  of  the  mercury  from  being  produced  by  the  rolling 
of  the  ship. 

A  form  of  barometer  was  proposed  by  Huyghens  for  the  purpose 
of  increasing  the  range  of  motion  of  the  top  of  the  pressure  column. 
The  mercury  was  to  carry  on  top  a  column  of  water,  as  shown  in 
Fig.  226.  The  tube  was  to  be  widened  at  the  top  of  the  mercury, 
and  the  top  of  the  column  of  water  was  to  be  comparatively  narrow.  A 
less  volatile  liquid,  such  as  glycerine  or  sulphuric  acid,  would  be  much 
more  suitable  than  water,  the  vapour  pressure  of  which  in  the  space 
above  the  column  is  considerable  and  varies  rapidly  with  temperature. 
Let  h  be  the  height  of  the  mercury,  h'  the  height  of  tne  column 
of  liquid  above  it,  p,  p'  the  densities  of  the  liquids.  Let  P  l>e  the 
pressure,  then  in  gravitation  units  we  have  P  =  ph  +  p'h'.     Let  the 
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pressure  change  to  P,  and  the  heights  of  the  columns  to  hv  h\.     We 
have  then  P1  =  phl  +  p'h'v     Hence 

I\-P  =  p(hl-h)  +  p'(h\-h'). 

But  if  A  be  the  area  of  the  top  of  the  mercury  column,  a  that  of 
the  column  of  liquid  above,  we  have  (neglecting  the  capacity  con- 
nection) A  {hl  —  h)  =  a(h\  —  h'),  so  that  the  increase  in  height  of  the 
liquid  is  given  by  h\  -  K  =  (hY  —  h)Aja.  The  whole  rise  in  height  of  the 
liquid  column  is  thus — 

Fig.  227. 

h\-h'  +  hl-h  =  (hl-h)A±cL.  (37)      Rfl 

and  the  increase  in  height  of  the  mercury  is  magnified  in 
the  ratio  (A  +  «)/«. 

The  form  of  barometer  shown  in  Fig.  227  is  called  the 
siphon  barometer.  The  cistern  is  merely  the  tube  turned 
up.  The  lower  part  is  bent  back  to  allow  the  scale  neces- 
sary at  top  and  bottom  to  be  in  one  vertical. 

It  is  usual,  however,  to  employ  as  a  standard  a  baro- 
meter, in  which  the  level  of  the  mercury  in  the  cistern  is 
brought  to  a  position  fixed  relatively  to  the  instrument. 
The  form  frequently  employed  is  that  known  as  Fortin's. 
The  cistern  is  made  with  a  flexible  bottom  which  can  be 
raised  or  lowered  by  turning  a  screw  below  the  instrument 
forward  or  backward,  and  so  the  volume  of  the  cistern  is 
•diminished  or  increased.  A  brass  case  surrounds  the  tube 
and  widens  out  below  into  an  open  case  surrounding  the 
cistern,  the  sides  of  which  are  of  glass,  so  that  the  surface 
■of  the  mercury  can  be  seen.  The  arrangement  of  the  cistern,  *fcc, 
will  be  made  out  from  Fig.  228  (a). 

From  a  horizontal  cover  over  the  cistern  (Fig.  228)  projects  down- 
ward an  ivory  point  p,  which,  when  the  barometer  is  in  a  vertical 
position,  the  mercury  is  brought  to  touch  by  moving  up  or  down  the 
flexible  bottom.  This  contact  is  very  exactly  brought  about  by 
observing  the  upward  turned  image  of  the  ivory  point  in  the  surface 
•of  the  mercury,  and  just  annulling  the  apparent  gap  between  the 
opposed  extremities. 

The  vertical  position  of  the  barometer  is  obtained  by  hanging  it 
from  a  ring,  properly  placed  by  the  maker  at  the  top  of  the  brass 
case  and  noting  that  the  vertical  screw  at  the  bottom  is  at  the  centre 
•of  a  fixed  horizontal  ring  c  below  the  cistern.  Three  horizontal 
screws  in  the  ring  then  can  be  made  to  clamp  the  instrument  in 
position.  A  window  in  front  and  another  behind  in  the  brass  case 
■enables  the  top  of  the  mercury  column  to  be  seen. 

The  level  of  the  mercury  is  read  off  on  a  scale,  the  zero  of  which 
is  exactly  at  the  mercury  surface  when  thus  adjusted.  To  get  the 
reading  numerically  exact  a  vernier  is  employed,  which  enables  the 
divisions  of  the  scale  to  be  subdivided ;  a  description  of  this  will  be 
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found  in  chap.  xvi.  This  vernier  is  engraved  on  the  piece  V 
(Fig.  228  b),  carried  by  a  tube  which  can  be  moved  up  or  down  by  a 
screw,  to  a  position  in  which  the  top  of  the  mercury  column  is  just 
seen  to  be  on  a  level  with  the  front  and  back  edges  of  the  bottom  of 
the  sliding  vernier  tube,  as  shown  at  d  (Fig.  228  b). 


Fir.  228. 


439.  Corrections  of  the  Barometer.  Standard  Atmospheric 
Pressure. — The  height  of  the  column  as  thus  read  requires  correction 
for  reduction  to  the  height  which  would  be  shown  by  an  ideal 
barometer  uninfluenced  by  temperature  or  capillarity  under  a  certain, 
standard  value  of  gravity. 

The  chief  corrections  are  those  for  temperature.  As  the  tem- 
perature rises  the  mercuiy  expands,  and  a  column  of  a  given  height 
corresponds  to  a  smaller  pressure  ;  but  the  tube  also  expands,  and 
hence,  as  the  graduation  is  on  the  tube,  the  height  as  read  off  is  less 
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than  the  true  height,  if  the  temperature  is  above  that  at  which  the 
scale  is  correct.  Therefore  if,  for  example,  the  standard  temperature 
is  0°  C.  for  both  mercury  and  scale,  and  the  actual  temperature  be 
higher,  there  is  a  subtractive  correction  for  the  effect  of  expan- 
sion of  the  mercury  and  an  additive  one  for  the  expansion  of  the 
tube.  It  is  usual  to  reduce  to  a  column  of  mercury  at  the  tempera- 
ture of  melting  ice.  The  height  of  column  read  off  must  be  reduced 
to  that  which  would  be  obtained  from  a  correct  measuring  rule, 
which  the  scale  engraved  on  the  brass  case  is  not,  if  the  temperature 
is  above  or  below  that  at  which  the  graduation-spaces  have  their 
correct  lengths. 

Let  the  temperature  be  2°  C,  and  the  height  read  off  h  units. 
Then  mercury  expands  for  1°  rise  of  temperature  by  "000181  of 
its  volume.  The  density  of  the  mercury  will  therefore  become 
p  =p0/(l  + -0001812)  if  Po  be  the  density  at  0°  C,  and 

gPh  =  gPohl(l  +  -O00l81t). 

The  height  thus  corrected  for  the  expansion  of  the  mercury  is  there- 
fore h/(l  +  -0001812),  or  very  approximately  (1  -  -00018l2)A. 

Again,  if  the  scale  be  correct  at  0°  C,  each  unit  of  the  brass 
scale  has  expanded  from  1  to  1  +  -0000192,  and  therefore  the  height 
h  read  off  is  truly 

(1  +  -0000192)A. 

The  height,  therefore,  as  it  would  be  shown  by  a  barometer  con- 
taining ice-cold  mercury  and  having  a  correctly  graduated  unex- 
panding  scale,  is  very  nearly  (1  -  -0001812+  -0000192)^,  or 

(1- -0001022)^ 

If,  as  is  generally  the  case,  the  scale  is  correct  at  some  other 
temperature  than  0°  C,  say  9°  C,  the  corrected  height  will  have 
the  value 

{ 1  -  -0001812  +  -000019(2  -  6)}h, 

or  (1  -  -0001622-  -00001 9  d)h.  The  correction  will  be  zero  exactly 
in  this  case  when 

•0000199 
t=  -TUO0162   ' 

If  the  temperature  is  expressed  by  the  Fahrenheit  scale,  in 
which  180  degrees  measure  an  interval  which  is  very  nearly  identical 
with  the  interval  between  0°  C.  and  100°  C,  and  the  temperature 
0°  C.  is  exactly  the  temperature  32°  F.,  the  corrected  value  of  A  is 

{1  -  -0001006(2  -  32)  -  -0000106(0  -  32)}h, 

in  which  2  and  6  are  now  temperatures  on  the  Fahrenheit  scale. 

Besides  the  correction  for  temperature  there  is  one  for  the  varia- 
tion of  gravity.     If  the  observations  have  been  made  at  the  mean 
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sea-level  in  latitude  X,  they  may  be  corrected  to  the  indications  of 
a  barometer  at  sea-level  in  some  standard  latitude  L. 

As  a  result  of  pendulum  observations  made  all  over  the  world 
we  have  for  the  ratio  of  the  value  g-.  of  gravity  at  latitude  X  to 
its  value  at  latitude  L  the  equation 

gx     1  -  "0026 cos 2X  ,„., 

~y~L~  l--Q02Gcos2L'  *     ' 

If,  as  is  sometimes  done,  the  standard  latitude  is  latitude  4.">  , 
the  equation  is 

•^  =  1--0026cos2a.  (39) 

In  centimetre-second  units  the  value  of  g  in  latitude  45c  is  980'6 
nearly. 

If  the  observations  are  made  at  a  height  h  cms.  above  the  surface, 

•^  =  1  -  -0026  cos  2 X  -  -000000003 U.  (40) 

Hence  to  reduce  to  latitude  45"  we  have  to  multiply  by  the  factor 
on  the  right-hand  side  of  this  equation.  The  value  of  gib  in  centi- 
metre-second units  is  very  approximately  980*6. 

If  h  and  R  be  taken  in  centimetres,  the  term  *0000000031/i 
represents  2h/R  (/?  =  earth's  radius),  which,  as  the  reader  may  verify . 
expresses  the  falling  off  of  gravity  due  to  height  h  above  the  earths 
surface. 

Still  another  correction  is  necessary  for  capillarity.  This  depends 
upon  the  internal  diameter  of  the  tube  and  the  height  of  the  curved 
top  of  the  mercury  or  meniscus,  as  it  is  called.  According  as  the 
mercury  column  is  rising  or  falling  the  top  of  the  column  is  more  or 
less  curved  than  the  average,  and  this  has  a  sensible  effect  on  the 
amount  of  the  capillary  depression.  A  table  of  corrections  is  given 
in  books  of  physical  data ;  but  the  correction  may  be  taken  as  quite 
non-existent  for  a  mercury  column  over  three-quarters  of  an  inch  in 
diameter,  and  as  a  standard  the  use  of  such  a  barometer  is  desirable. 

A  final  small  correction  for  the  pressure  of  mercury-vapour  in 
the  space  above  the  mercury  is  necessary.  This  may  be  made  l>v 
adding  (when  the  height  is  taken  in  cms.  and  the  tempera  tint-  is 
t    C.)  -0001«  to  the  height. 

It  should  be  noticed  here  that  for  many  purposes  in  physics  what 
is  called  a  standard  atmospheric  pressure  is  employed.  This  is  defined 
in  various  ways.  It  may  be  taken  as  the  pressure  given  at  a  place 
in  latitude  45°  at  the  sea-level  by  a  column  of  mercury  7(1  centi- 
metres high,  and  throughout  at  the  temperature  of  melting  ice. 

Sometimes,  instead  of  "at  a  place  in  latitude  45°,"  "at  Paris'' 
is  used  in  the  definition. 

440.  Variation  of  Pressure  with  Height  in  the  Atmosphere. 
Height  of  the  Homogeneous  Atmosphere. — At  first  we  suppose  the 
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temperature  to  be  uniform  and  the  value  of  g  to  be  independent  of 
the  height.  If  p  be  the  density  and  p  the  pressure  of  the  air  at 
any  height  x  above  sea-level,  the  pressure  at  a  point  dx  higher  is 
p-gpdx.  Hence  dp—  —gpdx.  But  by  Boyle's  law  p/p=pjp0,  and 
therefore  p  =ppjp0  where  p0,  p0  are  the  pressure  and  density,  we 
shall  suppose,  at  the  sea-level.  Hence  dp  =  —  gpopdx/])^.  Inte- 
grating we  obtain,  since  p=p0  when  x  ■■=>  0, 

\ogp-\ogp0=  -^.r,  (-11) 

Po 
or,  which  is  the  same  thing, 

P=P»e    Po     '  ' 

(See  also  §  394.) 

The  last  equation  shows  that  as  the  height  increases  in  arith- 
metical progression  the  pressure  diminishes  in  geometrical. 

The  quantity  pjgp0  is  called  the  height  of  the  "  homogeneous 
atmosphere  "  for  the  place  where  the  pressure  is  p0  and  the  density 
p0.     Denoting  this  by  H0,  we  have 

V=P^-xlH\  (43) 

441.  Determination  of  Heights  by  the  Barometer. — It  is  to  be 
remarked  here  that  a  height  H  of  the  "  homogeneous  atmosphere  " 
is  given  for  any  point  at  which  the  pressure  is  p  and  the  density 
p  by  the  formula  pig  p.  This  by  Boyle's  law  is  clearly  the  same  for 
all  points  in  the  same  vertical,  and  is  moreover  independent  of 
variations  of  atmospheric  pressure  as  shown  by  the  barometer. 

So  far  the  temperature  has  not  been  supposed  to  vary,  but  any 
variation  of  temperature  affects  the  density  p  without  affecting  the 
pressure  if  the  air  is  free  to  expand.  Thus  the  density  when  the 
temperature  is  raised  from  0°  C.  to  t°  C.  is  diminished  (see  Part  II.) 
in  the  ratio  1/(1  +  ^/273),  and  thus  the  height  of  the  homogeneous 
atmosphere  H  at  0°C.  becomes  11(1  +  t/2T3)  at  t°  C. 

It  will  be  shown  under  Sound  that,  if  V  be  the  velocity  a  body 
would  acquire  in  falling  under  constant  gravity  g,  equal  to  that  at 
the  place  where  H  is  determined,  through  a  height  \H,  the  velocity 
of  propagation  of  sound  is  approximately  VJy,  where  y  is  the  ratio 
of  the  specific  heat  of  air,  pressure  constant,  to  the  specific  heat  of 
air,  volume  constant. 

It  is  to  be  noticed  that  according  to  this  view  the  velocity  of 
sound  in  air  is  independent  of  the  pressure.  This  however  does  not 
seem  to  be  the  case,  as  it  has  been  shown  by  Witkowski*  that  an 
increase  of  pressure  from  1  to  100  atmospheres  increases  the  velocity 
of  sound  by  about  7  per  cent. 

The  heights  of  places  above  the  sea-level  can  be  determined  with 
considerable  accuracy  by  carrying  a  barometer  to  the  places  and 
determining  the  pressure  at  the  places  (correcting  if  necessary  for 

*  Bulletin  Intern,  de  VAcade'mie  des  Sciences  de  Cracovie,     Mars  1899. 
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alterations  of  temperature), 
which  may  be  written 


The  height  x  is  given  by  equation  (41), 


:  — °  ( l°gP»  ~  loSP  I  =  mogP-<>, 
9P0\  /  P 


(«) 


442.  Aneroid  Barometer. 


Fig.  229. 


where  //  is  the  height  of  the  homogeneous  atmosphere  at  0°C.  // 
is  approximately  8000  metres  for  air  at  the  freezing-point  of  water. 

The  quantities  p0,  p0  may  apply  to  any  station  taken  as  that  of 
reference ;  x  is  then  the  height  above  the  reference  level  of  the 
station  at  which  the  pressure  is  p  and  the  density  p. 

If  the  temperature  of  the  lower  station  be  t\C.,  that  of  the  upper 
fsC,  "004  be  taken  as  the  co-efficient  of  expansion  of  ordinary  air.  x  . 
x3  be  the  upper  heights  of  the  stations,  and  the  observed  pressures 
be  pv  pv  we  have,  taking  {tl  +  i,)/2  as  the  temperature  of  the  air,  and 
reducing  to  latitude  45',  and  the  freezing  temperature  of  water  as 
shown  in  §  430,  but  neglecting  the  variation  of  g  with  height, 

as,  -  jb,  =  18400(1  +  -0026cos2X){  1  +  002ft  +  *,)}logio(Pj/.Pi)-       (45) 

Here  logarithms  to  the  base  10  are  used  and  18,400 log10(p,/j9,) 
represents  80001oge(pg/p,). 

-For  the  determination  of  heights  by 
this  method  and  in  general  for  the 
observation   of    atmospheric    pres- 
sure    by    travellers    the     aneroid 
barometer    is    almost     exclusively 
employed.       The   part   which    re- 
sponds directly  to  changes  of  pres- 
sure is  a  shallow  cylindrical    box 
\     of  metal,  exhausted  of   air.      The 
top  of  the  box  is  strengthened  by 
corrugations  of  the  metal,  and  rises 
and   falls   with   variations    of    air 
pressure.    These  motions,  magnified 
by  a  system  of  levers,  are  commu- 
nicated to  an  index  which  ranges 
round   a   dial    showing    pressures 
and    also    heights    corresponding. 
The  mechanism  is  best  made  out 
from  an  actual  instrument. 
443.  Convective  Equilibrium  of  Temperature  in  the  Atmosphere. 
— It  is  not  the  case  that  the  condition  of  uniformity  of  temperature 
imposed  on  the  calculation  above  is  fulfilled.     It  is  found  that  there 
is  generally  a  slight  fall  of  temperature  with  increase  of  height. 
According  to  Lord  Kelvin  (Mem.  Manch.  Phil.  Soc.,  March.  1865),  the 
equilibrium  of  temperature  is  one  brought  about  by  rapid  motion  of 
air,  and  communication  of  heat  has  little  effect,  so  that  the  condition  is 
approximately  the  adiabatic  one  expressed  by  ptfr  —  c,  or  p/py=Po/p0y- 
According  to  this  condition  we  shall  have,  besides  dp=  —g 
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2)JpQ  =  py/py.     Substituting  from  the  second  of  these  in  the  first  and 
integrating  we  get 

JLY£Ll-lV-&.  (45') 


Fig.  230. 


where  II 0  is  the  height  of  the  homogeneous  atmosphere  for  the  ground 
(for  II  is  no  longer  the  same  for  points  in  the  same  vertical).  This 
gives  for  p  =  0,  x  =  Hljyj{y  -  1),  that  is,  there  is  a  theoretical  limit  to 
the  height  of  the  atmosphere,  namely  (if  y  =  1*4)  3'44  x  ff0.  But  for 
air  at  the  freezing  temperature,  at  Paris,  ^  =  8000 
metres  very  nearly.  Hence  the  theoretical  height  of 
the  atmosphere  is  about  28,000  metres,  that  is  28 
kilometres,  or  very  nearly  17  J  miles. 

There  are  good  reasons  for  supposing  that  this 
limit  of  height  does  not  exist,  and  it  is  certain  that 
the  adiabatic  condition  is  not  exactly  fulfilled.  The 
subject  of  the  equilibrium  and  permanence  of  the 
atmosphere  of  a  planet  will  be  dealt  with  under  the 
Kinetic  Theory  of  Gases  in  Part  II. 

It  will  be  shown  in  Part  II.  also  that  this  con- 
vective  equilibrium,  as  it  is  called,  gives  a  slow 
uniform  fall  of  temperature  with  increase  of  height. 

444.  Applications  of  Boyle's  Law.*  Air  Pumps. 
Theoretical  Exhaustion. — We  have  scarcely  space  left 
to  discuss  the  more  important  applications  of  Boyle's 
law  and  will  therefore  do  no  more  than  shortly  describe 
the  action  of  pumps  of  different  kinds  and  the  theory  of  a  balloon. 

The  air-pump  seems  to  have  been  invented  by  Otto  von  Guericke, 
and  to  have  been  much  used  by  Boyle  in  many,  for  that  time,  very 
remarkable  experiments.  Von  Guericke,  however,  first  filled  the  space 
to  be  rendered  vacuous  with  water  and  then  pumped  out  the  water 
with  an  ordinary  suction-pump,  and  to  Hauksbee,  Boyle,  and  Hooke 
seems  due  the  credit  of  inventing  the  modern  form  of  air-pump,  for 
in  general  construction  the  ordinary  barrel-pump  has  changed  but 
little  since  Boyle's  day.  A  cylindrical  barrel  is  open  at  one  end,  and 
at  the  other  end  communicates  b}'  a  pipe  with  the  vessel  to  be  ex- 
hausted of  air.  In  this  barrel  a  well-fitting  piston  is  moved  back- 
wards and  forwards  by  a  rack  worked  by  a  crank.  In  the  piston  is 
a  valve  opening  outwards,  and  at  the  junction  of  the  communicating 
pipe  with  the  barrel  is  another  valve  opening  into  the  barrel.  The 
valves  are  shown  diagrammatically  in  Fig.  230,  and  have  different 
forms  in  practice.  They  are  sometimes  flaps  of  oiled  silk  held  flat,  to 
a  plate  on  two  opposite  sides,  so  that  air  escapes  under  them  on  the 
other  two  sides  when  these  are  slightly  raised,  and  sometimes  conical 

*  Boyle's  works  will  repay  perusal  by  the  curious  reader.  Much  space  is 
taken  up  however  in  the  papers  devoted  to  pneumatics  in  repelling  absurd 
though  dialectically  acute  objections  brought  by  Hobbesof  Malmesbury  to  the 
new  experiments  and  doctrines  regarding  gases. 
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stoppers  fitting  seats  from  which  they  are  moved,  and  to  which  they 
are  returned,  either  by  air  pressure  or  by  rods  actuated  at  the  proper 
instants  by  the  mechanism  driving  the  pump. 

To  understand  the  action,  it  is  only  necessary  to  suppose  the 
piston  to  be  driven  from  the  outer  end  of  the  barrel  towards  the 
other.  The  air  having  to  find  its  way  through  the  narrow  opening 
of  the  valve,  if  that  is  not  closed,  is  compressed  in  front  of  the 
advancing  piston.  The  valve  A  is  opened,  and  the  valve  B  is  closed. 
The  piston  is  thus  brought  down  to  the  farther  end  of  the  barrel, 
and  it  begins  to  return.  The  advance  in  the  opposite  direction 
causes  the  valve  A  to  close,  and  the  piston  therefore  leaves  behind  it 
a  space  nearly  empty  of  air.  The  valve  B  now  opens  and  air  passes 
from  the  vessel  to  the  barrel,  and  when  the  piston  has  passed  to  its 
first  position  the  air  which  formerly  filled  the  vessel  is  now  shared 
between  the  vessel  and  the  barrel,  so  that  if  V,  v  be  the  volumes  of 
these,  the  density  has  been  diminished  in  the  ratio  of  V/(V+v). 

The  stroke  of  the  piston  just  described  is  now  repeated.  As  it 
begins  A  opens  and  B  closes,  and  the  air  filling  the  barrel  is  trans- 
ferred in  the  first  half  of  the  stroke  to  the  atmosphere.  At  the 
second  half-stroke  A  closes  and  B  opens,  and  the  air  in  the  vessel  is 
again  shared  between  the  vessel  and  the  barrel. 

Its  density  is  reduced  to  V/(V+v)  of  its  former  amount,  that  is  to 
{  V/(V+  v)}-  of  its  initial  amount,  and  so  of  course  also  is  its  pressure, 

This  process  is  continued  to  n  strokes,  and  if  we  suppose  the 

exhaustion  to  proceed  as  here  described,  and  p0,  p0,  pn,  pn  to  represent 

the  pressure  and  density  initially  and  after  n  strokes  respectively,  we 

shall  have 

/     y    \n  i     y    \n 

445.  Effect  of  Untraversed  Space.  Limits  to  Action  of  Pump. — 
If  there  is  untraversed  space  Sat  the  bottom  of  the  pump  barrel,  then 
when  the  piston  moves  from  that  position  in  the  first  stroke,  there  is 
a  space  S  filled  with  air  at  atmospheric  pressure.  When  the  piston 
has  been  withdrawn  to  the  other  end  the  air  which  fills  the  vessel  and 
barrel,  that  is  the  volume  V+  v,  and  is  at  density  pl  at  the  end  of  the 
first  stroke,  has  mass  (  V+v)pl  which  is  equal  to  the  mass  (  V  +  S)p  if  p 
be  atmospheric  density.  At  the  end  of  the  second  stroke  the  density  is 
p,.  and  we  have  ( V  +  v)p2  =  VPl  +  Sp,  so  that  p =  p{( V%  +  VS)j(  V  +  vf  + 
Sj(V+v)}.     In  this  manner  we  obtain  finally 

v^HV±s),j/  v  \-»  /   v  Y'-\     .  ,1  sP 

v  w,    S\      S  ,.7v 

)p+-p.  (J/) 


V  +  vl  \       v         v 


Untraversed  space  can  be   got  over  as  in   Kravogl's  pump,  by 
filling  it  up  with  mercury,  or,  as  in  sOme  more  recent  pumps,  with 
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oil  previously  freed  from  air.  For  the  highest  vacua,  however,  re- 
course is  always  had  to  some  form  of  mercury  air-pump.     (See  §  447.) 

This  theory  is  of  very  little  practical  use  as  finally  the  pressure 
of  the  air  may  not  enable  the  valves  to  operate,  and  unless  they  are 
actuated  by  the  mechanism  moving  the  pistons  the  pump  may  cease 
to  increase  the  exhaustion.  Another  cause  of  limitation  is  the  air 
given  out  by  the  oil  of  the  valves  to  the  exhausted  chamber  on  the 
one  side  and  taken  in  from  the  other. 

The  exhaustion  is  measured  by  a  gauge  of  the  kind  shown  in 
Fig.  232.  Initially  at  atmospheric  pressure  the  mercury  fills  the 
closed  limb  completely  and  stands  at  a  lower  level  in  the   other. 


Fig.  232. 


Fig.  231. 


When  the  exhaustion  has  come  down  to  a  pressure  measured  by  the 
initial  difference  of  level  of  the  mercury  columns  the  gauge  begins  to 
act  arid  the  mercury  descends  in  the  closed  limb  and  rises  in  the  open 
more  and  more  towards  equality  of  level. 

The  instrument  is  often  made  with  two  barrels,  the  pistons  in 
which  move  in  opposite  directions  at  the  same  instant,  and  thus 
increase  the  rapidity  of  the  exhaustion.  It  is  stated  that  the  object 
of  this  is  to  give  a  balance  of  pressure  of  the  atmosphere  on  the  top 
of  the  pistons.  Little  advantage  however  is  gained  from  this  in 
ordinary  pumps,  owing  to  friction.  In  a  form  of  pump  made  by 
Babinet  and  otherwise  ingeniously  arranged,  the  barrels  are  of  glass, 
the  bodies  of  the  pistons  of  brass;  and  after  the  pump  has  worked 
some  time  so  much  friction  is  developed  by  the  unequal  expansion 
produced  by  heating  that  it  is  almost  impossible  to  drive  the  pump 
at  all.     A  diagram  of  the  double  pump  is  shown  in  Fig.  232. 

446.  Pumps  for  Compression  of  Air. — If  the  action  of  the  valves 
in  Fig.  230  be  reversed  so  that  the  piston  valve  and  the  valve  at  the 
bottom  both  open  downwards  air  will  be  forced  into  the  receiver  by 
the  downward  motion  of  the  piston,  and  will  be  prevented  from 
returning  by  the  closing  of  the  valve  B,  while  the  piston  is  returning 
to  the  top  of  the  barrel  and  filling  the  barrel  with  atmospheric  air  by 
the  opening  of  the  valve  A,  in  preparation  for  another  stroke. 

2d 
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A  simpler  form  of  compression  pump  is  shown  in  Fig.  233.  Here 
the  valve  in  the  piston  is  dispensed  with,  and  a  hole  is  left  in  the 
side  of  the  barrel  as  shown  at  A.  When  the  piston  is  drawn  back 
it  passes  the  hole  at  A,  through  which  then  the  barrel  is  filled  with 


Fig.  233. 

i. 


J; 


air  at  atmospheric  pressure.  This  is  forced  into  the  receiver  when 
the  piston  makes  the  next  half-stroke. 

This  is  really  the  action  of  an  ordinary  bicycle  pump.  The 
valve  B  is  attached  to  the  tyre  and  consists  of  a  piece  of  rubber  tube 
projecting  from  the  air  tube  of  the  tyre,  and  closed  except  for  a  hole 
in  one  side.  This  is  surrounded  by  a  metal  tube  to  which  the  pump 
is  screwed,  and  the  rubber  tube  is  closed  against  this  except  when 
air  is  being  forced  in  by  the  pump.  This  valve  is  the  more  tightly 
closed  the  higher  the  pressure  of  air  within  the  tyre. 

The  degree  of  compression  obtained   by  n  strokes  may  be  calcu- 
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lated  in  a  similar  way  to  that  used  above  for  the  exhausting  pump. 
The  formulae  are  modified  also  by  untraversed  space,  and  the  theory 
is  rendered  only  roughly  applicable  by  leakage  which  can  never  be 
avoided  in  practice. 

Compression  pumps  are  of  great  service  in  engineering.  Com- 
pressed air  is  used  for  drilling  in  mines,  for  pneumatic  dispatches, 
for  filling  caissons  and  diving  bells ;  is  employed  in  building  piers, 
and  repairing  vessels,  for  driving  machinery,  and  for  many  other 
purposes.  For  the  efficiency  of  compression  pumps,  and  compressed 
air  machinery  generally,  reference  must  be  made  to  treatises  on 
applied  mechanics. 

447.  Mercury  Air-pumps.  Tbpler's  Pump. — Mercury  air-pumps 
are  used  for  the  high  vacua  required  for  incandescent  lamps,  and  for 
Rontgen  ray  tubes,  tfcc.  Two  forms  may  be  here  shortly  described, 
Geissler's  displacement  pump,  as  modified  by  Tdpler,  and  Sprengel's 
pump. 

Topler's  pump  shown  in  Fig.  234  has  no  stop-cocks,  and  is  fairly 
convenient  for  use,  though  it  takes  up  a  considerable  amount  of  space. 
The  vessel  to  be  exhausted  is  v  and  is  connected  (if  of  glass  by  blow- 
pipe sealing,  or  by  a  joint  surrounded  by  mercury  if  this  is  impossible) 
to  the  pump  by  a  branch  t,  t'  in  the  form  of  an  inverted  U.  The 
left-hand  limb  t'  of  this  is  wider  than  the  other  and  is  placed  over  the 
tube  s,  and  rests  with  its  mouth  in  a  cup  c  of  mercury  through  which 
s  passes.  The  height  of  the  part  of  s  surrounded  by  t'  is  greater 
than  the  barometric  height.  Mercury  is  placed  in  the  bend  of  the 
tube  r,  which  when  the  bulb  b  is  exhausted  forms  a  siphon  baro- 
meter, for  the  bend  n  is  sufficiently  high  to  prevent  mercury  from 
getting  over  from  r. 

The  mercury  cistern  a  is  connected  by  a  strong  rubber  tube  with 
the  vertical  main  tube  m,  which  is  shielded  from  any  stress  due  to 
the  swaying  of  the  mercury- filled  tube  by  a  box  of  plaster  of  Paris, 
in  which  the  joint  and  a  part  of  the  rubber  tube  are  embedded. 

The  action  of  the  pump  is  as  follows : — The  cistern  a  is  raised 
sufficiently  to  cause  the  mercury  to  rise  to  the  top  of  b,  the  air  in 
which  is  compressed  into  the  long  limb  of  r  and  bubbles  through  the 
mercury  in  the  bend.  As  the  mercury  rises  through  b  it  passes  also 
into  the  side  tube/" and  cuts  off  communication  with  the  vessel  v,  and 
then  divides  passing  some  way  up  the  tube  h,  the  rest  running 
round  the  tube  g  into  the  mercury  which  is  rising  through  the  bulb. 

The  cistern  is  now  lowered  and  the  mercury  sinks,  clearing  the 
bulb  b,  into  which  air  is  prevented  from  returning  by  the  rising  of 
the  mercury  in  r  from  the  bend.  The  mercury  descends  also  in  h 
and  g,  and  as  soon  as  the  junction  of  these  two  tubes  has  been  passed 
the  air  from  v  rushes  over  and  is  shared  between  v  and  b.  Mercury 
at  the  same  time  rises  from  the  cup  c  between  s  and  t'  and  prevents 
ingress  of  air  from  the  atmosphere  to  v. 

The  cistern  is  again  raised  and  the  air  now  in  b  is  swept  out  and 
forced  out  through  r  as  before ;  the  cistern  is  then  lowered  and  the 
air  left  in  v  after  the  first  stroke  is  shared  between  v  and  b. 
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This  process  is  repeated  until  the  exhaustion  of  v  has  proceeded 
far  enough.  The  vessel  v  may  be  kept  free  from  aqueous  vapour 
arising  from  moisture  in  the  mercury  by  a  drying  material  such  as 

phosphoric  acid  placed  in  the 
Fig.  235.  bulb  e.     And  a  trap  for  mer- 

cury vapour  may  be  arranged 
by  stuffing  a  portion  of  the 
tube  leading  to  t  with  gold 
leaf. 

The  extent  of  the  exhaus- 
tion may  be  estimated  by 
observing  the  pressure  (which 
can  be  reckoned  by  the  height 
of  the  bulb  a  above  the  mer- 
cury in  r)  required  to  com- 
press the  air  which  fills  the 
bulb  b  into  a  bubble  at  the 
bend  n. 

448.  Sprengel  Pump. 
Gimingham's  Modification. — 
Another  form  of  pump  much 
used  in  the  manufacture  of 
vacuum  tubes  and  incandes- 
cent lamps  is  that  of  Spren- 
gel, as  modified  mainly  by 
Gimingham,  and  represented 
in  Fig.  235.  Mercury  from 
a  raised  cistern  flows  down 
the  tube  a  and  up  b,  at  the 
top  of  which  any  air  bubbles 
contained  in  it  pass  into  a 
trap  t,  then  it  passes  down 
the  tube  c  and  up  d,  and  at 
the  bend  it  falls  in  drops  into 
the  "  fall  tube "  /,  which  is 
only  about  2  millimetres  in 
diameter.  These  drops  as 
they  pass  down  the  fall  tube 
carry  between  them  bubbles 
of  air  which  is  drawn  by  the 
tube  e  above  from  the  a 
to  be  exhausted.  The  height 
of  the  top  of  the  fall  tube 
above  the  mercury  in  the 
delivery  vessel  v  is  greater 
than  that  of  the  barometer. 
The  supply  tubes  are  connected  below  by  strong  black  rublxi 
tubing  strengthened  by  canvas.  These  are  furnished  with  pinch  - 
cocks  to  regulate  the  supply  of  mercury. 
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If  the  pump  has  been  properly  made  the  fall  of  the  mercury  con- 
tinues to  carry  the  air  out  in  shorter  and  shorter  bubbles,  until  the 
highest  possible  vacuum  is  attained.  The  approach  to  this  state  is 
indicated  by  the  metallic  hammering  sound  of  the  mercury  falling  in 
the  vacuum,  the  formation  of  an  unbroken  mercury  column  in  the 
fall  tube,  and  the  dropping  of  the  mercury  on  the  top  of  the  column 
without  enclosing  visible  bubbles  of  air. 

The  thistle  funnel  above  the  fall  tube  has  a  carefully  ground  neck 
in  which  has  been  ground  a  stopper  g.  Mercury  poured  into  the 
funnel  round  the  stopper  provides  a  perfect  seal  against  the  ingress 
of  air.  The  object  of  the  funnel  is  to  provide  a  satisfactory  method 
of  cleaning  the  fall  tube,  which  is  done  by  stopping  the  supply  of 
mercury  by  the  pinch- cock  leaving  the  supply  tube  up  to  the  fall 
bend  full,  then  running  down  from  the  thistle  funnel  some  strong 
sulphuric  acid  which  has  been  boiled  with  sulphate  of  ammonium  to 
remove  volatile  matters.  The  fall  tube  is  allowed  to  stand  for  an 
hour  or  so  full  of  acid,  which  is  then  withdrawn.  To  avoid  the 
transference  to  the  pump  of  acid  sent  in  this  way  to  v,  the  mercury 
should  be  drawn  off  from  v  by  a  siphon  reaching  near  the  bottom 
so  that  only  clean  mercury  is  drawn  off  and  transferred  to  a. 

Pumps  are  made  with  two  or  three  fall  tubes.  This  is  sometimes 
done  by  allowing  the  mercury  supplied  by  one  tube,  as  in  Fig.  235, 
to  separate  at  the  fall  bend  into  a  stream  for  each  tube,  but  as 
the  emciency  of  the  pump  depends  on  the  proper  regulation  of 
the  fall  down  each  tube  it  is  well  to  duplicate  or  triplicate  the 
arrangement  of  supply  tube  bend  with  clearing  funnel,  and  fall 
tube.  The  supply -tubes  are  all  connected  with  a  single  supply  from 
a  at  h.     Branches  from  e  pass  to  the  several  fall  bends. 

The  tube  p  contains  phosphoric  anhydride  for  drying,  as  already 
described  for  the  Topler  pump,  and  a  mercury  vapour  trap  is  pro- 
vided in  the  same  way  as  before. 

For  further  particulars  regarding  these  pumps  the  reader  may 
refer  to  the  Incandescent  Lamp  and  its  Manufacture  by  G.  S.  Ram, 
and  for  a  valuable  account  of  precautions  to  be  used  in  making  the 
pump  he  should  consult  Threlf all's  Laboratory  Arts. 

The  mercury  may  be  returned  to  the  cistern  a  from  v  by  a  very 
ingenious  arrangement  due  to  the  Rev.  F.  J.  Smith,  F.R.S.  (Phil. 
Mag.,  July  1892)  and  shown  in  Fig.  236.  A  supply  of  compressed 
air  is  obtained  by  means  of  a  water-jet  L  which  draws  in  air  at  C . 
The  air  collects  in  H  while  the  water  leaves  by  the  tube  MX,  which 
is  about  8  feet  high.  The  air  is  supplied  from  H  through  the  drying 
chamber  Q  to  an  elevator  tube  RCB,  and  forces  the  mercury  up  to  B 
where  it  falls  into  a. 

The  arrangement  is  worked  by  the  pressure  energy  of  the  water 
in  the  mains  ;  and  the  water  escaping  at  X  (and  the  head  given  it) 
may  be  utilised  by  receiving  the  water  in  a  tank  there  placed  from 
which  water  may  be  drawn  for  any  required  purpose. 

44! ».  Common  Suction  Pump. — The  barrel  air-pump  of  Hauksbee 
is  simply  the  common  suction  pump  applied  to  the  transference  of  air. 


422 


DYNAMICS,    PROPERTIES    OF   MATTER. 


Indeed,  the  the  common  pump  acts  in  the  first  instance  as  an  air- 
pump.  Let  the  tube  communicating  with  the  barrel  by  the  valve 
B  in  Fig.  230  be  a  long  vertical  tube  inserted  at  its  lower  open 
end  in  a  liquid,  the  surface  of  which  is  under  atmospheric  pressure. 
We  call  this  the  suction  pump.  When  the  piston  makes  a  stroke,  air 
is  withdrawn  from  the  space  above  the  liquid  in  the  tube,  and  the 
consequent  diminution  of  pressure  causes  the  liquid  to  rise  to  a 
higher  level  for  the  fulfilment  of  the  condition  that  the  pressures 
outside  and  inside  the  tube  at  the  same  level  in  the  liquid  should  be 
the  same.  Repeated  strokes  will,  if  the  suction  pipe  be  not  too 
long,  bring  the  liquid  up  to  the  suction  pipe  and  through  the  valve 

Fig.  236. 


B,  finally  through  the  valve  A,  until  a  column  stands  above  the 
piston.  At  each  upward  stroke  then  the  valve  A  closes,  and  a 
quantity  of  liquid  is  raised  to  the  level  of  a  spout  attached  below  the 
top  of  the  barrel  and  discharged. 

In  the  fiist  stroke  let  the  liquid  rise  above  the  supply  level 
a  height  xv  If  H  denote  here  the  height  of  the  column  of  the 
barometer  made  with  the  liquid  being  pumped,  the  pressure  in  the 
suction  pipe  after  the  first  stroke  is  diminished  in  the  ratio  of  H—x, 
to  H.  Hence  if  p0  be  the  initial  density  of  the  air  in  the  pipe  and 
p,  the  density  after  the  first  stroke,  Boyle's  law  gives 

Pi  /l  =  o0(H -..-,). 

By  the  stroke  the  air  which  was  contained  in  the  suction  pipe 
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and  the  untraversed  space  in  the  barrel  is  made  to  occupy  this  space, 
the  whole  traversed  space  in  the  barrel,  and  a  reduced  length  of  the 
suction  pipe.  If  we  call  the  cross-section  of  the  suction  pump  s,  that 
of  the  barrel  S,  the  height  of  the  top  of  the  suction  pipe  above  the 
level  of  the  supply  a,  and  the  heights  of  the  highest  and  lowest 
positions  of  the  lower  side  of  the  bucket  above  the  suction  pipe 
valves  b,  c,  we  have 

p1{Sb  +  s(a  -xl)}=  pQ(Sc  +  so). 

Hence  eliminating  the  ratio  pllp0  between  the  two  equations  found 
we  obtain 

S^-c^-sx,  (48) 

So  +  s(a  -  a?,) 

The  liquid  will  therefore  rise  to  the  top  of  the  suction  pipe  in  the 
first  stroke  if  xl  =  a,  that  is  ajH=  S(b  -  c)/(ffa  +  Sb). 

In  general,  after  n  strokes  have  been  made  the  equations  con- 
necting the  densities  pm-v  pH  of  the  air  and  the  heights  xm  xn_l  of  the 
liquid  in  the  suction  pipe  before  and  after  the  nth  stroke,  stand 

Pn(H-  xH_x)  =  p„_^H-x,) 
pH{s(a  -  x„)  +  Sb}=  pn^s{a  -  xn_x)  +  PoSc 

IT 

=  Rn-Aa  -  X»-d  +  Pnjf ^C>  (49) 

±1        Xn 

since  pHH  =  p0{H-  xn). 

This  gives  a  quadratic  equation  for  x„  in  terms  of  xH_v  of  which 
the  positive  root  is  the  value  of  xn. 

If  xn  =  xu_1  the  liquid  has  ceased  to  rise  higher  in  the  suction  pipe, 
and  we  have  by  (-19),  since  now  ptl  =  p„~v 


(l-«).  m 


Hence  the  liquid  will  not  rise  to  the  top  of  the  suction  pipe  if 
a  >  .'•,;  that  is  if 

a>Wl-i\,     or      7/<^L  (51) 

b  j  .  _  c 

b 

If  there  be  no  untraversed  space  c  the  pump  will  just  raise  the 
water  to  the  top  of  the  suction  pipe  if  a  =  H:  if  there  be  untra- 
versed space  the  limiting  equation  is  a  =  H(l  -c/b). 

An  ordinary  suction  pump  often  refuses  to  act  at  all  owing  to 
the  bucket  not  fitting  the  barrel  sufficiently  well.  Any  want  of  air- 
tightness  will  of  course  make  the  above  theory  inapplicable.  But 
the  bucket  may  be  made  air-tight  and  the  pump  brought  into  action 
when  otherwise  it  could  not  be  used,  by  pouring  water  into  the 
barrel  above  the  bucket. 
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450.  Force  Pump. — In  the  force  pump,  Fig.  237,  the  piston  is  a 
valveless  plunger ;  but  a  valve  opening  outwards  is  placed  at  the 
junction  of  the  side  tube,  by  which  the  liquid  is  to 
Fig.  237.  be  raised  to    the   required   level.     The   liquid    is 

thus  driven  into  the  side  tube  by  the  downward 
stroke  and  is  raised  from  the  supply  in  the  up- 
ward. The  pumps  of  a  mine  must  therefore  be 
force-pumps  placed  near  the  bottom  of  the  shaf r, 
which  necessitates  the  employment  of  long  commu- 
nicating rods  for  driving  them  if  that  is  done  by 
an  engine  at  the  mine-head. 

451.  Balloons. — The  rise  of  a  balloon  in  the 
air  affords  an  example  of  the  law  of  Boyle,  and 
also  of  the  principle  of  Archimedes.  It  consists 
of  a  large  bag  of  silk  inflated  with  hydrogen 
or  coal-gas,  and  carrying  a  car  for  the  aeronauts 
with  ballast,  food,  instruments,  &c.  The  gas 
being  specifically  lighter  than  the  air,  a  lifting 
force  equal  to  the  weight  of  air  displaced  by  the 
gas  and  the  material  of  which  the  balloon  and  its 
accessories  (including  the  aeronauts  and  passengers) 
are  composed  is  exerted  upon  it  by  Archimedes'  prin- 
ciple. If  this  is  greater  than  the  total  weight  of  the 
balloon  and  everything  connected  with  it,  the  balloon 

has  an  acceleration  of  amount  equal  to  the  excess 

of  force  divided  by  the  inertia  of  the  balloon  and  its  appendages. 

Let  W  be  the  total  weight  of  the  silk,  car,  people  carried, 
<fec,  W  the  weight  of  air  displaced  by  them,  P  the  weight  of  the 
gas,  jo  the  density  of  the  air,  and  phi  that  of  the  gas,  then  the  weight 
of  air  displaced  by  the  gas  is  nP,  and  the  volume  U  of  gas  is  nP  p. 
We  have  therefore  for  equilibrium 


and 


Wa  P=W'  +  nP, 

TT     nP        n      W-  W  „     W-  W* 

U  =  —  = ,  or  P  = 

p       n —  1        o  n  —  1 


(•>->) 


Thus  if  W—  W  =  1,  and  the  gas  be  hydrogen,  so  that  n  =  14,  P  =  1  13 
that  is  a  weight  (W-  W)  of  1  ton  would  be  lifted  by  1/13  of  a  ton 
of  hydrogen,  which  at  atmospheric  pressure  and  the  freezing  point 
of  water  would  occupy  about  30,000  cubic  feet. 

For  coal-gas  n  used  to  be  taken  as  2  roughly,  and  since  a  pound 
of  air  occupies  at  atmospheric  pressure  and  temperature  about  12*5 
cubic  feet,  1000  cubic  feet  of  coal-gas  will  give  a  lifting  force  of  about 
401bs.,  which  is  a  practical  rule  used  in  ballooning.  With  coal-gas 
as  now  often  made  n  is  about  3. 

If  there  be  a  slight  excess  of  the  upward  force  (n-  1)P  over  the 
total  weight  W  -  W,  that  is  if  there  be  a  positive  ascensional  force  of 
amount  (n  -  1)P  -  {W—  II"),  the  balloon  will  ascend.     This  is  the  pull 
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on  the  rope  mooring  a  captive  balloon.  If  not  fully  inflated  to 
begin  with,  the  balloon  will  expand  as  it  ascends  until  the  pressure 
inside  becomes  equal  to  the  diminished  external  pressure,  and  the  only 
quantity  to  alter  will  be  W,  which,  however,  is  comparatively  small. 
The  volume  of  gas  will  become  V,  and  the  density  of  the  air  will 
become  UpjV  while  n  remains  unaltered.  Thus  W  will  become 
WUj  V.  The  ascensional  force  becomes  then  (n  -  1  )P  -  ( W  —  WUjV), 
which  is  practically  the  same  as  before. 

To  provide  a  safety-valve  against  undue  expansion  of  the  gas, 
sudden  passage  into  the  sun's  rays  and  consequent  increase  of  internal 
over  external  pressure,  and  possible  bursting  of  the  silk  envelope, 
the  neck  of  the  balloon  is  left  open  to  some  extent,  and  so  gas 
escapes  as  the  balloon  rises. 

Whatever  the  amount  of  gas  which  may  have  escaped  from  the 
balloon,  the  ascensional  force  at  height  z  at  which  the  density  of  the 
air  is  pz  and  the  volume  of  the  gas  is  V  is  Vpz{n  -  l)/n  -  (W-  W'pjp). 
This  is  zero  when 

Wp 


Pz  = 


(n-l)Q+W 


(53) 


where  Q=Vp/n,  the  mass  of  gas  which  would  till  the  balloon  of 
volume  V  at  the  ground. 

The  mass  of  gas  in  the  balloon  is  Fig.  238. 

now  Vpz/n  =  Qpz/p,  that  is 

Qir/{(7i-\)Q+W'} 

so  that  if  the  balloon  was  filled  to 
volume  V  at  starting  the  loss  has  been 
P-QWJ{(n-l)Q+  IF'},  or  if  P  =  Q  at 
starting,  Q{\  -  W/{(n  -  1)Q  +  W'}\ 

A  free  balloon  can  be  made  to  ascend 
by  throwing  out  ballast  to  cause  it  to 
move  upward,  or  to  descend  by  opening 
a  valve  at  the  top  to  allow  gas  to 
escape.  But  it  is  always  in  its  motion 
either  rising  or  falling,  and  to  steady 
this  upward  and  downward  motion, 
when  the  balloon  is  low  enough,  a  long 
rope  is  made  to  trail  after  it  on  the 
ground.  If,  then,  the  balloon  rises, 
part   of    the   rope    is    lifted    off    the 

ground,  and  a  downward  pull  is  applied,  and  if  the  balloon  descends 
the  part  of  the  rope  in  the  air  is  shortened,  and  the  downward  pull 
thereby  diminished. 

For  a  complete  account  of  the  theory  of  the  balloon,  the  reader 
should  refer  to  Greenhill's  Hydrostatics,  where  also  a  Bibliography  of 
the  subject  will  be  found.  ' 

452.  Siphon. — The  instrument  called  the  sipJum  used  for  trans- 
ferring liquids  from  one  vessel  to  another  may  be  described  here.     It 
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consists  as  ordinarily  used  of  a  tube  bent  as  in  Fig.  238,  and  placed 
with  one  limb  in  the  liquid  to  be  transferred  as  shown.  Let  us 
suppose  that  there  is  a  stopcock  S  in  the  limb  outside  the  vessel 
below  the  level  A.  Let  S  be  closed,  with  the  siphon  full  of  liquid. 
If  the  height  of  S  above  the  mouth  of  the  tube  be  not  too  great 
(the  barometric  height  for  the  liquid  is  the  limit)  the  liquid  below 
the  stopcock  will  be  held  in  position  by  the  pressure  of  the 
atmosphere.  There  is  then  atmospheric  pressure  at  A  and  at  B. 
The  pressure  below  the  stopcock  is  less  than  atmospheric  pressure. 
If,  then,  the  stopcock  be  opened,  a  flow  of  liquid  through  it  will  take 
place,  and  this  will  be  continuously  kept  up  until  the  level  of  the 
liquid  in  the  vessel  has  fallen  to  B,  or  the  whole  of  the  liquid  has 
run  out. 

It  is  to  be  noticed  that  the  liquid  in  the  vessel  and  in  the  siphon 
tube  (as  well  as  the  vessel,  siphon,  Sec.)  is  im- 
Fig.  239.  mersed  in  the  atmosphere. 

Let  us  consider  a  siphon  transferring  a  fluid 
of  density  p  from  one  vessel  to  another,  when 
the  whole  arrangement  is  immersed  in  another 
fluid  of  density  p  and  both  limbs  of  the  siphon 
are  immersed  in  the  liquids.  Let  h  be  the 
height  of  the  upper  surface  above  the  level  of 
the  lower,  and  z  the  distance  of  the  tap  from 
the  lower  surface ;  and  let  the  tap  be  closed. 
If  pl  be  the  pressure  in  the  suirounding  me- 
dium at  the  lower  surface,  and  p  the  pressure 
at  the  upper  px-p  =  gp'h.  The  pressure  just 
below  the  tap  is  jt>,  -  gpz  and  just  above 
p  +gp(h  -  z).  The  excess  of  the  pressure  above 
the  tap  over  the  pressure  below  it  is  therefore  p  -  px  +  gph  =  g(p  -  p')h. 
When  the  tap  is  opened,  therefore,  flow  takes  place  through  it  in 
the  direction  from  above  to  below  if  p  >  p  .  If,  however,  p  -c  p',  the 
flow  takes  place  in  the  opposite  direction  and  the  fluid  is  transferred 
from  the  lower  to  the  upper  vessel.  Thus  hydrogen  can  be  siphoned 
upward  from  one  vessel  to  another  in  air.  The  flow  is  zero  of  course 
when  h  =  0,  that  is  when  the  two  surfaces  are  on  the  same  level. 

To  start  a  siphon  it  is  necessary  to  fill  it  with  the  fluid  to  be 
tiunsf erred,  close  the  open  ends  of  the  limbs  and  place  it  in  position, 
then  unclose  the  ends.  The  flow  will  at  once  begin,  and  continue 
at  a  rate  decreasing  to  zero  until  the  level  has  fallen  to  the  mouth 
of  the  limb  in  the  vessel  from  which  the  transfer  is  taking  place, 
or  the  difference  of  levels  is  reduced  to  zero. 

Ordinarily  the  fingers  are  used  to  close  the  ends  of  the  siphon, 
but  for  transferring  many  liquids  (acids  for  example)  a  siphon  shaped 
as  in  Fig.  230  is  used.  The  siphon  is  placed  in  position  empty,  and 
is  started  by  suction  applied  at  A,  the  mouth  at  B  being  stopped  bj 
a  pad  applied  to  it.  As  soon  as  the  fluid  has  reached  the  pad  the 
orifice  is  opened  and  the  flow  continues. 


CHAPTER  XI. 
GRAVITATIONAL   ATTRACTION. 

453.  Potential  due  to  Uniform  Spherical  Shell. — The  subject  of 
gravitational  forces  between  different  particles  has  been  considered 
to  some  extent  in  chap,  iv.,  and  we  here  resume  the  discussion  as 
a  preliminary  to  the  chapter  which  follows  on  Astronomical 
Dynamics.  The  results  of  the  discussion  will  also  be  applicable  to 
questions  which  will  arise  in  connection  with  electricity  and 
magnetism,  and  will  therefore  economise  space  in  the  treatment  of 
those  subjects. 

We  have  proved  at  §  198  above  that  a  uniform  spherical  shell  has 
potential  at  any  external  point  P  equal  to  kM/r,  where  k  is  the  so- 
called  gravitation  constant,  M  the  mass  of  the  shell,  and  r  the  distance 
of  P  from  the  centre.  It  follows  from  this  that  the  force  of  attraction 
exerted  by  the  shell  on  a  particle  of  unit  mass  at  P  is  kM/r'-.  For 
the  work  done  in  increasing  r  by  an  amount  dr,  that  is,  in  displacing 
the  particle  against  the  attraction  of  the  shell  through  that  distance, 
is  kM{l/r-  l/(r  +  dr)},  which  is  kMdr/r'2.  But  this  is  equal  to  the 
force  of  attraction  on  the  particle  towards  the  centre  of  the  shell 
multiplied  by  dr,  and  therefore  that  force  is  equal  to  kM/r-.  It  will 
be  convenient  to  take  as  the  positive  direction  of  the  force  at  P  the 
direction  outward  from  the  centre.  If  F  denote  the  force  thus 
reckoned  we  have  F=  -kM/r2.  Also  from  the  process  of  derivation 
just  employed  it  is  evident  that  if  V  denote  kM/r 

*-j£  (1) 

dr 

We  call  F  the  intensity  of  the  field  of  force  at  the  point  P,  that  field 
being  the  whole  space  surrounding  the  attracting  matter.  It  is  a 
result  of  experience  that  the  different  parts  of  a  body  attract  a 
particle  with  forces  which  exist  independently,  and  therefore  the  total 
resultant  force  on  a  particle  is  the  resultant  of  the  forces  which  the 
different  parts  thus  independently  exert.  This  is  called  the  principle 
of  superposition  of  attractions.  It  is  assumed  in  the  theoretical 
discussion  of  the  subject,  and  the  agreement  of  the  results  with 
experience  justifies  the  assumption. 

4">4.  Potential  due  to  Solid  Sphere. — We  shall  apply  this  principle 
now  to  the  case  of  a  solid  sphere  of  matter,  the  distribution  of  which 
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Fig.  240. 


is  symmetrical  about  the  centre  of  the  sphere,  in  other  words,  a  sphere 
which  may  he  regarded  as  made  up  of  spherical  concentric  shells  of 
density  uniform  over  each  shell,  but  not  necessarily  uniform  from 
shell  to  shell.  Since  the  intensity  of  the  field  at  P  due  to  each  shell 
is  the  same  as  the  intensity  which  would 
be  produced  at  P  by  a  particle  of  mass  equal 
to  the  shell  placed  at  the  centre,  the  held 
intensity  at  P  due  to  the  whole  sphere  is 
the  same  as  if  the  whole  mass  were  collected 
at  the  centre,  that  is  -  kMjir  where  M  now 
denotes  the  whole  mass  of  the  sphere.  This 
theorem,  as  well  as  that  of  the  uniform 
shell,  was  first  given  by  Newton. 

Further  the  potential  at  any  point 
within  a  uniform  spherical  shell  of  attract- 
ing matter  is  the  same  at  all  points.  Let 
the  shell  be  infinitely  thin,  of  radius  a,  and  of  mass  o-  per  unit  of  area. 
Consider  the  potential  at  an  internal  point  P  (Fig.  240)  produced  by 
a  narrow  zone  EE  of  the  shell  taken  perpendicular  to  the  radius 
CPA.  Let  CP  be  denoted  by  b  and  PE  by  /,  and  the  angle  ECP 
by  6.  Let  the  breadth  of  the  zone  be  add;  its  radius  DE  is  a  sin  ft, 
and  therefore  its  mass  is  2 n acr  sin  6 d  6.  The  potential  of  this 
at/*  is  2nko-a-sinddd /f.  Hence  for  the  potential  V  at  P  of  the 
whole  shell  we  have 


V  =  2  irk  ad- , 


sinflrfft 


But  f-  =  a2  +  b--  2abeos6,  so  th&tfdf=  absmddH,  or  sin  0  d  6  —fdj'  nb. 
This  substituted  in  the  equation  for  I"  gives 


a  +  b 


V=2irka~/df=4:irkaa. 


(2) 


The  potential  is  therefore  independent  of  the  position  of  P  within  the 
shell. 

If  the  shell  be  not  infinitely  thin,  but  constitute  a  distribution 
of  matter  symmetrical  about  the  centre  of  internal  radius  a'  and 
external  radius  a  we  obtain  for  this  case. 


V=4:Trk  /  pxdx 


(■>) 


where  p  is  the  volume-density  at  distance  x  from  the  centre. 
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If  p  be  uniform  this  gives 

Y=-lrrkp(a2-a'-),  (4) 

which  again  is  independent  of  the  position  of  P  if  within  the 
shell. 

The  uniformity  of  potential  thus  shown  to  exist  in  the  internal 
space  shows  that  the  field  intensity  is  there  zero. 

The  potential  at  any  point  P  within  the  solid  sphere  can  now  be 
found.  Let  the  sphere  be  supposed  divided  into  two  parts  by  a  con- 
centric spherical  surface  described  through  P.  If  M  be  the  total 
mass  of  the  internal  portion  of  the  sphex-e,  and  a  its  radius,  the 
potential  at  P  due  to  this  portion  of  the  matter  is  kM/a.  For  the 
total  potential  V  at  P  we  have  therefore 

f  1/ 

V=4:7rkf  pxclx  +  k'  ,. 
a'  a 

In  all  these  cases  the  field  intensity  at  the  point  P  with  in  the  attract- 
ing matter  is  to  be  calculated  by  finding  the  value  of  kM/a*.  But  here 
a  slight  difficulty  may  present  itself  to  the  reader.  In  order  that  the 
field  intensity  might  be  experimentally  determined  at  a  point  within 
the  mass  it  would  be  necessary  to  place  there  a  particle  and  measure 
the  force  exerted  upon  it.  This  would  necessitate  the  existence  of  a 
small  space  within  the  body  for  the  accommodation  of  the  particle, 
the  force  on  Avhich  due  to  the  matter  elsewhere  was  to  be  observed. 
In  adapting  then  the  result  to  the  case  of  a  body  in  which  no  such 
cavity  exists,  allowance  would  have  to  be  made  for  the  matter 
removed  from  the  cavity  in  which  the  point  considered  is  situated, 
and  as  this  matter  is  of  finite  density,  and  is  all  very  close  to  the 
point  considered  it  becomes  of  importance  to  inquire  what  the  effect 
of  the  removal  would  be.  By  the  result  we  may  suppose  the  cavity 
of  a  spherical  shape,  and  the  point  considered  to  be  situated  at  its 
centre.  Further,  the  cavity  may  be  taken  so  small  that  the  density 
throughout  it  of  the  matter  which  would  fill  it  according  to  the  con- 
stitution of  the  body  may  be  regarded  as  uniform.  This  is  always 
possible  when  the  variation  of  density  is  continuous.  By  the  result 
obtained  above  the  potential  at  the  centre  of  a  uniform  sphere  due  to 
its  own  matter  is  2irkpa2,  which  vanishes  when  a  is  made  indefinitely 
small.  The  effect  therefore  of  making  a  small  spherical  hollow 
within  a  body  of  continuous  density  has  no  influence  upon  the 
potential  at  a  point  within  the  hollow. 

155.  Solid  Angles. — The  following  definitions  will  be  of  service 
in  calculations  of  potentials  and  attractions.  The  solid  angle  sub- 
tended at  any  point  P  by  a  closed  curve  C,  such  as  the  edge  of  an 
unclosed  surface,  is  measured  in  the  following  manner.  Lines  are 
drawn  from  the  given  point  to  the  points  of  the  closed  curve  and 
form  a  conical  surface  which  intercepts  an  area  upon  a  sphere  of 
unit  radius  described  from  the  given  point  as  centre :  the  area  so 
intercepted  is  the  measure  of  the  solid  angle. 
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In  this  definition  there  is  an  ambiguity.  The  conical  surface 
divides  the  spherical  surface  into  two  parts,  one  of  area  S,  the  other 
of  area  4tt — S,  and  it  has  not  been  settled  which  is  to  be  taken  as 
the  solid  angle  subtended  at  P  by  C.  This  must  be  decided  by  what 
is,  in  the  problem  in  hand,  regarded  as  the  surface  bounded  by  ' '. 
which  is  the  common  boundary  of  two  caps  forming  a  closed  surface. 
Let  the  cap  A,  Fig.  40^ be  the  surface  bounded  by  C,  aud  let  the 
other  cap  B  be  diawn  so  that  the  closed  surface  encloses  P.     All 

straight  lines  that  can  be  drawn 
Fig.  241.  from  P  can  be  divided  into  two 

groups   or    pencils,   a   group    G 
passing  through  points  of  S,  and 
k  a  group  G'  passing  through  points 

\  of  An  —  S.    Now  either  every  line 

\         of  G  or  every  line  of  G'  passes 
i        through  a  point  of  A,  but  both 
Dj       /  \      !       these  statements  cannot  be  true. 

I    /  \    ,'        If  the  former  is  the  case  S   is 

\j  \j        the   solid    angle,    if    the    latter 

4?r  —  S  is  the  solid  angle. 
It  is  clear  that  the  solid  angle  subtended  at  the  centre  of  a  sphere 
by  a  curve  enclosing  an  area  on  the  sphere  equal  to  one  fourth  the 
spherical  surface  is  n,  that  the  solid  angle  subtended  by  a  circle  at 
any  point  in  the  plane  of  the  circle  and  within  it  is  2n,  and  at  any 
point  in  the  plane  of  the  circle  and  without  it  is  zero,  and  that  the 
solid  angle  subtended  by  a  closed  surface  at  any  point  within  the 
surface  is  47r,  and  at  any  point  without  is  zero. 

Now  take  on  any  surface  an  area  so  small  that  it  may  be  regarded 
as  plane,  and  draw  from  any  point  lines  to  every  point  of  the 
periphery  of  the  element.  These  lines  will  form  a  cone  of  small 
solid  angle  which  is  cut  more  or  less  obliquely  by  the  plane  area.  Let 
dS  be  the  area,  supposed  small  in  every  dimension,  then  every  line  of 
the  cone  will  make  approximately  the  same  angle  with  a  normal 
drawn  outwards  as  regards  the  cone  from  the  area. 

Let  this  angle  be  d,  the  projection  of  the  area  at  right  angles  to  a 
generating  line  of  the  cone  is^S'-costf.  The  projection  dS.cosO  may  be 
regarded  as  the  area  intercepted  by  the  cone  on  the  surface  of  a  sphere 
of  radius  r  described  from  the  vertex  as  centre.  But  since  the 
surfaces  of  spheres  are  proportional  to  the  squares  of  their  radii,  the 
solid  angle  of  the  cone  is  dS.cosd/r2,  if  r  be  the  distance  of  any  point 
of  dS  from  the  vertex  of  the  cone.  We  may  denote  this  small  solid 
angle  for  the  cone  by  d<f> ;  hence  for  the  solid  angle  (j>  subtended  at  any 
point  which  is  the  vertex  of  a  conical  surface  on  which  lies  the 
bounding  edge  of  the  surface,  we  have 

<f>=fdScosQ/r-  (.")) 

where  the  integration  is  extended  over  the  whole  surface. 

A  useful  case  is  the  following  : — A  cone  is  drawn  from  the  centre 
of  a  sphere  and  intercepts  on  the  sphere  an  area  hounded  by  a  small 
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circle  the  radius  of  which  subtends  at  the  centre  of  the  sphere  an 
angle  a.  The  area  of  the  part  of  the  spherical  surface  of  which  this 
circle  is  the  edge  is  27rr-'(l  -  cosa)  as  the  reader  may  verify.  If  a  is 
taken  less  than  7r/2  we  have  the  area  of  the  part  of  the  sphere 
within  the  small  circle  ;  if  a  is  taken  greater  than  tt/2  we  have  the 
area  of  the  part  which  lies  outside  the  circle.  The  solid  angle 
subtended  by  the  area  is  therefore  2tt(1  -cosa).  Thus  if  a  =  0,  n/2 
or  7r,  the  solid  angle  is  0,  2  it,  or  4;r,  as  it  ought  to  be. 

456.  Surface-Integral  of  Normal  Force. — Now,  returning  to  the 
attracting  sphere,  describe  from 

its  centre  a  spherical  surface  pass-  Fig.  242. 

ing  through  the  external  point 
P.  The  held  intensity  F  at  P 
acts  normally  outwards  from  the 
spherical  surface.  Multiplying 
the  area  Awr2  of  the  sphere  by  F 
we  get,  by  §  454,  -  A-irkM.  This 
product  of  field  intensity  by  the 
area  of  the  surface  of  the  sphere 
is  an  example  of  a  general  theo- 
rem of  attraction  which  we  shall 
now  demonstrate. 

Let  a  closed  surface  be  drawn 
in  the  field  of  force,  let  F  be  the 
field  intensity  at  an  element  dS 
of  the  surface,  and  0  the  angle 
which  F  makes  with  the  outward- 
drawn  normal  to  dS.  The  pro- 
duct FdS 'cos 6  or  dV/dn.dtf  is  the 
integral  of  normal  force  over  dS, 
or,  as  it  is  sometimes  called,  the  flux  of  force  across  dS.  The  sum  of 
such  products  taken  for  any  part  of  the  closed  surface  is  called 
the  surface-integral  of  normal  force  over  that  part  of  the  surface, 
or  the  flux  of  force  across  it. 

The  theorem  to  be  proved  may  be  stated  as  follows.  The  surface- 
integrcd  fd  Vjdn.dS  of  normal  force  taken  over  a  closed  surface  in  a 
fieldj  of  force  due  to  matter  attracting  according  to  the  inverse  square 
of  the  distance  is  equal  to  -  4?r  times  the  quantity  of  matter  within  the 
surface,  multijilied  by  the  gravitation  constant. 

Consider  a  closed  surface  S  (Fig.  242)  and  let  the  matter  producing 
the  field  be  particles,  of  masses  m,  m,  m" ,  ...,  situated  at  points 
A,  A',  A",  ...,  some  within  and  some  without  the  closed  surface. 
Draw  from  A  as  vertex  a  small  cone,  joining  A  by  straight  lines  to 
the  different  points  of  a  small  closed  curve  s.  This  cone  will  inter- 
sect at  E,  F,  G,  H,  small  elements  of  the  surface.  Call  the  area  of  the 
element  at  E  dSv  that  at  F  dS2,  that  at  G  dS3,  and  that  at  II  dSv  and 
let  rv  rv  r3,  rA  be  the  distances  of  the  middle  points  of  these  areas 
from  A,  and  the  field  intensities  at  E,  F,  G,  H  are  respectively 
-  kmjrlt,  -  km/r-22,  -  krnlr*,  -  km/r*.      N/ow  draw  normals  outwards 
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from  these  elements  of  surface  at  E,  F,  G,  H,  at  points  at  which  the 
elements  are  intersected  by  a  straight  line  which  may  be  regarded 
as  the  axis  of  the  small  cone.  Let  the  angles  which  these  normals 
make  with  the  positive  direction  of  that  line  be  6V  d;,  6S,  04. 

The  normal  force  outwards  at  dSY  is  -  km  cosdjiy,  and  the  product 
of  this  by  the  area  c^,  of  the  portion  of  the  surface  intercepted  by 
the  cone  is  —  knidSyCosdJiy.  In  this  way  we  get  for  the  elements 
d&\,  dS3,  dS3,  dSt,  the  four  products 

-  kmdS1ooeOjr1*}  -  kmdS\cosdJr^,  -  kmd>S3cos6jr3J,  -  kmd&\cos6Jrf 

These  are  the  contributions  given  by  the  surface  elements  intercepted 
by  the  cone  to  the  surface  integral  of  normal  force  due  to  the  attracting 
particle  ml  at  A.  But  any  of  the  expressions  dScosd  is  numerically 
the  projection  of  the  element  dS  on  a  plane  at  right  angles  to  the 
axis  of  the  cone,  and  therefore  dScosd/r2  is  numerically  equal  to  the 
area  intercepted  by  the  cone  on  a  sphere  of  unit  radius  described 
from  A  as  centre.  The  sign  of  the  expression  —  kmdSco&d  r2  is  nega 
tive  or  positive  according  as  cos0  is  negative  or  positive,  that  is  in 
the  figure  according  as  the  cone  emerges  from  or  enters  the  surface 
at  dS.  Thus  the  expressions  are  all  of  the  same  numerical  value, 
and  if  there  be  an  even  number  of  them,  as  is  always  the  case  when 
the  apex  of  the  cone  is  external  to  the  closed  surface,  the  sum  of  the 
expressions  is  zero.  Now  cones  can  evidently  be  drawn  from  A  so  as 
to  intercept  the  whole  of  the  closed  surface  without  excess  or  defect, 
and  if  the  apex  be  external  to  the  closed  surface  the  sum  of  the  con- 
tributions to  the  surface  integral  of  normal  force  made  by  the 
elements  of  surface  will  be  zero. 

If,  however,  we  take  a  point  A"  inside  the  closed  surface,  and 
draw  a  double  cone  with  its  apex  at  that  point,  the  total  number  of 
emergences  of  the  cone  from  the  surface  will  always  be  two  greater 
than  the  entrances,  and  so  the  surface  integral  obtained  will  by  (5) 
have  the  value  -  ±irkm",  that  is  the  product  of  the  area  of  the  sphere 
of  unit  radius  described  from  A"  as  centre  and  the  quantity  —km". 
The  same  thing  holds  for  any  other  particle  at  any  other  point  within 
the  surface,  and  the  normal  forces  at  different  points  in  tne  surface 
due  to  different  particles  can  of  course  be  added  together  to  give  the 
resultant  normal  force  at  each  point.  Thus  if  we  take  at  each 
element  of  the  surface  the  normal  force  due  to  the  whole  distribu- 
tion, of  which  part  is  inside  the  surface  and  part  is  outside,  we  get 
for  the  surface  integral  of  the  normal  force  -  lirkM,  where  M  is  the 
total  quantity  of  attracting  matter  enclosed  by  the  surface.  This 
theorem  is  given  by  Gauss,  and  is  a  particular  case  of  a  more  general 
theorem  due  to  Green.  From  it  we  can  derive  some  important  con  - 
sequences. 

457.  Deductions  from  Theorem  of  Surface  Integral  of  Normal 
Force. — It  will  be  observed  that  in  the  proof  of  this  theorem  those 
proved  in  §  451  are  not  involved.  Consider  then  a  continuous  distribu- 
tion of  matter  symmetrical  about  a  centre  C.  that  is  to  say,  a  uniform 
spherical  distribution,  or  a  distribution  made  up  of  uniform  concentric 
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shells  as  already  described.  From  C  as  centre  describe  a  sphere  of 
radius  r  surrounding  the  spherical  distribution.  By  the  symmetry 
of  the  arrangement  the  field-intensity  at  every  point  of  this  spherical 
surface  must  be  the  same,  and  be  directed  normally  to  the  surface. 
Let  its  value  taken  positively  outwards  be  F.  The  surface  integral 
of  normal  force  for  the  spherical  surface  thus  drawn  is  ■iivr^F,  and 
by  the  theorem  this  must  be  equal  to  —  knkM,  where  M  is  the  total 
quantity  of  matter  withiD  the  surface.     Hence  we  have  the  equation 

F=-kM\i*.  (0) 

But  this  is  clearly  the  field-intensity  which  would  be  produced  by  a 
mass  M  concentrated  at  the  centre  of  the  sphere.  Thus  we  have  an 
independent  proof  of  Newton's  theorem — that  the  attraction  of  a 
spherical  distribution  on  an  external  particle  is  the  same  as  it  would 
be  if  the  whole  quantity  of  matter  were  collected  at  the  centre  of  the 
sphere. 

Next  consider  a  spherical  distribution  bounded  by  two  concentric 
spherical  surfaces,  and  let  the  distribution  be  symmetrical  about  the 
centre  of  the  sphere.  Within  the  internal  space  describe  a  concentric 
spherical  surface.  By  symmetry  the  field -intensity  at  every  point  of 
this  surface  must  have  the  same  value,  and  be  directed  along  the 
normal  to  the  spherical  surface.  Calling  it  F  as  before,  and  the 
radius  of  the  sphere  r',  we  have  for  the  integral  of  normal  force  over 
the  spherical  surface  4:irr2F.  But  this  by  the  theorem  is  -  Awk  times 
the  quantity  of  matter  within  the  surface,  which  is  zero.  That  is, 
there  is  no  field-intensity  within  the  spherical  distribution. 

It  follows  from  these  results  that  the  potential  at  an  external 
point  due  to  a  spherical  distribution  of  matter,  is  the  same  as  if  the 
whole  mass  were  collected  at  the  centre,  while  the  potential  at  an 
internal  point  is  the  same  at  all  such  points. 

458.  Potential  at  Internal  Point  of  Spherical  Shell. — To  find  the 
potential  at  an  internal  point,  we  may  proceed  as  follows.  Consider 
an  infinitely  thin  uniform  spherical  shell  of  total  mass  m  and  radius 
x.  The  potential  at  an  external  point  close  to  its  surface  is  km/x. 
Now  the  potential  at  a  point  close  to  the  surface,  but  internal  to  the 
shell,  must  have  this  same  value,  since  ScZm/r  cannot  differ  for  the 
two  cases.  The  potential  at  an  external  point  close  to  the  surface  is 
the  potential  at  every  point  within  the  shell,  since,  F  being  zero  at 
every  internal  point,  there  is  no  variation  of  potential  within  the  shell. 

Now  to  find  the  potential  at  an  internal  point  due  to  a  shell  of 
finite  thickness  and  of  density  which  is  a  function  of  the  distance 
from  the  centre,  we  proceed  as  follows.  Take  any  thin  concentric 
shell  of  radius  x  and  thickness  dx.  If  the  density  be  p  the  mass  of 
the  shell  is  Air^pdx,  and  the  potential  at  every  point  on  the  surface 
or  within  it  is  therefore  iitkpxdx.  For  the  potential  Fat  every  point 
in  the  space  internal  to  the  thick  shell  we  have  as  in  (3) 

a 

V '=  ±irk  f pxdx, 

a> 

2e 
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where  a  and  a  are  the  internal  and  external  radii  of  the  shell.  If  p. 
be  uniform,  we  obtain  for  the  potential  2irpk(a2  -  a"-).  If  the  density 
be  inversely  as  the  distance  from  the  centre,  that  is,  if  p  =  Clx,  tin- 
potential  will  be  ±TrkC(a-a'),  and  so  in  other  cases. 

459.  Potential  due  to  Straight  Uniform  Bod.—  We  shall  now  con- 
sider a  number  of  cases  of  practical  importance,  and  take  first  the 
problem  of  the  potential  at  a  point  P  due  to  a  uniform  distribution 
of  matter  along  a  straight  line  AB. 

Let  a  perpendicular  drawn  from  P  to  AB  meet  that  line  in  C 
*nd  let  the  length  of  PC=x.  Also  let  the  distance  CE  be  denoted 
hy  s  and  the  length  of  the  element  EF  of  the  line  by  ds,  and  its  mass 


Fig.  242'. 
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by«7C?s,  so  that  a  is  the  linear  density,  or  mass  per  unit  length,  of  the 
distribution.  The  potential  at  P  due  to  the  element  i^'is  leads' E I'. 
or  if  we  put  r  for  EP  it  is  kads/r* 

This  value  for  the  potential  at  P  produced  by  the  element  can 
be  put  into  another  form  from  which  some  results  can  be  immediately 
deduced.  Let  EG  be  a  perpendicular  let  fall  from  E  on  FP,  and  let 
the  angle  CPE  be  denoted  by  a.  Then  the  change  of  a  corresponding  to 
the  element  EF  may  be  denoted  by  da,  and  we  have  rdct/ds  =  co>a. 
Thus  for  dsjr  we  have  the  value  da/cosa.  This  depends  on  the  value 
of  da  and  a.  Hence,  if  we  suppose  PE,  PF  produced  to  E'F'  where 
E'F  is  parallel  to  EF,  we  see  that  if  E'F'  were  an  element  of  a  linear 
distribution  of  the  same  density <r,  the  potential  produced  by  it  at  /' 
would  be  the  same  as  that  produced  by  EF.  This  holds  for  boo 
sive  elements  of  the  linear  distribution  A'B',  and  therefore  the 
potential  at  P  due  to  a  uniform  linear  distribution  AB  is  equal  to 
that  due  to  a  parallel  distribution  A'B'  in  the  plane  APB,  of  the 
same  density,  and  lying  between  the  two  lines  PA,  PB  produced  if 
necessary. 

460.  Potential  of  Triangular  Lamina  at  Vertex. — From  this 
theorem  it  follows  that  if  from  a  plane  lamina  of  uniform  mass  per 
unit  of  area  two  areas  AB,  AlB\,  be  taken,  bounded  by  parallel 
lines  AB,  /('.#,  AtBv  A\B\,  and  the  lines  PA\,  PB\,  the  potentials 
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which  these  areas  produce  at  P  are  proportional  to  their  breadth. 
For  they  may  be  split  up  into  uniform  rods  all  of  the  same  infini- 
tesimal breadth,  each  of  which  produces  the  same  potential  at  P. 

The  potential  at  P  of  such  an  area  AB'  is  thus  vc  if  c  be  the 
breadth  CC  of  the  area  and  v  be  the  potential  due  to  an  area  of 
unit  breadth  terminated  by  the  lines  PA,  PP.  It  is  to  be  noticed 
that  PC  may  be  zero. 

All  these  theorems  are  true,  it  will  be  seen,  if  the  density  of  the 
linear  or  laminar  distributions  is  not  uniform,  provided  it  depends 
only  on  the  angle  a  which  any  line  PD  drawn  in  the  plane  of  the 
distributions  makes  with  a  fixed  line  in  the  plane,  say  PC. 


*46 1 .  Calculation  of  Potential  of  Uniform  Rod. — Now  returning 
to  the  uniform  linear  distribution  we  have  for  the  potential  due  to 
EF  the  value  kcrds/r  (=k(rda/cosa).  Hence,  if  V  be  the  potential 
due  to  the  whole  rod 


f-**/t' 


where  the  integration  is  taken  along  the  rod  from  A  to  //.     But 
r  =  (s-  +  x2)',  where  x  is  the  distance  PC  of  the  rod  from  P,  so  that 


ds 


J{si  +  xi) 


Now  d{  log (s  +  Js'  +  ar )} jds  =  l/Js2  +  x2,  and  therefore,  when  A  and 
B  are,  as  in  the  second  diagram  of  Fig.  242,  both  on  the  same  side 
of  C. 


v=h^Jt^±^_   MogCB+i>n 


CA+JCA'+PC* 


CA  +  PA 


(7) 


If  A  lies  on  the  other  side  of  C  from  B,  the  sign  of  the  length  of 
CA  is  to  be  changed  in  (7).     The  radicals  are  to  be  taken  positive. 
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The  reader  may  at  once  infer  from  (7)  the  attraction  at  P  due  to 
a  uniform  rectangular  plate  in  the  same  plane.  It  is  the  ratio  to  ds 
of  the  work  done  in  carrying  a  strip  of  breadth  dx  from  the  side 
nearer  to  a  unit  particle  at  P  to  the  side  farther  from  P.  that  is  of 
the  change  in  V. 

If  Op  o2  denote  the  angles  CPA  and  CPB.  V  becomes 

1T      ,    ,      cosail +sino,)  /cv 

1  =&<rlog l)  *'  (8) 

COSa2(l  +smo,) 

and  since,  as  has  been  seen,  ds/v  =  dajcosa,  we  have  incidentally  the 
result  that  (provided  cosa  does  not  vanish  between  a  =a,  and  o  =  a,) 


u 

/ 


da       ,      cosa, (1 +8111(1.,)  ,^x 

=    l0g ^ ; ?{.  (ll) 

cos  a  cos  o,(l  +  sin  a , ) 


Let  now  the  line  extend  to  both  sides  of  the  point  C  as  shown  in 
the  first  diagram  of  Fig.  242'.  Then  if  we  put  a,  b  for  the  lengths 
of  CA,  CB  we  have 

r=^iog^Z+6.  (io) 

J  a-  +  xr  -  a 
If  both  «  and  b  be  very  great  in  comparison  with  x  this  becomes 

1  =  kalog J- =  &<rlogv --^-,  (11) 

a  +  x-/2a  -  a  aro 

or  if  x-  be  neglected  in  comparison  with  4b2, 

r=2ka\og^lb.  (12) 

4G2.  Field  Intensity  due  to  Uniform  Eod. — In  the  case  just 
considered  of  a  long  rod  extending  on  both  sides  of  C  the  component 
of  force  in  the  direction  from  P  to  C  is  —^V/dx  or  2k  a  .<■.  and  is 
thus  inversely  as  the  distance  PC  or  x.  The  attraction  of  the  rod 
on  a  unit  particle  at  P  is  thus  the  same  as  that  which  would  be 
exerted  by  a  particle  of  mass  2o-  situated  at  the  point  C,  if  the 
attraction  varied  as  the  inverse  first  power  of  the  distance. 

The  attraction  of  the  finite  straight  uniform  distribution  AB 
(Fig.  244)  upon  a  particle  at  P  is  the  same  as  that  of  a  circular  arc 
CD,  centre  P,  of  the  same  linear  density  <r,  and  touching  AB  in  L. 
For  consider  the  element  EF.  The  attraction  due  to  it  on  a  unit  par- 
ticle at  P  is  ka-dsjr2.  But  ds  —  rda/cosa  =  i~da/x.  Hence,  kads 
ka-xda/'x2.  But  axd.a  is  the  mass  of  the  corresponding  element  GU 
of  the  circular  arc  and  x  is  the  distance  of  the  element  from  I'. 
Hence,  the  attraction  of  GH  is  the  same  as  that  of  EF,  and  the  saiin- 
thing  holds  for  every  other  element  of  the  straight  line  and  the 
corresponding  element  of  circle. 
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4 Co.  Lines  of  Force  and  Equipotential  Surfaces  of  Uniform  Rod 
— It  follows  that  the  direction  of  the  field  intensity  at  P  is  along 
the  line  bisecting  the  circular  arc  CD,  that  is  along  the  line  bisecting 
the  angle  APB.  If,  then,  different  positions  of  P  be  taken,  all  lying 
on  an  ellipse  described  in  the  plane  of  the  paper  with  A,  B  as  foci, 
the  direction  of  the  field-inten- 
sity at  every  such  point  is  that 
of  the  normal  at  the  point  to 
the  ellipse.  It  is  not  difficult 
to  prove  that  the  locus  of  P  is 
an  ellipse  if  the  ratio 

(LB  +  PB)/(LA+PA) 

[see  (7)]  is  a  constant.  The 
potential  due  to  AB  is  therefore 
the  same  at  all  points  lying  on 
the  ellipse  as  it  is  at  P. 

Also  the  direction  of  the 
field-intensity  at  P,  since  it 
bisects  the  angle  APB,   is   that 

of  the  tangent  to  a  hyperbola  drawn  through  P  with  A,  B  as  foci. 

A  particle  of  unit  mass,  under  the  influence  only  of  the  attraction  of 

AB  would  thus,  if  placed  at  any  point,  move  oft' 

Fig.  245.  along  the  hyperbola  passing  through  the  point 

C~~~^k  with  acceleration  equal  to  the  attraction.     The 

hyperbola  is  thus  an  example  of  a  line  of  force  ; 

s  that  is,  a  line  drawn  in  the  field,  such  that  the 

\x  field-intensity  at  every  point  of   it  hi  in  the 

J^p      direction  of  the  tangent  at  that  point.      We 

/  shall  discuss  such  curves  more  fully  later. 

/  It  will  be  seen  from  what  has  been  stated, 

/  and  it  will  be  referred  to  later  when  we  discuss 

/  equijjotential  surfaces,  that  the  locus  of  points 

for  which  the  potential  V,  due  to  the  uniform 

linear  distribution,  has  a  constant  value,  is  a 

prolate  ellipsoid  of  revolution  described  round 

AB  as  axis  with  A,  B  as  foci.     Also  it  will  be 

proved  that  a  line  of  force  drawn  through  any 

p      point  of   an   equipotential   surface  is   perpen- 

uZ-*3*  dicular  to  the  surface.     We  have  an  example 

c  of  this  in  the  result  just  obtained,  that  the 

direction  of  the  field-intensity  at  P  bisects  the 

angle  between  the  lines  AP,  PB. 

*4C4- Potential  and  Field-Intensity  due  to  Long  Cylindrical 

Shell. — The  result  expressed  in  (12)  may  now  be  used  to  give  the 

potential  at  any  point  due  to  a  long  right  cylindrical  shell  of  matter 

of  uniform  infinitesimal  thickness  and  uniform  surface  density. 

Consider  an  infinitely  long  straight  filament  F  (Fig.  245)  of  the 
cylinder  at  distance  x  from  P,  and  let  c  be  the  radius  of  the  shell,  r 
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the  distance  of  P  from  its  axis,  and  0  the  angle  between  the  radius 
CF  drawn  to  the  filament  and  CP  in  the  normal  section  through  P, 
shown  in  the  lower  diagram.  Then  if  cdQ  be  the  breadth  of  the 
filament,  r  its  thickness,  and  p  the  volume  density  of  the  material,  the 
mass  of  the  filament  per  unit  of  length,  or  <r,  is  prcdQ.  By  (12)  the 
potential  of  the  filament  supposed  to  extend  to  distances  a,  b  from  Fin 
the  two  directions  is  2kpTcd6\og(2Jab/x).  But  x2  =  r-  +  c2  -  2rccost9, 
and  therefore  the  potential  of  the  filament  is 

2kPTcdd\og{2Jab/J(^  +  c2  -  2recos0)}. 

Hence  the  potential  of  the  cylindrical  shell  is 

2tt  2tt 

V  =  2kprc{\og{2jab)  fdd  -  \  f\og(r2  +  c2  -  2rceose)d6) 

o  o 

2tt  2:r 

=  kpTc{±n\og{2Ja~b)-    f\og(l+^-2-cos6)d6-2\ogcfdd}.  (13) 

0  ,       o 

The  first  integral  is  4:ir\og(rjc)  or  zero,  according  as  r  >  or  <  c.  In 
the  former  case  therefore  (which  is  that  here  considered)  we  have 

V  =  kprc{4:Tr\og(2Jab)  -  47rlog-  -  47rlogc}  =  Avk pTc\og^l_'    (14) 

c  r 

The  potential  is  thei'efore  the  same  as  that  produced  at  P  by  a  single 
filament  of  mass  per  unit  length  2irp  tc  situated  at  the  axis  of  the 
ivlinder  ;  that  is,  a  filament  of  mass  per  unit  length  equal  to  the  total 
mass  per  unit  of  length  of  the  cylinder. 

The  field-intensity  at  P  is  3  V/fir,  and  is  -  ^nkprcjr. 

If  the  point  P  be  inside  the  shell  the  analysis  is  the  same  as 
before,  but  we  have  now  r  <  c.  The  first  integral  in  (13)  is  then  zero, 
and  we  have 

V=±TrkpTc]og~^ — .  (1">) 

c 

Since  this  is  independent  of  r  the  potential  is  constant  inside  the 
cylinder  ;  that  is,  the  component  of  field-intensity  in  any  cross -sect  ion 
is  zero. 

*465.  Potential  due  to  a  Cylindrical  Shell  of  finite  Thickness.— 
We  can  now  find  the  potential  at  any  external  point  due  to  a 
right  cylindrical  shell  of  finite  thickness,  say  that  between  two 
coaxial  cylindrical  surfaces  of  radii  c,,  c,.  This  may  be  divided  into 
thin  coaxial  shells  for  each  of  which  the  result  stated  in  (14)  holds. 
Hence  for  such  a  shell  we  have  only  to  replace  in  (14)  2 trcr  by 

V=2nk(c2  -Oplog2^  (16) 
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Again,  if  P  be  within  the  shell  at  the  distance  from  the  axis 
c  >  c,  and  <  c,,  we  have  for  the  matter  internal  to  the  cylinder  of 
radius  c 


I",  =  2irkp(c-  - Cj-Jlog^A-; — , 
c 


and  for  the  matter  external  to  the  same  cylinder 
r2  =  4nkp  fcdc\og2^'ab. 


(17) 


(18) 


Therefore 


V2  +  T,  =  Mp{e*kighl^  -  c^'log^v6  +  Kc,«  -  «*)}•  (19) 

C2  C 

If  c,  =  0 ;  that  is,  if  the  cylindrical  space  internal  be  completely 
tilled  with  matter  of  density  p,  we  have  for  (16)  and  (19) 


V=  '2-rrkpc2-\og 


2jab 


V=  2xkp{e>]Q8^  +  fa*  -  C*)}. 


(20) 


(21) 


*4»5fi.  Potential  due  to  a  Uniform  Circular  Distribution. — It  is 
of  some  importance  to  find  the  potential  at  any  point  P  of  a  uniform 

Fig.  246. 


circular  distribution  of  matter.  Let  c  be  the  linear  density  of  the 
distribution,  c  the  radius  of  the  circle,  AB  the  intersection  with 
the  circle  of  a  plane  normal  to  that  of  the  circle  and  passing  through 
P  and  C.  Let  the  perpendicular  distance  PD  from  the  circle  be  h. 
Let  2(f)  be  the  angle  EC  A  and  consider  an  element  2cd<f>  of  the  circle 
at  E.  Join  E  to  D.  Then  denoting  EP  by  r  we  have  r2  =  h-  -  ED2,  -f- 
But  if  /denote  CD,  ED2=f~  +  c2  -  2cfcos2<p,  and  therefore 

,.2  =p  +  c2  +  h2  -  2cfcos2<i>. 

If  PA,  PB  be  denoted  by  a,  b  respectively  Ave  have 

a2  =f2  +  c2  +  h2  -  2  cf,    b2=f2  +  c2  +  h2  +  2  cf, 
and 
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**  =  (/"'  +  cr  +  A-)(cos"2©  -f  sin-©)  -  2cf(cos2<p  -  sin'-<p)  =  orcos5^  +  frsin*$. 
Thus  we  obtain 

IT 

V^kvef-**      .      ...  (22) 

y  (a-cos-0  +  o-sin-0) 

It  is  to  be  observed  that  the  value  of  this  integral  is  not  affected 
by  interchanging  a  and  b.  For  if  \L  +  irj2  be  put  for  ©  the  integral 
becomes 


2 

J  (Pooe'^+ asanV)*    V  (62cos2^  +  a 


2sin2vJ^' 
o 

2 

the  same  integral  as  before  with  a,  6  interchanged.     Hence 

ft  77 

y_<jfcvC      /~  d<f)  ^ko-c      /"*  d(f> 

J  (cos*-'^+  -sin2^)4  y   (cos20+  —  sirr^)-' 

o  «2  o  " 

so  that  the  integral  here  may  be  taken  as  either  f(bja)  ovf(a  b). 
where  f(b/a)  denotes  a  certain  function  of  b/a. 

Now  through  P  describe  a  circle  in  the  plane  ABP  and  inter- 


na. 247. 


J< 


P   ,-■" 


secting  the  plane  ABE  of  the  circular  distribution  in  two  points  6.  //. 
which  divide  AB  internally  and  externally  in  the  ratio  ajb  as  shown 
by  the  construction  in  Fig.  247.  The  lines  AQ,  QB  joining  any 
point  in  this  circle  with  AB  are  in  the  ratio  ajb.  Hence  the  value 
of  V  will  be  found  by  calculating  the  integral  for  the  point  6  or  the 
point  H  in  the  plane  of  the  circle.  The  problem  is  thus  reduced  to 
finding  the  potential  due  to  the  circular  distribution  at  a  point  in  its 
own  plane. 

We  choose  the  point  of  internal  division  G  of  A  B  and  put  r  for 
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EG  and  s  for  CG,  which,  of  course,  is  known.  By  what  has  already 
been  proved,  if  '2<p  denote  the  angle  EGG,  we  have,  if  V0  be  the 
potential  at  G, 


Vn  = 


_  m)k(TC 


d<f> 


c-sj   (cos-rf>  +  ^ ^- sin- </>)-' 


(24) 


Let  6  denote  the  angle  AGE.     By  Fig.  248, 
A'.F  d6  (IB 


r       sin  FFG     cos  CFG 
But  sin  CFGjs\n6  =  sjc,  so  that  cos  CFG  =  —  v/(c'-'  —  s2sin-0).     Hence 


Thus  by  (24)  and  the  equation  just  found 

2&0-C  rlc  +  g\     .-,,  _  fi'Jc- 

C  -  sJ     \C  —  8, 


r.  —  xJ    \c  —  8  J 


(26) 


In  the  discussion  above  6  >  a  and  bja  =  (c  +  s)/(c  —  s).  Denote  c  -  s 
by  a .,  c  +  s  by  6  ,  and  form  a  succession  of  quantities,  a,,b.,.as,b3,avbi, 
...  in  the  following  manner: 

,—r       7      «,  +  &,  ,— s-      ,      at  +  b. 

a%  =  V" A»      b2  =  — 2~ '    "3  =  v  a*  *'       3  =  ~2 — ' 


Then   bY  -  ax  -  (b2  -  a,)  =  |6,  +  s/albl  -  fa,  >  0   since  b{  >  ar        Hence 
bl-al>b„  -  a2,  and  we  have  the  series  of  inequalities 

bx  —  av  >  6,  -  a2  >bi-ai>bi-ai>  ... 
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The  differences  thus  continually  diminish.  Since  this  process  can  be 
carried  as  far  as  we  please,  we  can  take  n  so  large  that  b„  —  a„  can  be 
made  smaller  than  any  quantity  that  can  be  named.  Thus  we  obtain 
to  any  required  degree  of  approximation  from  (26),  since  it  gives 
W/*r/Mt)/»i= =f(ci>l/bll)jbn, 

V«=k<hl.  (27) 

an 

This  process  of  calculation  is  due  to  Gauss,*  who  named  the 
limiting  value  «„  the  arithmetico-geometric  mean  of  the  quantities, 
a,  b.  It  is  practically  an  application  of  what  is  known  as  Landeris 
transformation,  by  which  an  elliptic  integral  of  the  first  kind  given 

in  terms  of  one  modulus  can  be 
changed  into  an  integral  of  the  same 
kind  in  terms  of  another  modulus. 
The  value  of  V  can  be  found  at  once 
by  the  known  series  for  the  complete 
elliptic  integral  of  the  first  kind  ;  but 
its  value  can  also  be  found  by  suc- 
cessive approximation  in  the  simple 
manner  indicated  above. 

467.  Potential  at  a  Point  on  the 
Axis  of  a  thin  Circular  Disc  of 
Attracting  Matter.. — Let  P  be  the 
point  on  the  axis,  x  the  radius  of  a 
narrow  concentric  ring  of  the  disc  of 
breadth  dx.  If  a  be  the  surface 
density  (matter  per  unit  area)  of  the 
disc,  the  matter  on  the  ring  is  '2irrTxdxy 
and  its  potential  is  ^.■nkaxdx\KJ(xz  +  A2),  where  h  is  the  distance  of  P 
from  the  plane  of  the  disc.     Hence,  if  a  be  the  radius  of  the  disc, 


r 


J(x>  +  !r) 


But  d(Jx2  +  h2)jdx  =  xjjx-  +  h2,  and  therefore,  taking  the  limiting 
values,  we  have 

If  h  be  small  in  comparison  with  a  this  equation  becomes 

r=2wk*a.  (29) 

The  attraction  of  the  disc  on  a  unit  partiele  at  P  is  the  work 
done  against  the  attraction  in  carrying  a  unit  particle  through  an 
infinitesimal  increase  of  distance  8h  divided  by  that  distance.  For 
the  work  thus  done  is  -  8  V,  and  this  is  -  FSh.  Hence  in  the  limit 
the  field-intensity  is 

*  See  his  paper,  Deierminati*  Attraetioni*,  &c    Werke.BcL  iii.  s.  S57. 
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ii:; 


dV 


ah  \ 

so  that  if  A  be  very  small 


J<#  +  h?   ' 


F  =  -  2rrka. 


(30) 


(81) 


This  last  result  is  of  great  importance  and  will  be  of  frequent  appli- 
cation in  what  follows. 

•468.  Field-Intensity  at  a  Point  on  the  Axis  of  a  Circular  Disc  of 
Finite  Thickness.— If  the  disc,  instead  of  being  thin,  be  of  finite 
thickness,  and  have  uniform  volume-density  p,  then  putting  <r  =  pdh 
we  get  for  the  attraction  of  a  thin  slice,  perpendicular  to  the  axisr 
of  thickness  dh, 

-F=2wkpdk(l-—=z 

\       Ja2  +  h2; 

Hence,  if  the  disc  be  comprised  between  the  values  PA  =  A,,  PB  =  h.i 
of  A  as  shown  in  Fig.  250,  we  have  for  the  field-intensity 
at  P  due  to  the  whole  cvlinder 


F  = 


h 
ZnkpHl 


Fig.  250. 
:P 


J  h2  +  rt1' 


dh 


=  -2wkp{ht-Jh2*+t*-(hl-Jk>+a?)}.  (82) 

If  a  be  very  great  in  comparison  with  both  A2  and  A, 

F=  -•27vkp{h9-hi),  (S3) 

as  might  have  been  inferred  from  the  result  (31)  already 
obtained. 

If  hs  be   very  great   and   A,   be   very  small  both  in 
comparison  with  a 

F=  -  2wkpa.  (34) 

If  h,  be  very  great  in  comparison  with  a  and  hx  be 
finite 


F=  -  •2Trkp(Jh12  +  a-  -  hx). 


(35) 


B 


A 


400.  Field- Intensity  on  Axis  of  Long  Cylinder  coin- 
cides with  Potential  of  Thin  Disc. — If  o-  be  substituted 
for  p  this  (with  changed  sign)  becomes  the  expression  (28)  already 
obtained  for  the  potential  produced  by  a  thin  disc  of  surface  density 
a,  at  a  point  P  on  its  axis,  and  distant  A,  from  its  plane.  There- 
fore the  field-intensity  at  P  due  to  an  infinitely  long  solid  cylinder  of 
volume-density  p,  the  axis  of  which  produced  passes  through  P,  is- 
numerically  the  same  as  the  potential  at  P  due  to  a  thin  disc  coin- 
ciding with  the  end  of  the  cylinder,  and  of  surface  density  numeri- 
cally equal  to  p.     The  two  results  (29)  and  (34)  are  the  expression  of 
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the  same  theorem  for  the  particular  case  of  h1  very  small  in  com- 
parison with  a.  The  theorem  is  of  course  evident  without  analysis. 
470.  Potential  and  Field  due  to  a  Line-Distribution  of  Matter. 
— A  similar  theorem  holds  for  the  force  and  potential  produced  by  a 
thin  uniform  rod  at  a  point  P  in  its  own  line.  Let  the  linear  density 
of  the  rod  (mass  per  unit  of  length)  be  ft,  then  the  potential  of  a 
length  dx  at  distance  x  from  P  is  k^dx/x.  Hence,  the  potential  of 
the  linear  distribution  is 

A 
V=k»  [f* 


•p /_-.£pJqg  t,  (36) 

J.  x  n 


•where  hv  h3  are  the  distances  of  the  near  and  further  ends  A ,  B  of 
the  rod  from  P.  V  is  therefore  infinite  if  Aj  =  0,  that  is,  if  P  is  at 
the  end  A  of  the  rod. 

If  a  unit  particle  at  P  were  withdrawn  from  the  rod  through  a 
distance  dhv  the  work  done  by  external  force  would  be  -  Fdhv  and 
V  would  be  diminished  by  an  equal  amount  dV.     But  since  (Jh.,  =  (I/(i 

The  quantity  on  the  right  is  positive,  and  is  the  excess  of  the 
potential  at  P  due  to  a  mass  k^idiix  at  the  end  A  of  the  rod  over  the 
potential  at  P  due  to  the  same  mass  at  the  farther  end  of  the  rod. 
That  is,  the  work  done  by  withdrawing  the  particle  at  P  through  the 
distance  dhx  from  the  end  Av  or  the  work  done  in  withdrawing  the 
rod  through  the  same  distance  from  the  particle,  is  equal  to  the  work 
done  in  removing  the  mass  fidhx  from  A  to  B. 
For  the  field-intensity  at  P  we  have 


hx      h, 

that  is,  the  field-intensity  at  P  is  equal  to  the  difference  of  the 
potentials  produced  at  P  by  equal  particles  of  mass  ^  situated  at  the 
ends  of  the  rod. 

If  h2=  x  the  work  done  in  increasing  hx  by  dhx  is  kfidhjhv  and 
the  field-intensity  due  to  the  infinitely  long  linear  distribution  is 
given  by 

F=-^l,  (38} 

which  is  the  potential  produced  at  P  by  a  particle  of  mass  /*  situated 
at  the  near  end  A  of  the  rod. 

Several  of  the  results  given  above  are  of  use  in  the  mathematical 
theory  of  Capillary  Action. 

*471.  Gauss's  Theorem  of  Average  Potential  over  Spherical  Sur- 
face.— We  now  prove  a  very  important  theorem,  due  to  Gauss,  of 
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which  many  applications  will  be  made  in  what  follows.     It  may  be 
stated  thus  : 

The  mean  potential  over  a  spherical  surface  of  radius  R  described 
in  a  gravitational  field  of  force  is  equal  to  the  potential  at  the  centre 
of  the  sphere,  provided  the  sphere  does  not  inclose  any  part  of  the 
matter  to  which  the  field  is  due. 

Let  dS  be  a  small  element  of  the  surface  of  such  a  sphere,  r  its 
distance  from  any  particle  dm  of  the  attracting  matter  at  a  point  P. 
The  potential  at  dS  due  to  dm  is  kdm/r; 
let  this  be  multiplied  by  dS,  and  the  *"IG-  251- 

sum  kdmfdSjr  of  the  quantities  be 
taken  for  all  the  elements  of  the 
spherical  surface.  This  sum  divided 
by  ±nR2  is  what  is  defined  as  the  mean 
potential  over  the  sphere  due  to  the 
particle  dm  at  P.  But  clearly  kdSjr 
is  the  potential  at  P  due  to  matter  of 
unit  surface  density  situated  on  dS, 
and  the  total  potential  at  P  due  to  matter  thus  distributed  over 
the  whole  sphere  is  equal  to  the  potential  which  would  be  produced 
at  P  if  the  whole  quantity  on  the  surface  were  situated  at  the 
centre.  This  whole  quantity  is  ±ttR2  ;  therefore  the  potential  at 
P  in  this  case,  that  is  IcfdSjr,  is  ±irkR2jrc,  where  rc  is  the  distance  of 
the  centre  C  of  the  sphere  from  P.  Hence  kdi»/[dS/r} /-iirR-  is  kdm/ret 
that  is  the  potential  at  C  due  to  dm  at  P.  The  theorem  thus  holds 
for  the  part  of  the  potential  due  to  dm  at  P,  and  therefore  by  the 
principle  of  superposition  holds  for  the  potential  produced  by  the 
whole  external  distribution. 

*±72.  More  General  Theorem  of  Potential  over  Spherical 
Surface. — This  is  a  particular  case  of  a  more  general  theorem  also 
due  to  Gauss.  Let  any  sphere  be  drawn  in  the  field  of  the  distribu- 
tion. The  potential  at  an  element  dS  of  the  surface  due  to  dm,  at  a 
distance  r  from  dS,  is  kdm/r ;  the  product  of  this  by  dS,  kdSdm/r, 
maj  be  taken  also  as  the  product  by  dm  of  the  potential,  kdS/rT 
produced  at  the  position  of  dm  by  a  distribution  of  surface  density 
unity  over  the  element  dS  of  the  sphere. 

Now  we  may  take  the  sum  of  such  products  for  the  whole 
distribution  and  the  whole  sphere  in  either  of  two  ways:  (1)  by 
finding  k/dmjr,  the  potential  at  dS  produced  by  the  whole  distribu- 
tion, and  then  taking  the  sum  of  the  products  kdS/dmjr  for  the 
whole  sphere  ;  or  (2)  by  calculating  first  kfdSjr,  the  total  potential 
produced  by  the  elements  of  the  spherical  surface  at  the  position 
of  dm,  and  then  finding  the  sum  of  the  products  kdmfdSjr  for  the 
distribution.  The  two  methods  obviously  lead  to  the  same  result. 
We  take  the  calculation  of  fdS/r.  For  all  points  external  to  the 
sphere  kfdSjr  =  ±tr1P/ra  if  R  be  the  radius  of  the  sphere,  and  rc  the 
distance  of  the  point  considered  from  the  centre  of  the  sphere.  Also 
for  points  internal  to  the  sphere  fdSjr  =  4 irkR2jR  =  4irkR,  since  it 
is  the  potential  at  a  point  within  a  spherical  surface  produced  by  a 
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uniform  distribution  of  density  unity  on  the  surface,  and,  as  we  have 
already  seen,  is  equal  to  the  potential  at  the  centre. 

Hence,  supposing  the  matter  of  which  dm  is  an  element,  divided 
into  two  parts,  the  one  external,  the  other  internal  to  the  spherical 
surface,  we  get 

[\'dS  =  ±TvkR-  f—'+lwARMt,  (39) 

where  V  denotes  the  potential  at  dS  due  to  the  whole  distribution, 
dme  an  element  of  the  external  distribution,  and  Mf  the  total  matter 
internal  to  the  sphere. 

If  Mi  be  zero  we  obtain 

the  theorem  of  mean  potential  already  demonstrated. 

Xow  there  are  two  ways  in  which  Mt  may  vanish  :  (1)  there  may 
be  no  matter  at  any  internal  point,  which  is  the  only  case  to  be 
considered  with  ordinary  gravitating  matter;  (2)  there  may  be  just 
as  much  negative  matter  at  certain  internal  points  as  there  is  of 
positive  matter  at  others.  This  case  is  of  importance  in  the  theory 
of  electricity,  and  need  not  be  here  further  dealt  with. 

If  dme  be  zero,  that  is,  if  there  be  no  matter  external  to  the 
surface, 

/ 

or 

*J*iS-4mkM+  (41) 

In  the  last  form  of  the  equation  we  have  the  theorem  that  if  the 
surface  integral  of  potential  over  the  spherical  surface  be  divided  by 
the  radius  of  the  sphere,  the  result  is  equal  to  4wkMif  that  is,  the 
surface  integral  of  inward  normal  foi-ce  over  the  surface. 

If  J/^be  also  zero  (41)  states,  that  the  surface  integral  of  potential 
over  any  sphere  not  surrounding  any  part  of  the  distributions  is 
zero.     But  the  potential  is  then  zero  at  every  point. 

473.  Deductions  from  Gauss's  Theorem. — It  immediately  follows 
from  the  theorem  of  the  mean  potential  (40)  that  the  potential  due  to 
a  distribution  of  gravitating  matter  cannot  have  a  maximum  or 
a  minimum  value  at  any  point  of  the  field  of  force  unoccupied  by 
attracting  matter ;  for,  if  such  a  point  existed,  it  would  be  possible 
to  describe  about  it  as  centre  a  sphere  so  small  that  the  potential  at 
each  point  of  the  surface  should,  in  the  case  of  a  maximum,  be  less 
than  the  potential  at  the  centre,  and  in  the  case  of  a  minimum,  be 
greater  than  the  potential  at  the  centre.  In  the  former  case  the 
mean  potential  over  the  spherical  surface  would  be  less  than  the 
potential  at  the  centre,  in  the  latter  case  it  would  be  greater ;  in 


rdS=iirkBJL. 
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•either  case  Gauss's  theorem  of  the  mean  potential  would  be  violated. 
Thus,  as  stated,  no  such  point  can  exist. 

Another  important  consequence  of  Gauss's  theorem  is  the 
following :  If  the  potential  throughout  any  region  of  the  field  have  a 
constant  value,  then  it  must  have  the  same  value  at  every  point  of 
the  field  that  can  be  reached  by  a  path  drawn  from  the  region  in 
question  without  passing  through  any  part  of  the  attracting  matter. 
For  let  a  be  a  point  just  within  the  boundary  S  (Fig.  252)  of  the 
region  through  which  this  path  passes :  it 
is  possible  to  describe  round  a  as  centre  Fig.  252. 

a  sphere  of  radius  so  small  that  the  sphere 
does  not  include  any  part  of  the  attracting 
matter.  This  sphere  will  be  approxi- 
mately half  within  and  half  without  the 
region  specified.  The  potential  at  the 
•centre  is  the  uniform  potential  of  the 
region,  as  is  likewise  the  potential  at  each 
point  of  the  portion  of  the  sphere  included 
within  the  region.  Now  if  the  potential 
in  the  part  of  the  sphere  outside  the  region 
be  not  the  same  as  that  of  the  region,  there 
must  be  variation  of  potential  along  lines 
drawn  through  a,  from  across  the  boun- 
dary into  this  portion  of  the  sphere.  The 
sphere  may  be  made  so  small  that  the 
potential  at  every  point  of  the  part  of  it,  A,  which  lies  outside  the 
region  shall  be  either  greater  or  less  than,  if  it  is  not  equal  to, 
that  within  the  region.  If  it  is  greater,  the  mean  potential  over 
the  surface  is  greater  than  that  at  the  centre ;  if  it  is  less,  the 
mean  potential  over  the  surface  is  less  than  that  at  the  centre, 
and  in  either  case  Gauss's  theorem  is  violated.  Therefore  the 
potential  at  any  point  within  the  part  of  the  sphere  which  lies 
outside  the  region  cannot  differ  from  the  potential  within  the 
region  which  is  thus  extended  so  as  to  include  the  whole  sphere. 
The  region  can  then  be  further  extended  along  the  path  by  taking 
another  sphere  with  centre  at  a  point  in  the  path  just  within  the 
extended  boundary,  and  so  on  until  the  whole  space  which  can  be 
reached  as  described  is  included  in  the  region  of  constant  potential. 

174.  Indirect  Consequences  of  Gauss's  Theorem. — Other  conse- 
quences less  direct  are  the  following  :  The  potential  at  any  point 
within  a  closed  surface  due  to  any  distribution  of  matter  whatever 
external  to  the  surface  cannot  be  greater  than  the  maximum  or  less 
than  the  minimum  potential  at  the  surface.  For  if  it  were  greater 
than  the  maximum  the  theorem  that  the  potential  cannot  have  a 
maximum  value  in  free  space  would  be  contradicted.  Similarly  the 
potential  cannot  be  less  than  the  minimum  at  the  surface. 

It  follows  from  this  that  if  the  potential  due  to  external  matter 
be  constant  over  the  closed  surface,  the  potential  at  every  internal 
point  has  the  same  value  as  the  potential  at  the  surface. 
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A  similar  theorem  sets  limits  to  the  potential  in  space  external  to  a 
closed  surface  when  the  potential  is  produced  by  matter  within  the 
surface,  and  of  amount  equal  to  zero.  If  there  is  no  matter  at  any 
internal  point  the  potential  at  every  point  is,  of  course,  zero :  but  we 
may  consider  for  a  moment  the  case  in  which  just  as  much  negative 
matter  is  enclosed  as  there  is  of  positive.  A  quantity  dm  of  negative 
matter  is  such  that  if  it  existed  it  would  produce  a  potential  at  distance 
r  from  it  =  -  kdm/r,  it  would  attract  matter  of  the  same  kind  as 
itself,  and  repel  and  be  repelled  by  matter  of  the  opposite  kind.  A 
quantity  of  negative  matter  is  equal  to  a  quantity  of  positive  matter 
when  the  repulsion  between  these  is  numerically  equal  to  the  attrac- 
tion which  would  be  exerted  if  either  were  removed  and  replaced  by 
a  quantity  of  matter  equal  to  and  of  the  same  kind  as  that  which  is 
allowed  to  remain. 

The  surface-integral  of  potential  over  the  spherical  surface  enclos- 
ing the  distribution  Mt  =  0  is  in  this  case  by  (39)  also  zero,  so  that  at 
some  points  of  the  space  V  is  negative,  at  others  positive.  If  suc- 
cessive concentric  spheres  of  larger  and  larger  radius  are  considered, 
it  is  plain  that  the  potentials,  both  negative  and  positive,  will 
become  of  smaller  and  smaller  numerical  value  ;  and  therefore  the 
potential  at  any  point  external  to  any  one  of  the  surfaces  cannot 
have  a  greater  negative  or  a  greater  positive  potential  than  that 
which  is  to  be  found  on  the  surface.  Hence  the  extreme  values  of 
the  potential  on  the  surface  are  superior  limits  for  the  extreme 
values  at  points  in  external  space. 

*475.  Calculation  of  Field-Intensities  from  Potential. — The 
potential  at  any  point  P  due  to  a  number  of  particles  situated  at 
different  points  A,  B,  C,  ...,  is  k2(m/r)  where  r  is  the  distance  of  P 
from  the  point  at  which  the  representative  mass  m  is  situated.  If 
«,  b,  c  be  the  co-ordinates  of  the  latter  point,  and  x,  y.  z  those  of  P 
relatively  to  rectangular  axes  drawn  from  any  origin, 

r»  =  (X  -  a)'  +  (y  -  bf  +  (z-  efi 

and  therefore  ^rjcx  =  (x-  a)/r,  9r/9y  =  (y  —  6)/r,  3r/3«  =  (s;  —  c)/r. 
Hence  we  have  o(l/V)/3a;=  -  {fir/fix} /r3  —  -  (x  -  a)/r\  and9(]  r)  cy 
m  -(y-6)/r»,  a(l/r)/az=  -(z-c)/A 

Now  if  X\  Y,  Z  be  the  component  field-intensities  in  the  direc- 
tion of  x,  y,  z  at  P,  the  work  done  by  external  force  in  increasing 
x  to  x  +  8x  is  by  the  definition  of  the  potential  -8V.  But  this 
work  is  very  approximately  -  Xbx,  and  is  so  the  more  nearly  the 
smaller  bx  is  made.  In  the  limit  X  =  dV/dx.  Similarly  for  the 
displacements  in  the  direction  of  y  and  z.     Thus 

y_dV      Y    dV      7     dV 

dx  dy  ds 

By  the  values  of  3(l/r)/3ar,  &c.,  calculated  above,  these  equations 
may  be  written 
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(42) 


*47G.  Laplace's  Equation  of  the  Potential. — Let  now  P  be  a 
point  outside  the  attracting  matter.  There  is  no  doubt  of  the  con- 
tinuity of  the  components  of  field  intensity  at  P,  and  hence  fiX/fix, 
9  Y/dy>  cZ\qz  have  there  finite  values,  as  will  indeed  be  seen  from 
their  calculated  values.     Now 

9(a;  -  a)/r*}Jdx  =  {r3  -  3(x  -  a)r»3»,/3*}/»*  -  {*"  ~  H*  -  *¥}/*** 
and  so  for  the  other  quantities.     Hence 

'■V  ,_  -S(x-af) 


°—  =  -k. 
(  ■'" 


gg,yz--tz/„'j-^-«n. 

d*    ,  d*^  1  r         J 


3? 

r)x 


r*         J 
r5  J 


Adding  these  equations  we  see  that  since  (a:  -  a)-'  +  (y  -  6)2  +  (* 
the  sum  of  the  quantities  on  the  right  vanishes.     Hence 


3«     dy    3« 


or,  as  it  is  usually  written, 

d'r 


da?     c?/~      dz" 


(43) 


c)2  =  ?~ 


(44) 


(45) 


The  symbol  V'T  is  generally  vised  in  this  country  for  the  left-hand 
side  of  this  equation,  so  that  v2  denotes  the  operator 

On  the  Continent  aV  is  used  in  the  same  sense. 

This  is  called  Laplace's  equation  of  the  potential.  The  solution 
of  the  general  problem  of  finding  the  fields  of  force  in  different 
cases  consists  in  finding  a  value  of  V  satisfying  this  equation 
through  a  given  space,  and  fulfilling  cei'tain  expressed  conditions 
at  its  bounding  surface  or  surfaces. 

*477.  Poisson's  Equation. — A  more  general  equation  [(46)  below] 
due  to  Poisson,  and  coinciding  with  Laplace's  equation  in  free  space, 
holds  at  points  within  attracting  matter,  provided  the  density  varies 
continuouslv  at  the  point. 

2  F 
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Let  p  be  the  volume-density  of  the  matter  at  P,  and  p  +  8o  the 
density  at  a  distance  8  s  from  it.     If  then,  however  small  and  in 
whatever  direction  8r  is  taken,  the  ratio  8p/8s  be  finite,  the  density 
p  is  said  to  vary  continuously  at  P.     It  also 
Fig.  253.  varies  continuously  at  points  very  near  to  P. 

Take  then  a  point  P  very  close  to  P,  and 
describe  round  it  as  centre  a  sphere  of  radius 
t  equal  to  the  distance  of  P'  from  P.  P  lies  on 
the  surface  of  this  sphere,  and  the  attraction  on 
a  unit  particle  at  P  exerted  by  the  matter  con- 
tained within  the  sphere  is  jr-rrkpr.  Let  the 
co-ordinates  of  P'  be  x  -  £,  y  -  rj,  z  -  £ ;  the 
component  attraction  along  the  axis  of  x  is 
^nkpTt/r  =  -iirkpB/'d.  Hence  the  component 
field-intensity  due  to  the  matter  in  the  small  sphere  is,  if  taken 
in  the  direction  of  x  increasing,  -  47rkpg/3.  Similarly  the  com- 
ponent field  intensities  at  P  in  the  positive  directions  of  y  and 
z  are  -  4:TrkpT]/3,  —  4irkp£/'d.  At  a  point  Pv  the  co-ordinates  of 
which  relatively  to  P  are  d£,  drj,  d£,  the  components  X,  Y,  Z  of 
total  field-intensity  can  only  differ  from  those  at  P  by  amounts 
dX=  —  iirkpdty'S,  dY=  &c,  since  Px  is  on  the  external  surface 
and  P  on  the  internal  surface  of  the  thin  spherical  shell. between 
the  two  points.  Hence,  identifying  d£,  drj,  dt,  with  d.r.  dy,  dz 
we  get 

dx      fiy      Os 

(46) 

dx?     dy      dz- 

478.  Equipotential  Surfaces.  Points  of  Equilibrium.  Contour- 
ing a  Gravitational  Field.  — A  surface  drawn  in  a  field  of  gravita- 
tional force  at  every  point  of  which  the  potential  has  the  same  value 
is  called  an  equipotential  surface.  Since  the  potential  has  only  one 
value  for  any  point  P  in  the  field,  no  distinct  equipotential  surfaces 
can  cut  one  another.  It  is  possible,  however,  for  an  equipotential 
surface  due  to  a  possible  distribution  to  intersect  itself,  and  for  an 
equipotential  surface  to  consist  of  two  distinct  sheets.  For  example, 
Fig.  254  shows  the  section  by  the  plane  of  the  paper  of  the  equipo- 
tential surfaces  due  to  two  equal  quantities  of  matter  concentrated  at 
the  points  A,  B.  The  "  figure  of  eight"  curve  is  the  line  of  section 
by  the  paper  of  an  equipotential  surface  intermediate  between  the 
closed  surfaces,  each  consisting  of  a  single  sheet,  which  lie  outside 
it,  and  the  surfaces  each  consisting  of  two  closed  sheets  surrounding 
A  and  B  respectively. 

The  point  marked  P  in  Fig.  254  is  one  at  which  the  field-intensity 
is  zero,  and  is  called  a  point  of  equilibrium.  The  field -intensity  at 
two  points  a,  b  of  the  surface,  on  the  two  sides  of  P,  are  outwards 
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from  the  closed  sheet  in  each  case,  and  therefore  it  changes  sign  at  P 
in  passing  through  zero.  In  gravitational  fields  such  points  exist 
where  two  equipotential  surfaces,  due  to  two  separate  parts  into  which 
the  distribution  is  divided,  are  in  contact,  and  the  values  oidV/dn  are 


Fig.  254. 


Fig.  255. 


equal  and  opposite  for  the  two.  Thus  we  have  a  line  of  equilibrium 
in  the  case  of  two  infinitely  long,  straight,  parallel  and  uniform  rods. 
The  surfaces  of  equal  potential  for  the  two  rods  taken  separately  are 
right  circular  cylinders,  and  there  is  a  line  in  the  plane  of  the  rods 
and  parallel  to  them  at  which  the  field-intensity  is  zero.  A  full 
discussion  of  points  and  lines  of  equilibrium  in  electrical  fields  is 
given  in  Maxwell's  Electricity,  vol.  i.,  chap.  vi. 

Successive  equipotential  surfaces  surrounding  a  uniform  spherical 
distribution,  or  its  equivalent  for  points  without  the  sphere,  a  central 
particle,  are  drawn  in  Fig.  255. 
They  are  simply  concentric  spheri- 
cal surfaces.  They  have  been  drawn 
for  potentials  diminishing  by  equal 
differences  as  the  distances  out- 
ward from  the  centre  increase,  and 
therefore  their  radii  are  in  harmonic 
progression,  that  is  as  1/n,  1/(to  -  1), 
l/(n-2). 

The  variation  of  distance  be- 
tween the  successive  equipotential 
surfaces  indicates  the  change  in  the 
value  of  the  field-intensity.  For 
if  at  any  place  8r  be  the  distance 
from  the  surface  of  potential  V  to 
the  surface  of  potential  V-8V, 
the  work  done  in  carrying  a  unit 

particle  from  the  former  surface  to  the  second  against  the  attractive 
force  is  Pdr,  where  P  is  the  average  force  which  must  be  applied  over 
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the  displacement  8r.  The  actual  field-intensity  F  is,  however,  in  the 
opposite  direction,  and  when  the  two  surfaces  are  brought  indefinitely 
close  F=dV/dr,  that  is  at  any  equipotential  surface  the  field-intensity 
is  equal  to  the  rate  at  which  the  potential  increases  outward  from 
the  surface.  Hence  the  field-intensity  at  any  point  between  two 
close  equipotential  surfaces  is  inversely  proportional  to  the  perpen- 
dicular distance  there  between  the  surfaces. 

We  have,  therefore,  the  important  result  that  if  a  gravitational 
field  be  contoured  by  constructing  equipotential  surfaces  for  successive 
equal  differences  of  potential  the  field-intensity  at  different  points 
can  be  compared  at  once  by  the  eye.  Where  the  surfaces  are  closer 
together  the  field-intensity  is  greater,  where  they  are  wider  apart 
the  field-intensity  is  smaller. 

471).  Lines  of  Force. — As  we  have  just  seen,  the  component  field- 
intensity  in  any  direction  is  equal  to  the  rate  of  increase  of  the 
potential  in  that  direction.  Hence,  as  there  is  no  variation  of  poten- 
tial along  an  equipotential  surface,  there  is  no  component  of  field- 
intensity  along  the  surface  in  any  direction.  The  resultant  field- 
intensity  at  any  point  of  the 
Fig.  255'.  field     is     therefore     directed 

along  a  normal  to  the  equi- 
potential surface  at  any  point. 
This  leads  us  to  a  definition 
of  a  line  of  force  in  a  gravita- 
tional field. 

Let  successive  equipoten- 
tial surfaces  be  drawn  in  the 
field  for  indefinitely  small 
differences  of  potential.  Then 
let  (what  may  here  be  assumed 
as  always  possible)  a  system 
of  lines  be  drawn  such  that 
each  line  cuts  every  surface  of 
the  family  perpendicularly. 
Each  of  these  lines  is  called  a 
line  of  force.  If  a  free  pu-ticle 
of  unit  mass  acted  on  only  by 
the  attractive  force  of  the  distribution  of  matter  move  in  the  field, 
it  will  move  along  a  line  of  force,  and  its  acceleration  at  each  instant 
will  equal  the  field-intensity. 

The  lines  of  force  for  any  field  of  which  equipotential  surfaces  are 
known  may  therefore  be  drawn  at  once  by  drawing  a  line  starting 
from  any  point  of  an  equipotential  surface  and  continuing  it  outwards 
and  inwards,  cutting  the  surfaces  always  at  right  angles  until  the  line 
passes  off  to  infinity  or  arrives  at  a  point  of  convergence  or  divergence 
of  different  lines  of  force. 

The  radial  lines  in  Fig.  255'  are  lines  of  force  lying  in  the  plane 
of  the  paper  for  the  uniform  spherical  distribution.  The  equipoten- 
tial   surfaces   for  another  case,  that  of  two  equal  point-charges  of 
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matter,  is  shown  in  Fig.  25-t,  and  the  direction  of  a  few  of  the  lines 
of  force  are  shown  by  dotted  lines. 

Fig.  256  shows  lines  of  force  and  sections  of  the  equipotential 
surfaces  for  a  uniform  rod  of  attracting  matter  coincident  with  the 
dotted  line  in  the  cencre  of  the  diagram.  As  has  been  shown,  the 
line  of  force  at  any  point  bisects  the  angle  between  the  lines  drawn 

Fig.  256. 


from  the  point  to  the  extremity  of  the  rod,  and  therefore  the  sections 
of  the  equipotential  surfaces  by  a  plane  through  the  rod  are  confocal 
ellipses  having  the  extremities  of  the  rod  as  foci.  The  surfaces  are 
therefore  confocal  ellipsoids  of  revolution. 

The  lines  of  force  lie  in  planes  through  the  rod,  and  are  a  system 
of  hyperbolas  confocal  with  the  ellipsoids. 

480.  Graphical  Construction  of  Equipotential  Curves. — A  family  of 
equipotential  curves  due  to  an  attracting  system,  of  which  the  matter 
is  concentrated  at  two  centres,  may  be  drawn  by  the  following  simple 
method,  which  seems  to  have  been  given  first  by  Clerk  Maxwell. 
It  is  illustrated  by  Fig.  257  for  the  case  of  quantities  of  matter, 
m^  =  5  units,  m2  =  20  units,  situated  at  the  points  A  and  B  respec- 
tively. 

A  series  of  potentials  proceeding  by  equal  differences  is  first 
chosen.  The  radii  of  the  circles  which  shall  have  these  potentials 
are  then  calculated  for  the  charge  at  each  centre  separately. 

If  rv  r2  be  the  radii  for  the  centres  A,  B  of  the  circles  at  which 
?//,,  mt  would  separately  produce  a  potential  V,  clearly  rjr2  =  )njm,. 

Now  let  these  circles  be  drawn  round  the  centres  A,  B,  and  let 
each  series  be  n umbered  1,  2,  3,  ...  from  the  innermost  outwards. 
The  two  series  of  circles  will  intersect.    Take  any  point  of  intersection : 
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let  k,  k  be  the  numbers  of  the  two  circles  which  there  intersect,  the 
potential  at  that  point  is  proportional  to  h  +  k.  Immediately  adjoin- 
ing will  be  an  intersection  of  the  circle  h  +  1  of  one  series  with  the 
circle  k  —  1  of  the  other.  The  potential  here  is  of  the  same  value  as 
before,  since  the  potential  of  the  point  is  proportional  to  h  +  1  +  k  -  1 
or  h  +  k.  Join  the  two  points  of  intersection  by  a  short  line,  and 
repeat  this  process  until  a  complete  curve  has  been  drawn. 

This  method  is  applicable  in  a  modified  way  when  the  number  of 
centres  exceeds  two.  The  equipotential  curves  for  a  pair  of  centres 
are  drawn  as  just  described  and  are  numbered  off  by  their  potentials, 
that  is  the  sum  of  the  numbers  of  the  intersecting  circles  from  which 
they  are  drawn.  A  set  of  circles  is  then  drawn  for  a  third  centre,  of 
radii  corresponding  to  those  for  the  first  two,  but  on  the  scale  deter- 

Fig.  257. 


mined  by  the  point-charge  at  the  centre.  These  are  then  numbered 
like  the  others.  They  intersect  the  equipotential  curves,  and  the 
equipotential  curves  for  the  three  centres  are  obtained  by  drawing 
curves  through  the  points  of  equal  potential  given  by  the  intersec- 
tions of  circles  and  curves  which  have  an  equal  sum  of  numbers. 

If  these  curves  be  then  numbered  off  by  their  potentials,  the 
equipotential  curves  for  four  centres  can  be  obtained  by  combining 
in  like  manner  with  the  curves  the  circles  for  the  fourth  centre,  and 
so  on  for  any  number  of  centres. 

Lines  of  force  will  start  from  every  centre  at  which  a  point-charge 
is  situated,  and  they  can  be  drawn  by  starting  from  such  a  point, 
drawing  the  line  at  first  radially  outwards  (since  the  equipotential 
surfaces  very  close  to  a  point-charge  must  be  circles  round  it)  and 
thereafter  carrying  the  line  forward  at  right  angles  to  the  successive 
equipotential  curve-. 

481.  Conjugacy  of  Equipotential  Curves  and  Lines  of  Force. — 
Equipotential  curves  and  lines  of  force  in  a  plane  diagram  are,  as  we 
have  seen,  two,  sets  of  curves,  the  individual  members  of  each  of 
which  cut  orthogonally  the  curves  of  the  other  set.     It  is  possible, 
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therefore,  to  regard  either  set  as  equipotential  curves  and  the  other 
as  the  corresponding  lines  of  force.  This  conjugate  property  is  of 
very  great  importance  in  many  cases.  For  example,  the  closed  equi- 
potential curves  in  Figs.  254  and  258  due  to  the  charges  situated  at 
A,  B  are  exactly  the  lines  of  magnetic  force  due  to  electric  currents 
flowing  in  straight  conducting  wires  passing  through  A  and  B  per- 
pendicular to  the  paper.  The  current-intensities  at  A,  B,  have  the 
ratio  (equality  in  Fig.  254, 1  to  4  in  Fig.  257)  of  the  charges  supposed, 
in  the  gravitational  case  here  considered,  to  be  situated  at  A ,  B. 

The  lines  of  force  of  the  gravitational  case  in  Figs.  254,  257 
are  for  the  electric  currents  curved  (cylindrical)  surfaces  each  passing 
through  one  of  the  straight  wires  of  which  A  B  represent  the 
sections  by  the  plane  of  the  paper.  These  are  the  equipotential 
surfaces  of  the  magnetic  field  given  by  the  currents. 

This  subject  will  be  discussed  more  fully  in  connection  with 
electricity  and  magnetism,  but  the  reader  should  notice  here  the 
intimate  bearing  on  many  different  parts  of  physics  of  the  theory  of 
what  has  been  called  the  Newtonian  potential,  the  potential  of  forces 
of  attraction  (and  repulsion)  which  obey  the  law  of  the  inverse  square 
of  the  distance. 

482.  Tubes  of  Force.  —Upon  an  equipotential  surface  drawn  in  a 
field  of  force  let  a  small  closed  curve  be  marked  out.  The  lines  of 
force  which  pass  through  the  points  of  the  curve  mark  out  a  tubular 
surface,  which  is  called  a  tube  of  force.  Let  a  closed  surf  ace  betaken, 
made  up  of  a  portion  of  a  tube  of  force  enclosed  between  two  equi- 

Fig.  258. 


potential  surfaces  met  by  the  tube.  The  field-intensity  is  perpendi- 
cular to  the  ends  of  the  tube;  let  its  values  at  the  two  ends  be  Fv  Fa, 
the  areas  of  its  ends  dSv  dSr  The  surface  integral  of  normal  force 
outwards  over  the  closed  surface  is  -  FldSl  +  F,dS2,  since  there  is  no 
component  perpendicular  to  the  sides  of  the  tube.  If  there  be  no 
matter  within  the  portion  of  the  tube  considered  the  surface  integral 
of  normal  force  over  the  tube  is  zero,  and  therefore 

F^S^F/JS.,  (47) 

As  the  tube  widens  therefore  the  value  of  F  falls  off,  so  that  the 
product  of  the  mean  field-intensity  by  the  area  dS  is  constant  all 
along  the  tube. 

If  the  area  dS  be  so  chosen  that  FdS=l  the  tube  is  called  a 
unit  tube.  The  surface  integral  of  normal  force  taken  over  a  closed 
surface  which  surrounds  any  part  of  the  distribution  is  clearly 
equal  to  the  number  of  unit-tubes  which  cross  the  surface  from 
within  over  the  number  which  enter  it  from  without,  and  thus  as 
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we  have  seen  in  §  456,  is   -  inkM^  if  M{  denote  the  quantity  of 

matter  within  the  surface. 

The  number  of  unit-tubes  here  referred  to  is  often  in  electrical 

applications  referred  to  as  the  number  of  lines  of  force  crossing  the 

surface.     When  the  phrase  "  number  of  lines  of  force  "  is  used  in 

such  a  connection,  it  is  really  unit-tubes  that  are  meant,  if  the  idea 

to  be  conveyed  has  any  definiteness. 

483.  Discontinuity  of  Normal  Force  at  Surface-Distribution  of 

Matter. — Let  now  a  tube  of  force  cross  a  surface  on  which  is  distri- 
buted matter  of  surface  density  a. 
Fig-  259.  The  direction  of  the  tube  will  not 

be  necessarily  the  same  on  the 
two  sides  of  the  surface.  If  it 
be  inclined  to  the  surface  on  one 
side,  the  angle  of  inclination  on 
the  other  side  will  be  altered  by 
the  action  of  the  matter  on  the 
surface. 

Take  a  closed  surface  consist- 
ing of  two  sections  A,  B  (Fig. 
259)  of  the  tube  near  the  surface 
on  the  two  sides,  and  let  Flf  F, 
be  the  field  intensities  at  A,  B. 
If  dSv  dS2  be  the  areas  of  the 

sections,  and  dS  the  area  of  the  surface  element  G  intercepted  by 

the   tube     —  FldSl  +  F9dS2   is   the  surface  integral  of  normal  force 

over  the  closed  surface,  and  we  have 


FjlS.-F^S^  -inka-dS. 


(48) 


But  if  the  normals  drawn  from  the  surface  on  the  two  sides  make 
angles  0,,  ft,  with  the  lines  of  force  of  the  tube,  as  shown  in  Fig.  259, 
d&\  =  dS  cosd2,  dS^dScosd^  and  hence  we  obtain 


FvcosO,  -  F,cos6. 


inker. 


(49) 


Fscosd3  is  the  normal  force  from  the  surface  on  the  side  B, 
F1cos6l  the  normal  force  towards  the  surface  on  the  side  A.  If  we 
denote  by  Wlt  iV,  the  normal  forces  from  the  surface  on  the  two  sides 
we  have  J^t=  - F1cosdv  N3  =  F2cosd3,  so  that  (49)  becomes 


iT1  +  iri  +  4irA;o-  =  0. 


(50) 


The  components  of  field -intensity  taken  normal  to  the  surface- 
element  dS  on  the  two  sides  are  thus,  because  of  the  term  inker  in 
(49)  or  (50),  discontinuous.  The  tangential  components  of  Fv  Ft 
are,  however,  continuous,  that  is 


Flan6l- F^mnBr 

The  tube  of  force,  therefore,  suffers  a  species  of  refraction. 


(51) 
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*I8I.  Graphical  Representation  of  Potential  and  Force  for 
Thick  Spherical  Shell. — It  is  instructive  to  represent  graphically  the 
potential  and  force  in  the  fields  of  simple  distributions.  Fig.  2(>U 
taken  from  Thomson  and  Tait's  Natural  Philosophy  shows  these 
quantities  for  the  case  of  a  thick  spherical  shell  of  uniform  density 
a.  and  internal  and  external  radii  a,  a. 

Since  the  field  is  symmetrical  about  the  centre  of  the  shell  the 
force  is  radial  at  every  point.  Hence  if  a  spherical  surface  con- 
centric with  the  shell,  and  of  radius  r  be  described,  we  have  by 
§  4.")3  for  any  part  on  that  surface. 

-*?=**  (52) 

dr        r 

where   M  is    the  total    quantity  of  attracting   matter   within  the 
surface. 

Again  for  this  case,  as  the  reader  may  prove,  Poisson's  equation 
has  the  form 

(53) 


that 


+ =  -  \nk 

dr      r  dr 


d-V  .     ,        2dV 

_—=  -lirfcp-      -     , 
dr-  r  dr 


and  d-  V/dr3  can  be  calculated  from  dVjdr  easily  by  this  equation. 

There  are  three  possible  cases  (1)  0<r<a,  (2)  a<r<a\  (3) 
«'<>•<  x.  For  these  the  values  of  M,  V,  -dVjdr,  tPVjdr*  are  as 
in  the  following  table  : 


o<r<a.                        a<r<  a'. 

a'  <r  <  oo. 

M 

0 

4xp,  ..        :, 

+  wp(a'3-a3) 
3 

V 

2vkp{a^-a2) 

4*k'p(3a"-r-r--2a3) 
6/- 

dr 

dV 
dr 

0 

Sr- 

Airkp,   ,-,       i% 
3r/(«a-a-s) 

d*V 

dr- 

0 

-i£**V+2«») 

Sr3 

3^  v 

The  variations  of  V,  -  dVjdr,  d2Vjdr2  are  shown  in  Fig.  2G0.  It 
will  be  seen  that  V,  represented  by  the  curve  LMN,  is  constant, 
having  the  value  OL,  from  0  to  A,  that  is  within  the  hollow  space, 
falls  oft'  slowly  at  first  then  more  rapidly  from  A  to  £>,  that  is  within 
the  shell,  and  finally  approaches  zero  asymptotically  as  r  increases 
towards  infinity. 
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The  value  of  dVjdr  is  shown  by  the  curve  APQ.  Thus  dV/dr 
increases  numerically  from  A  to  B,  starting  with  the  value  0,  and 
ending  with  BP,  then  the  direction  of  the  curve  suddenly  changes  and 
dVjdr  falls  off  asymptotically  towards  zero  as  r  approaches  infinity. 

Finally  d'2V/dr2  is  zero  within  the  hollow  space,  and  is  represented 
for  other  points  by  the  curves  US,  TU.     There  is  a  discontinuity  in 

Fig.  260. 


the  value  of  d2V/dr2,  at  the  sharp  point  of  the  curve  for  dV/dr,  as 
shown  by  the  sudden  change  of  the  ordinate  from  the  negative  value 
BS  to  the  positive  BT. 

*485.  Direct  Problem  of  Potential.— We  are  unable  to  deal  here 
at  length  with  the  solution  of  the  problem  of  finding  the  potential  for 
different  given  surface- distributions  (what  is  sometimes  called  the 
Kelvin-Dirichlet  problem),  but  we  shall  offer  some  general  observa- 
tions and  deal  with  a  few  important  cases.  Consider  a  closed 
surface  >S,  consisting  it  may  be  of  two  or  more  mutually  exclusive 
detached  surfaces.  The  problem  to  be  solved  is  in  one  of  its  forms 
that  of  finding  a  function  V  which,  as  well  as  its  first  and  second 
space-rate  of  variation,  is  single-valued  and  continuous  throughout 
the  space  external  to  £,  satisfies  Laplace's  equation  throughout  that 
space,  is  zero  at  eveiy  point  at  an  infinite  distance  from  the  attract 
ing  matter,  and  has  (1)  certain  assigned  values  at  the  surface  or 
surfaces  S,  or  (2)  gives  certain  assigned  values  of  dVjdn,  the  rate 
of  variation  of  V  along  the  normal  from  the  surface  to  the  field,  at 
every  point  of  S,  or  (3)  has  certain  assigned  values  at  some  of  these 
surfaces,  and  gives  certain  assigned  values  of  dVjdn  at  the  others. 
A  continuous  single  valued  function  satisfying  Laplace's  equation  in 
a  certain  region  of  space  is  said  to  be  harmonic  in  that  region. 

The  problem  just  stated  is  the  problem  most  generally  to  be 
solved,  but  the  region  throughout  which  V  is  to  be  found  in  some 
cases  is  the  simply  connected  (see  §  4SG)  space  within  one  or  more 
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closed  surfaces  for  which  either  the  value  of  Y  or  the  value  of  dV  dn 
is  given  for  every  point. 

It  is  to  be  observed  that  the  variation  of  V  from  the  value 
it  has  at  any  point  of  the  space  considered  to  the  value  which 
it  takes  at  the  surface,  is  to  be  taken  along  a  path  drawn  from 
one  point  to  the  other  without  passing  across  the  boundary  of 
the  space  considered. 

The  question  as  to  whether  this  problem  has  a  solution  has  been 
treated  by  several  writers,  among  whom  are  Lord  Kelvin,  Lejeune 
Dirichlet,  E.  Neumann,  and  Poincare.  A  very  valuable  discussion 
of  the  subject  is  given  in  M.  Poincare's  treatise  entitled  Theoric  du 
Potential  Xewtonien. 

*48G.  Uniqueness  of  Solution  of  Potential  Problem.  Connectivity 
of  Spaces. — The  question  whether  a  function  Tdoes  or  does  not  exist 
in  all  cases  we  shall  not  here  consider.  In  the  cases  with  which  we 
shall  be  concerned  in  the  present  work,  the  question  is  answered  by 
the  discovery  of  the  function.  What  is  therefore  of  much  greater 
importance  is  the  theorem,  which  is  easily  proved,  that  if  one  solution 
is  obtained  it  is  the  only  solution.  This  theorem  may  be  stated  as 
follows.  Let  V  be  a  value  of  the  potential  (that  is  of  course  a  func- 
tion of  the  co-ordinates)  which  satisfies  Laplace's  equation  throughout 
a  given  simply  connected  space,  and  fulfils  the  required  conditions  at 
the  surface,  and  let  if  possible  V  be  another  function  which  does  the 
same  things.     We  shall  prove  that  throughout  the  space  Y=  V  . 

A  simply  connected  space  is  one  in  which  if  any  closed  path  be  drawn 
the  path  can  be  contracted  to  zero  without  passing  anywhere  out  of 
the  space.  Such  a  space  is  that  within  a  spherical  surface  or  within 
a  surface  to  which  a  spherical  surface  can  be  deformed  without 
bringing  one  part  of  the  surface  into  contact  with  another,  or  the 
whole  space  extending  to  infinity  everywhere  outside  one  such 
surface,  or  outside  two  or  more  distinct  surfaces  of  this  kind,  or  the 
space  between  one  such  surface  and  any  number  of  such  surfaces 
external  to  one  another  but  contained  within  the  first. 

An  example  of  a  space  which  is  not  simply  connected  is  that 
within  the  surface  of  an  anchor-ring.  A  closed  curve  can  obviously 
be  drawn  within  such  a  space  which  cannot  be  contracted  to  zero 
without  passing  outside  the  space — for  example,  the  circular  axis  of 
the  ring  is  such  a  curve.  The  space  may  be  rendered  simply  connected 
by  drawing  across  the  ring  at  any  place  a  diaphragm  which  no  closed 
curve  is  to  cross.  All  closed  curves  can  then  evidently  be  shrunk 
to  zero  without  passing  out  of  the  space.  The  anchor  ring  space 
is  said  to  be  doubly  connected.  Again,  an  anchor  ring  with  one  side 
branch  as  in  Fig.  261  requires  two  diaphragms  to  be  rendered  singly 
connected.  The  connectivity  of  a  space  is  always  designated  by  a 
number  greater  than  the  number  of  diaphragms  which  are  necessary 
to  render  the  space  simply  connected.  The  space  within  the 
double  ring  is  thus  triply  connected.  It  can  be  reduced  to  a  simply 
connected  space  by  diaphragms  across  the  ring  at  A,  B. 

Let  U  denote  the  difference   V '-  Y'  of  the  two  functions  which 
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fulfil  all  the  conditions  stated  for  a  solution  of  the  problem  of  the 
potential.  Then  U  is  also  a  solution  which  gives  zero  values  of  the 
potential  at  the  bounding  surface.     Consider  the  integral 


/{(IIHfHf)'h 


| where  dTJ  denotes  an  element  of  space)  taken  throughout  the  space 
to  which  the  solutions  apply.     Integrating  by  parts  we  transform 


it.  to 


fu~dS-   [u.v-UdT3,  (54) 

J       an  J 

where  the  first  integral  is  taken  over  the  bounding  surface  and 
U.dUjdn  in  it  denote  respectively  the  value  of  U,  and  the  rate  of 
variation  of  U  per  unit  distance  along  the  normal  drawn  outward 
from  the  surface ;  the  other  integral  is  taken  throughout  the 
enclosed  space. 

Wherever  on  the  bounding  surface  the  potential  is  given 
there  lT=  0,  for  there  V  and  V  coincide  in  value,  and  where 
dVfdn    has   its   value   assigned   there   dUjdn   is   zero.     Hence    the 

Fig.  261. 


surface  integral  is  zero.  Also  since  throughout  the  space  vLT  =  0. 
and  also  v2F'  =  0,  v2 £7=0  also  holds  throughout  the  space.  Hence 
the  second  integral  on  the  right  vanishes,  and  the  integral  considered 
is  zero  throughout  the  v/hole  space.  Hence  everywhere  in  the  space 
3  U/dx  =  3  U/dy  —  3  Uj 9z  =  0,  that  is  since  U  is  zero  at  the  bounding 
surface  it  must  also  be  zero  throughout  the  whole  space.  Hence 
everywhere  V=  V,  and  there  is  only  one  solution. 

The  necessity  for  simple  connectivity  of  the  space  arises  from 
that  of  making  the  surface  integral  on  the  right  perfectly  definite. 
The  integral  on  the  left  is  not  equal  to  the  two  integrals  on  the  right 
for  a  multiply  connected  space  if  only  the  actual  bounding  sulfate  of 
the  space  is  considered  in  the  first  integral  on  the  right.  The 
surfaces  given  by  the  two  sides  of  each  diaphragm  required  for 
reduction  to  simple  connectivity  must  be  introduced  to  render  the 
equation  applicable. 

*487.  Green's  Function. — The  solution  of  the  direct  problem  of 
the  potential  can  be  effected  in  a  number  of  important  cases  by  a 
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method  due  to  Green  in  which  certain  functions  invented  by  that 
mathematician  play  a  very  important  part. 

Consider  the  space  external  to  a  closed  surface  >S',  and  let  7J  be- 
any  point  in  that  space,  Q  a  fixed  point  the  distance  of  which  from 
any  element  E  of  the  surface  is  r.  Then  k/r  is  the  potential 
produced  at  E  by  a  unit  particle  at  Q.  Now  consider  a  function  G 
of  the  co-ordinates  which  satisfies  Laplace's  equation  throughout  the 
space  considered,  is  zero  at  infinity,  and  is  equal  to  -  k/r  at  every 
element  E.  Then  if  U  denote  G  +  k/r,  U  is  a  function  which  is  zero 
at  every  point  of  the  surface,  and  is  harmonic  (§  -485)  and  finite 
throughout  the  external  space  except  at  Q  where  it  is  infinite. 

The  function  G  is  what  is  properly  called  Green's  function,  though 
sometimes  the  name  is  given  to  the  function  U.  G  is  equal  and 
opposite  to  the  potential  at  each  element  E  produced  by  the  unit 
charge  at  Q.  [In  electricity  it  is  the  potential  at  each  point  of  S 
and  at  every  external  point,  due  to  the  induced  electrical  distribution 
called  into  existence  on  a  conducting  surface  coinciding  with  >S,  and 
maintained  at  zero  potential  in  presence  of  a  unit  positive  charge  at 
an  external  point  Q.] 

A  certain  reciprocal  property  is  possessed  by  Green's  functions 
which  may  here  be  demonstrated.  Let  G  be  the  value  of  Green's 
function  at  a  point  P,  when  the  unit  particle  is  situated  at  Q,  and 
G'  the  value  of  Green's  function  at  Q  when  the  unit  particle  is 
situated  at  P,  then  G  =  G ' . 

Since  G  is  harmonic  throughout  the  external  space  it  must  be  the 
potential  due  to  a  distribution  of  matter  either  on  or  within  the 
surface  S.  Let,  if  possible,  a  surface-distribution  over  <S'  which  would 
produce  the  potential  -  k/r  at  a  point  just  external  to  any  other 
element  E'  of  the  surface  be  assigned,  and  let  a  be  the  matter  per 
unit  of  area  on  the  element  dS  at  E.     Then  we  should  have 


tf 
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where  E'E  is  the  distance  from  E'  to  E,  and  r  the  distance  E'Q,  and 
the  integral  is  taken  over  the  whole  surface  S.  But  this  surface 
distribution  must  produce  not  only  the  potential  G  at  each  element 
of  the  surface  but  at  every  external  point.  For  the  potential  is 
harmonic  at  every  external  point  and  has  the  assigned  surface 
values,  and  as  we  have  seen  there  cannot  be  two  potential  functions 
which  do  this. 

Now  the  potential  at  P  due  to  this  surface-distribution  is 
kfadSj EP,  where  as  stated  a  is  the  density  at  E  of  the  surface  dis- 
tribution which  just  counteracts  for  every  element  of  the  surface  the 
potential  due  to  the  unit  particle  at  Q.  But  if  </,  denote  the  density 
at  E'  of  the  surface  distribution  which  would  produce  the  potential 
-  k/EP  at  each  element  E,  that  is,  just  counteract  the  potential  due 
to  a  unit  particle  at  P,  we  have  —ljEP=fa-^dSiEE'.  Hence  the 
potential  at  P  just  found  for  the  other  case  is 
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But  this  may  be  written  also 

and  kfodSjEE'  is  evidently  the  potential  at  E'  due  to  the  charge 
-which  just  counteracts  the  potential  due  to  unit  charge  at  Q,  for  it 
has  the  value  -  kjE'Q.     Hence  the  reciprocal  proposition  is  proved. 

*488.  Idea  of  Negative  Matter. — This  proof  of  the  proposition 
rests  on  the  assumption  that  a  surface  distribution  can  be  found 
which  gives  over  the  surface  the  potential  due  to  a  unit  charge 
situated  at  any  point  Q.  We  shall  now  endeavour  to  justify  this 
assumption. 

In  the  preceding  discussion  use  is  really  made  of  the  notion 
already  referred  to  of  negative  matter,  an  idea  which  we  shall  have 
to  employ  in  dealing  with  problems  in  electrostatics.  Now  it  is 
possible  (as  we  shall  see  in  vol.  iii.)  to  have  a  metallic  surface  of 
any  form  at  zero  potential  in  presence  of  any  external  distribution  of 
electricity,  and  therefore  the  distribution  on  the  surface  just  counter- 
acts at  the  surface  the  potential  due  to  the  external  distribution. 
This  distribution  reversed  would  produce  at  each  point  of  the  surface 
a  potential  equal  to  that  produced  there  by  the  external  distribution. 
A  distribution  of  gravitational  matter  following  the  same  law  of 
surface-density  would  give  a  potential  at  the  surface  proportional  to 
that  due  to  an  external  distribution  of  matter  corresponding  to  the 
external  electrical  distribution.  Hence  the  surface-distribution  is 
physically  possible. 

*48!b  Closed  Surface-Distribution  producing  Internal  Potential 
due  to  External  Matter. — Further  it  is  to  be  observed  that  since  the 
potential  at  the  surface  due  to  the  external  distribution  and  the 
counteracting  surface-shell  of  matter,  is  zero,  the  potential  at  every 
point  within  the  surface  is  zero  also.  The  surface-distribution  thus 
not  only  counteracts  the  effect  of  the  external  one  at  the  surface,  but 
also  does  so  for  every  internal  point.  This  counteracting  surface- 
shell  is  therefore  a  distribution  which,  if  reversed  in  sign,  gives  a 
potential  at  every  point  within  the  surface  equal  to  that  produced  by 
the  external  distribution.  It  remains  to  determine  the  density  at 
each  element  of  the  surface. 

Since  the  potential  due  to  the  (unreversed)  surface  and  external 
distributions  has  a  constant  (zero)  value  within  the  surface,  there  is 
no  field-intensity  within  the  surface.  There  is  therefore  no  com- 
ponent, normal  or  tangential,  close  to  the  surface  inside,  and  the 
field-intensity  just  outside  is,  by  the  results  obtained  in  §  484  for  a 
tube  of  force  crossing  a  surface  distribution,  normal  to  the  surface 
and  of  amount  -  inker,  where  o-  is  the  surface-density  at  the  point 
where  the  normal  is  drawn.     If  then  dVjdn  be  the  field-intensity 
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outwards  from  the  surface  clue  to  both  surface  and  external  matter 
the  density  required  is  given  by  the  equation 

dV         l    I-  /km 

— —  =  —  47rA,cr.  (•>■>) 

an  ' 

If  then  dVjdn  can  be  determined  the  surface  density  can  be 
found. 

The  potential  at  external  points  due  to  this  surface-shell  is  a 
harmonic  function  and  vanishes  at  infinity,  and  since  it  produces  a 
specified  system  of  values  at  the  surface,  it  is  the  only  potential 
function  and  the  distribution  is  the  only  distribution  which  can  be 
found  to  do  so. 

We  shall  find  (see  §  492)  Green's  function  in  one  or  two  simple 
cases,  but  further  use  of  it  as  a  method  of  finding  distributions  will 
be  deferred  until  the  need  for  them  arises  in  connection  with  elec- 
tricity. 

•490.  Surface  Distribution  Equivalent  to  Internal  Distribution. 
—A  very  important  result  regarding  equivalence  of  distributions  may, 
however,  be  noticed  here.  Consider  an  equipotential  surface  of  any 
distribution,  which  may,  to  take  the  most  general  case,  be  partly 
external  partly  internal  to  the  surface.  The  field-intensity  at  every 
point  of  it  is  normal  to  the  surface,  and  has  the  value  dV/dn.  We 
have  seen,  §  456,  that 

CJclndS 
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where  J/,  is  the  whole  quantity  of  matter  within  the  surface.  If 
now  the  matter  within  the  surface  be  distributed  over  the  equi- 
potential surface  with  surface  density  a,  so  that  at  each  point 
-  ^Trk<T  =  dVjdn,  the  value  of  the  potential  at  the  surface  will  not 
be  altered,  and  the  external  field  will  be  the  same  as  before. 

For  suppose  that  the  internal  distribution  is  removed  :  the  surface 
will  in  general  cease  to  be  one  of  equal  potential.  Let  then  such  a 
distribution,  if  necessary,  of  negative  matter,  or  partly  of  positive 
and  partly  of  negative  matter,  be  made  over  the  surface  as  brings  the 
surface  throughout  to  zero  potential.  Since  there  is  no  internal 
distribution  the  potential  throughout  the  internal  space  is  also  zero. 

Now  distribute  over  the  surface  a  quantity  of  matter  in  such  a 
way  as  to  bring  each  point  of  the  surface  to  the  potential  it  had 
originally.  The  potential  at  each  point  of  the  external  space  close  to 
the  surface  is  now  what  it  was  with  the  original  distribution,  that  is 
the  distribution  now  on  the  surface  produces  at  every  such  point  just 
the  potential  that  the  original  internal  distribution  produced.  Let 
this  be  Vv  To  F,  corresponds  a  value  F,'  of  the  potential  produced 
by  the  surface  distribution  at  each  point  of  external  space.  But  it 
has  been  proved  that  corresponding  to  a  given  value  Vl  of  the  potential 
at  a  surface  due  to  a  distribution  upon  or  within  the  surface,  there 
can  only  be  one  value  of  the  potential  at  external  points.     Hence  the 
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potential  at  all  external  points,  and  also  the  field  of  force,  is  the  same 
for  the  surface  as  for  the  original  distribution. 

Now  consider  a  tube  of  force  crossing  the  surface  distribution. 
Since  the  field-intensity  within  is  zero,  the  tube  starts  normally  out- 
wards from  the  surface,  and  we  have  —  dVjd7i  —  ink  a.  Further,  since 
as  we  have  just  seen  dVjdn,  the  field-intensity  just  outside  the  sur- 
face, is  the  same  as  it  was  before,  we  must  have 

/  -j-dS=  -  ±nk  J  adS=  -47J-AJ/,,  (07) 

as  stated  in  the  theorem. 

This  theorem  is  a  case  of  a  more  general  one.  If  any  surfaces 
whatever,  open  or  closed,  and  whether  equipotential  or  not,  be 
described  in  a  field  of  gravitational  force,  it  is  possible  to  find  one. 
and  only  one  distribution  of  matter  over  these  surfaces  which  shall 
produce  at  every  point  of  them,  and  at  every  point  of  space  separated 
by  those  of  the  surfaces  which  are  closed  or  infinite,  the  same  potential 
as  is  produced  in  the  actual  case.  The  proof  of  this  theorem  cannot 
be  entered  on  here,  and  would  involve  a  discussion  of  most  of  the 
difficulties  of  the  Kelvin-Dirichlet  problem.  The  reader  may  refer 
to  the  work  of  M.  Poincare  referred  to  above,  and  to  a  paper  of 
his  in  the  Ameincan  Jcur-nal  of  Mathematics  for  1898. 

491.  Spherical  Distribution  Equivalent  to  External  Point- 
Charge.  Electric  Images.  Centrobaric  Distributions. — An  impor- 
tant example  of  Green's  function  is  the  following.     It  is  lequired  to 

Fig.  262. 


find  a  distribution  over  a  spherical  surface  which  for  all  points  on  ami 
within  the  surface  will  produce  a  potential  equal  to  that  produced  by 
a  single  particle  at  an  external  point  F.  Let  AEA'  represent  a 
central  section  of  the  spherical  surface  by  the  paper,  and  let  the  line 
from  /'through  the  centre  0  meet  the  circle  in  A,  A'.  Let  G  divide 
OA  so  that  OG:  OA  =  OA  :  OF,  and  denote  OF,  OG,  OA,  EF,  GE  by 
t'.f".  a,  r,  r.  Then  if  E  be  any  point  on  the  sphere,  we  have/'  a 
—  a/f,  so  that  the  triangles  OGE,  OEF  are  similar.  Hence  J  r 
=  OE/EF=a/r,  and  i/r  =/'/ar.  Hence  a  quantity  majf  (that  is 
vif/a)  at  G  will  produce  the  same  potential  kmlr  at  E  as  a  quantity 
in  at  F  would  produce  at  the  same  point. 
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If  then,  according  to  §  488,  a  distribution  of  amount  majf  be  made 
over  the  surface  so  that  the  potential  of  the  surface  may  be  at  each 
point  that  due  to  m  at  F,  the  potential  at  each  point  of  the  internal 
space  will  also  be  equal  to  that  due  to  m  at  F. 

For  if  this  distribution  were  made  with  negative  matter  the 
potential  at  E  would  be  zero,  and  so  the  potential  at  each  point  of 
the  surface  being  zero  the  potential  at  every  internal  point  would  be 
zero.  The  negative  distribution  thus  counteracts  the  potential  due 
to  m  at  F  for  all  points  on  or  in  the  sphere,  and  therefore  when 
reversed  gives  at  each  such  point  the  same  potential  as  does  m  at  F. 

Let  the  negative  distribution  exist,  so  that  the  potential  within 
the  sphere  is  zero,  the  outward  force  just  external  to  E  is  then 
-4irk<r,  if  a  be  the  surface  density  (sign  included).  But  the  force 
consists  of  two  components,  one  towards  F  of  amount  km  •>•-,  and 
the  other  along  GE  of  amount  km(a/f)/r"-.  The  former  resolves 
into  two  components  along  EO  and  OF,  which  are  proportional  to 
these  lines.  These  components  are  kma/r*  and  kmfjr^  respectively. 
The  latter  resolves  into  two  components  along  OE,  GO,  the  amounts 
of  which  are  respectively  kmd2jfr'?' and  kmaf ' \fr'\  But/"//3  =  a*ff  'V 
and  a/f  —//a,  so  that  f  lr'*=f2\arA,  and  the  last  written  component 
becomes  kmfjr*.  It  is  therefore  equal  and  opposite  to  the  com- 
ponent along  OF  of  the  force  in  the  direction  EF. 

There  remain  therefore  only  the  components  along  the  radius, 
namely,  kma/r*  from  E  to  0,  and  kmar/fr*  from  0  to  E.  The  latter, 
which  may  be  written  kmf^jar*,  is  the  greater,  and  therefore  the 
resultant  force  is  from  0  to  E,  and  is  of  amount  km{f-  -  a2) jar9. 
Hence  for  the  density  of  matter  at  E  we  have 

,_-*£-£  (58) 


Hence  a  density  o-  given  by  the  equation 

m     f2  —  a2 
°"  =  1 " — 5 — > 


(61)) 


will  just  produce  at  every  point  of  the  surface  and  at  every  external 
point  the  same  potential  as  is  produced  by  a  particle  of  mass  rna/f  at 
G,  and  produces  at  every  internal  point  the  same  potential  as  is 
produced  by  the  particle  m  at  P. 

The  two  point-charges,  -ma/fat  G  and  m  at  F,  together  keep 
the  spherical  surface  at  zero  potential.  A  distribution. of  density 
—  m(f2  —  a2)l±irarA  on  the  surface,  with  m  at  F,  does  the  same 
thing,  and  moreover  produces  the  same  potential  at  every  external 
point  as  would  be  produced  by  -  majf  at  G,  and  at  every  internal 
point  counteracts  the  potential  due  to  m  at  F.  The  charge  at  G 
is  called  the  electric  image  of  the  charge  at  F.  The  theory  of 
electric  images  is  due  to  Lord  Kelvin,  and  in  conjunction  with  his 
theory  of   electric  inversion    enables  many  problems   to  be  solved 

2  G 
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which  could  only  be  overcome  with  great  difficulty  by  ordinary 
analysis.     (See  vol.  iii.  of  the  present  work.) 

The  whole  quantity  of  matter  on  the  spherical  surface,  as  may 
easily  be  verified  by  direct  integration,  is  majf,  so  that  we  have  here 
a  distribution  which  attracts  every  external  particle  as  if  its  whole 
mass  were  collected  at  the  eccentric  point  Q.  This  is  an  example  of 
what  are  called  centrobaric  distributions  (see  §  504  below), 

*492.  Sphere  Built  up  of  Centrobaric  Shells. — Let  now  i^and  G 
be  kept  fixed,  and  successive  spheres  (Fig.  2(58)  be  described  with 
respect  to  which  F,  G  are  inverse  points.  This  process  can  be  con- 
tinued, the  spheres  becoming  smaller  and  smaller  as  the  centres 
approach  G,  until  the  whole  space  within  the  outer  sphere  has  been 

Fig.  263. 


divided  up  into  thin  spherical  shells,  each  consisting  of  the  spare 
between  two  successive  surfaces.  Now  a  distribution  on  any  one 
of  these  spheres,  the  surface-density  of  which  varies  as  the  inverse 
cube  of  the  distance  of  each  element  of  the  surface  from  F,  has  all 
the  properties  of  the  surface  distribution  just  stated  ;  that  is,  it 
produces  at  all  points  external  to  itself  the  same  potential  as  would 
be  produced  by  an  equal  quantity  (m  say)  of  matter  at  G,  and  at 
all  points  internal  to  itself  the  same  potential  as  would  be  produced 
by  a  quantity  m'f/a  situated  at  F. 

Hence  a  succession  of  such  surface  distributions  made  upon  the 
spheres  described  as  stated  would  be  a  centrobaric  distribution  of 
matter  ;  that  is,  it  would  give  the  same  field  for  all  external  points  as 
would  be  given  by  the  same  total  quantity  of  matter  placed  at  G. 

Further,  the  distance  between  two  successive  spheres,  the  thick- 
ness that  is  of  a  shell,  varies  as  the  square  of  the  distance  of  the 
point  considered  from  F.  For  let  y  be  the  distance  of  the  centre  C 
of  one  of  these  spheres  from  C  the  centre  of  the  outer  sphere,  on 
which  are  situated  the  points  A,  A',  and  x  the  distance  from  A  of  the 
nearest  point  of  its  circumference.  The  radius  of  the  sphere  is 
a-x-ij,  and  we  have  /'  -  y  =  (a  -  x  -  y)'J(f-  y)  since  F  and  G  are 
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fixed.  Hence,  if  we  take  another  sphere  within  this,  the  radius  of 
which  is  a  -  x  -  y  -  dx  -  dy,  we  easily  obtain  from  the  relation  just 
written  dx  =  (J  —  a  +  x)-dy/2(f—  y)(a  —  x  —  y).  Also  if  0  be  the  angle 
which  the  radius  C'E'  to  any  element  E'  of  the  surface  makes 
with  C ' F,  we  have  for  the  thickness  t  of  the  shell  at  E'  the  value 
dx  +  dy(l  -COS0).  But  from  the  triangle  C'E'F,  if  E'F=r,  we  have 
ir  =  {/—  a  +  .r)-  +  2{f-  y)  (a  -  x  -  y)  (1  -  cosfl),  and  therefore 

dx  +  dy(l  -  cos  8)  =  r2dy/2(f-  y)  (ci  -x-  y). 

The  thickness  r  is  therefore  proportional  to  r2  for  different  elements 
of  any  one  shell. 

Now  let  each  of  the  spherical  distributions,  of  surface  density 
inversely  as  the  cube  of  the  distance  from  F,  be  distributed  through 
the  adjacent  shell  of  space,  so  that  the  matter  on  each  surface 
element  takes  volume  density,  the  average  value  of  which  along  the 
thickness  there  is  p,  given  by  <j  =  pr.  The  density  p  will  then  be  for 
each  shell  inversely  as  the  fifth  power  of  the  distance  of  each 
element  from  F. 

The  density  p  may  be  quite  different  for  the  different  shells  ;  what 
is  essential  is  that  its  average  value  along  the  thickness  of  the  shell 
at  each  element  of  any  one  shell  should  vary  inversely  as  the  fifth 
power  of  the  distance  of  the  element  from  F.  Thus  we  obtain  any 
number  of  spherical  centrobaric  distributions. 

Of  course  a  distribution  the  density  of  which  at  every  point  varies 
inversely  as  the  fifth  power  of  the  distance  of  the  point  from  F 
fulfils  this  condition. 

Any  uniform  distribution  on  the  spherical  surface  may  be  com- 
bined with  the  distribution  on  the  surface  found  in  §491.  If  the 
amount  of  matter  uniformlv  distributed  be  m',  the  external  potential 
at  every  point  will  be  that'due  to  m  at  the  centre  C  and  majf  at  the 
point  G.  If  a/fhe  1/4  and  m  =  m  the  equipotential  lines  and  lines  of 
force  in  a  plane  section  of  the  field  through  the  points  C  and  G  will, 
for  points  outside  a  circle  of  radius  a  =  jCG.f,  be  precisely  those 
shown  in  Fig.  257,  where  B  and  A  represent  C  and  G.  Inside  the 
sphere  the  potential  due  to  m  is  uniform,  that  due  to  majf  placed 
on  the  surface  nccording  to  the  law  of  density  given  in  (59)  is  the  same 
as  the  potential  due  to  m  at  F. 

The  density  at  any  point  is  then 

a  =  ^{m'  +  m(f!-a!)L),  (60) 

irra  {a  r3) 

which  at  the  points,  A,  A',  respectively,  becomes 

1     (m   ,       f+a  ~\  1     (m   ,       f-a  "1  /tftl 

<r  = J  —  +  m^ -I.     <r— -( —  +  m^ J-.         (Gl) 

±Tra{a         (f-a)~)  -in  a  [a         (/+«)"J 

4'.) 3.  Image  Charge  in  a  Plane. — A  plane  is  the  particular  case  of  a 
sphere  in  which  the  radius  is  infinite.     The  inverse  point  F  (Fig.  2G4) 
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P' 


is  then  on  the  normal  to  the  plane  through  the  direct  point  P  and  as  far 
behind  the  plane  as  P  is  from  it  in  front.  P'  is  in  fact  the  optical  image 
of  P  in  the  plane  regarded  as  a  plane  mirror. 
Fig.  264.  The  inverse  charge  corresponding  to  m  at  P  is 

now  m  also.  Thus  a  distribution,  on  a  plane 
infinite  in  extent  in  every  direction,  the  density 
of  which  at  each  element  varies  inversely  as 
the  cube  of  the  distance  of  the  element  from  a 
point  on  one  side  of  the  plane,  produces  at 
every  point  in  the  space  on  that  side  of  the 
plane,  the  same  potential  as  would  be  pro- 
duced by  a  charge  m  at  P',  and  at  every  point 
on  the  same  side  as  P'  a  potential  equal  to  that 
produced  by  m  at  P.  The  density  on  the  surface 
is  hj'2Trr%  where  h  is  the  distance  of  P  from  the 
surface,  and  r  the  distance  of  the  element  E 
from  P. 
494.  Geometrical  Inversion. — The  method  of  inversion  is  of  great 
utility  in  deriving  geometrical  arrangements  and  their  properties 
from  others  that  are  known.  Take  any  point  P  of  a  geometrical 
arrangement  whether  of  particles  in  space  or  of  points  in  a  diagram, 
and  join  it  to  a  point  0.  From  0  draw  a  sphere  of  radius  a,  say. 
Then  if  OP  =  r  take  another  point  P'  on  OP  at  a  distance  r  from  0 
given  by  the  relation  rr  =  a-.  0  is  called  the  centre  of  inversion,  and 
a  the  radius  of  inversion.  Xow  take  any  other  point  Q  of  the 
arrangement,  and  in  the  same  way  find  along  the  radius  of  the 
sphere  drawn  in  the  direction  00,  the  inverse  point  0  ;  and  so  on. 
A  new  arrangement  is  obtained  which  is  called  the  inverse  of  the 
given  one.     Thus  in  Fig.  265  the  points  P',  Q'  are  the  inverses  of 


Fig.  265. 


P,  Q.  The  line  P'Q'  is,  however,  not  the  inverse  of  PQ.  As  we 
shall  see  the  inverse  of  a  straight  line  is  a  circle  passing  through  the 
centre  of  inversion. 

It  will  be  observed  that  the  triangles  OPQ,  OQ'P'  are  similar,  and 
the  pairs  of  angles  OPQ,  OQ'P'  and  OQP,  OP'Q'  are  equal.  If  PQ 
be  an  element  of  a  curve  so  that  OP,  OQ  are  very  close  together.  I'  (/  is 
the  inverse  of  the  element  PQ,  and  the  two  elements  cut  the  radius 
vector  OP  at  the  same  angles  P'PQ,  PP'Q'  or  at  the  supplementary 
angles  OPQ,  OP'Q'.  It  follows  that  the  inverses  of  two  intersecting 
curves  intersect  at  the  same  angle  as  do  the  direct  curves,  and  that 
the  same  thing  holds  for  two  intersecting  surfaces. 

The  inverse  of  a  circle  is  another  circle,  and  therefore  that  of  a 
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sphere  is  another  sphere.  The  reader  may  easily  verify  as  follows 
(constructing  a  figure  for  himself)  the  truth  of  the  former  proposi- 
tion for  the  case  at  least  in  which  the  circle  lies  in  a  plane  through 
0.  For  let  PQ  be  the  diameter  of  the  given  circle,  and  let  R  be  any 
other  point.  Then  PRQ  is  a  right  angle.  Let  P' ,  R',  Q'  be  the 
inverses  of  the  points  P,  Q,  R  (the  lines  PQ',  Q R',  R P'  are  not  the 
inverses  of  PQ,  QR,  RP)  the  angle  PR'Q'  is  equal  to  PRQ  ±  POQ 
according  as  a  line  along  OR'  does  or  does  not  intersect  PQ. 

Now  the  intersection  of  a  sphere  by  a  plane  is  a  circle.  Hence 
the  inverses  of  the  circles  of  intersection  of  a  sphere  by  planes 
through  0  are  circles  lying  in  the  respective  planes.  Hence  the 
inverse  of  a  sphere  is  another  sphere. 

That  the  inverse  of  a  straight  line  is  a  circle  may  be  verified  by 
the  reader,  and  that  the  circle  passes  through  the  centre  of  inversion 
is  evident  from  the  fact  that  if  the  line  be  prolonged  to  infinity  in 
both  directions,  the  points  at  an  infinite  distance  invert  into  the 
centre  of  inversion. 

*495.  Inverse  Distributions. — The  space  outside  the  sphere  of 
inversion  inverts  into  the  space  within  it,  and  the  space  within  into 

Fig.  266. 


the  space  without.  This  is  of  great  importance,  as  we  can  at  once 
transform  any  solution  of  a  gravitational  problem  which  holds  for 
the  space  within  a  sphere  into  one  which  holds  for  all  space  outside 
the  sphere.  The  inversion  of  distributions  of  attracting  or  repelling 
matter  and  their  fields  was  added  by  Lord  Kelvin  in  one  of  his  early 
papers  to  the  theory  of  ordinary  inversion,  and  used  by  him  in  some 
remarkable  solutions  of  problems  of  electric  distribution. 

The  charge  mn/foi  matter  at  P  is  called  the  inverse  of  the  charge 
m  at  P  (Fig.  260).  If  instead  of  a  simple  point-charge  m  at  P,  there 
be  a  number  of  point-charges  ml  at  P,  m2  at  Q,  ...,  there  will 
correspond  to  each  of  these  a  charge  mxa\fx,  m2aff2,  ...  at  the 
inverse  points  P',  Q',  ...  in  the  sphere.  Thus  also  if  the  direct 
distribution  be  a  continuous  linear,  surface,  or  volume  distribution, 
the  inverse  distribution  will  be  a  linear,  surface,  or  volume  distribu- 
tion made  up  by  inverting  the  elements  of  the  direct  distribution  ; 
and  the  line,  surface,  or  volume  occupied  by  the  direct  distribution 
inverts  in  the  ordinary  geometrical  way  into  the  line,  surface,  or  volume 
occupied  by  the  inverse. 
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Let  df  be  the  dimension  of  an  infinitesimal  element  of  volume  in 
the  direction  of  the  radius  f  from  the  centre  of  inversion,  the  corre- 
sponding dimension  of  the  inverse  element  is  df.  Buty"  —  df  = 
a2/(f+df)  =  (l-df/f)a2/f  so  that  df  =  df.a-jf2.  Also  if  fdd  be  a 
dimension  of  the  element  in  a  direction  at  right  angles  toy*,  the 
corresponding  dimension  fdQ=fdd.a2jf2.  Hence  an  element  of 
volume  which  is  the  inverse  of  an  element  of  volume  d~  (  = 
fdQhlf)  has  the  volume  dtf  =  dV5.a"lf6  =  d7Sf'6jaa. 

Similarly  an  element  of  sui'face  dS'  which  is  the  inverse  of  an 
element  dS  is  dS.a*//4  =  dS.f4/a4. 

Again,  if  m  be  a  direct  element  of  matter  occupying  volume  dTo, 
the  inverse  element  is  ma/ f  eend  occupies  volume  dT3'.  But  if  p,  p  be 
the  direct  and  inverse  volume  densities,  p  =  m/dT3,  p  =  ma IfdZS' , 
and  therefore  p  =  p'cv'jf'  =  p'f^'/a*.      Similarly  for  surface  densities 

«r  =  «rV//»  =  */>»• 

These  are  all  shown  in  the  table  of  ratios 

drn    f     «•     /»'     dJS    fa*     f* 

p     a6    /'"''     o-     a?    f9' 

*49C.  Inversion  of  Potentials. — Let  V  be  the  potential  at  any 
point  Q  due  to  the  direct  charge  m  at  P.  Then  V  =  kmjPQ.  The 
inverse  of  this  potential  is  the  potential  V  produced  at  the  inverse 
Q'  of  Q  by  the  inverse  point-charge  majf  (where  /=  OP)  utP'.  Tims 
V'  =  kmajf.l/P'Q'.     But  if  r,  r  denote  OQ,  OQ'  we  have,  by  Fig.  265, 

T'l-7  ^ 

This  ratio  is  independent  of  the  position  of  P  ;  it  is  the  ratio  of 
the  potentials  produced  at  the  corresponding  points  Q',Q  by  any  pair 
of  inverse  and  direct  distributions  made  up  of  point-charges. 

Now  let  V  be  a  potential  constant  throughout  any  given  space  S : 
V  is  not  constant  unless  r  be  constant,  or  r  be  constant,  that  is 
unless  the  equipotential  space  is  a  sphere  concentric  with  the  sphere 
of  inversion. 

The  surface  of  the  inverse  space  may,  however,  be  reduced  to  zero 
potential  by  placing  at  the  centre  of  inversion  a  quantity  of  matter 

-  Va.     This  will  produce  at  every  point  at  distance  r  the  potential 

-  Vajr  which  is  equal  and  opposite  to  V,  the  potential  at  the  point 
due  to  the  inverse  distribution.  With  this  modification  the  inverse 
surface  becomes  also  an  equipotential  surface. 

Thus  if  iS,  the  surface  of  the  direct  sphere,  be  a  surface  on  which 
matter  is  so  distributed  that  the  space  within  is  at  constant  potential, 
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the  inverse  surface  distribution  together  with   -  Va  at  0  just  main- 
tains the  inverse  surface  at  constant  potential. 

Applications  of  these  results  are  made  in  the  Theory  of  Electricity. 
At  present  we  have  not  space  to  pursue  the  matter  further.* 

*497.  Internal  Field  of  Thin  Homoeoid. — The  theorem  stated  in 
£  4!)0  may  be  applied  to  a  number  of  interesting  particular  cases  of 
gravitational  attraction. 

First  of  all  we  consider  the  field  due  to  matter  of  uniform  density 
filling  the  space  included  between  two  similar  and  similarly  situated 
ellipsoidal  surfaces.  Such  a  distribution  of  matter  can  be  obtained 
by  subjecting  a  spherical  shell  to  homogeneous  strain,  that  is  altering 
the  dimensions  of  the  shell  in  the  directions  parallel  to  three  dia- 
meters at  right  angles  to  one  another  in  the  ratio  of  three  lines  a:  1, 
b  :  1,  c :  1.  Such  a  strain  results  in  the  alteration  of  every  element 
of  volume  of  the  shell,  say  a  rectangular  element  with  edges  bx,  by,  bz 
in  the  direction  of  these  diameters  to  a  rectangular  element  of  edges 
abx,  bby,  cbz,  so  that  the  volume  is  changed  from  bxbybz  to 
ahcbxbybz. 

Every  element  has  its  volume  increased  thus  in  the  ratio  of  abc  :  1 , 
and  the  shell  if  originally  of  uniform  density  remains  so,  though  the 
density  is  altered. 

Again  draw  a  chord  (Fig.  267),  of  the  sphere  intersecting  the 
shell  in  four  points,  A,  B  on  the  internal  surface,  C,  D  on  the 
external,  and  let  that  be  divided  in 
any  ratio  by  a  point  P.  The  reader 
may  easily  verify  that  the  ratio  of 
distances  AP  :  PB  remains  unaltered 
after  the  strain,  as  does  also  CP  :  PD. 
Hence  consider  a  cone  of  small  solid 
angle  du  drawn  from  vertex  P  with  CD 
as  axis.  It  intercepts  on  the  spherical 
shell  two  elements,  the  masses  of  which 
remain  unchanged. 

First  suppose  the  shell  of  thickness 
exceedingly  small  in  comparison  with 
the  distance  PA  or  PB.  Let  OP  be 
<i  line  drawn  through  the  centre  of  the 

shell,  and  t  be  the  thickness  of  the  shell,  rv  r,  the  distances  PA,  PB, 
and  0  the  angle  OCP.  The  area  intercepted  on  the  spherical  surface 
is  r ^da/cos  0  at  A,  and  r2da/cos0  at  B.  The  masses  at  A  and  B  of 
the  shell  intercepted  by  the  cone  are  proportional  therefore  to 
r1arda>/cos0,  r22rduj/cos6,  that  is  they  have  the  ratio  r2jr2.  But  their 
attractions  at  P  are  in  opposite  directions  along  the  axis  of  the  cone 
and  have  the  ratio  rf*/r1*.  Hence  the  attractions  are  equal  and 
opposite.  In  the  same  way  other  cones  may  be  drawn  from  P  as 
vertex  so  as  to  exhaust  the  spherical  shell  by  equal  and  opposite 
elements,  so  that  the  field-intensity  at  any  point  is  zero. 

*  See  the  Author's  Treatise  on  Magnetism  and  Electricity  (Macmillan  & 
Co. ,  1898),  where  many  worked-out  cases  are  giveu. 
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Clearly  since  the  masses  of  the  elements  intercepted  by  the 
cones  drawn  from  any  point  P  are  not  altered  by  the  strain,  and 
the  distances  AP,  PB  remain  in  the  same  ratio  as  before,  the 
attractions  of  the  opposite  elements  of  the  shell  intercepted  by  the 
cone  are  equal  and  opposite.  There  is  therefore  no  field-intensity 
at  any  point  within  the  deformed  shell. 

This  result  holds  for  any  shell  of  finite  thickness  provided  the 
density  is  uniform  and  the  internal  and  external  surfaces  are  similar 
and    similarly  situated  ellipsoidal  surfaces.     For  the   shell  can  be 
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divided  up  into  infinitely  thin  shells  bounded  as  stated,  for  each  of 
which  the  result  holds. 

Such  a  shell  as  that  just  considered  has  been  called  in  Thomson 
and  Tait's  Treatise  on  Natural  Philosophy  (vol.  i.  Part  II.)  an 
elliptic  homceoid,  and  we  shall  adopt  this  designation. 

It  is  easy  to  show  as  follows  that  the  thickness  r  of  an  elliptic 
homceoid  at  any  point  is  proportional  to  the  length  of  the  perpen- 
dicular let  fall  from  the  centre  to  the  tangent  plane  drawn  to  the 
point. 

When  a  body  is  homogeneously  strained,  parallel  lines  remain 
parallel  though  their  directions  are  altered.  Short  arcs  of  the  circum- 
ferences of  the  spherical  shell  in  any  plane  through  the  centre  and 
at  the  points  where  a  radius  intersects  the  surface  are  parallel  lines. 
Hence  short  arcs  at  A,  C  in  Fig.  2G8  (which  represents  a  central 
section  of  a  homceoid  perpendicular  to  the  tangent  plane  at  C)  are 
parallel.  If  CF  be  drawn  parallel  to  the  perpendicular  from  the 
centre  0  on  the  tangent  at  C,  and  OF  be  drawn  parallel  to  the 
tangent  and  OC,  FC  intersect  the  inner  surface  in  G,  F,  the  two 
triangles  COF,  GGE  are  similar  and  CG\CO  =  CE\CF,  that  ta 
CE^CF.CG/CO.  But  CG/CO  is  a  constant  ratio  for  all  directions 
of  CO,  so  that  CF,  which  is  the  thickness  t  of  the  shell  at  C,  is  pro- 
portional to  CF. 
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•498.  External  Field  of  Thin  Homoeoid. — Now  considering  the 
field  due  to  a  thin  homoeoid  we  see  that  the  potential  is  constant  at 
all  external  points  close  to  the  surface,  and  we  have  by  §  489  for  the 
force  outwards  at  any  point  of  it  d  Vjdn  =  -  4  n-kvp.  Since  the  distance 
between  one  equipotential  surface  and  another  near  to  it  is  inversely  as 
the  field-intensity  we  see  that  this  distance,  r'  say,  is  inversely  as  T. 
But  this  will  give  a  surface  confocal  with  the  homoeoid  just  obtained. 
To  prove  this  we  take  as  the  equation  of  the  thin  homceoid 

■£+£+'.  i. 

a-      0'       cr 

Let  x,  y,  z  be  the  co-ordinates  of  a  point  on  this  surface,  x  +  dx, 
y  +  dy,  z  +  dz  those  of  a  point  on  a  near  external  equipotential  sur- 
face, and  lying  on  the  normal  drawn  to  the  surface  at  x,  y,  z.  The 
direction  cosines  of  the  normal  are  proportional  to  xjar,  y/b2,  zjc1. 
The  distance  r  from  one  surface  to  the  other  is  therefore 

{xdx/a?  +  ydy/b-  +  zdzic*}/{x*/a*  +  y*jb*  +  z2jc*}K 

The  denominator  of  this  expression  is  1/p  where  <p  is  the  perpen- 
dicular let  fall  from  the  centre  on  the  tangent  drawn  to  the  homoeoid 
at  x,  y,  z.  Now,  by  what  has  been  proved  in  §  497,  r  is  equal  to 
\f\V  where  f  is  a  constant,  and  therefore,  since  the  points  x,  y,  z, 
x  +  dx,  y  +  dy,  z  +  dz  lie  on  the  normal,  and  t  is  the  distance  between 
them,  we  have  dx  =  Txp/a?=  \fx\dr,  and  similarly  dy  =  \fylb'-,  dz  = 
If:  c-.     Therefore  2xdx  =*fai?las,  2ydy  =////&-,  2zdz—J&/<?,  so  that 

ar  +  2xdx     if  +  2ydy     z*  +  'Izdz  _  . 
«s+/  b-+f         "c!+f 

or  to  quantities  of  the  second  order  of  smallness, 


(x  +  dxf  +  (jj  +  dyf  +  (z+dzf  =  j  . 
«-+/  b2+f         c*+f 


that  is,  the  point  x  +  dx,  y  +  dy,  z  +  dz  lies  on  an  ellipsoidal  surface 
confocal  with  the  homoeoid. 

•499.  External  Distribution  Equivalent  to  Thin  Homoeoid. — It 
thus  follows  from  the  theorem  of  the  replacement,  with  identity  of 
external  field,  of  a  distribution  internal  to  a  surface  by  a  distribution 
over  the  surface,  that  a  thin  elliptic  homceoid  can  be  replaced  by  an 
external  elliptic  homoeoid  confocal  with  the  former  one  and  of  the 
samtj  mass.  Thus  the  potential  and  force  at  an  external  point  P 
due  to  an  elliptic  homoeoid  are  the  same  as  those  at  the  same  point 
due  to  another  elliptic  homoeoid  confocal  with  the  former,  of  the 
same  mass,  and  having  P  external,  but  infinitely  close,  to  its 
Burface. 

We  infer  from  the  foregoing  that  the  equipotential  surfaces  of 
a  homceoid  of  uniform  density  are  confocal  ellipsoidal  surfaces.     Of 
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this  theorem,  which  seems  to  have  been  first  given  by  Chasles,  s\e 
•<liall  give  another  proof  in  §  501. 

The  determination  of  potential  and  force  at  any  point  due  to  an 
infinitely  thin  homceoid  is  thus  reduced  to  the  determination  of  the 
potential  and  force  at  the  surface  of  a  confocal  homoeoid.  It  follow- 
that  any  two  thin  confocal  homceoids  of  equal  mass  produce  at  any 
point  P  external  to  both  the  same  potential  and  field-intensity. 

•500.  Homoeoids  of  Finite  Thickness.  Maclaurin's  Theorem. — 
Further,  if  we  have  two  homoeoids  of  finite  thickness  different  in 
the  two  cases,  of  uniform  density  and  equal  mass,  which  are  confocal 
in  the  sense  that  the  internal  surfaces  and  the  external  surfaces 
form  each  a  pair  of  confocal  surfaces,  the  potential,  and  therefore  the 
force  due  to  each  at  any  external  point  P,  is  the  same.  For  each 
homoeoid  may  be  made  up  of  the  same  number  of  thin  homoeoids, 
each  of  one  set  being  of  the  same  mass  as  the  corresponding  homoeoid 
of  the  other  set  taken  in  the  same  order.  Each  homoeoid  of  the  one 
set  will  be  confocal  with  the  corresponding  homoeoid  of  the  other 
set,  as  it  is  easy  to  see  or  prove  if  necessary.  The  theorem  holds 
for  each  pair  of  corresponding  homoeoids,  and  therefore  holds  for 
the  finite  homceoids. 

The  internal  surfaces  may  be  made  as  small  as  is  desired,  and 
hence  any  two  solid  ellipsoids,  each  of  uniform  density  and  equal 
mass,  the  external  surfaces  of  which  are  confocal,  produce  the  same 
potential  at  all  points  external  to  both. 

This  is  what  is  commonly  called  Maclaurin's  theorem  of  the 
attraction  of  ellipsoids.*  The  proof  here  given  of  the  theorem  is  a 
version  of  one  due  to  Chasles.f    Another  proof  will  be  given  in  §  503. 

The  process  of  dividing  an  ellipsoid  up  into  infinitely  thin 
homoeoids  seems  to  have  been  first  used  by  Poisson  in  his  Men 
sur  Vattraction  d'un  ellipso'ide  homoyene.%  He  there  determines  the 
field-intensity  due  to  such  a  homoeoid  at  an  external  point,  and 
shows  that  it  is  directed  along  the  axis  of  the  cone  which  has  its 
vertex  at  the  point  and  envelops  the  homoeoid.  The  following  is  a 
geometrical  proof  of  the  last  result  due  to  Steiner.§  Consider  a  point 
C  (Fig.  269)  on  the  homoeoid  ;  the  plane  determined  by  this  element 
and  the  axis  of  the  enveloping  cone  cuts  the  surface  in  an  ellipse 
which  is  touched  by  the  two  generating  lines  of  the  cone  which  lie 
in  this  plane.  Let  A,  B  be  the  points  of  contact,  then  the  angle 
APB  is  bisected  by  the  axis  of  the  cone.  Let  Q  be  the  point  in 
which  A B  is  cut  by  the  axis,  and  draw  CQ  and  produce  it  to  meet  the 

*  Maclaurin  seems  to  have  given  the  theorem  only  for  points  on  the  pro- 
longation of  the  axes.  In  his  Tkeoria  Attractionis  C'orporum  Sphteroidicorum 
!  Werke,  Bd.  v.)  Gauss  says:  Disquisitioneni  generalisximain  <l<  attractione  spha- 
roidum  turn  per  rcvolutionem  ortarum  .  ..  jamiam  inckoaverat  Maclaurin,  sea 
substiterat  in  attractione  punctorum  in  uliquo  trium  axium  positorum.  He  then 
attributes  the  complete  theorem  to  Laplace,  whose  proof  is  contained  in  the 
well-known  passage  of  the  Meeaniqtu   (Meete,  vol.  ii.  liv.  iii.  chap.  i. 

t  Journal  de  V En di  IMyteoknique  2&**  Cahier.     Paris,  1837. 

*  Mi  in.  ilr  Vlnetitut  tie  France,  vol.  xiii.  1835. 
$  CreUe't  Jour  mil,  vol.  xii. 
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ellipse  again  in  D.  It  can  be  proved  that  l  <1PQ=  _  DPQ.  Now 
from  Q  as  vertex  take  any  small  cone  surrounding  CD  ;  this  inter- 
cepts on  the  shell  two  elements  which,  as  have  been  seen,  give  equal 
and  opposite  attractions  on  a  particle  at  Q.  These  two  elements 
have  volumes  in  the  ratio  of  the  squares  of  their  distances  from  Q, 
that  is  in  the  ratio  QC^jQD2.  But  from  the  equality  of  angles 
stated  QC/QD  =  PCjPD,  and  therefore  vol.  of  element  at  C :  vol.  of 
element  at  D  =  PC^jPD2.     Hence  the  elements  attract  a  particle  at 

Fig.  269. 


P  equally,  and  the  resultant  attraction  is  along  the  bisector  of  the 
angle  ( 'PD,  that  is  along  PQ. 

It  follows  that  any  plane  through  Q  cuts  the  homoeoid  into  two 
parts  which  have  equal  attractions  on  a  particle  at  P. 

Also  since  the  axis  of  the  enveloping  cone  is  perpendicular  to  the 
ellipsoidal  surface  through  P  confocal  with  the  homoeoid  we  see  that 
the  equipotential  surface  at  P  coincides  with  the  confocal  surface, 
and  thus  we  have  another  proof  of  Chasles'  theorem  with  regard  to 
the  form  of  the  equipotential  surfaces. 

These  theorems  have  important  applications  in  the  theory  of 
electricity.  The  density  at  any  point  of  the  equilibrium  distribution 
on  an  ellipsoidal  conductor  alone  in  its  own  field  is  proportional  to 
the  thickness  there  of  a  thin  homoeoid  coinciding  with  the  surface  of 
the  conductor,  and  there  is  no  field  within  the  homoeoid.  The 
potentials  and  fields  due  to  two  confocal  charged  ellipsoidal  conductors 
are  the  same  at  every  point,  the  confocal  surfaces  external  to  a 
charged  ellipsoid  are  its  equipotential  surfaces,  and  so  on. 

*501 .  Chasles'  Theorem  of  Two  Confocal  Homceoids. — The  follow- 
ing theorem  is  also  given  by  Chasles  for  two  thin  confocal  homceoids 
of  equal  mass.  The  potential  produced  at  a  point  P  of  one  homoeoid 
by  the  other  is  equal  to  the  potential  produced  at  the  corresponding 
point  Q  of  the  second  homoeoid  by  the  first.  [Corresponding  points 
on  two  confocal  ellipsoids  are  the  points  which  would  be  transformed 
into  one  another  if  one  homoeoid  passed  into  the  other  by  a  series  of 
changes  throughout  which  the  surfaces  remain  confocal.] 
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First  we  shall  show  that  if  P,  P'  be  two  points  on  one  surface. 
Q,  Q'  their  corresponding  points  on  the  other,  the  distances  P</,  P  (J 
are  equal. 

Let  the  equation  of  one  surface  be  x-jcr  +  y2 jb2  +  s? jcr  =  1,  and  of 
the  other  arj(a-  +  h2)  +  ff*/{V  +  h2)  +  zr/(cr  +  h2)  =  1 ,  and  let  x, y,z.  ■>■' .  >/'. : ' 
be  the  co-ordinates  of  the  points  P.  P'  on  the  first.  The  co-ordi- 
nates of  the  points  Q,  Q'  on  the  second  corresponding  to  P,  P  are 
xja2  +  h2ja,  yjb-  +  hrjb,  ...,  x'Jcr  +  hrja,  y'Jb2  +  h2  b,  ....  Hence 
PQ ' -  =  (x  -  x'Jar  +  h'2/a)-  +  ...,  PQ2  =  (x  -  xjcr  +  A*/a)2  +  ...,  and 
therefore 

PQ'2  -  PQ2  =  hr{(x'2  - x>)ld2  +  {y2  - y2)b2  +  (z2  -  z2)/<r}  =  0.     (64) 

From  this  Chasles'  theorem  follows  at  once.  For  take  any  element 
of  one  homoeoid  at  P'  say.  This  is  marked  out  by  points  which  have 
corresponding  points  marking  out  a  corresponding  element  of  the 
other  homceoid  at  Q',  and  these  elements  are  of  equal  mass.  Hence 
whatever  the  law  of  variation  of  attraction  with  distance  may  be,  the 
potential  at  Q  due  to  the  first  element  situated  at  P'  is  equal  To 
the  potential  at  P  due  to  the  second  element  situated  at  (/.  and 
similarly  for  other  elements. 

If  the  law  of  attraction  be  the  inverse  square  of  the  distance  we 
know  that  the  potential  at  points  within  the  outer  homoeoid  produced 
by  the  matter  of  that  shell  is  constant.  Hence  the  potential  produced 
at  every  point  of  the  outer  surface  by  the  matter  of  the  inner  homoeoid 
has  the  same  value,  that  is  the  outer  confocal  surface  is  an  equi- 
potential  surface  of  the  inner  shell,  the  result  inferred  in  §  4!>S. 

*502.  Ivory's  Theorem  of  the  Attraction  of  Ellipsoids. — If  P,  Q 
be  corresponding  points  on  the  surfaces  of  two  confocal  ellipsoids 
A,  B  (of  axes  a,  b,  c,  a,  b',  c  parallel  to  x,  y,  z)  of  uniform  density. 
the  component  field-intensity  parallel  to  one  of  the  axes,  that  of  x 
say,  produced  at  #  by  A,  is  to  the  component  field-intensity  in  the 
same  direction  at  P  produced  by  B,  in  the  ratio  of  be  to  b'c. 

Consider  a  prism  of  A  parallel  to  the  axis  of  x  and  of  cross- 
section  dydz,  and  let  EQ,  FQ  be  the  distance  of  its  ends  E,  F  from 
fJ.  /•  the  distance  of  any  element  from  the  same  point.  If  the  law 
of  attraction  be  f(r)  the  attraction  dX.  parallel  to  .--,  of  an  element 
of  length  dx  of  the  prism  on  a  unit  particle  at  Q  is  (Fig.  2(!!t) 
p  dydzdxf  (r)  cos  8  -  -  pdy  dzf(r)  dr.  Hence  if  ff  (r)  dr  =  -  \f/  (r)  w  e 
have  for  that  part  of  the  field-intensity  required  which  is  given  by 
the  prism 

dX  =  pdydz{l(FQ)-l{EQ)}.  (65) 

Now  of  the  other  ellipsoid  take  a  prism  the  ends  of  which  A".  /•' 
correspond  to  E,  F;  by  §  501,  E'P  =  EQ,  F'P  =  FQ,  so  that  if  the 
cross-section  be  made  dydzb'c'bc,  we  obtain  for  the  attraction  dX* 
parallel  to  ./•  at  P  exerted  by  this  prisin 

dX'  =  Ph-S 'dydz{xL(F  P)  -  S(E'P)}  =^dX. 

DC  OC 
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If  prisms  of  cross-section  dyclz  be  taken  so  as  to  exhaust  the 
ellipsoid  A,  and  corresponding  prisms  of  B  having  cross-sections 
dydzb'c  jbc  be  taken  to  correspond,  B  will  be  exactly  exhausted  also. 
and  the  whole  component  field-intensities  X,  A"  will  be  in  the  same 
ratio  as  their  parts,  that  is  we  shall  have 


X      be  ' 


(67) 


This  is  Ivory's  theorem.     It  holds,  as  was  first  pointed  out  by  Poisson, 

Fig.  270. 


whatever  be  the  law  of  attraction  of  the  elements,  provided  it  he 
according  to  a  function  of  the  distance. 

•508.  Extension  of  Ivory's  Theorem.  Passage  from  Ivory's 
Theorem  to  Maclaurin's. — From  Ivory's  theorem  can  be  deduced 
another  which  possibly  has  been  noticed  before.  Equation  (67)  can 
be  written 

A"'  _  a'b'c    a 

X       abc   a 

and,  since  the  density  is  the  same  in  both  ellipsoids  A,  B,  if  J/,  31' 
be  their  respective  masses  this  becomes 


X[ 
X 


M'a 
Ma'' 


(67') 


If  now  the  density  of  one  of  the  ellipsoids,  say  that  of  B,  be 
altered,  the  attraction  A"  exerted  by  it  in  the  direction  of  x  on  a 
unit  particle  at  P  will  be  altered  in  the  same  ratio  as  M'  is.  Thus 
(67')  will  still  hold.     This  forms  an  extension  of  Ivory's  theorem. 

In  particular  let  J/'  be  made  equal  to  J/,  then 


X' 
X 


(68) 


that   is,  the  ./-component  of  the  field  intensity  of  B  at  P  is  to  the 


478  DYNAMICS,    PROPERTIES    OF  MATTER. 

./■-component  of  the  field  intensity  of  A  at  Q,  in  the  ratio  of  the 
semiaxis  a  of  A  to  the  corresponding  semiaxis  a  of  B. 

So  far  nothing  depends  on  the  law  of  distance  followed  by  the 
attraction.  Now  let  the  law  be  that  of  the  inverse  square  of  the 
distance.  It  is  proved  (see  Absolute  Measurements  in  Electricity  and 
Magnetism,  vol.  ii.  Part  I.  p.  53)  that  the  components  of  the  field- 
intensity  due  to  a  homogeneous  ellipsoid,  at  any  point  x,  y,  z  on  the 
surface  or  within  it,  are  Ax,  By,  Cz  where  A,  B,  C  are  constants.* 
Hence,  if  X  "  be  the  field-intensity  produced  at  Q  by  the  ellipsoid  B, 


X  "  _  xja-  +  h-/a  _  a 
X'  x  a 

But  X'  =  Xa/a,  so  that  we  obtain  X"  =  X.  The  same  thing 
holds  for  the  other  components,  and  thus  as  in  §  500  we  obtain  again 
Maclaurin's  theorem. 

*504.  Law  of  Force  for  Gravitating  Matter  Deduced  from  Non- 
Existence  of  Field  within  Spherical  Shell. — The  following  important 
deduction  from  Ivory's  theorem  is  due  to  Duhamel.+  Two  concen- 
tric spheres  of  the  same  density  form  a  particular  case  of  the  two 
confocal  ellipsoids  just  considered.  The  field-intensities  X,  X'  of 
two  such  spheres  at  corresponding  points,  the  extremities  of  two 
radii  r,  r  drawn  from  the  common  centre  in  the  same  direction, 
are  in  the  ratio  r'-/r"-.  If  the  law  of  attraction  be  such  that  the 
mass  of  the  shell  of  the  larger  sphere  external  to  r  have  no  field- 
intensity  in  its  interior,  the  intensity  A",  due  to  the  larger  sphere 
at  the  surface  of  the  smaller,  reduces  to  that  due  to  the  matter 
within  the  smaller.  Hence  X,  X'  are  the  attractions  of  the  smaller 
sphere  on  unit  particles  at  the  distances  r,  r  from  the  centre 
respectively,  and  we  have  seen  that  they  are  inversely  as  the  squares 
of  these  distances.  Since  the  small  sphere  can  be  made  as  small 
as  we  please,  and  we  can  compare  the  field-intensity  which  it  pro- 
duces at  its  own  surface  with  that  which  it  produces  at  the  sur- 
faces of  larger  spheres  of  different  radius,  we  see  that  the  law  of 
attraction  which  must  hold  is  that  of  the  inverse  square  of  the 
distance. 

Hence  the  law  of  the  inverse  square  of  the  distance  could  be 
properly    inferred    from    an    experiment    proving  that   there  is  no 

00  rI(~/h-\ 

*  The  value  of  A  is  -Itrkpnbc  / . — r,,  those  of  B  and  C 

J  {(a* +  <p*f(b*  + <P*)(c*  + fig- 
ure obtained  from  this  by  multiplying  the  element  of  the  integral  by 
{it- +  <p'*)l(b'2  +  <p-),  (a2  +  tp-)/{c-  +  <p-)  respectively.  The  components  of  field - 
intensity  at  an  external  point  x.  y,  z  are  given  by  exactly  similar  formula?,  in 
which,  however,  the  lower  limit  of  the  integral  is  replaced  by  <p{*  where  <p{-  ifl 
the  positive  or  numerically  least  root  of  the  cubic  in  <p-  given  by 


.'/" 


+  ^r=-T,=  l. 


€?  +  (p'1     b-  +  <p-      c-  +  <f> 
f  Court  dc  Micamique,  Premiire  Partlr,  §  151 
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gravitational  field-intensity  within  a  hollow  spherical  shell  of  uni- 
form thickness  and  density.  A  proof  depending  on  this  principle 
was  given  by  Cavendish  for  the  law  of  electrical  attraction  and 
repulsion. 

Another  proof  that  the  law  of  attraction  is  the  inverse  square 
of  the  distance  if  there  be  no  force  within  a  uniform  spherical  shell 
is  given  by  Laplace  in  the  Mecanique  Celeste,  Liv.  II.,  No.  1'2.  See 
also  Maxwell,  Electricity  and  Magnetism,  vol.  i.,  art.  74e. 

."><>•">.  Centre  of  Gravity.  Centrobaric  Bodies. — As  has  been 
pointed  out  by  Lord  Kelvin,*  Green's  theory  of  replacement  of 
attracting  matter  leads  to  the  determination  of  distributions  which 
have  in  the  strict  sense  of  the  term  a  Centre  of  Gravity.  As  already 
noticed,  this  term  has  a  distinct  meaning  of  its  own,  and  is  not  to  be 
confounded  with  the  centroid  or  centre  of  mass.  The  following  i>  a 
definition  : — 

Let  a  distribution  of  gravitating  matter  the  configuration  of  the 
particles  of  which  are  fixed  relatively  to  one  another  (a  rigid  body) 
be  given,  and  let  the  forces  between  its  particles  and  those  of  another 
rigid  body  reduce  to  a  single  force  which  always  passes  through  a 
point  fixed  relatively  to  the  first  body,  however  the  relative  positions 
of  the  two  bodies  may  be  changed,  that  point  is  said  to  be  the  Centre 
of  Gravity  of  the  first  body. 

As  we  shall  see,  a  large  number  of  distributions  of  matter  do  not 
possess  centres  of  gravity.  A  body  which  does  possess  one  is  called  a 
centrobaric  body. 

Let  a  centre  of  gravity  G  be  found  to  exist  for  a  body  B  and  the 
attractive  forces  between  it  and  another  body  A.  We  may  prove 
that  the  point  G  is  the  centre  of  gravity  of  B  for  the  action  between 
1)  and  any  other  distribution  of  matter  wholly  external  to  the 
1  lounding  surface  of  A . 

First,  since  the  resultant  force  passes  through  G  for  any  one 
position  of  A ,  G  is  the  centre  of  gravity  of  B  for  a  distribution  made 
up  of  a  repetition  of  A  in  any  number  of  different  positions.  Take 
such  a  position  of  A  that  a  sphere,  centre  C  say,  can  be  described  so 
as  to  completely  enclose  it  without  including  any  part  of  B.  Now 
turn  A  round  a  diameter  of  the  sphere  as  an  axis  so  that  each 
particle  describes  a  circle :  since  the  resultant  attraction  between  it 
and  B  passes  through  G  for  every  position,  so  also  will  the  resultant 
attraction  between  B  and  a  body  formed  by  distributing  each  particle 
of  A  uniformly  round  the  circle  it  has  described. 

Also  since  this  holds  for  every  axis  through  C  round  which  A  can  be 
revolved,  it  holds  for  the  attraction  between  B  and  the  bod}-  formed  by 
uniformly  distributing  each  particle  of  A  over  the  sphere  of  centre  C 
on  which  it  lies  in  any  of  the  positions  just  considered.  Thus  it 
holds  for  the  attraction  between  .1  and  a  body  made  up  of  uniform 
concentric  shells. 

But  the  force  between  any  uniform  shell  and  each  particle  of  an 

*  Proc.  E.S.E.,  February  1864. 
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external  body  is  the  same  as  it  would  be  if  the  mass  of  the  shell  were 
concentrated  at  the  centre.  Hence  the  attraction  between  B  and  a 
particle  equal  in  mass  to  B  placed  at  C  passes  through  G  as  well  as  < '. 

Hence  also  the  resultant  attraction  between  any  particle  at  ( '  and 
B  passes  through  G.  This  holds  for  any  position  of  G  for  which  a 
sphere  can  be  described  as  stated  above ;  but  it  can  be  shown  that  ( ' 
can  be  taken  anywhere  in  the  space  external  to  B. 

For  take  a  position  of  A  for  which  a  sphere  can  be  drawn  to 
include  A  and  exclude  B.  There  will  be  a  certain  region  within 
which  the  centres  of  such  spheres  can  lie  and  outside  which  they  cannot. 
Place  A  partly  within  partly  without  such  a  region.  The  attraction 
between  B  and  a  particle  placed  at  any  point  within  the  region  is 
through  G,  and  therefore  the  direction  of  the  resultant  attraction 
between  B  and  the  part  of  A  within  the  region  passes  through  G, 
since  the  same  thing  is  true  of  every  particle.  But  since  the  whole 
attraction  between  A  and  B  acts  through  G,  the  direction  of  the 
attraction  between  B  and  the  remainder  of  A  passes  through  G. 
Spheres  can  now  be  drawn  from  points  within  a  new  region  of  space 
so  as  to  include  the  latter  part  of  A  and  exclude  B,  and  it  can  be 
proved  as  before  that  the  action  between  B  and  a  particle  placed  at 
any  point  within  the  new  region  passes  through  G.  This  latter 
region  may  be  extended  like  the  former  one  ;  and  in  this  way  it  can 
be  proved  by  successive  steps  that  a  particle  situated  at  any  point 
external  to  B  is  attracted  in  a  line  joining  it  with  G. 

Since  the  lines  of  force  are  straight  lines  passing  through  G,  the 
equipotential  surfaces  described  in  space  external  to  B  are  evidently 
spheres  with  their  centres  at  G.  It  follows  that  G  must  be  surrounded 
by  matter,  that  is,  that  no  path  can  be  drawn  to  G  from  space  external 
to  B  without  passing  through  the  matter  of  B.  For  if  such  a  line 
could  be  drawn  G  would  lie  in  free  space  continuous  with  that  outside 
B.  and  in  that  space  the  lines  of  force  would  be  straight  lines  through 
G.  Thus,  a  closed  surface  could  be  described  in  free  space  about 
G  the  surface  integral  of  normal  force  over  which  would  not  be  zero, 
and  which  therefore  must  according  to  §  456  include  matter,  which 
contradicts  the  supposition  as  to  the  position  of  G.  Hence  a  body 
such  as  an  anchor  ring,  an  open  cylinder,  an  incomplete  spherical 
.-hell,  ifcc,  cannot  have  a  centre  of  gravity. 

Since  the  equipotential  surfaces  are  spheres  with  a  common  centre 
G,  the  body  must  attract  external  particles  as  if  its  whole  mass  wei  e 
collected  at  G.  For  it  is  easy  to  show  by  considering  different 
spherical  surfaces  that  the  field-intensity  at  external  points  falls  off 
as  the  square  of  the  distance  increases. 

For  external  points  on  spheres  which  are  described  from  G  as 
centre  but  Avhich  do  not  include  the  whole  of  B,  the  equipotential 
surfaces  are  the  spherical  surfaces  passing  through  those  points. 
This  is  a  possible  case  when  we  have  a  sphere  as  at  £  492,  the  density 
of  which  varies  as  the  inverse  fifth  power  of  the  distance  from  an 
external  point  F.  The  Centre  of  Gravity  G  is  then  the  inverse  point 
of  F  relatively  to  the  sphere. 
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506.  Formation  of  Centrobaric  Distributions. — It  is  possible  to 
distribute  any  given  quantity  M'  of  matter  over  any  closed  surface, 
completely  enclosing  a  given  mass  M  of  matter  so  as  to  produce 
a  system  centrobaric  as  regards  the  field  external  to  the  surface, 
and  having  any  specified  internal  point  as  centre  of  gravity. 

For  (1)  distribute  over  the  surface  a  quantity  of  matter  in  such  a 
way  as  to  produce  at  the  given  surface  a  potential  equal  and  opposite 
to  the  potential  V  produced  by  M  at  each  point  of  the  surface.     The 

Fig.  271. 


potential  at  each  point  of  the  surface  and  without  it  is  thus  reduced 
to  zero,  and  tbe  quantity  of  matter  on  the  surface  is  -  M. 

Xow  (2)  distribute  matter  over  the  surface  so  as  to  produce  at 
any  element  E  a  potential  kMjGE.  The  potential  at  each  element  E 
has  this  value,  and  the  external  field  is  precisely  that  which  would 
be  produced  by  M  at  G.  Therefore  the  system  is  centrobaric,  and 
the  quantity  of  matter  on  the  surface  zero,  and  the  whole  quantity 
within  is  the  same  as  before.  Now  add  any  quantity  of  matter  over 
the  surface  so  as  to  produce  at  each  element  E  a  potential  kM'/GE. 

The  potential  at  each  element  of  the  surface  is  now 
A-(J/+  Jf')GE,  and  at  each  external  point  is  the  same  as  that 
produced  by  21  +  M'  at  G.  If  we  do  not  contemplate  negative 
matter  at  any  part  of  the  surface,  we  must,  if  the  field -intensity 
is  outward  instead  of  inward  across  the  surface  at  any  element, 
diminish  2f,  so  that  21'  may  be  made  sufficient  for  the  required 
purpose. 

We  have  an  important  but  less  general  problem  when  M  is  zero. 
Particular  cases  of  this  are  a  spherical  shell  of  matter,  the  surface 
density  of  which  varies  as  the  inverse  cube  of  the  distance  from  an 
external  point  E,  and  a  spherical  volume  distribution  the  density  of 
which  varies  as  the  inverse  fifth  power  of  the  distance  from  E.  The 
shell  attracts  external  particles  as  if  its  whole  mass  were  collected  at 
G,  the  inverse  point  of  E  with  respect  to  the  sphere.  Hence,  if  any 
internal  point  is  to  be  chosen  as  G,  the  density  must  be  made  to  vary 
inversely  as  the  cube  (or  the  fifth  power  according  to  the  case)  of 
the  distance  from  the  corresponding  inverse  point  E  outside. 

It  is  clear  that  the  centre  of  gravity  of  a  centrobaric  body  coin- 
cides with  its  centre  of  inertia.     For  the  body  is  centrobaric  for  all 

2h 
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external  extracting  bodies.  It  is  so  for  a  body  so  distant  that  the 
forces  on  the  different  particles  of  the  centrobaric  distribution  are 
infinitely  nearly  parallel ;  the  forces  on  the  particles  are  propor- 
tional to  the  masses,  and  the  centre  of  these  forces  (§  174)  is  the 
centre  of  gravity. 

507.  Centrobaric  Distributions  are  Kinetically  Symmetrical. — 
It  may  be  noticed  here  that  a  centrobaric  body  has  the  same  moment 
of  inertia  about  every  axis  through  the  centre  of  gravity,  that  is  to 
say,  all  such  axes  are  principal  axes,  and  the  momental  ellipsoid  for 
that  point  is  a  sphere.  The  reader  may  endeavour  to  supply  a  proof 
of  this  theorem,  or  have  recourse  to  Thomson  and  Tait's  Natural 
Philosophy,  vol.  i.,  Part  II.,  where  further  information  regarding 
centrobaric  bodies  will  be  found. 


CHAPTER  XII. 
ASTRONOMICAL  DYNAMICS. 

508.  Orbital  Motion  of  a  Particle  under  a  Central  Force. 
Specification  of  the  Central  Force. — We  shall  take  first  the  case  of 
a  particle  which  moves  under  the  influence  of  a  force  directed  towards 
;i  fixed  point,  and  varying  according  to  a  single-valued  function  of  the 
distance  of  the  particle  from  that  point.  Afterwards  we  shall  con- 
sider shortly  the  problem  of  the  relative  motion  of  two  bodies  which 
act  on  one  another  with  equal  and  opposite  forces,  and  illustrate  the 
result  by  means  of  the  motions  of  the  planets  about  the  sun.  It  will 
not  be  possible  to  do  more  than  add  a  few  general  considerations 
regarding  the  problems  of  greater  complexity  that  exist  in  the  motion 
of  the  planets  and  give  references  to  further  sources  of  information. 

The  line  drawn  from  the  fixed  point  to  the  particle  is  called 
the  radius-vector,  its  length  is  denoted  by  r.  If,  then,  F  be  the 
central  force,  we  have  F=J\r).  Unless  it  is  otherwise  stated,  it 
will  be  assumed  that  the  force  on  the  particle  is  an  attraction,  and 
that  F  is  its  numerical  value.  Also  the  positive  sense  of  the  radius- 
vector  will  be  taken  as  outwards  from  the  centre  :  hence,  when  the 
mass-acceleration  in  this  sense  is  calculated,  we  shall  have  to  equate 
it  to  -  F.  Until  it  becomes  necessary  to  apply  the  'results  of  the 
theory  to  the  motions  of  the  bodies  of  the  solar  system,  the  particle 
will  be  taken  as  of  unit  mass.  To  modify  the  equations  at  any 
stage,  however,  it  is  only  necessary  to  multiply  the  accelerations  by 
the  mass  m  of  the  moving  particle. 

509.  The  Motion  is  in  One  Plane. — The  particle  is  supposed 
given  in  motion  at  a  certain  instant  with  velocity  v0  at  a  point  at 
which  the  radius-vector  has  length  r0.  The  distance  traversed  by 
the  particle  in  an  infinitesimal  interval  of  time,  dt,  including  or 
immediately  succeeding  the  instant  is,  of  course,  v()dt,  and  the  accele- 
ration is  in  the  plane  determined  by  the  centre  of  force  and  the 
element  of  path  v0dt.  The  velocity  generated  in  dt  therefore  lies  in 
that  plane,  so  that  in  the  next  element  of  time  the  motion  lies  in  the 
same  plane  as  before,  and  so  on. 

510.  Accelerations  along  and  at  Right  Angles  to  the  Radius- 
Vector.  Law  of  Uniform  Description  of  Areas. — These  are,  of 
course,  accelerations  along  directions  fixed  in  space  and  coinciding  at 

*  This  chapter  may  be  omitted  on  a  first  reading  and  by  beginners. 
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Fig.  272. 


the  instant  with  the  radius- vector  and  the  perpendicular  to  it.  We 
shall  suppose  that  the  particle  P  is  moving,  as  shown  in  Fig.  272, 
about  the  centre  of  force  0,  and  that  the  accelerations  are  taken  in 

the  directions  OP,  PX,  where  OP  is 
the  position  of  the  radius-vector, 
making  an  angle  8  with  the  fixed 
line  OA  in  the  plane  of  motion,  and 
PS  is  at  right  angles  to  OP,  as 
shown  in  the  diagram.  The  velo- 
city relatively  to  the  moving  direc- 
tion OP  is  r.  But  this  direction  is 
turning  round  in  the  direction  in- 
dicated by  the  arrow  with  angular 
velocity  6.  Hence  the  velocity 
parallel  to  a  fixed  line  coinciding 
with  OP  of  a  point  on  PX  distant 
q  from  P  is  r  —  6q.  If  q  is  fixed  in 
value  the  velocity  of  the  same  point 
relatively  to  the  moving  axis  PX  is 
zero,  and  its  velocity  j  +  6r  along  a  fixed  axis  coinciding  with  the 
instantaneous  position  of  PX  reduces  to  dr.  The  velocities  of  P 
relatively  to  the  fixed  axes  coinciding  with  OP,  PX  are  therefore 

r,  Or. 

The  accelerations  are  therefore,  by  (76),  §  271,  r-rti2  along  OP, 

and  ?-6  +  2rd  along  PX.    The  former  must  be  equal  to  the  force  from 
0  to  P,  and  the  latter  must  be  zero. 
We  thus  c;et 

r-rd2  =  -F,  r'e  +  '2rd  =  0.  (1) 


The  latter  equation  may  be  written 


M^-0'. 


(-') 


and  has  the  following  obvious  interpretation.  The  area  swept  over 
by  the  radius-vector,  while  the  angle  0is  increased  by  the  element  dO, 
is  \r2dQ,  so  that  r26  is  twice  the  rate  of  description  of  area  by  the 
radius-vector.  Equation  (2)  is  therefore  equivalent  to  the  state- 
ment 

r2d  m  h  (3) 


where  A  is  a  constant ;  that  is,  that  the  rate  of  description  of  area  by 
the  radius-vector  is  unvarying.  This  is,  in  other  words,  the  theorem 
that  the  moment  of  momentum  of  the  particle  about  the  centre  of 
force  0  is  constant,  a  theorem  which  is  obvious  from  the  fact  that  the 
direction  of  the  rate  of  change  of  momentum  of  the  particle  at  each 
instant  passes  through  0,  and  therefore  has  no  moment  about  0. 
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511.  Differential  Equation  of  the  Orbit. — If  l/«  be  put  for  r,  we 
have,  since  /•  and  8  vary  together, 

u  6  du  7  du  , .  s 

r  =  —  — =— =  —  h — ,  (4) 

u2         u-dd  dd  v  ' 

by  (8).     Hence  also 

r=  -hS^£=  -hh^~  (5) 

dO-  dd2  v  ' 

Also  rd'2  =  h-ir^  =  k-i(?,  and  this  with  (5)  converts  the  first  of  (1) 
into 

d2u  F  la, 

d6-  hht- 

which  is  the  differential  polar  equation  of  the  orbit. 

512.  Equation  of  Orbit  when  Force  is  Function  of  Distance. 
Law  of  Inverse  Square. — When  F  is  given  as  a  function  of  the  dis- 
tance, f(u),  (G)  can  be  used  to  find  the  orbit;  or  conversely,  if  the 
orbit  is  given,  (6)  can  be  used  to  find  the  law  of  force.  As  an 
example  of  the  former  problem  take  the  case  of  a  force  varying 
inversely  as  the  square  of  the  distance.  Here  F=fiu2,  and  we 
have 

d-u  /X  /r-\ 

of  which  the  complete  solution  is 

u  -  ji>  =  Acos(6  -  a), 

where   H   and    a  are   constants.     It    is   clear    that  when    6  -  a  =  0, 
a  =  fi/h2  +  A,  or  r  =  l/(fji/h2  +  A ),  and  that  when  6  -  a  =  n,  u  =  p/h2  -  A 
or  /•  =  l/(/x//r  -  A).     Calling  the  first  of  these  values  of  r  a(l  -  e),  and 
the  second  «(1  +  e)  we  obtain  A  =  eja(l  -  e2),  and  p/h2  =  l/a(l  —  e~). 
Hence  the  solution  becomes 

rs      <!-*)  (8) 

l+ecos(0-a)  v  ' 

which  is  the  equation  of  a  conic  section,  of  latus-rectum  2a(l  —  e2), 
major  axis  '2a,  and  eccentricity  e.  It  is  a  hyperbola  if  e>  1,  and  an 
ellipse  if -«.<1. 

513.  The  Orbit  is  Concave  or  Convex  towards  the  Centre  of 
Force  according  as  the  Force  is  an  Attraction  or  a  Repulsion. — 
This  is  true  whatever  the  law  of  force  may  be.  The  particle  at  any 
instant  is  moving  along  the  tangent  to  the  path.  According  as  the 
force  is  an  attraction  or  a  repulsion,  the  velocity  generated  in  an 
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interval  of  time  dt  following  the  instant  is  towards  or  from  the 
centre  of  curvature.  Thus,  in  the  former  case  the  direction  of 
motion  changes  from  P  to  Q,  as  shown  in  Fig.  273,  and  in  the  latter 
from  P'  to  Q',  as  in  Fig.  274. 

The  same  result  is  easily  obtained  analytically.  It  is  clear  from 
Fig.  275,  in  which  PQ  denote  the  positions  of  the  particle  at  the 
beginning  and  end  of  an  interval  of  time  dt,  that  if  PQ  be  denoted 
by  ds,  and  QS  be  drawn   perpendicular  to   OP,  we  have   QS  =  rdO, 

Fig.  274. 


Fig.  273. 


SP  =  -  dr.     Hence  ds2  =  r-dd-  +  di-3.     Also  if  OMP  be  a  right  angle 
sin  SPQ  =  p/r  =  rdd/ds.     Thus  ds2  =  rAdd2jp~.     Hence 

l_l(dr\*  ,i_/duy  ( 


and  we  obtain 


1    dp        0/d2u        \      F  n.,v 


by  (6)  since  du/d0.d6ldr=  -  »-. 

It  is  clear  that  for  concavity  towards  0,  p  must  increase  or 
diminish  with  r,  that  is,  dp/'dr  must  be  positive.  Hence  d-u  dt)-  +  u 
must  also  be  positive.  The  reverse  is  the  case  for  convexity.  Thus, 
according  as  F  is  positive  or  negative,  that  is,  is  an  attraction  or  a 
repulsion,  the  curve  is  concave  or  convex  towards  the  centre  of  force. 

514.  Law  of  Inverse  Square.  Criterion  of  Orbit.  Velocity 
from  Infinity. — -Calculating  the  value  of  v-,  the  square  of  the  velocity 
when  the  radius-vector  is  of  length  r  and  makes  an  angle  H  with  a 
line  fixed  in  the  plane  of  the  orbit,  we  obtain  from  (9)  (since  pr  =  h) 
and  (8) 
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v*=h*f 


/du\2        o  I 
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(11) 


But  the  velocity  which  would  be  acquired  by  a  unit  particle  in 
falling  under  the  influence  of  a  centreward  force  n/x'2  from  infinity 
to  a  distance  r  from  the  centre  of  force  is  given  by 


r- 


3D 

a     fdx     2fj. 


Hence 


h? 


V2-v2  =  ^= — 

a     a?{\-e*) 

Fig.  275. 


(12) 
(13) 


Thus,  if  v2>V2,  then  e>l,  and  the  path  is  a  hyperbola;  and  if 
v2<  V,  then  e<  1,  and  the  path  is  an  ellipse.  The  path  is  therefore  an 
ellipse  or  a  hyperbola  with  the  centre  of  force  as  a  focus  according  as 


Fig.  276. 


the  velocity  v  is  less  or  greater  than  the  velocity  V,  or,  as  it  is  generally 
expressed,  is  less  or  greater  than  the  velocity  from  infinity.  When 
the  orbit  is  a  hyperbola  under  an  attractive  force,  the  particle  moves 
in  that  branch  of  the  hyperbola  within  which  lies  the  centre  of 
force. 

On  the  other  hand,  when  the  force  is  repulsive  and  varies  accord- 
ing to  the  inverse  square  of  the  distance,  the  orbit  is  a  hyperbola 
with  the  centre  of  force  as  a  focus,  but  the  particle  moves  in  the 
branch  which  is  convex  to  the  centre  of  force.  The  two  cases  are 
shown  in  Fig.  27 G.     F  is  the  centre  of  force,  and  the  particle  moves 


488  DYNAMICS,    PROPERTIES    OF   MATTER. 

in  the  branch  A  or  the  branch  B,  according  as  the  force  is  attractive 
or  repulsive. 

If  the  law  of  force  be  njr",  where  w>l,  the  velocity  from  infinity 
is  given  by 

IV2=  /Jtdr  =  ^~  — .  (14) 

2  J  r"  n  -  1  f*"1  V     ' 

r 

On  the  other  hand,  if  the  law  of  force  be  fir'",  where  m>  -  1,  the 
velocity  from  infinity  is  infinite.  But  in  this  case  the  velocity 
acquired  in  moving  from  a  point  at  distance  r  to  the  centre  of  force 
is  finite.     Using  V  in  this  sense  we  obtain 


r 

£  F2  =  M  fr'"dr  =  —f—  rm+\  (15) 

J  m  + 1 


515.  Energy  of  Orbital  Motion  of  Particle. — We  can  now 
assign  the  energy  of  the  motion.  The  potential  energy  of  the 
moving  particle  in  any  position,  the  distance  of  which  from  the 
centre  of  force  is  r,  is  the  work  which  must  be  done  against  the 
attraction  /(?•)  in  carrying  the  particle  to  that  position  from  a 
chosen  standard  position  at  distance  c,  say.  If  f(r)  =  pr'*',  where  in 
may  be  positive  or  negative,  the  potential  energy  E  is  given  by 

r  r 

E  =   ff(r)dr  =  n  frm'dr  =  -**—  (rm'+l  -  &"'"' ).  (16) 

J  J  m  +1 

c  c 

Hence,  if  at  a  distance  r  the  velocity  be  v,  the  principle  of  con- 
servation of  energy  gives 

hi*  +  E  =  W+     !*     (rm '+1  -  c'"'+1)  =  A',  (17) 

where  K  denotes  the  whole  energy  of  the  particle. 
If  m   <  -  1  —  -7i,  say,  this  last  equation  becomes 

£«2  +  E  =  hv2  -     **    (r1-"  -  c'-")  =  K.  (18) 

Taking  in  this  case  c  =  oc  for  the  standard  position  of  zero 
potential  energy,  this  last  equation  becomes 


\,---lV1  =  K,  (19) 

where  V  is  the  velocity  from  infinity. 

On  the  other  hand,  when  ni'>  -\,E  becomes  infinite  when  «  =  x  , 
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and  we  choose  as  the  standard  position  r  =  0.     Hence  in  this  case 
m  +  1  is  always  positive,  and 


E 


m'  +  1 

The  energy  equation  is  therefore 


-m 


W  +  — — -  r""+l  =iv2  +  hV2  =  K. 
m  +1  " 


(20) 


The  energy  equation  (18)  gives,  of  course,  if  v0  be  the  velocity  at 
distance  r0  in  the  orbit, 


Fig.  277. 


If  the  motion  be  in  an  ellipse 
under  a  force  varying  as  the  inverse 
square  of  the  distance  and  v0  be  the 
velocity  at  the  shortest  distance, 
that  is,  at  the  distance  a(l-e) 
(§  512)  from  the  focus  which  is  the 
centre  of  force,  the  equation  of 
energy  is 


JU,2  _  lv  2 
2V        2<7o 


r     a{\  -c) 


(22) 


Bat  since  the  particle,  when  at  dis- 
tance a(l  -  e),is  moving  perpendicularly  to  the  major  axis,v0«(l  -  e)  =  hr 
or  v02  =  A2/«2(l  -  ef  =  lx{\  +e)/a(l  -  e),  since    ^  =  h-/a(l  -  e2).      Thus 
(22)  becomes 


the  equation  (11)  already  obtained  above. 

516.  Tangential  and  Normal  Resolution.  Chord  of  Curvature. 
— Let  the  velocity  v  at  the  point  P  be  inclined  to  the  radius-vector 
at  an  angle  cp,  as  shown  in  Fig.  277.  The  component  of  central  force 
along  the  tangent  is  Fcosf,  in  the  direction  opposing  the  motion,  the 
other  rectangular  component  FsiiKp  is  inwards  towards  the  centre  of 
curvature.   Hence,  if  R  be  the  length  of  the  radius  of  curvature  at  P, 


dv 
ds 


Fcosf, 


v 
7? 


Fsin  ^. 


(23) 


By  Fig.  277  cosf  =  dr/ds,  and  therefore  the  first  of  (23)  becomes 
vdv  =  -  Fdr,  so  that  we  obtain  by  integration 


1„2  =   _fFdr+Ci 
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which  is  another  form  of  the  energy  equation.     If  F=f(r)  this  is 

^=-ff(r)dr+C, 
•or 

^--^  =  F{r0)-F{r),  (24) 

if  F(r)  =ff(r)dr,  and  r0  is  the  value  of  the  distance  at  the  point  from 
■which  the  integration  is  regarded  as  begun. 

For  example,  if  f(r)  =  /x/r3,  and  j"0  is  «(1  -  e),  that  is,  if  the  orbit  is 
an  ellipse  round  a  centre  of  force  in  one  of  the  foci, 


W  ~  hv*  ='-- 


2_M 

r 


a(  1  -  e) 


(25) 


This  is  equation  (-2),  which  was  obtained  in  §  515  by  practically  the 
same  process. 

The  second  equation  of  (23)  can  be 
Fro.  278.  written  in  the  form 

v2  =  ±F.2fism<i>.  (26) 

But  22?sin<2>  is  the  length  of  what  is 
called  the  "chord  of  curvature"  through 
the  centre  of  force,  that  is,  that  chord 
of  the  circle  described  from  the  centie 
of  curvature  with  radius  R  which  coin- 
cides in  direction  with  PO.  [Fig.  27s 
shows  the  centre  of  curvature  C  of  the 
orbit  (an  ellipse)  at  the  point  P,  S  is 
*.^  ,-*  the  centre  of  force,  and  PS T  the  chord 

"*"- -''  of  curvature.]       By   comparison    with 

the  equation  v'2  =  2gh,  we  see  that  v-  is 
the  velocity  which  the  particle  would  acquire  in  moving  from  rest 
under  a  constant  acceleration  F  in  the  direction  of  motion,  through 
a  distance  equal  to  one  fourth  of  the  chord  of  curvature. 

Thus,  in  the  particular  case  of  a  circular  orbit  of  radius  a  about  a 
centre  of  force  at  the  centre  and  under  a  force  fi/a2  the  velocity  is  that 
which  would  ba  acquired  by  the  unit  particle  in  moving  under  constant 
-acceleration  p/a?  in  the  direction  of  motion  through  a  distance  \a. 
The  velocity  proper  to  an  infinitesimal  satellite  revolving  round  the 
earth  in  a  circle  of  radius  R  about  the  earth's  centre  is  therefore  JgR 
where  g  is  the  acceleration  due  to  gravity  at  distance  R.  The  period 
of  revolution  of  the  satellite  would  be  27rR/JgR  =  2TrJR/g,  the  period 
of  oscillation  of  a  pendulum  oscillating  under  gravity  y,  and  of  length 
equal  to  the  earth's  radius. 

517.  Apsides  and  Apsidal  Distances. — In  an  elliptic  orbit  de- 
scribed round  a  centre  of  force  in  the  focus,  there  are  only  two  points 
at  which  the  direction  of  motion  is  perpendicular  to  the  radius-vector. 
Such  a  point  is  called  an  apse,  and  its  distance  from  the  focus  is 
called  an  apsidal  distance. 
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The  condition  for  an  apse  is  that  dujdd  =  0,  and  by  using  this 
condition  in  the  general  differential  equation  of  a  central  orbit  it  can 
be  proved  that  while  the  number  of  apsides  depends  on  the  nature 
of  the  orbit,  there  cannot  be  more  than  two  apsidal  distances  if  the 
force  varies  as  a  single-valued  function  of  the  distance.  This, 
however,  can  be  seen  without  analysis  from  the  following  con- 
siderations. Let  the  velocity  of  the  particle  at  the  apse  be  reversed 
in  direction  without  change  of  numerical  value,  the  portion  of  the 
orbit  just  before  described  will  be  retraced,  since  the  acceleration  is 
the  same  as  before  at  each  point,  but  inclined  to  the  direction  of 
motion  at  an  angle  which  is  the  supplement  of  its  foimer  inclination 
to  the  direction  of  motion  at  the  same  point.  Hence,  whatever  rate 
of  increase  or  diminution  of  velocity  took  place  in  any  element  of 
the  path  before,  there  will  be  an  equal  diminution  or  increase  in  the 
same  element  in  the  backward  motion.  But  the  part  of  the  orbit 
described  in  the  backward  motion  must  be  that  which  would  be  given 
by  the  part  beyond  the  apse,  if  the  diagram  were  turned  round 
through  an  angle  of  180°,  the  radius-vector  to  the  apse  as  an  axis. 
The  parts  of  the  orbit  on  the  two  sides  of  an  apse  therefore  lie 
symmetrically  about  the  radius-vector  to  the  apse,  and  the  apsidal 
distance  first  on  one  side  is  equal  to  that  first  on  the  other  side  of 
the  apse. 

518.  Determination  of  Orbit. — If  the  plane  of  the  orbit  and  the 
centre  of  force,  and  the  velocity  and  direction  of  motion  be  given,  the 
orbit  can  be  determined.  The  case  of  greatest  physical  importance  is 
the  elliptic  orbit  described  by  a  particle  under  a  force  varying 
inversely  as  the  square  of  the  distance. 

The  centre  of  force  is  the  focus  S,  Fig.  278,  of  the  ellipse.  The  plane 
of  the  orbit  being  given,  and  the  centre  of  force,  if  the  velocity  v  at  ii 
point  P,  distant  r  from  the  centre  of  force  be  known  in  magnitude  and 
direction,  the  orbit  can  be  completely  determined.  For  the  perpen- 
dicular from  the  centre  of  force  on  the  direction  of  motion  at  P  is 
known  in  length  and  position.  If  its  length  be  p,  we  have  vp  =  h  ; 
hence  h  is  known. 

For  an  ellipse,  as  has  already  been  seen,  v-  must  be  less  than 
2  fj.  /•,  the  square  of  the  velocity  from  infinity  at  P.  This  is  known 
since  /*  is  supposed  known.  By  §§  512,  514,  a(  1  -  e2)  =  A2//*,  and 
r-  =  /x(2/r-l/a).     Thus 

hr  e2_/*»-A2 

2  jjl  -  v'2r  fx  a 

and  therefore  the  length  of  the  semi-axis  minor  is  by  Fig.  277 

b  =  ajtt  =  hj±  -  y/^rmn  <p.  (28) 

The  orbit  is  finally  determined  as  follows.  The  direction  of 
motion  being  known,  a  normal  to  the  ellipse  at  P  can  be  drawn. 
This  drawn  inward  makes  an  angle  jt/2  -  <f>  with  the  radius-vector  ;  a 
line  drawn  inward  from  P  making  an  equal  angle  with  SP  will  pass 


a  = 


e2  =  pa-n-^  ^ 
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through  the  second  focus  *S",  and  since   SP  +  PS'  =  2a,  the  second 
focus  is  determined. 

For  this  determination  there  have  been  required  the  plane  of  the 
orbit,  the  position  of  the  centre  of  force,  a  point  in  the  orbit,  and  the 
direction  and  magnitude  of  the  velocity  at  that  point. 

519.  Elements  of  an  Orbit. — In  the  case  of  a  planetary  orbit  the 
position  of  the  plane  of  the  orbit  is  determined  by  its  inclination  to 

the  plane  of  the  earth's  orbit 
Fig.  279.  (or  eclijitic),  and  the  position 

of  the  line  of  intersection  of 
these  two  planes  (which  passes, 
of  course,  through  the  sun's 
centre),  or  line  of  nodes  as  it 
is  called.  The  nodes  are  the 
two  points  where  the  planet 
in  its  motion  passes  through 
the  plane  of  the  ecliptic.  To 
an  eye  placed  in  space  away 
beyond  the  north  pole  of  the 
earth,  and  looking  down  on 
the  ecliptic,  the  planet  will 
appear  to  pass  from  the  under 
or  southern  side  of  the  eclip- 
tic to  the  upper  or  northern 
side  at  one  node,  and  to  pass 
from  the  upper  to  the  under  side  at  the  other  node.  The  former  is 
therefore  called  the  ascending  node,  the  latter  the  descending  node. 

The  position  of  the  line  of  nodes  is  defined  by  the  angle  the  line 
drawn  from  the  sun's  centre  to  the  ascending  node  makes  with  that 
drawn  to  the  position  of  the  earth  in  its  orbit  at  the  vernal  equinox. 
This  is  called  the  "  heliocentric  longitude  of  the  ascending  node. " 

The  position  of  the  major  axis  and  the  centre  of  the  orbit  are 
given  by  the  heliocentric  longitude  of  the  perihelion  (or  point  at 
which  the  planet  is  nearest  the  sun)  and  the  perihelion  distance 
a(l  -  e). 

This  determination  of  the  orbit  involves  a  knowledge  of  six 
quantities;  (1)  the  semi-axis  major  a,  (2)  the  eccentricity  e,  (3)  the 
inclination  \L  of  the  plane  of  the  orbit  to  the  ecliptic  ;  (4)  the  longitude 
«  of  the  extremity  of  the  major  axis  nearest  to  the  centre  of  force 
(the  "  longitude  of  the  perihelion ")  :  (5)  the  longitude  p  of  the 
ascending  node  ;  and  (G)  the  longitude  u7  of  the  planet  at  the  zero  of 
reckoning  of  time.  This  last  is  called  the  epoch,  and  enables  the 
position  of  the  planet  in  its  orbit  at  any  instant  to  be  stated. 

520.  Anomalies : — True,  Eccentric,  Mean.  Relations  connect- 
ing them. — The  angle  turned  through  by  the  radius-vector  as  the 
particle  moves  from  its  position  A,  Fig.  271L  of  shortest  distance 
from  the  centre  of  force  >$  is  called  the  true  anomaly.  It  is  thus  the 
angle  ASP.  If  a  circle  be  described  on  the  major  axis  A  A  of  the 
orbit  as  diameter,  and  an  ordinate  SP  be  drawn  at  right  aDgles  to 
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the  major  axis  to  the  particle  P,  and  produced  to  meet  the  circle  at 
Q,  the  angle  ACQ  is  called  the  eccentric  anomaly. 

The  mean  angular  velocity  n  with  which  the  radius-vector  turns 
round  is  h/ab,  since  nab  is  the  area  swept  over  in  one  revolution, 
and  h  is  twice  the  rate  of  description  of  area.  Or,  since  b  =  er^l  -  e2 
And  h—  Jfia{l  -  e2) 

(29) 


•V* 


The  quantity  nt,  if  t  be  time  of  describing  the  arc  AP  of  the  orbit,  is 
called  the  mean  anomaly.  The  period,  or  time  in  which  the  radius- 
vector  makes  one  turn,  is  thus  27rja3/fi. 

Referring  to  Fig.  278,  and  calling  the  eccentric  anomaly  <£>and  the 
true  anomaly  6,  we  can  express  (1)  nt,  (2)  6,  in  terms  of  <f>.  Clearly  area 
ASP  =  (bia)  area  A SQ  =  (b/a)  (area  A  CQ  -  area  SCQ)  =  | ab(<f>  -  esin <p). 
But 


Hence 
Also 

But  also 
Hence 

that  is 


area  A  SP  =  —  area  A  PA  '  —  tUxi  ab. 


nt  =  <f)  -  e sin  <p.  (30) 

NS  =  CS -  GN  =  ae  -a cos <f>  =  a(e- cos <p). 

XS=  -  ,SPcos6  =  a(ecos<f)  -  l)cosfl. 

,.      <?-cos<t>  1— cos0     1+e  1-cosA 

cos0= £   or ■  =  - ~, 

ecos<p  -  1  1+costf     1—e  l+cos<fi 


tani0=     /i±*tanjf  (81) 

Also  as  the  reader  may  verify 

sinft  =  v/r^     slD0     .  (82) 

r     v           l+ecos6>  ' 


From  (31)  we  have  tan |^  =  tan |0N/(1  -  e)/l  +  e and,  therefore,  by 
(32)  we  can  write  (30)  in  the  form 

n*  =  2tan-J    /i^ton^el -^fT?     f1"6  (83) 

(V   l+«  J  1+ecosfl 

which  enables  the  time  taken  to  describe  any  arc  of  the  elliptic  orbit 
to  be  calculated. 

A  problem  of  great  importance  in  physical  astronomy  is  the  calcu- 
lation of  r  and  d  for  any  known  value  of  t.  This  is  known  as  Kepler's 
problem,  and  several  solutions  by  which  the  calculation  can  be  made 
by  approximation  have  been  given ;  but  for  these  the  reader  must 
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consult  treatises  on   Physical  Astronomy  or  special   works  on  the 
Dynamics  of  a  Particle. 

521.  Problem  of  Two  Bodies. — So  far  we  have  supposed  the 
particle  to  move  round  a  fixed  centre  ;  in  other  words,  the  satellite  has 
been  regarded  as  having  a  mass  infinitesimal  in  comparison  with  that 
of  the  primary  attracting  body.  But  in  the  actual  case  of  planetary 
motion  this  condition  is  only  approximately  fulfilled.  The  mass  of 
no  planet  can  be  regarded  as  incomparably  smaller  than  that  of  the 
sun,  and  therefore  there  is  acceleration  of  the  sun  towards  the  planet 
which  is  to  the  acceleration  of  the  planet  towards  the  sun  in  the 
ratio  of  the  mass  of  the  planet  to  the  mass  of  the  sun.  We  have 
thus  the  so-called  problem  of  two  bodies  if  we  consider  the  motion  of 
any  single  planet.  Of  course  the  problem  of  the  exact  motion  of  a 
planet  is  infinitely  more  complicated  than  this,  inasmuch  as  both  the 
planet  and  the  sun  are  attracted  by  all  the  other  bodies  of  the  solar 
system.  The  exact  solution  of  the  problem  of  the  motion  of  any  one 
body  can  only  be  approximated  to  by  laborious  calculations  :  a  solution 
in  finite  terms,  even  for  the  comparatively  simple  case  of  three  mutually 
attracting  bodies,  is,  except  in  certain  particular  configurations  of  the 
bodies,  beyond  the  powers  of  analysis. 

As  has  been  pointed  out  more  than  once  already,  the  motion  of  a 
system  must,  in  order  that  the  law  of  action  and  reaction  may  apply, 
be  referred  to  a  system  of  axes  fixed  by  bodies  which  are  dynamically 
independent  of  the  moving  system.  Now,  if  we  assume  this  law  for 
the  attraction  between  a  planet  and  a  satellite,  it  follows  at  once 
from  §  150  that  the  motion  of  the  centre  of  inertia  of  the  two  bodies 
is  unaffected  by  their  mutual  action.  The  reader  may  as  an  exercise 
write  out  the  detailed  proof  for  this  case;  but  the  general  considera- 
tions stated  include  all  cases  that  can  arise. 

522.  Orbit  relative  to  Sun.  Correction  of  Kepler's  Third  Law. 
— The  planet  and  the  sun  thus  each  describe  an  orbit  in  the  plane  of 
motion  about  the  centroid  of  the  two  bodies ;  but  what  is  observed  is 
the  relative  motion  of  the  planet  about  the  sun  regarded  as  having  its 
centre  fixed  in  position.  To  find  this  motion  from  the  other  we  have 
to  apply  to  both  planet  and  sun  an  acceleration  equal  and  opposite  to 
that  of  the  sun  towards  the  planet.  Let  J/  be  the  mass  of  the  sun 
and  m  that  of  the  planet ;  then  if  kJIm/r2  be  the  mutual  force 
between  the  two  bodies,  kMjr-  is  the  acceleration  of  the  planet 
towards  their  centroid,  and  k?n/r2  that  of  the  sun  in  the  opposite 
direction.  The  relative  acceleration  of  the  planet  is  thus  k(JI  +  m)  r- 
in wards  along  the  radius- vector,  and  in  order  to  find  the  relative 
orbit  we  must  use  this  acceleration. 

The  period,  as  we  saw  in  §  520,  is  2irjazjfi  for  a  satellite  moving 
round  a  fixed  centre.  In  the  present  case  we  have  p  =  k(M+m)i 
and  so  for  the  period  we  obtain 

Now  consider  another  planet  of  mass  mv  and  period  7\,  and  let 
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the  major  axis  of  the  orbit  be  av  and  assume  (see  §  529)  that  the 
acceleration  of  the  planet  towards  the  centroid  of  the  sun  and  planet 
is  kM/?y,  where  k  is  the  same  constant  as  before.  The  acceleration 
in  this  case  is  k{M+mx)jr2.     Here 


T  = 


so  that 


=  2*     /        a» 
T*    a*  M+m' 


(85) 


It  was  observed  by  Kepler  that  T2jT2  =  a^la^  and  this  latter  relation 
is  generally  stated  as  Kepler's  third  law  of  the  planetary  motions. 
(See  §  52G.)  Equation  (85),  however,  gives  a  correction  of  the  law 
applicable  to  the  case  in  which  the  ratio  m/M  is  not  insensible.  The 
following  table  *  illustrates  the  confirmation  of  the  connection  by 
observation.  The  mean  distances  a  are  in  terms  of  the  mean 
distance  of  the  earth  from  the  sun  as  unit,  and  the  times  T  are  in 
terms  of  the  orbital  revolution  of  the  earth  as  unit. 


Planet. 

a 

T 

aA 

Ta 

a?  -  T2 

Mercury . 

•3871 

•2408 

•0580 

•0580 

- -000(101):; 

Venus 

•7233 

•6512 

•3785 

•3785 

-  -0000002 

Earth       . 

1 

1 

1 

1 

Mars  .     . 

1-5237 

1-8808 

3 -5375 

3-5375 

-  -ooooi 

Jupiter    . 

5-2028 

11-8618 

140-701 

140-701 

+  •131 

Saturn     . 

9-5388 

29-4560 

867-914 

867-658 

+  -256 

Uranus   . 

19-1824 

84-0123 

7058-44 

7058-07 

+  •37 

Neptune. 

30-037 

164-616 

27098-4 

27098-4 

+  •16 

It  will  be  noticed  from  the  last  column  that  in  the  case  of  the 
planets  which  have  masses  less  than  that  of  the  earth  the  difference 
a3  -  T2,  which  is  made  zero  for  the  earth,  is  negative,  and  positive  for 
the  planets  of  greater  mass,  and  has  its  greatest  value  for  Jupiter, 
the  largest  and  most  massive  of  all  the  planets.  This  is  clearly  in 
accordance  with  (35). 

523.  Determination  of  Mass  of  Planet  from  Period  of  Satellite. — 
The  problem  of  determining  the  mass  of  a  planet  is  very  easily  solved 
if  the  planet  possesses  a  satellite.  Let  m  denote  the  mass  of  a 
satellite  revolving  round  a  planet  of  mass  m  in  period  T :  we  have 
T  =  2 irja6jk{m  +  m'),  for  experience  has  shown  that  the  mutual  force 
between  the  planet  and  satellite  is  kmm'/r'2,  where  k  is  the  same 
multiplier  as  has  been  used  for  the  attraction  between  the  sun  and  a 


*  Maxwell's  Matter  and  Motion,  p.  115. 
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planet.  If  T  be  the  period  of  the  planet  and  the  disturbing  action  of 
the  satellite  on  the  planet's  motion  be  neglected,  T  =  Trs/a3/k(M+m). 
Hence 

T"2 _ds  M+m  ,.,(., 

T2      a?  m  +  m 

Neglecting  rri  we  get  from  this 

-M.  (.),) 


7"  V  -  T'a'3 


Thus  the  masses  of  planets  such  as  Mars,  Jupiter,  and  Saturn 
have  been  determined.  The  motion  of  each  satellite  where  more  than 
one  exist — for  example,  in  the  system  of  Jupiter,  which  has  five 
satellites — is  affected  by  the  presence  of  the  others ;  but  allowing  for 
this  the  periods  are  in  accordance  with  Kepler's  third  law.  The 
observed  distances  enable  the  accelerations  to  be  found.  A  com- 
parison of  these  with  the  acceleration  of  the  planet  towards  the  sun 
shows  that  the  same  constant  k  applies  in  both  cases,  as  has  been 
stated. 

524.  Kepler's  Laws.  Law  of  Description  of  Areas.  —  The 
motion  of  a  planet  round  the  sun  was  inferred  by  John  Kepler, 
astronomer  and  mathematician  to  the  Emperor  of  Bohemia,  from 
an  examination  of  observations,  mainly  of  the  planet  Mars,  made  by 
his  predecessor  in  office,  Tycho  Brahe.  His  results  are  contained 
in  his  Astronomia  Xova,  published  in  1609,  and  though  the  dynamical 
ideas  contained  in  that  work  are  faulty,  it  contains  also  what  was 
perhaps  the  first  statement  of  the  doctrine  of  gravitational  attraction 
as  a  mutual  force  between  two  portions  of  matter.  Kepler's  conclu- 
sions as  to  the  planetary  motions  were  the  result  of  an  unavailing 
effort  to  reconcile  the  observed  places  and  their  times  of  occurrence 
with  the  hypothesis  of  motion  in  a  circular  orbit  with  uniform  angular 
velocity  about  an  eccentric  point.  The  centre  of  the  orbit  was  sup- 
posed to  be  midway  between  the  sun's  position  and  this  point. 
Kepler  noticed  that  at  the  greatest  or  the  least  distance  from  the  sun 
the  velocities  of  the  earth  in  its  orbit  were  inversely  proportional  to 
these  distances,  that  is,  that  the  rates  of  description  of  area  by  the 
radius-vector  were  equal  at  these  points.  He  concluded,  it  appears, 
that  this  relation  of  the  distances  would  hold  at  every  point,  and  that. 
therefore,  the  times  of  describing  equal  small  arcs  would  be  propoi'- 
tional  to  the  distance  of  each  from  the  sun,  and  that  therefore  the 
sum  of  the  distances  of  the  equal  small  arcs,  into  which  any  finite 
small  arc  was  divided,  would  vary  as  the  time  taken  to  describe  the 
arc.  The  calculation  of  this  sum  proved  difficult,  and,  therefore,  for 
a  rough  verification  the  area  included  between  two  radii-vectoro 
and  the  finite  arc  was  used  instead.  It  was  found  that  this  area 
varied  accurately  as  the  time ;  an  entirely  different  conclusion,  it  is 
to  be  observed,  from  that  which  Kepler  set  out  to  verify. 
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525.  Law  of  the  Elliptic  Orbit. — Thus  was  established  for  the 
earth  the  law  of  equable  description  of  areas  by  the  radius-vector  to 
the  sun.  On  endeavouring  to  test  whether  this  law  held  for  Mars, 
still  adhering  to  the  idea  of  a  circular  orbit  about  an  eccentric  point, 
he  found  a  discrepancy  which  could  only  be  explained  by  supposing 
that  the  orbit  was  an  ellipse  with  its  major  axis  along  the  line  of 
apsides  and  the  sun  in  a  focus  of  the  ellipse.  This  is  what  is  com- 
monly called  the  "  First  Law  of  Kepler." 

526.  Third  Law  of  Kepler.  Relation  between  Periods  and  Mean 
Distances. — It  was  not  until  much  later  that  Kepler  arrived  at  his 
third  law,  viz.,  that  the  squares  of  the  periodic  times  of  the  different 
planets  are  proportional  to  the  cubes  of  their  mean  distances  from 
the  sun  (the  cubes  of  the  lengths  of  the  major  semi-axes  of  their 
orbits).  This  law  he  obtained,  not  from  any  theory  of  the  matter, 
but  by  trying  whether  various  relations  which  occurred  to  him  agreed 
with  the  observed  times  and  distances. 

We  shall  refer  to  these  laws  as  first,  second  or  third,  according  to 
the  order  of  their  discovery,  and  show  how  Newton  was  led  to  his 
gravitational  theory  by  their  means. 

527.  Newton's  Deductions  from  Keplers  Laws. — From  the  first 
law,  that  of  the  description  of  areas,  Newton  inferred  that  the  force, 
if  any,  on  the  planet  was  directed  along  the  radius-vector ;  for  from 
the  law  of  equable  description  of  areas  by  itself  it  is  impossible  to  say 
whether  a  force  does  or  does  not  act  on  the  planet.  For  example, 
the  radius-vector,  drawn  from  any  point  whatever  to  a  particle 
moving  with  uniform  velocity  in  a  straight  line,  describes  equal  areas 
in  equal  times,  and  there  is  no  force  on  the  particle. 

But  if  the  radius-vector  describes  equal  areas  in  equal  times 
there  can  be  no  force  having  moment  round  the  fixed  point 
through  which  the  radius-vector  always  passes.  For  twice  the  rate 
of  description  of  area  is  the  moment  of  momentum  of  the  motion 
about  the  fixed  point,  and  this  is,  by  supposition,  constant.  Hence,, 
the  force,  if  any,  on  the  particle  must  be  directed  along  the  line 
through  the  fixed  point.  This  was  Newton's  dynamical  deduction 
from  the  first  law  of  Kepler. 

528.  Deduction  of  Law  of  Force  from  the  Law  of  the  Elliptic 
Orbit. — From  Kepler's  law  of  the  elliptic  orbit  Newton  deduced  that 
a  force  acts  towards  the  sun,  and  varies  (as  the  planet  changes  its. 
position  in  its  orbit)  inversely  as  the  square  of  the  planet's  distance 
from  the  sun's  centre,  where,  according  to  the  law  of  attraction  of 
spherical  masses,  the  total  mass  of  the  sun  may  be  supposed  con- 
centrated. The  deduction  of  this  result  will  afford  an  example  of 
Sir  W.  Rowan  Hamilton's  method  of  the  hodograph. 

Let  APA',  Fig.  280,  represent  the  orbit  of  the  planet,  and  a 
tangent  to  the  orbit  at  the  position  P  of  the  planet  meet  a  circle 
described  on  the  major  axis  as  diameter  in  the  points  R,  R'.  Then, 
as  stated  in  §  78,  the  lines  SR,  S'R'  drawn  from  the  foci  are  per- 
pendicular to  the  tangent  and  ST  =  S'R'.  Let  the  sun's  centre  be 
supposed  to  be  at  rest  (§  522  above),  and  to  be  situated  at  S :  SP  is 

2i 
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the  radius- vector.  In  consequence  of  the  uniformity  of  description 
of  areas  by  SP,  v.RS  =  h.  But  since  RS.ST=b2,  v.RS  =  vb'2  ST. 
Hence  v  =  ST.hjb2,  or  the  velocity  of  the  plar.et  is  proportional 
to  ST.  Thus  the  circle  .47?.!'  represents  the  hodograph  of  the 
planet "s  motion.  The  hodographic  origin  is  S,  and  the  line  ST 
represents    the    velocity    turned    through    an    angle    of    90 c.     The 

motion  of  the  point 
companies  the  motion 
sents  the  acceleration 
same  scale  as  that  on 
presents  the  velocity, 
tion  of  motion  of  T 
tangent  to  the  circle 


Fig.  280. 


T,  which  ac- 
of  P,  repre- 
of  P,  on  the 
which  ST  re- 
The  direc- 
is  along  the 
at  T,  and  is 
towards  A  if  P  is  moving  towards 
P ;  hence  as  the  hodograph  i.s  turned 
through  90°,  so  that  ST  represents  a 
velocity  from  P  to  P,  the  acceleration 
of  P  is  at  right  angles  to  the  tangent 
at  T,  that  is  along  CT,  that  is  alonsj 
PS.  [That  TC,  which,  since  TRR  is 
U  right  angle,  must  if  produced  pass  through  P',  is  parallel  to  SP,  mav 
be  seen  geometricallv  from  the  fact  that  since  the  tangent  at  P  makes 
equal  angles  with  PS  and  PS',  PS:  ST=RP:  PR/.] 

But  since  TC  remains  parallel  to  SP,  and  SP  turns  with  angular 
velocity  6,  the  speed  of  T  in  the  circle  is  ad.  This  represents  the 
acceleration  on  the  same  scale  as  that  on  which  ST  represents  the 
velocity,  and  therefore  the  acceleration  is  aOh/b-.  If  the  mass  of  the 
planet  is  unity,  this  is  the  force  upon  it  from  P  towards  S.  But 
hjr-  =  0,  (SP  =  /■),  so  that  the  force  F  is  ahrjb-r'1.  Hence  the  force 
varies  inversely  as  the  square  of  the  distance  SP. 

The  acceleration  is  thus  in-cf/T2?'2.  If  the  mass  of  the  planet  be  m 
the  force  is  hmrcPjTh'2.  Now  the  force  of  attraction  between  the  sun 
•and  the  planet  is  kMm/r2,  and  the  acceleration  produced  by  it  is  less 
than  that  just  calculated  in  the  ratio  of  M/(M+m).  Hence  we  have 
JcM/r2  =  4:7t2/T2.Ma3/(M  +  my,  so  that 


/       a? 
T=2W  MM+m)' 


(38) 


as  was  found  before. 

529.  Dynamical  Interpretation  of  Kepler's  Third  Law.  - 
Newton's  dynamical  interpretation  of  Kepler's  third  law  was  that 
the  force  of  attraction  towards  the  sun  on  the  different  planets  was 
proportional  to  their  masses,  and  inversely  proportional  to  the  squares 
of  their  distances  from  the  sun. 

Let  us  suppose  Jc  to  be  the  gravitation  constant  for  one  planet 
of    mass   m,    period    T,   and    mean    distance  a,   and    k'  that   for  a 
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pbinet  for  which  the  corresponding  quantities  are  m',  T',  a.     Then 
by  (38) 

T2  _a3  M+m!  k'  . 

T*     «•'  M  +  m  k'  {     ' 

But  Kepler  found  that  this  ratio  was  a3/«/:i.  We  know  that  it  is 
very  approximately  a\M  +  m')/a':\M+  m).  Hence  k  =  k'  ;  that  is,  the 
forces  per  unit  of  mass  on  the  different  planets  are  inversely  propor- 
tional to  the  squares  of  their  distances.  This  result  for  solar 
gravitation  may  be  compared  with  that  of  Newton's  pendulum  expe- 
riment for  terrestrial  gravity,  which  shows  that  the  forces  on  different 
bodies  at  the  earths  surface  are  directly  proportional  to  their  masses, 
or  that  the  forces  per  unit  mass  are  the  same. 

•">:;<>.  Newton's  Discovery  of  Law  of  Universal  Gravitation. — 
Newton  was  in  possession  of  the  theory  of  elliptic  motion  a  con- 
siderable time  before  he  was  in  a  position  to  announce  his  discovery 
of  universal  gravity.  This  he  arrived  at  by  showing  that  the 
acceleration  of  the  moon  towards  the  earth  was  to  the  acceleration  of 
a  falling  body  at  the  earth's  surface  in  the  inverse  ratio  of  the  square 
of  the  distance  of  the  moon  to  the  square  of  the  earth's  radius. 
This,  on  the  assumption,  afterwards  justified,  that  the  earth  attracts 
external  bodies  as  if  its  whole  mass  were  collected  at  its  centre, 
afforded  a  proof  that  the  two  accelerations  were  due  to  the  same 
centreward  attraction  exerted  by  the  earth  on  external  bodies. 

It  is  stated  that  Newton's  first  comparison  of  the  two  accelerations 
gave  a  serious  discrepance.  The  moon's  mean  distance  was  then  toler- 
ably well  known  in  terms  of  the  earth's  radius,  but  this  latter  distance 
was  underestimated  through  an  erroneous  impression  that  a  degree 
of  longitude  at  the  equator  corresponded  to  a  distance  of  sixty  miles 
on  the  earth's  surface.  At  a  meeting  of  the  Royal  Society  on 
January  11,  1G82,  Newton  learned  that  a  new  measurement  of  an 
arc  of  the  meridian  of  Paris  had  been  made  by  Picard,  and  had  given 
(59-7  miles  for  the  length  referred  to.  Newton  repeated  the  calcula- 
tion and  found  that  the  discrepance  had  disappeared.  About  three 
years  later  he  succeeded  in  proving  that  a  spherical  body  of  density 
symmetrical  about  the  centre  attracted  an  external  particle  as  if  the 
whole  mass  of  the  body  were  collected  at  the  centre.  The  last 
obstacle  to  the  enunciation  of  his  great  principle  of  gravitational 
attraction  was  thus  removed,  and  he  stated  the  law  which  has 
been  ah-eady  illustrated  above  in  §§  195... 202,  and  by  some  of 
the  discussions  in  chap,  v.,  that  every  particle  of  matter  attracts 
every  other  particle  with  a  force  proportional  to  the  product  of 
the  masses,  and  inversely  proportional  to  the  square  of  the  dis- 
tance between  them.  There  is  thus  only  one  constant  k  which 
gives  in  absolute  units  of  force  by  the  formula  kmm'fi'-  the  attraction 
between  two  particles  of  masses  m,  m  at  a  distance  r  apart.  We  shall 
show  in  the  next  chapter  how  this  constant  has  been  determined. 

The  comparison  of  accelerations  referred  to  above  is  approxi- 
mately as  follows :  The  moon's  mean  distance  is  237,000  miles,  the 
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period  of  revolution  of  the  moon  is  27-321  days.  Hence,  the  accele- 
ration of  the  moon  towards  the  earth  is,  in  feet  per  second  per 
second, 

=  I ?f f 237000  x  5280  =  -008866. 

127-321x86400/ 

Hence  for  the  acceleration  due  to  gravity  at  the  earth's  surface  we 
should  have  by  the  law  of  inverse  square  of  the  distance,  taking  the 
earth's  radius  as  3960  miles, 


,'/: 


2370002 
39602 


008866  =  31-76. 


in  feet  per  second  per  second,  which  agrees  fairly  with  the  actual  value. 

531.  Orbital  Motion  of  a  Cluster  of  Meteorites. — The  question 
of  the  motion  of  a  cluster  of  particles  is  important  in  connection 
with  the  natural  history  of  comets  and  swarms  of  meteors.  A 
particle  in  such  a  cluster  is  under  the  attraction  of  the  sun  and  the 
attraction  exerted  upon  it  by  the  particles  of  the  swarm.  If  the 
assemblage  of  particles  is  spherical  in  shape  and  of  uniform  distri- 
bution of  matter,  its  attraction  on  a  particle  at  any  point  is  directed 
towards  the  centre  of  the  sphere.* 

Referring  to  Fig.  129,  let  C  be  the  place  of  the  sun  supposed 
fixed,  A  be  the  centre  of  the  swarm,  and  B  an  individual  particle  of 
unit  mass  ;  the  force  towards  the  centre  is  kAf/AB2.  But  m  =  tjrpi 
where  p  is  the  (average)  mass  per  unit  volume,  and  r  =  AB.  The 
force  is  therefore  ^kirpr,  or  fir  if  p.  be  put  for  iirkp.  Then,  by 
§§  272,  273  (the  notation  being  as  stated  there,  except  that  r,  is  used 
instead  of  a  to  denote  the  distance  of  the  centre  A  of  the  cluster  from 
C,  the  sun),  the  distance  rx  and  the  angular  velocity  n  being  both 
supposed  variable,  we  obtain,  since  the  distance  of  the  particle  from 
the  sun  along  the  line  of  centres  of  the  sun  and  the  nebula  is  r. 


r,  +  x  -  2ny  —  yii  —  n2(rl  +  x)  =  X 
!j  +  2  «(>'•,  +  x)  +  (rx  +  x)h  -  ivy  =  Y 


(40) 


To  these,  since  all  the  particles  do  not  lie  in  the  plane  of  motion 
of  the  centre,  we  must  add  a  third  equation.  Let  z  be  taken  at  right 
angles  to  the  plane  of  motion,  then  we  have  approximately 


z  =  -  kit-  -uz. 

ri 
But 

A'=  -kM(r1+x)/{(rl  +  xy*+y*}$-px=  -  kM/fa  +  xf  -  pa, 

approximately,  and   Y '=  -kMyj{rx+xf  - /x//.     Hence  the  equations 
are  (40)  above,  with  these  values  of  A",  Y  used  in  them. 

*  The  assumption  of  sphericity  is  somewhat  violent,  and  can  be  only  very 
roughly  in  accordance  with  fact  in  any  actual  case.  It  seems  on  this  account 
unnecessary  to  correct  the  result  given  in  (45)  below  for  the  effect  of  eccen- 
tricity of  the  orbit  of  the  swarm. 
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Now  for  the  motion  of  the  central  particle  we  have  by  (40) 

rl  —  nV\  —  -    \,     '2 ni-l  +  rln  =  0.  (41) 

ri 
These  equations  used  in  (40),  with  the   values  of   X,  V  stated, 
give  approximately 

x  —  2ny  —  //it  -  n2x  =    2&J/—  -  ux  | 

r? 

(42) 

y+2nx  +  xn  —Try—  —  kM ,  -  \nj. 


J 


If  i\  be  constant  h  will  be  constant  also,  since  then  the  centroid  of 
the  cluster  will  move  round  the  sun  in  a  circle.  The  attraction 
towards  the  sun  at  the  centre  is  nV,  per  unit  of  mass,  and  this  must 
be  kMjr2.  Hence  n2  =  klf/r*.  Thus  we  obtain  for  the  equations  of 
motion  of  the  particle  whose  co-ordinates  relatively  to  the  centre  of 
the  cluster  are  x,  y,  z, 

x  —  2ny  —  (?m2  —  p)x  =  0  \ 

y  +  2n.r  +  N/  =0  L       (43) 

z  +(»*+/»)*    =0.  1 

b'ii.  Condition  that  a  Swarm  of  Meteorites  may  keep  together 
under  the  Sun's  Attraction. — If  we  suppose  now  the  values  of  x 
and  y  to  oscillate  about  certain  constant  values,  we  must  write 

x  =  acos(mt  +  e),    y  =  b»m(7nt  +  e), 

that  is  suppose  the  relative  orbit  of  a  particle  to  be  an  ellipse  of 
semi -axes  a,  b. 

These  values  of  x,  y  substituted  in  (43)  give  the  condition 

(m2  -  m)(/h2  +  3rc2  -  n)  -  4mV>  =  0,  (44) 

and  the  roots  of  this  quadratic  in  vi1  must  be  real  and  positive  if  the 
oscillation  in  the  values  of  x  and  y  is  to  be  stable.  Now  if  m2  =  ±  x, 
the  expression  on  the  left  is  positive.  If  m'2  =  n,  or  m2  =  /x  -  3?i2,  it  is 
negative.  But  if  m2  =  0  it  becomes  /x(/x  -  on2),  which  is  positive  if 
fi>?>n2.  Hence  the  graph  of  the  expression  on  the  left  of  (44)  will 
cross  the  axis  along  which  values  of  m2  are  measured  twice  on  the 
positive  side  of  the  origin  if  /n>3»2.  The  condition  required  is  there- 
fore that  just  stated.* 

Now,  replacing  /x  by  f^kp  and  n2  by  kMjr*}  we  obtain  the  in- 
equality 

±*prj*>'air.  (45) 

Hence,  in  order  that  the  swarm  of  small  particles  may  keep  together 

*  It  is  to  be  observed  that  the  two  conditions,  obtained  by  substituting  the 
values  of  x,  ym  the  first  two  equations  of  (43),  show  that  the  relative  orbit 
cannot  be  a  circle  unless  3»*  be  numerically  small  in  comparison  with  fj.  -  in'-. 
The  swarin  therefore  cannot  be  a  spherical  cluster  revolving  like  a  rigid  body 
about  an  axis  at  right  angles  to  its  orbit  unless  this  be  the  case. 
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it  is  necessary  that  the  average  density  be  greater  than  that  of  a 
spherical  distribution  of  matter  of  radius  equal  to  the  sun's  distance 
and  of  three  times  the  sun's  mass.  This  conclusion  is  due  to 
M.  Charlier,*  whose  investigation  is  somewhat  more  elaborate  than 
that  given  above,  though  the  results  are  confined  to  the  special  case 
of  a  circular  orbit. 

533.  Elementary  Discussion  of  Stability  of  Meteor  Swarm. — 
A  full  investigation,  from  the  equations  of  motion  is  necessary  if 
the  problem  is  to  be  pushed  further  to  the  case  of  a  swarm  of 
meteorites  moving  in  an  elliptic  orbit ;  but  for  the  reasons  indicated 
in  the  footnote  on  p.  500,  this  is  unnecessary.  So  far  as  the  circular 
orbit  is  concerned,  the  main  result  can  be  obtained  by  simple  con- 
siderations. Consider  what  is  practically  the  case  supposed  above — a 
spherical  swarm  of  radius  a  moving  round  the  sun,  and  turning  as  a 
wThole  about  an  axis  perpendicular  to  the  orbit  in  the  period  of  revolu- 
tion, so  that  it  turns  the  same  face  always  towards  the  sun.  A  particle, 
of  unit  mass,  say,  at  the  centre,  C,  Fig.  281,  at  distance  SC  (=i\) 

Fig.  281. 


from  the  sun,  is  in  relative  equilibrium  under  the  suns  attraction 
and  the  so-called  centrifugal  force.  That  is,  we  have  for  that 
particle  kM/r2  —  nh\  =  0. 

Again,  a  particle  on  the  outside  of  the  swarm  at  the  point  nearest 
the  sun  is  at  a  distance  r,  —  a,  and  under  attraction  kMi{rx-  a)-. 
Hence  there  is  a  preponderance  of  attraction  over  the  acceleration 
n-  (r,  -  a)  towards  S.     This  excess  is 

rs  -  n-(r,  -  a)  =  kM  - ro  —  — 5  +  — ■= ) 

=  SkM-. 
r* 

nearly.  This  must  be  balanced  by  the  attraction  towards  the  centre 
C  exerted  by  the  swarm  if  the  particle  is  not  to  leave  the  swarm. 
Hence  we  must  h&ve  ^7rpka3lar>3kMajrlz  or, 

as  before.  The  same  result  would  be  obtained  for  a  particle  at  II. 
In  that  case  the  attraction  of  the  sun  kM/(rl  +  a)-  would  be  in- 
sufficient to  supply  the  acceleration  n?(r1  +  a)  towards  the  sun.  The 
condition  that  this  should  be  supplied  by  the  attraction  of  the  swarm 
s  that  ^n-p?',3  should  be  at  least  equal  to  3 Hi. 

*  Bulletin  de  I  Acttdei/.ie  dc  St.  P^tertbourg,  t.  xxxii.  No.  2. 
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This  result  holds,  of  course,  for  all  particles  within  the  swarm  on 
the  line  SC,  for  any  such  particle  experiences  no  force  on  the  whole 
from  the  spherical  layer  outside  it. 

It  is  to  be  observed  that  a  particle  at  A  or  B  (or  on  the  line  SC) 
is  in  greater  danger  of  leaving  the  swarm  from  the  causes  just 
explained,  than  a  particle  elsewhere  on  the  spherical  surface. 

584.  Condition  that  a  Satellite  may  be  retained  by  a  Planet  or 
a  Meteor  Swarm. — If  we  consider  an  isolated  particle  outside  the 
spherical  swarm  at  a  distance  r  from  the  centre  the  equations  will 
require  modification.     Thus,  putting  /x  for  km,  we  find  instead  of  (48 ) 


(4«) 


x  -  2ny  -  I  Sn2  —  ■£  ye  =  0 

y  +  2nx  +  f-^y  =  0 

-  *  +  n2z  +  tz  =  {). 
r 

Multiplying  these  by  x,  y,  £  respectively,  adding  and  integrating   we 
obtain 

v2  -  -3n2x2  +  n2z2  -  ?£  +  C  =  0,  (47 ) 

r 

where  v2  =  x2  +  y2  +  z2,  and  C  is  a  constant.     This  is  the  ecpuation  of 
relative  kinetic  energy  for  the  case  in  question. 

The  meaning  of  the  constant  C  can  be  assigned  as  follows.  The 
equation  of  energy  in  an  elliptic  orbit  is  ^v2  —  ju(l/r  -  l/2a)  =  0,  where 
a  denotes  the  length  of  the  semi-axis  major.  Writing  then  (47)  in 
the  form 

$v*  -Jl-  i  )  -  %n2x2  +  ]n2z2  =  0,  (4«) 


r     2aJ     2  2 

so  that,  C  =  fi/a,  we  see  that  p/V  is  the  semi-axis  major  of  the  elliptic 
orbit  that  the  particle  would  describe  about  the  centre  of  the  swarm 
if  a  were  zero,  that  is,  if  the  sun's  action  were  entirely  negligible. 

We  can  show  that  this  equation  assigns  an  upper  limit  to  the 
distance  to  which  the  particle  can  move,  in  the  plane  of  motion  of  A, 
from  the  centre  of  the  swarm.  For  when  v2  has  a  given  value  the 
particle  must  lie  on  the  surface  given  by  placing  that  value  in  (48). 
Hence,  since  v2  is  positive,  the  particle  cannot  pass  across  the  surface 
for  which  v'2  =  0,  that  is,  the  surface  of  which 

•3n2x2-n2z2  +  ^-C  =  Q  (4!)) 

r 

is  the  equation. 

By  putting  z  =  0  in  this  we  obtain  the  equation  of  the  curve  in 

which  the  surface  intersects  the  plane  of  x,  y,  namely 
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or  if  rcosd,  rsiiid  be  put  for  x,  y, 

3?i2cos20.r3-Cr  +  2/x  =  O.  (50) 

If  this  cubic  equation  in  r  have  at  least  one  finite  positive  root 
for  every  value  of  cos0,  the  trace  of  the  surface  on  the  plane  of  x,  y 
will  have  a  closed  branch  round  the  centre.  Now  it  is  clear  by 
Descartes'  rule  of  signs  that  it  cannot  have  more  than  two  positive 
roots  or  than  one  negative  root.     The  roots  are  all  real  if 

nam 
eo8«0<JV-8.  51 

Hence  there  are  two  positive  roots  if  this  inequality  is  satisfied,  and 
the  particle,  if  within  the  closed  curve,  cannot  pass  beyond  it  in  the 
plane  of  the  orbit. 

The  greatest  value  of  cosfl  is  1.  Hence,  if  the  inequality  is  satisfied 
when  6  =  0  or  6  =  tt,  it  is  a  fortiori  satisfied  for  all  other  values.  We 
have  therefore  only  to  examine  whether  the  inequality 

nz 

1  (511 


81wV 


is  satisfied  for  any  problem  for  which   data   are  given.     We  shall 
suppose  that  this  is  the  case. 

It  is  clear  that  when  cos0  =  O  the  equation  has  one  finite  root 
r  =  2fi/C,  and  two  infinite  roots,  one  of  which  is  positive  the  other 
negative.  When  6  =  0,  as  can  easily  be  shown,  a  root  corresponding 
to  this  lies  between  2p/C  and  3/*/C,  and  for  values  of  8  ranging 
from  0  to  90c  its  value  gradually  diminishes  to  2/x/C  at  0  =  90°. 

Besides  the  closed  curve  there  are  two  infinite  branches  given  by 
the  other  roots.  These  branches  are  asymptotic  with  the  two  line 
represented  by  ?m2x2  =  C.  For  points  between  the  closed  curve  anc 
the  infinite  branches,  the  value  of  the  expression  on  the  left  of  (50) 
is  negative,  and  therefore  by  (48)  v'2  is  negative.  Hence  the  velocity 
is  imaginary.  Inside  the  closed  curve  or  outside  the  infinite  branch! 
v2  is  positive.  Hence  the  particle  must  in  the  one  case  remaii 
inside  the  closed  curve,  or  in  the  other  case  remain  outside  the 
infinite  branches, 

The  closed  curve  or  oval,  and  the  infinite  branches  are  shown  ii 
diagram  a  of  Fig.  282.  AA\  BB  are  the  lines  represented  b) 
3n2x2  =  C.  The  oval  has  its  greatest  diameter  in  the  direction  of  the 
axis  of  x,  that  is  xx  in  the  diagram. 

In  diagrams  b/c  the  trace  of  the  surface  is  shown  for  the  respective 
cases  C3  =  81/x2n2,  (73<81n2/x2.  The  oval  and  the  infinite  branch  in  b 
meet  on  the  axis  of  x,  and  it  appears  as  if  at  these  points  the  particle 
might  escape  from  the  oval.  The  condition,  however,  C8  =  81»V* 
which  gives  equality  of  the  two  positive  roots,  shows  that  at  the 
points  of  meeting  the  acceleration  of  the  particle,  as  well  a>  it 
velocity,  is  zero. 

*  See  any  Treatise  on  the  Theory  of  Equations. 
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In  the  remaining  case,  illustrated  by  diagram  c,  there  are  no  real 
roots  for  eosft  =  1,  and  there  is  no  closed  curve  surrounding  the  origin. 
There  is  therefore  no  upper  or  lower  limit  given  for  the  distance  of 
the  particle  from  the  origin,  the  centre  of  the  swarm. 

We  can  apply  this  theory  to  the  moon  regarded  as  a  particle  of 
infinitesimal  mass,  and  supposed  to  move  in  the  plane  of  the  earth's 
orbit  as  specified  in  §  274.  It 
is  easy  to  verify  that  the  ine- 
quality is  satisfied,  and  that 

therefore  the  moon  lies  within    A  |  B    A  ,  l(B   A 

the  closed  curve.  If  we  sup- 
pose that  C  =  fi/a  where  a  is 
the  radius  of  the  present  orbit 
of  the  moon,  we  obtain  as  a 
superior  limit  a  value  between  x  -\-^)-\ 
"la  and  3a. 

Retaining  terms  in  y  in 
(40)  above  we  should  obtain 
by  a  similar  process  a  more 
accurate  determination  of    A''  'b'  A''  'b'  a1  I  B' 

the    limiting   surface.      Thus 

Mr.  G.  W.  Hill*  has  shown  that  the  limiting  surface  consists  of 
three  sheets,  one  enclosing  the  earth,  the  other  enclosing  the  sun, 
and  a  third  surrounding  the  other  two,  but  unclosed  in  the  direc- 
tion of  z.  The  value  of  v'2  is  positive  only  within  either  closed  sheet 
or  outside  the  third,  and  therefore  v  is  imaginary  everywhere  else. 
A  particle,  therefore,  revolving  under  the  attractions  of  the  earth 
and  moon  cannot  cross  the  limiting  surface  if  within  either  of  the 
closed  sheets.  Mr.  Hill's  result  for  the  maximum  distance  for  the 
first  of  these  sheets  from  the  earth's  centre  is  1 10  radii  of  the  earth  ; 
the  moon's  average  distance  is  about  sixty  times  the  earth's  radius.  t 
The  moon  is  therefore  within  the  surface  enclosing  the  earth,  and 
cannot  escape  from  it. 

535.  Planetary  Perturbations. — The  subject  of  the  perturbations 
of  the  planetary  motions  has  been  touched  upon  in  the  sketch  of 
elementally  lunar  theory  given  in  §§  274-27<>  above,  where  certain 
effects  of  the  solar  attraction  on  the  orbit  is  shown  in  the  relative  orbit 
of  Fig.  2*3.  The  whole  subject  of  Celestial  Mechanics  has  under- 
gone improvement  at  the  hands  of  Hill,  Gylden,  Poincare,  and 
others,  and  recourse  must  be  had  to  the  memoirs  and  works  of  these 
authors  for  full  information.  The  calculation  of  the  disturbances  of 
the  lunar  and  planetary  orbits  by  the  action  of  the  sun  in  the  former 
case,  and  of  other  planets  in  the  latter,  and  the  formation  of  tables 
of  the  places  of  the  moon  and  planets  must,  however,  still  in  practice 
proceed  by  the  older  processes  of  successive  approximation.     These 

American  Journal  of  Mathematics,  vol.  i.  1870. 
t  The  reader  will  find  further  information  on  the  subject  of   the  preceding 
sections  in  Routh's  Dynamics  of  a  Particle,  or  Tisserand's  Mtcaniqiu.    Cilest  t, 
tome  iv. 
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will  be    found   explained  in  Laplace's  Mecanique  Celeste,  or  in  the 
more  modern  work  of  Tisserand,  which  hits  the  same  title. 

536.  Newton's  Eevolving  Orbit. — One  result  given  by  Xewton 
is  interesting — that  of  a  planet  under  a  disturbing  force,  which  is  pro- 
portional to  the  inverse  cube  of  the  distance,  and  acts  along  the 
radius-vector.  Let  the  law  of  force  be  f(i(),  and  the  disturbing  force 
be  fiw\  then  the  equation  of  motion  is 

*5  +  /l-JiW-/M  (52) 


Hence,  if,  instead  of  6,  we  write  6'  =  6jl  -  fi/h-,  and 


the  equation  reduces  to 

d?u  ,  f(i()  ,_0% 

which  is  of  the  usual  form.  The  motion  is  therefore  precisely  that 
of  the  particle  in  the  orbit  under  the  force  f{ii),  with  the  difference 
that  the  angular  velocity  is  &  =  c6,  where  c  =  Jl—  fi/h2.  Hence,  the 
orbit  is  the  undisturbed  orbit  supposed  turning  at  each  instant 
round  the  centre  of  force  with  angular  velocity  (c  -  1)0. 

537.  Disturbing  Action  of  Small  Tangential  Force  on  Motion 
of  Planet.  Tidal  Action  on  Moon's  Motion. — Consider  a  particle 
moving  round  a  primary  in  a  very  gradual  spiral  path  tendiug  out- 
wards in  consequence  of  a  small  tangential  force  in  the  direction  of 
motion.  The  action  of  this  force  taken  by  itself  is  to  increase  the 
orbital  velocity  of  the  particle,  but,  as  the  central  force  is  inade- 
quate to  give  a  centreward  acceleration  corresponding  to  an 
increased  velocity,  the  particle  moves  out  to  a  greater  distance, 
and  the  velocity  is  diminished  by  the  action  of  the  component  of 
central  force  resisting  the  outward  motion.  The  motion  may  be 
approximated  to  by  supposing  the  particle  subjected  to  a  series  of 
tangential  impulses  of  small  amount,  and  to  pass  out  after  each  to 
the  new  orbit  corresponding  to  the  new  velocity ;  but  we  shall  sup- 
pose the  tangential  force  to  act,  and  the  adjustment  to  the  new  orbit 
to  take  place,  continuously. 

If  v  be  the  velocity  and  a  the  radius  of  the  path,  the  kinetic 
energy  is  |-«2,  and  the  potential  energy  -  fxja.  Hence  the  energy 
equation  is  by  (22') 

i*2_^=_A.  (54) 

a  2a 

If  now  the  tangential  force  act  for  any  interval,  it  will  do  an 
amount  of  work  w,  say,  on  the  particle  and  the  total  energy  will 
now  be  -  n/2a  +  w.  Hence,  if  v  be  the  velocity  and  a  the  distance  of 
the  particle  in  its  new  path  from  the  centre  of  force,  the  energy 
equation  is  now 
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hv'2  -  £  =  -  M  +  w. 
a  'la 


(55) 


But  for  the  relative  equilibrium  we  must  have  v'-  =  p/d,  so  that  the 
equation  just  written  becomes 


-**»• 


+  VJ. 


Adding  this  to  (54)  we  obtain 


*  »•-  —  Xn'2  = 


.,'■ 


ifV  =  W 


(56) 


Fig.  283. 


that  is,  the  kinetic  energy  is  now  less  than  before  by  an  amount 
equal  to  the  increase  of  energy  w  produced  by  the  tangential  force. 
The  tangential  component  of  the  central 
force  against  the  motion  must,  therefore, 
have  been  double  the  tangential  force  dis- 
turbing the  motion. 

The  gain  of  potential  energy,  however,  has 
been  that  involved  in  the  change  from  -  p/a 
to  -  fija,  or  -  fi/a  -  (  -  p/a)  —  p/a  —  n/a. 
This  by  (54)  and  (">5),  is 


hv'2  -  hv"2  +  W  =  2 V), 


(57) 


that  is,  the  gain  of  potential  energy  is  twice 
the  loss  of  kinetic  energy,  or  there  is  a  gain 
10  of  energy  on  the  whole. 

Such  a  tangential  action  is  exerted  on  the  moon  in  consequence  of 
the  fact  that  high  water  (see  chap,  xii.)  is  not  directly  under  the 
moon,  but  in  advance  of  the  radius-vector  drawn  from  the  centre  of 
the  earth  to  the  moon.  Hence  the  resultant  action  is  not  through  the 
centre  0  of  the  earth,  Fig.  283,  but  in  the  line  QM.  This  gives  a 
disturbing  tangential  force  in  the  direction  of  the  moon's  motion  of 
the  kind  discussed  above.  The  tendency  is  to  cause  the  moon  to 
move  further  oft'  in  the  first  instance  ;  but  the  whole  subject  will  be 
more  fully  explained  in  chap.  xiv.  in  connection  with  the  subject 
of  the  Tides. 


CHAPTER  XIII. 

GRAVITATIONAL   ATTRACTION:    THE    EARTH'S 
MEAN   DENSITY. 

588.  Determination  of  the  Constant  of  Gravitation  and  of  the 
Earth's  Mean  Density.* — There  is  good  reason  for  believing  that 
the  attraction  of  each  of  the  planets  is  very  approximately  the  same 
as  if  the  whole  mass  of  the  planet  were  collected  at  its  centre  of 
figure.  There  are,  however,  in  some  cases,  probably  in  all,  deviations 
from  sphericity ;  all  have,  no  doubt,  more  or  less  oblateness  of  figure, 
produced  originally  by  the  axial  rotation.  To  this  are  due,  in  the  case 
of  the  earth,  the  phenomena  of  precession  and  nutation ;  but  the 
attraction  on  an  external  particle  is  practically  the  same  as  if  the 
mass  of  the  earth  were  collected  at  its  centre.  It  is  a  result  of 
observation  that  the  earth  is  nearly  spherical  in  figure,  and  rotates 
about  a  diameter,  round  which  the  deviation  from  sphericity  is  very 
nearly  symmetrical.  Hence,  from  the  facts  that,  allowing  for  the 
effect  of  rotation  (§  281),  the  acceleration  of  a  particle  is  nearly 
constant  in  amount  at  all  points  on  the  same  level,  and  is  directed 
very  approximately  towards  the  earth's  centre,  we  conclude  that  the 
matter  composing  the  earth  is  distributed  with  a  close  approach  to 
symmetry  about  the  centre ;  that  is,  that  the  earth  may  be  regarded 
as  composed  of  a  series  of  concentric  spherical  shells  each  of  uniform 
density. 

Also,  by  the  third  law  of  Kepler,  which  in  its  most  general  fonn 
(§  522)  is  found  fulfilled,  not  only  by  the  planets  and  the  sun,  but 
by  minor  systems  such  as  Jupiter  and  his  satellites,  we  are  led  to 
the  conclusion  that  the  same  constant  of  gravitation,  k,  applies  to 
the  sun  and  all  planetary  bodies;  and  it  was  shown,  as  we  have  seen 
by  Newton,  that  it  is  the  same  formula  of  attraction  kmrri  r-  that 
gives  the  force  between  the  earth  and  the  moon,  and  the  acceleration 
of  a  failing  body  at  the  earth's  surface.  Hence  we  have  the  problem 
to  determine  the  constant  k  ;  in  other  words,  to  determine  the  attrac- 
tion between  two  particles,  each  of  unit  mass,  placed  at  unit  distance 
apart.  This  is  a  problem,  of  course,  belonging  to  universal  gravita- 
tion, and  could  be  solved  at  once  from  the  observed  acceleration  of 

*  A  valuable  account  of  this  subject  is  to  be  found  in  Professor  Poynting'a 
Adams  Prize  Essav,  The  Mean  Density  of  the  Earth.  London  :  Charles  Griffin 
&  Co.,  1894. 
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any  planet  or  satellite  if  the  mass  of  the  central  attracting  body 
were  known  in  terms  of  the  dynamical  unit  of  mass.  But  by 
such  observations  we  can  only  compare  the  masses  of  the  heavenly 
bodies  with  one  another,  or  with  the  unknown  mass  of  the 
earth. 

539.  Elementary  Theory- — If,  however,  the  attraction  of  a  sphere 
of  matter  of  known  density,  say  a  ball  of  lead,  on  a  particle  of  unit 
mass  at  a  measured  distance  from  the  centre  of  the  sphere  be  deter- 
mined, the  value  of  k  can  be  found,  and  also  the  mean  density  of 
the  earth.  For  let  M  be  the  mass  of  the  sphere,  r  the  distance  of 
the  attracted  particle  from  the  centre,  and  F  the  force  observed  in 
absolute  units.     Then  F=  kM/r2,  or 

*-£*•  w 

The  value  of  k  can  then  be  used  to  express  y,  the  known  value  of 
gravity  at  the  place  of  experiment,  in  terms  of  the  earth's  mass  and 
dimensions.  By  §  281,  if  G  denote  the  total  gravitational  attraction 
at  the  earth's  surface,  R  the  earth's  mean  radius,  n  the  earth's  angular 
velocity  of  rotation,  and  X  the  latitude  of  the  place, 

g  =  G-  n2Rcos2\  =  G(l  -  ?^cos2X  ). 

But  G  =  kVpjR2,  where  V  is  the  volume  of  the  earth  and  p  its  mean 
density,  and  nrRjG  —  o-g^- ;  so  that 

g  =  k-Y-P(l-  —  cos2x\  (2) 

y      m  \       289  )  V  ' 

But  this  equation  rests  on  the  hypothesis  that  the  earth  is 
spherical,  which  is  not  accurately  true,  as  in  fact  the  earth  has, 
according  to  the  geodetic  results  of  Colonel  A.  R.  Clarke,  R.E.,  the 
following  dimensions  * — 

mean  equatorial  semi-diameter  a  =  20926202  feet 
polar  semi-diameter  c  =  20854895     ,, 

so  that  it  has  an  ellipticity  e[  =  (a-c)/a]=  1/293*465. 

To  make  the  necessary  correction  +  the  multiplier  of  kVp,R2  in 
(2)  must  be  diminished  by  \m  -  \e  -  (Zm  -  e)sin2X,  where  m  denotes 
1/289.  Hence,  including  a  correction-term  -2h/Il  for  height  h 
above  the  mean  level  (and  taking  h  in  centimetres),  we  have 

g  =  hVJ { 1  -  %m  +  le  +  (|W>  -  e)sin 2X  -  8  x  10"^  [ .  (3) 

R 

The  value  of  V  in  cubic  centimetres  is  1*0832  x  1027  and  of  R  in  cen- 
timetres is  6  '37  x  108. 

*   Geodesy,  Oxford,  1880,  p.  319. 

t  Thomson  and  Tait,  Xat.  Phil.,  vol.  i.  part  ii.  §  797. 
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Now  let  g  have  been  determined  for  the  place  of  experiment 
either  by  direct  pendulum  observations,  or  from  the  formula 

g  =  980-605G  -  2-572cos2A  -  -000003A  *  (4) 

which  agrees  with  (3)  and  expresses  in  centimetre-second  units  very 
approximately  the  results  of  gravity  determinations  made  at  different 
parts  of  the  world.  It  is  only  necessary  to  insert  in  (?>)  the  values 
of  k,  V,  and  R  and  calculate  that  of  p.  It  remains,  therefore,  only 
to  discuss  the  determination  of  F,  by  means  of  which  k  is  found.  In 
the  statement  of  results  below  we  shall  use  the  symbol  A,  according 
to  usage,  for  the  earth's  mean  density. 

The  value  of  p  may  also  be  found,  without  using  the  value  of  k, 
as  follows.  If  E—  Yp  we  have  G  =  kEjR-  =  iirkpR.  Hence,  G/F= 
inpRfM,  and 

=  8,  G  M 
9     ivFJRt* 

from  which  p  may  be  calculated  from  the  value  of  31,  ascertained  by 
weighing  the  attracting  sphere,  and  the  observed  value  of  F. 

540.  Cavendish's  Experiment. — The  mutual  attraction  of  two 
balls  of  lead  was  measured  by  the  Hon.  Henry  Cavendish  t  by  a 
method  which  he  states  had  been  proposed  by  the  Rev.  John  Michel], 
who  had  gone  so  far  as  to  construct  an  apparatus  for  the  purpose. 
This  apparatus  was  improved  and  in  great  measure  reconstructed  by 
Cavendish,  but  the  principle  and  general  arrangement  remained 
the  same.  At  the  extremities  of  a  light  horizontal  rod  suspended 
by  a  torsion  wire  were  placed  two  equal  balls  of  lead.  There 
being  practically  no  force  on  these  spheres  except  the  downward 
force  of  gravity  on  each,  the  rod  would,  if  undisturbed  by  air- 
currents,  take  up  the  position  of  rest  for  which  the  wire  was  without 
torsion.  Then  two  large  equal  balls  of  lead  were  to  be  placed,  one 
near  one  of  the  suspended  spheres,  the  other  at  an  equal  distance 
from  the  other,  but  on  the  opposite  side  of  the  suspension  rod.  Pulls 
would  thus  be  exerted  on  the  balls  in  opposite  directions,  and  a 
couple  applied  on  the  suspended  system.  This  would  be  deflected  to 
a  new  position  of  equilibrium  in  which  the  deflecting  couple  would 
be  balanced  by  the  couple  of  torsion  due  to  the  twist  given  to  the 
suspension  Avire.  The  deflection  of  the  suspended  system  would  give 
the  angle  of  torsion,  and  from  a  separate  determination  of  the 
torsional  rigidity  of  the  wire  the  couple  could  be  obtained,  and  there- 
fore the  pull  in  absolute  units  between  each  pair  of  balls. 

541.  Details  of  Apparatus. — Figs.  284,  285  show,  in  elevation 
and  plan,  the  arrangement  of  the  apparatus  as  made  by  Cavendish. 
The  suspension -rod  h,  h,  with  balls  b,  b  and  suspension -wire  w,  was 

*  The  coefficient  of  the  second  term  is  given  in  Everett's  Units  as  2 
but  this  has  been  obtained  by  using  a  lower  value.  1/282.  of  the  ellipticity. 

t  Experiments  to  Determine  the  Density  of  the  Earth,  Phil.  Trans., 
vol.  lxxxviii.   1798. 
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placed  within  an  inner  case  which  partially  prevented  disturbances 
from  currents  of  air,  and  the  whole  apparatus  was  enclosed  in  a  large 
outer  chamber  which  remained  constantly  closed.  The  rod  was  of 
deal  and  six  feet  in  length,  and  was  stiffened  by  a  wire  >',  u  stretched 


Fig.  284. 


from  its  ends  over  a  rigid  vertical  strut  at  the  centre.  To  the  upper- 
most point  of  the  light  girder  thus  constructed  the  suspension-wire 
was  attached  ;  the  other  end  was  held  by  a  torsion-head  resting  on 
the  top  of  the  inner  case.     This  head  could  be  reached  and  operated 

Fig.  285. 


s.s. 


&.S. 


by  a  rod  //  from  outside  the  chamber.  Four  levelling  screws  shown 
in  the  plan  enabled  the  whole  arrangement  to  be  set  up  in  proper 
position. 

The  large  masses  were  mounted  on  a  frame  turning  round  a  pivot 
in  the  roof  of  the  chamber  by  which  they  could  be  brought  first  to 
the  position,  say  that  shown  in  full  lines  in  the  diagram,  then  to 
that  shown  in  the  dotted  lines;  or,  if  required,  the  line  joining 
the  balls  could  be  placed  at  right  angles  to  h,  h,  so  as  to  exert  no 
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couple  on  the  suspended  system.  The  turning-frame  w.os  operated 
from  outside  the  chamber  by  a  cord  c  passed  over  u  hoi'izontal 
pulley  p. 

Two  vertical  copper  rods  carried  the  spheres  at  their  lower  ends, 
and  these  rods  were  arrested  on  either  side  of  the  torsion-chamber 
by  stops  attached  to  the  outer  wall,  so  as  to  place  the  large  spheres 
in  position  as  close  as  was  possible  to  the  small  balls  without  dis- 
turbing the  inner  case. 

The  position  of  the  rod  It,  h  was  observed  on  scales  opposite  its 
extremities  by  means  of  telescopes  t,  t  placed  in  the  walls  of  the 
chamber.  These  scales  were  of  ivory  divided  to  twentieths  of  an 
inch,  and  the  rod  carried  a  vernier  of  five  divisions  at  each  end. 
The  necessary  illumination  of  scales  was  provided  by  the  lamps  Z 
placed  opposite  apertures  in  the  wall  above  the  telescopes. 

The  suspended  balls  b,  b,  as  well  as  the  attracted  spheres  B,  B, 
were  of  lead.  The  former  were  two  inches  in  diameter,  the  latter 
twelve  inches.  The  torsion-wire  was  of  silvered  copper,  and  was 
39^  inches  in  length.  At  first  the  wire  was  of  such  thickness  that 
the  time  of  a  torsional  oscillation  (half- period)  was  fifteen  minutes, 
but  this  was  soon  replaced  by  a  thicker  wire,  with  which  the  time  of 
oscillation  was  about  seven  minutes.  When  the  turning-frame  was 
against  the  stops  on  either  side  of  the  torsion-case,  the  centres  of  the 
large  balls  were  8'85  inches  from  the  central  vertical  plane  of  the 
case,  and  on  a  level  with  the  centres  of  the  balls  b,  b. 

bi"2.  Method  of  Experimenting. — It  was  not  found  possible  to 
observe  the  positions  of  static  equilibrium ;  what  was  done  was 
first  to  free  the  suspension  wire  as  far  as  possible  from  torsion,  with 
the  line  joining  the  large  balls  perpendicular  to  h,  h.  The  large 
balls  were  then  turned  into  position  on  one  side  of  the  frame,  which 
set  the  rod  h,  h  into  vibration  about  the  equilibrium  position. 
Three  consecutive  turning  positions,  or  positions  of  rest,  of  the 
vibrating  rod  h  h  were  observed  on  the  scale,  after  which  the  frame 
was  carried  round  to  the  position  on  the  other  side,  and  three 
consecutive  turning  positions  of  h,  h  again  observed.  From  the^e 
the  equilibrium  position  on  either  side  could  be  deduced,  and  the 
angle  between  these  was  taken  as  the  angular  deflection  produced  by 
carrying  the  balls  B,  B  from  one  configuration  to  the  other. 

The  time  of  vibration  was -carefully  determined  by  a  series  of 
observations  made  for  the  purpose,  and  served,  with  the  calculated 
moment  of  inertia  of  the  suspended  system,  to  enable  the  torsional 
couple  applied  by  the  wire  iv  to  be  calculated.  These  observat 
were  made  for  both  positions  of  the  attracting  spheres  B,  B.  It 
found  that  for  one  the  time  of  oscillation  (half-period)  was  426  seconds, 
for  the  other  427  seconds. 

548.  Corrections  Applied. — In  reducing  the  results  various 
corrections  had  to  be  made,  with  regard  to  which  it  is  impossible 
here  to  go  into  details.  Reference  may  be  made  to  the  original 
paper,  or  to  Professor  Poynting's  treatise.  For  one  thing,  the 
attracting  masses  B,  B  were  not  quite  opposite  b,  b,  as  the  distance 
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between  them  was  a  little  too  small.  Then  there  was  attraction  on 
each  ball  b  due  to  the  distant  large  sphere,  which  diminished  the 
effect  of  that  due  to  the  near  ball ;  there  was  attraction  exerted  on 
the  rod  h,  h,  attraction  on  the  suspended  system  exerted  by  the 
copper  rods,  and  a  couple  also  applied  by  the  case  in  consequence  of 
the  deviation  from  symmetry  produced  by  the  deflection.  This  last 
Cavendish  found  to  be  less  than  j^  per  cent,  of  that  due  to  the 
attraction  of  the  masses. 

")44.  Theory  of  the  Experiment. — It  had  been  found  by  previous 
experiments,  carried  out  by  Coulomb,  that  the  couple  required 
to  keep  a  wire  twisted  through  any  angle  was  directly  propor- 
tional to  the  twist.  Thus,  if  the  lower  end  of  the  wire  w  was 
turned  through  an  angle  6  relatively  to  the  upper  end,  a  couple  cd/l 
would  be  required  to  maintain  the  twist  (measured  by  6/1),  where  I 
was  the  length  of  the  wire  and  c  a  constant,  called  the  "torsional 
rigidity  of  the  wire  "  (see  §  638).  We  shall  denote  c/l  by  p  :  the  couple 
is  then  pd.  Now  2a  denoting  the  distance  between  the  lines  of 
action  of  the  pulls  between  the  pairs  of  adjacent  balls,  the  couple 
due  to  these  forces  is  represented  by  2kMma/r2,  where  M  is  the 
mass  of  a  large  ball,  in  that  of  a  small  one,  and  r  is  the  distance 
between  their  centres. 

If  now  r  be  the  distance  between  two  remote  balls  (a  large  and 
a  small),  and  2a'  be  the  distance  between  the  (parallel)  lines  of 
action  of  the  attractions  of  the  components  of  each  pair  of  such 
balls,  we  have  an  opposite  couple  of  amount  2kMma'/r'2.     Hence 

,e -»*»(•-£).  (5) 

It  is  theoretically  more  correct  to  use  for  M  and  m  not  the  true 
masses  of  the  balls  as  determined  by  reducing  to  weighing  in 
vacuum,  but  these  masses  diminished  in  each  case  by  the  mass  of 
air  displaced  by  the  ball.  For,  suppose  two  opposite  balls  to  be 
removed  and  the  spaces  vacated  filled  with  air,  there  will  be  attrac- 
tion between  these  two  portions  of  air  which  will,  if  there  is  equi- 
librium of  the  whole  mass  of  air,  be  balanced  by  the  action  of  the 
surrounding  air.  This  action  will  be  exerted  on  the  immersed  balls, 
and  there  will  be  left  unbalanced  only  the  attraction  between  the 
additional  masses  now  contained  in  the  spaces. 

The  point  is  not,  however,  of  practical  importance,  but  it  should 
be  noted,  as  in  one  determination  at  least  the  weights  of  the  balls, 
have  been  "corrected  "  to  the  weight  in  vacuum. 

For  the  vibration  experiments  we  have  the  equation 


UA 


(«) 


where  /  is  the  moment  of  inertia  of  the  vibrating  system,  and  T  its 
period.     For  fid  is  the  restoring  couple,  and,  therefore,  the  angular 

2  K 
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acceleration  towards  the  equilibrium  position  is  fid/I,  so  that  fudj  16  = 
AirjT-,  by  the  theory  of  simple  harmonic  motion. 

A  correction  had  to  be  made  in  the  application  of  this  equation 
for  the  fact  that  the  couple  of  attraction  did  not  remain  constant 
during  the  oscillations  by  which  the  period  was  determined. 

545.  Result  of  the  Experiments. — These  equations  enable  the 
value  of  F,  the  attraction  exerted  by  a  large  sphere  on  unit  mass  of 
a  small  one,  to  be  determined,  and  hence  k  to  be  calculated  as  already 
explained.  By  means  of  the  result  can  lie  found  the  value  of  A,  the 
earth's  mean  density.  Twenty-nine  results  obtained  by  Cavendish 
gave  for  A  a  mean  value  of  5*448  with  a  probable  error  of  ±  "083. 

546.  Effects  of  Inequalities  of  Temperature. — -Some  trouble  was 
experienced  through  the  difficulty,  owing  to  the  great  size  of  the 
apparatus,  of  maintaining  the  temperature  uniform  throughout  the 
inner  case.  If  the  large  balls  were  left  for  a  time  in  proximity  to 
the  small  ones  the  effect  seemed  to  alter,  sometimes  gradually 
increasing,  at  others  gradually  diminishing.  This  was  traced  to 
difference  between  the  temperature  of  the  case  and  that  of  the 
large  balls,  so  that  the  distribution  of  temperature  changed  when 
the  masses  were  moved,  and  air-currents  were  set  up,  producing 
spurious  attractions  or  repulsions,  and  in  course  of  time  deflections 
which  very  slowly  died  away  as  the  apparatus  was  left  to  itself. 

Thus,  when  to  test  this  effect  the  large  balls  were  heated  with  a 
damp  and  then  brought  near  the  case,  the  outside  of  the  case  rose  in 
half  an  hour  1JT  F.,  and  the  small  spheres  were  found  deflected 
through  14  scale-divisions  instead  of  3,  as  at  first.  Cooling  the 
large  spheres  with  ice  to  6°  or  7°  F.  below  the  temperature  of  the 
-case,  and  bringing  them  near  the  sides,  produced  a  reverse  effect,  a 
diminution  in  one  hour  of  2h  divisions.  When  the  spheres  were 
heated  there  wrould  be  generated  an  ascending  current  of  air  on  the 
sides  of  the  small  balls  b,  b  adjacent  to  B,  B,  and  a  descending 
current  on  the  other  side,  with  an  excess  of  pressure  on  the  latter 
side  above  that  on  the  former ;  and  the  reverse  would  be  the  case  in 
the  experiments  made  with  the  balls  cooled. 

Professor  Poynting,  in  this  connection,  calls  attention  to  some 
important  observations  and  a  suggestion  made  by  Sir  William 
Crookes.  In  the  course  of  his  experiments  on  the  actions  on  bodies 
in  high  vacua,  Crookes  noticed  that,  when  a  large  mass  was  brought 
near  a  delicately  suspended  light  ball  in  air  of  ordinary  density,  "  if 
the  mass  is  colder  than  the  ball,  it  repels  the  ball,  and  when  the  mass 
is  hotter  than  the  ball,  it  attracts  the  ball,"  and  that  opposite  effects 
were  produced  when  the  small  ball  was  in  a  vacuum.  He  also 
observed  that  there  was  an  intermediate  pressure  at  which  difference- 
exerted  little  or  no  interfering  action,  and  remarked  that  "  by  experi- 
menting at  this  critical  pressure,  it  would  seem  that  such  an  action 
.-is  was  obtained  by  Cavendish,  Reich,  and  Baily  should  be  rendered 
evident." 

."■47.  Repetitions  of  Cavendish's  Experiment.  Reich's  Experi- 
ments.— Determinations  in  one  or  two  cases  not  yet  finally  com- 
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pleted  have  been  made  by  this  method,  by  several  experimenters, 
among  others  by  Iieich,*  Baily,t  Cornu  and  Baille,J  and  Boys.§  In 
Reich's  experiments  the  arrangements  were  very  similar  to  those  of 
Cavendish.  But  the  attracting  balls  were  used  one  at  a  time. 
Being  suspended  by  brass  wix'es  from  wheels  running  on  rails  along 
the  ceiling  of  the  room,  the  ball  could  be  run  out  from  the  middle 
position,  or  position  of  zero  couple,  to  the  position  opposite  the  ball 
hung  at  either  of  the  ends  of  the  torsion-rod.  Four  successive 
extreme  positions  of  the  torsion-rod  in  its  swing  were  observed,  and 
the  readings  for  these  being  a,  b,  c,  d,  ^(a  -f-  3b  +  3c  +  d)  was  taken  as 
the  reading  for  the  mean  centre  of  the  range  of  vibration.  The  mass 
was  then  at  once  shifted  to  the  middle  position,  and  four  readings 
taken  also  for  that  position.  The  last,  d,  of  the  former  set  was  taken 
as  the  first  of  the  new  set,  and  this,  as  was  pointed  out  by  Cornu  and 
Bailie,  is  not  free  from  objection,  as  the  transfer  of  the  attracting 
ball  could  not  be  regarded  as  instantaneous.  The  ball  was  then 
run  out  to  the  attracting  position  used  before,  and  the  observations 
repeated.  Similar  operations  were  performed  with  the  other  attract- 
ing ball  in  the  corresponding  positions  on  the  other  side  of  the 
torsion-rod. 

The  result  obtained  on  a  final  computation  of  the  mean  density 
was  5 -49. 

Reich  repeated  his  research  with  an  arrangement  in  which  only 
a  single  attracting  sphere  was  used,  mounted  on  a  turn-table,  by 
Avhich  the  sphere  could  be  placed  on  either  side  of  a  small  ball  hung 
from  one  end  of  the  torsion-rod.  The  table  turned  about  a  tube  in 
which  the  ball  hung,  so  that  the  attraction  of  the  turn-table  on  the 
suspended  ball  was  the  same  in  all  positions,  and  the  correction 
for  the  attraction  of  the  brass  wires  was  done  away  with.  Reich 
also  tested  for  possible  error  due  to  magnetic  action.  A  diamagnetic 
attracted  sphere  of  bismuth  gave  as  the  mean  of  10  determinations 
5*5266,  and  an  attracted  sphere  of  iron  as  the  mean  of  12  deter- 
minations 56887.  He  attributed  the  difference  to  a  diamagnetic 
repulsion  between  the  lead  mass  and  the  bismuth. 

548.  Baily  s  Experiments. — Francis  Baily's  experiments  were 
very  extensive,  and  for  a  long  time  were  regarded  as  the  most 
reliable  of  all  that  had  been  published.  A  short  account  of  these 
experiments  and  of  the  criticism  directed  against  them  in  later  years 
will  be  instructive  to  the  physical  student. 

The  torsion-case  was  attached  to  the  ceiling  of  the  room,  was 
lined  inside  with  metallic-foil,  wrapped  round  outside  with  flannel, 
and  finally  fitted  with  an  outside  casing  which  was  gilded  to  prevent, 
as  far  as  possible,  heating  by  radiation  from  outside.  The  attracting 
balls  were  spheres  of  lead  380  lbs.  in  weight,  turned  as  nearly  true 

*    Versuche  uber  die  mittlcre  Dichtlgkeit  der  Erde,  Freiberg,  1838,  and  later, 
Neue  Versuche,  &c,  Pogg.  Ann.  85  (1852),  Phil.  Mag.,  5  (1853). 
t  Mem.  Roy.  Ast.  8oc.  14,  (1842). 
J   Comptes  Rendus,  76  (1873)  and  86  (1878). 
§  Roc.  R.  S.,  46  (1889),  and  Nature,  vol.  1.  1894. 


516  DYNAMICS,    PROPERTIES    OF    MATTER. 

as  possible,  placed  on  a  turn-table  mounted  on  an  upright  pivot 
resting  on  the  floor  of  the  room.  The  turn-table  was  operated  by 
ropes  from  one  corner  of  the  room,  from  which  the  observations  of 
the  positions  of  the  torsion-rod  were  made  by  means  of  a  telescope. 

Baily  used  balls  of  different  materials  and  different  sizes  and 
various  forms  of  suspension,  and  periods  varying  from  200  to  1000 
seconds.  The  distance  of  an  attracting  sphere  and  the  opposite 
attracted  ball  was  about  11  inches,  and  the  centres  of  the  attracting 
spheres  were  80  inches  apart. 

In  beginning  a  set  of  observations  a  sufficient  oscillation  was  got 
up  by  turning  the  attracting  balls  first  to  one  side,  then  to  the  other  of 
the  torsion-rod,  and  so  on.  When  this  was  done  the  end  of  the  swing 
was  noted,  and  the  attracting  balls  were  moved  round  to  the  opposite 
position.  Baily  assumed,  as  did  Reich,  that  this  change  might  be 
regarded  as  instantaneously  effected,  so  that  the  reading  taken  just 
before  might  be  regarded  as  the  first  of  a  set  of  four  which  was  com- 
pleted by  taking  three  consecutive  elongations  in  the  new  position. 
These  were  then  combined  as  before  to  give  the  centre  of  swing  by 
calculating  ^(a  +  36  +  3c  +  d ).     Let  this  reading  be  denoted  by  rv 

The  attracting  balls  were  then  carried  over  to  the  opposite 
position,  which  was  always  such  as  to  aid,  by  the  attraction,  the 
motion  of  the  suspended  system  from  the  position  marked  by  the 
reading  d,  and  four  turning  positions  taken  as  before,  of  which  the 
first  was  the  last  on  the  side  turned  from.  These  gave  a  reading 
for  the  centre  of  swing  on  the  other  side  of  zero.  Let  this  reading 
be  ?%,  and  suppose  the  positions  to  have  been  such  that  rt>rv  The 
attracting  masses  were  then  carried  back  to  the  first  position,  and 
the  observations  repeated,  giving  a  reading  r3,  say,  for  the  centre. 
The  deflection  was  then  taken  as  •£{?•,  -  (rx  +  ?'3)/2}. 

The  object  of  this  procedure  was  to  eliminate  the  effect  of  change 
of  position  of  the  centre  of  swing,  which  was  almost  continually 
going  on,  usually  in  the  same  direction.  Supposing  the  shift  to 
have  been  at  a  uniform  rate,  the  correction  was  accurately  made  in 
this  way. 

The  period  of  vibration  was  obtained  by  observing,  during  each 
set  of  observations  of  deflection,  the  instants  of  transit  of  two  con- 
secutive divisions  of  the  scale  which  the  first  observations  showed 
had  the  centre  of  swing  between  them,  and  from  these  calculating 
the  period  of  the  centre  of  swing.  The  time  of  vibration  calculated 
by  the  formula  1(^  +  2*, -M3)  f°r  three  times  of  vibration  obtained 
from  three  successive  sets  of  observations  was  taken  as  free  from 
effect  of  drift  of  the  centre. 

The  distances  between  the  centre  of  each  attracting  sphere  and 
an  assumed  central  mark  was  measured  by  means  of  a  microscope 
for  each  of  the  two  positions  of  the  attracting  sphere,  and  the  mean 
of  these  was  taken  as  the  distance  between  the  centres  of  the 
attracting  and  attracted  balls. 

Several  objections  have  been  taken  to  Baily's  mode  of  experi- 
menting.    In  the  first  place,  it  was  pointed  out  by  Cornu  and  Bailie 
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that  the  assumption  that  the  interval  occupied  in  reversing  the  turn- 
table might  be  neglected  led  to  serious  error.  Since  the  balls  were 
quickly  whirled  round,  just  after  the  last  elongation  of  a  group  of 
four  had  been  read,  into  the  position  to  aid  by  their  attraction  the 
next  half  swing,  it  was  assumed  that  this  reading,  d,  say,  might  be 
taken  as  the  first  of  the  group  of  four  readings  for  the  new  position. 
But  the  attraction  for  the  time  occupied  in  putting  the  balls  into 
the  new  position  being  wanting,  the  vibrating  system  passed  through 
a  neutral  position  corresponding  to  a  smaller  deflection  than  d. 
Thus  d  was  taken  so  as  to  give  too  small  a  defler-tion  from  the  turning- 
point  to  the  following  reading,  and  gave  a  middle  position  too  close 
to  the  former  position  of  the  attracting  ball,  and  this  occurred  on 
both  sides.  Thus  the  deflection  came  out  a  little  too  small  in  each 
case,  and  gave  too  large  a  value  of  the  earth's  mean  density. 

Baily  observed,  but  could  not  explain,  the  fact  that  the  mean 
density  obtained  diminished  as  the  mass  of  the  attracted  balls  was 
increased.  This  may  have  been  due  to  the  error  just  referred  to. 
Increase  of  mass  of  the  attracted  balls  would  increase  the  moment  of 
inertia  of  the  suspended  system.  Thus,  the  period  would  be  in- 
creased, and  the  loss  of  attraction  during  the  time  required  to  change 
the  position  of  the  attracting  masses  would  be  of  less  importance. 

An  examination  of  Baily's  experiments  by  Cornu  and  Bailie 
justified  their  suspicion  that  the  retention  of  the  last  vibration  of 
each  set  as  the  first  of  the  next  set  led  to  serious  error.  Baily's 
final  result  was  5-(!747  ±  '0038.  But  ten  of  his  results  taken  at 
random  by  Cornu  and  Bailie  give  a  density  of  5*731,  which  was 
reduced  by  rejection  of  the  first  vibration  to  5  "6 15.  The  final  result 
reduced  in  the  same  ratio  would  become  5*55. 

There  are  other  anomalies  in  Baily's  results  which  indicate  that 
there  were  disturbances  which  were  not  sufficiently  allowed  for  or 
guarded  against.  It  has  been  pointed  out  by  Prof.  W.  M.  Hicks  that 
the  results  show  that  the  mean  density  falls  almost  uniformly  as  the 
temperature  at  which  the  experiments  were  made  rises.  Also  Baily 
seems  not  to  have  realised  that  to  approach  the  apparatus  so  closely 
as  to  read  the  distance  of  the  balls  from  the  assumed  middle  position 
by  means  of  a  microscope  would  introduce  serious  temperature  dis- 
turbances unless  proper  precautions  were  taken. 

As  has  been  pointed  out  in  §  541  above,  the  masses  of  the  balls 
to  be  taken  should  have  been  the  masses  determined  by  weighing 
in  air.  The  weights  were,  however,  corrected  for  the  air  displaced, 
an  error  of  principle,  though  not  one  really  affecting  the  results  in 
■any  appreciable  degree. 

549.  Experiments  of  Cornu  and  Bailie.  —  This  investigation, 
which  does  not  seem  to  have  been  yet  finally  concluded,  has  been 
carried  on  by  means  of  a  torsion-balance  designed  to  avoid  disturb- 
ances to  which  apparatus  on  the  Cavendish  model  were  subject. 
The  attracting  masses  are  spheres  of  mercury  weighing  12  kilo- 
grammes, contained  in  cast-iron  shells  fixed  in  position.  The  change 
of  position  of  the  masses  is  effected  by  transference  of  the  mercury 
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by  tubes,  which  completely  prevents  the  vibrational  disturbance 
attending  the  use  of  a  turn-table,  and  contributes  to  the  preservation 
of  uniformity  of  temperature.  The  attracted  balls  are  of  copper, 
109  grammes  each  in  weight,  and  are  carried  by  a  light  tube  of 
aluminium  only  50  centimetres  long.  The  whole  apparatus  is  thus 
very  much  reduced  in  size,  an  advantage  both  in  regard  to  sensitive- 
ness and  to  avoidance  of  temperature  disturbances.  Electric 
registration  of  the  vibrations  is  employed  to  give  a  complete  record  of 
the  movement  with  time  marks  on  the  same  sheet. 

In  1872,  1873  two  mean  results  were  obtained  for  p.  viz.  .V5*i  and 
5*50,  of  which  the  first  was  regarded  as  the  more  trustworthy,  as  a 
slight  bending  of  the  rod  was  discovered,  which  probably  accounted 
for  the  lower  value  of  the  second  set  of  experiments.  In  1878  the 
balance  had  been  improved,  and  behaved  so  well  that  the  time 
vibration  remained  for  a  year  almost  exactly  at  408  seconds.  The 
mean  result  obtained  with  the  improved  appliances  was  again  ">•"><> 
for  the  mean  density  of  the  earth. 

550.  Apparatus  and  Experiments  of  Boys. — With  regard  to 
diminution  of  length  of  beam  made  by  Cornu  and  Bailie,  it  may  be 
noticed  that,  if  the  other  dimensions  be  kept  the  same,  the  moment 
of  inertia  is  diminished  in  the  square  of  the  ratio  of  the  diminution 
of  length.  Thus,  if  the  length  be  diminished  in  the  ratio  of  n  to  1, 
the  moment  of  inertia  is  altered  in  the  ratio  of  n-  to  1.  If,  then,  the 
period  be  kept  the  same,  we  must  have  fi/I  (§  544)  the  same  as  before, 
that,  is  p  must  be  changed  also  in  the  ratio  n2  to  1 .  Thus  for  a  given 
deflection  6  the  couple  to  be  applied  by  the  attraction  is  equal  to  the 
former  amount  x  n2 ;  but  at  the  same  distance  as  before,  the  couple 
is  equal  to  the  former  couple  x  n.  The  sensibility  is,  therefore,  since 
»<1,  increased  in  the  ratio  of  1  to  n.  The  beam  may,  therefore,  be 
diminished  in  length,  with  accompanying  diminution  of  /j.  and 
increase  of  sensibility,  so  long  as  the  fibre  remains  strong  enough 
to  support  the  total  suspended  mass. 

Increase  of  length  of  the  suspension  wire  or  fibre  without 
diminution  of  cross-section,  it  is  to  be  remembered,  gives  also  a 
proportionate  reduction  in  the  value  of  p ;  so  that  it  is  possible, 
by  lengthening  the  fibre,  to  ^maintain  its  strength  unaltered. 

Continual  diminution  of  length  of  beam  has,  it  will  be  seen,  the 
disadvantage  of  increasing  the  opposing  couple  due  to  the  attraction 
of  each  large  ball  on  the  remote  suspended  ball,  and  this  may  become 
serious  when  the  length  is  made  very  small. 

If  every  dimension  of  the  apparatus  is  diminished  while  the 
suspension  wire  is  changed  so  that  the  period  is  kept  constant,  the 
attraction  on  the  suspended  ball  becomes  changed  in  the  ratio  <■ 
or  n*/l.  The  couple  is,  therefore,  changed  in  the  ratio  u'  to  I. 
But  the  moment  of  inertia  is  altered  in  the  ratio  n2  x  n'1.  that  is 
n5  to  1.  Thus  for  the  same  period  the  value  of  /x  must  be  changed 
in  the  ratio  tt  to  1.  The  torsional  rigidity  is  thus  changed  in  the 
same  ratio  as  the  couple  at  the  diminished  distance  apart  of  the 
balls,  and,  therefore,  the  same  angular  deflection  of  the  beam  will 
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be  produced  with  the  masses  in  this  position.     The  sensibility  is, 
therefore,  unaltered. 

These  results  of  alteration  of  dimensions  were  pointed  out  by 
Mr.  C.  V.  Boys  in  the  paper  already  referred  to  (loc.  cit.  §  547), 
and  he  applied  them  to  the  construction  of  an  apparatus  of  very 
small  dimensions,  in  which  his  important  invention  of  quartz  fibres 
of  great  thinness  and  strength  is 

utilised  to  give  a  suspension  fibre  Fig.  286. 

of     sufficiently    small     torsional 
rigidity. 

It  was  also  shown  by  Boys 
that,  by  placing  the  centres  of  the 
attracting  and  attracted  masses 
at  positions  A,  P  on  a  line  AP 
inclined  at  a  certain  angle  PAB, 
less  than  90°,  to  the  vertical 
plane  through  the  centres  of  the 
attracted  masses,  the  moment 
of  the  attracting  forces  on  the 
balance  (the  opposing  couple  due  to  the  distant  masses  being 
neglected)  can  be  made  a  maximum  for  a  given  distance  c  of  the 
centre  of  the  attracting  mass  from  the  axis  0  and  a  fixed  position 
of  A.  That  the  maximum  exists  can  be  seen  without  calculation, 
and  the  reader  may  easily  find  the  exact  position.  If  OP,  OA, 
AB  (Fig.  286),  be  denoted  by  c,  a,  x,  and  M,  m  denote  the  attracting 
and  attracted  masses,  the  attraction,  which  is  along  AP,  is 

KMm\\x-  4-  c2  -  (a  +  xf}, 

the    moment    of    this   about    0    is   this   expression    multiplied    by 
c  sin  OP  A,  that  is  by 


a  Jcz  -(a  +  xf/  Jx2  +  c2  -  (a  +  xf, 

and  therefore  the  square  of  the  moment  is  proportional  to 

{c2  -  (a  +  xf}j{x?  +  c2  -  (a  +  xf}3. 

This  can  be  shown  to  have  a  maximum  for  constant  a  and  c  when 

ax2  +  (3a2  +  c")x  -  2«(c2  -  a")  =  0 

or  if  6  denote  L  POB,  when 

cacos20  +  (c2  +  «2)cos0  -  'dca  =  0. 

To  obviate  the  opposing  couple  due  to  the  distant  masses,  Boys 
proposed  to  place  the  attracted  masses  on  different  levels,  and  there- 
fore in  the  apparatus  constructed  by  him  and  described  in  his  first 
paper  (loc.  cit.  §  547)  he  adopted  the  form  of  torsion-balance  indicated 
in  Fig.  287. 
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Instead   of  two  small   balls,  two  small  cylinders  of   lead  only 

11*3  millimetres  long  and  3  millimetres  in  diameter,  fixed  by  light 

arms  of  brass  on  the  two  sides  of  a  central  tapering  stem  of  glass 

tube,  are  used  as  attracted  masses.     The  centres  are  on 

Fig.  287.      different  levels  50-8  millimetres  apart,  and  the  distance 

apart  of  their  axis  is  13  millimetres.     Attached  to  the 

upper  end  of  the  glass  stem  is  a  quartz  fibre  secured  at 

the  upper  end  to  a  torsion-head.     A  mirror  carried  by 

the  glass  tube  enables  the  deflections  of  the  balance  to 

be  read  in  the  ordinary  way  by  a  reflected  ray  from  a 

lamp,    thrown  on   a  scale  about  1GJ    metres   from    the 

mirror.     A  plate-glass  window  in  the  tube  protecting  the 

torsion-balance  allowed  passage  of  the  light. 

The  balance  is  thus  so  small  that  it  is  wholly  enclosed 
in  a  narrow  brass  tube  (not  shown  in  Fig.  ~2X~),  which 
supports  the  torsion  head,  and  serves  to  protect  the 
apparatus  from  currents  of  air,  and  to  preserve  its  tem- 
perature constant. 

The  attracting  masses  are  two  cylinders  of  lead  50"8 
millimetres  in  diameter  and  length,  the  centres  of  which 
are  at  the  levels  of  the  small  cylinders.  These  are 
fastened  by  screws  to  the  inside  of  an  outer  brass 
cylinder  coaxial  with  the  suspended  system,  with  their 
axes  in  a  diametral  plane  of  the  tube.  The  cylinder  is 
supported  on  a  levelled  base  plate  (which  also  carries  the 
tube  supporting  the  torsion-balance),  and  can  be  turned 
round  its  own  axis  through  any  angle  so  as  to  bring 
the  attracting  masses  to  act  on  the  small  cylinders  in 
the  positions  to  exert  the  maximum  deflecting  couple  in 
either  of  the  two  directions  about  the  axis  of  the  balance. 
Mr.  Boys  states  (loc.  cit.)  that  the  result  of  his  pre- 
liminary experiments  with  this  apparatus  has  been 
"  complete  and  satisfactory.  As  a  lecture  experiment 
the  attraction  between  small  masses  can  be  easily  and 
certainly  shown,  even  though  the  resolved  force  causing 
motion  is,  as  in.  the  present  instance,  no  more  than  the 
one  two-hundred-thousandth  of  a  dyne  (less  than  one 
ten-millionth  of  the  weight  of  a  grain),  and  this  im- 
possible with  the  comparatively  short  period  of  8<  >  seconds. 
He  goes  on  to  say:  "  It  is  my  intention,  if  I  can  obtain  a 
proper  place  in  which  to  make  the  observation,  to  prepare 
an  apparatus  specially  suitable  for  absolute  determinations.  The 
scale  will  have  to  be  increased,  so  that  the  dimensions  may  be 
determined  to  a  ten-thousandth  part  at  least.  Both  pairs  of  masses 
should,  I  think,  be  suspended  by  fibres  or  by  wires,  so  that  the 
distance  of  their  centres  from  the  axis  may  be  accurately  measured. 
and  so  that  in  the  case  of  the  little  masses  the  moment  of  inertia  of 
the  beam,  mirror,  <fec,  may  be  found  by  alternately  measuring  the 
period  with    and  without  the  masses  attracted.      The    unbalanced 
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attractions  between  the  beam,  &c,  and  the  large  masses,  and  between 
the  little  masses  and  anything  unsymmetrical  about  the  support  of 
the  large  masses,  will  probably  be  more  accurately  determined  experi- 
mentally by  observing  the  deflections 
when  the  large  and  small  masses  are  in 
turn  removed,  than  by  calculation." 

Mr.  Boys  has  carried  out  the  inves- 
tigation, with  such  an  apparatus  as  that 
here  indicated,  in  the  Clarendon  Labora- 
tory at  Oxford.  Experiments  were  made 
with  two  pairs  of  attracting  balls  of  lead, 
one  pair  4|  inches  in  diameter,  the  other 
pair  2 1  inches  in  diameter.  For  the 
attracted  masses  there  were  used  in  dif- 
ferent experiments  a  pair  of  gold  balls 
•-?•">  inch  in  diameter,  another  pair  -2  inch 
in  diameter,  and  a  pair  of  gold  cylinders 
•'2->  inch  in  diameter  and  length.  All 
these  masses  were  constructed  with  very 
great  care  to  avoid  want  of  homogeneity  : 
they  were  made  to  solidify  upward  to 
prevent  the  formation  of  cavities,  the 
lead  balls  were  subjected  after  solidifi- 
cation to  hydraulic  pressure,  and  the 
gold  balls  were  beaten  in  steel  dies.  The 
lead  balls  were  hung  bj-  phosphor-bronze 
wires  from  supports  standing  on  a  lid 
above  the  case,  and  were  counterpoised 
by  weights  so  that  the  lid  with  the 
attracting  masses  could  be  carried  round 
from  one  attracting  position  to  the  other, 
by  a  mechanism  arranged  for  the  pur- 
pose, with  but  little  friction. 

The  attracted  masses  were  hung  by 
quartz  fibres  "2  inch  apart,  attached  by 

hooks  to  the  ends  of  the  arms  of  a  cross  of  gilded  copper.  This 
cross,  with  its  attached  mirror  M  for  enabling  the  deflection  to  be 
measured  by  a  reflected  ray  of  light,  formed  the  principal  part  of 
the  balance,  and  is  shown  in  the  adjoining  diagram  (Fig.  288).  The 
mirror  was  the  strip  left  after  two  equal  segments  had  been  cut  oil' 
from  the  two  sides  of  a  circular  mirror  of  perfect  construction,  and 
had  across  its  back  two  microscopic  vertical  grooves  which  received 
the  fibres  hanging  from  the  arm  above. 

To  a  hook  below  the  centre  of  the  mirror  a  cylinder  of  silver  of 
weight  just  equal  to  the  combined  weight  of  two  gold  balls  could  be 
attached.  This  enabled  the  observations  of  the  period  of  oscillation 
of  the  apparatus  to  be  made  with  these  balls,  and  with  the  cylinder 
without  change  of  stretching  force,  and  therefore  the  unknown 
moment  of  inertia  of  the  cross  and  attached  mirror  to  be  eliminated. 
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The  details  of  the  apparatus  and  of  the  mode  of  observing  are 
very  important  and  are  full  of  instruction  to  the  experimentalist, 
and  the  reader  should  carefully  study  these  in  Mr.  Boys'  paper,. 
Phil.  Trans.  U.S.  1895,  and  Xature,  vol.  1.  1894.  Though  the  forces 
to  be  measured  were  extremely  small,  only  one  five-millionth  of  the 
gravity  of  a  grain  in  some  of  the  experiments,  there  can  be  no 
doubt  whatever  of  the  great  accuracy  of  the  work.  The  values 
obtained  were  k=  6-6576  x  10~8  in  C.G.S.  units,  and  mean  density  of 
the  earth  =  5*527  times  that  of  water. 

Another  very  careful  determination  lately  completed  by  the 
torsion-balance  method  deserves  notice.*  To  reduce  the  disturb- 
ance from  air  currents  as  nearly  as  possible  to  zero,  Dr.  C.  Braun, 
at  Mariaschein,  in  Bohemia,  has  designed,  and  to  a  considerable 
extent  made  with  his  own  hands,  a  torsion- balance  enclosed  in  a 
tolerably  high  vacuum  (about  ^j,  of  an  atmosphere).  His  apparatus 
is  much  larger  than  that  of  Boys,  the  torsion-beam  being  9  inches 
long,  the  attracting  masses  each  5  kilogrammes  or  9  kilogrammes, 
and  the  attracted  masses  54  grammes.  The  suspension  wire  was 
of  metal,  but  a  repetition  of  the  experiments  is  in  progre.-s  with 
this  replaced  by  a  fibre  of  quartz.  The  result  obtained  for  A  is 
5"527  ±  *0014,  almost  exactly  that  of  Boys. 

551.  Determinations  by  the  Ordinary  Balance.  —  Instead  of  a 
torsion-balance  an  ordinary  chemical  balance  may  be  used  to  measure 
the  pulls  exerted  by  the  attracting  masses.  Imagine  a  small  ball 
hung  from  one  end  of  the  beam  of  a  delicate  balance,  and  equili- 
brated by  weights  in  a  scale-pan  on  the  other  end  of  the  beam,  then 
a  large  ball  to  be  brought  under  it  so  that  the  centres  of  the  two 
balls  shall  be  at  a  known  vertical  distance.  The  balance  will  be 
disturbed,  and  a  weight  w  will  have  to  be  added  to  the  weights  in 
the  scale-pan  to  restore  equilibrium.  Let  the  masses  of  the  large 
and  small  balls  be  J/,  m  respectively,  and  the  distance  between  their 
centres  be  r.  The  pull  between  the  balls  is  kMm  ?~,  and  this  is 
equal  to  wg.     Hence  we  have 

Mm 

and  for  the  earth's  mean  density  the  value  obtained  by  substituting 
this  value  of  k  in  (3).  Or,  neglecting  the  corrections  used  in  (3), 
and  putting  R  for  the  distance  of  the  earth's  centre  from  the  attracted 
ball,  and  E  for  the  mass  of  the  earth,  we  obtain  Er  MR1  =  ///  v.  so 
that 

E  =  m^M. 

a-  /•- 

This  method  has  been  employed  by  von  Jolly  t  and  by  Profess  i> 

*  Denksch.  <l.  Math.  CI.  d.  Alad.  d.  Wiss.  Wien.  64,  1896,  also  Kal 
Bundaeiau,  1897. 

t    Wied.  Ann,  xiv.  1881. 
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Kmiig,  Richarz,  and  Krigar-Menzel*  in  Germany,  and  in  an  elaborate 
and  important  research  in  this  country  by  Professor  Poynting.  It 
is  not  possible  to  more  than  mention  here  the  first  of  these  inves- 
tigations :  but  the  reader  will  find  a  critical  account  of  it  in  the 
treatise  of  Professor  Poynting  already  referred  to. 

The  research  of  Professors  Richarz  and  Krigar-Menzel  (for 
Professor  Kbnig  was  connected  with  it  only  in  the  preliminary 
stages)  is  of  considerable  importance  and  value  from  the  systematic 
care  with  which  every  part  of  it  was  carried  out.  The  experiments 
were  carried  out  in  an  earth-protected  casemate  of  the  fortress  of 
Spandau,  near  Berlin,  where  it  was  certain  that  there  was  little 
daily  variation  of  temperature  and  great  freedom  from  disturbance 
due  to  railways  or  vehicles.  In  brief,  the  method  was  this  :  From 
the  ends  of  the  beam  of  a  sensitive  balance  were  hung  two  wires 
which  carried  each  two  scale-pans  about  2  metres  apart,  but  so  that 
each  pair  of  scale-pans  (composed  of  one  on  each  wire),  the  upper 
pair  and  the  lower,  were  on  one  level.  A  kilogramme  weight  was 
then  placed  in  the  upper  scale-pan  on  one  wire,  and  another  kilo- 
gramme in  the  lower  scale-pan  on  the  other  wire,  and  the  position 
of  the  beam  observed.  Then  each  kilogramme  was  carried  over  to 
the  adjoining  scale  on  the  same  level,  and  the  position  of  the  beam 
again  observed.  The  deflection  gave  clearly  four  times  the  difference 
of  weights  due  to  the  difference  of  levels  of  the  masses  in  the 
pans. 

Then  a  great  pile  of  lead,  about  2  metres  cube,  was  built  up  of 
lead  bars,  so  that  the  wires  attached  to  the  balance  passed  along 
vertical  perforations  in  the  pile,  and  the  experiments  described  above 
were  repeated.  In  consequence  of  the  pile  the  weight  in  the  lower 
scale-pan  now  experienced,  in  addition  to  the  former  forces,  a  pull 
upwards,  and  the  weight  in  the  upper  pan  a  pull  downwards.  With 
an  allowance  for  the  difference  of  weights  already  observed,  the 
deflection  gave  four  times  the  pull  applied  to  each  weight  by  the 
lead  pile,  and  from  this  the  constant  of  gravitation  and  the  earth's  mean 
density  could  be  obtained.  The  result  was  &  =  (G'685  ±  -011)10"*  in 
C.G.S.  units,  and  A  =  5*505  ± -009. 

552.  Poynting's  Experiments. — In  Professor  Poynting's  experi- 
ment the  balance,  which  was  a  large  bullion  balance  with  a  four- 
foot  beam,  was  employed  with  a  turn-table  by  which  a  large  attract- 
ing ball  could  be  placed  first  underneath  one  of  two  equal  balls 
suspended  at  the  same  level  from  the  extremities  of  the  beam  of  a 
sensitive  balance,  then  underneath  the  other  ball.  To  counterpoise 
the  turn-table,  a  mass  half  as  great  as  the  large  attracting  one  was 
placed  at  double  the  distance  from  the  axis  on  the  other  side,  and 
its  attraction  on  the  suspended  weights  was  allowed  for.  To  eliminate 
the  pull  on  the  beam,  &c,  the  experiments  were  made  for  two 
different  levels  of  the  suspended  masses. 

The  balance  deflections  were  magnified  by  means  of  a  mirror 
hung  by  a  bifilar,  one  thread  of  which  was  attached  to  a  fixed  point, 
•    Wied.  Ann.  xxiv.  1885  ;  Nature,  xxxi.  (1884-85). 
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the  other  to  the  end  of  a  small  bracket  carried  by  the  pointer  of  the 
balance.  Thus,  when  the  balance  was  deflected,  the  upper  end  of 
one  thread  was  moved  with  the  pointer,  and  the  mirror  was  carried 
round  into  a  new  plane.  The  sensibility  of  this  arrangement  is 
obviously  inversely  proportional  to  the  distance  between  the  threads, 
and  therefore  can  be  made  very  great.  Vanes  carried  below  the 
mirror,  and,  immersed  in  oil  in  a  dash-pot,  prevented  undue  oscil- 
lation. The  deflections  were  read  by  a  telescope  from  a  room  above 
that  in  which  the  balance  was  placed. 

For  the  details  of  measurement,  the  various  precautions  observed, 
and  the  reduction  of  the  observations,  the  reader  must  refer  to 
Professor  Poynting's  essay.     His  final  results  are 

£  =  G-G9>U  x  1 0-8,  A  =  5-4934. 

558.  Pendulum  Methods. — Newton  was,  at  one  time  at  least, 
of  opinion  that  the  attraction  between  terrestrial  bodies  was  too 
small  to  be  measured ;  indeed,  he  expressed  the  view  that  a  hemi- 
spherical mountain,  3  miles  in  radius,  would  not  draw  the  plumb- 
line  two  minutes  of  angle  out  of  the  vertical  (iJe  Mundi  Systemate, 
Horsley's  ed.  vol.  iii.  §  22).  This  estimate  was  erroneous,  but  it 
shows  that  the  possibility  of  measuring  the  attraction  between  ordinary 
bodies  had  occurred  to  Newton.  The  methods  of  determining  the 
mean  density  of  the  earth  by  pendulum  deflections  produced  by  a 
mountain,  or  by  comparison  of  the  periods  of  a  pendulum  at  the  top 
and  bottom  of  the  shaft  of  a  deep  mine,  though  interesting  in  many 
respects,  are  not  capable  of  giving  results  comparable  in  point  of 
accuracy  with  those  obtained  by  either  form  of  balance.  In  the  first 
case,  difficulty  of  exactly  contouring  a  mountain  to  find  its  volume 
and  figure,  and  the  uncertainty  as  to  its  mass  that  must  always 
remain,  however  well  the  geological  formation  and  disposition  of 
strata  have  been  made  out,  and  in  the  second,  the  uncertainty  as 
the  arrangement  of  the  strata  in  the  more  distant  neighbourhood  of 
the  shaft,  prevent  these  methods  from  being  likely  to  yield  results  aa 
trustworthy  as  those  to  be  obtained  by  direct  experiment  with  ni. 
of  accurately  known  constitution. 

An  estimate,  however,  of  the  value  of  A,  which,  though  rough, 
showed  clearly  that  A  was  far  greater  than  the  density  of  the  ci  ust 
of  the  earth,  was  made  1  (><  >  years  ago  by  Bouguer,  who  made  obser- 
vations in  Peru,  by  vibrating  a  pendulum  (1)  near  the  sea-lev*]  : 
(2)  at  Quito  on  a  tableland  about  !)375  feet  above  sea-level,  and  on 
the  summit  of  a  mountain  about  (!000  feet  higher. 

554.  Alterations  of  Level  of  Mercury  Surface  produced  by  Tidal 
Waters. — Boscovich  and  after  him  Cavendish*  conceived  the  idea 
of  observing  the  deflection  of  the  plumb-line  produced  by  tidal  rise 
of  the  water  in  an  arm  of  the  sea,  and  it  was  suggested  by  Robison 
in  his  Mechanical  Philosophy,  1804,  that  the  tides  in  the  Bay  of 
Fundy  might  produce   a  sensible   deflection  of    a  plummet  in  the 

*  Wilson's  Lift  of  Cavendish,  p. 47 3. 
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neighbourhood,  and  so  enable  the  earth's  mean  density  to  be  deter- 
mined.* In  some  ways  it  certainly  seems  more  promising  to 
endeavour  to  observe  the  alterations  of  level  of  a  mercury  surface 
opposite  a  long,  nearly  straight  channel  which  is  filled  and  emptied 
to  a  considerable  depth  by  the  tide,  than  to  make  observations  on 
the  attraction  of  a  mountain,  the  mass  of  which  can  never  be  obtained 
with  any  accuracy  from  surface  specimens.  The  mass  of  water  could 
be  determined  with  an  accuracy  which  could  not  be  approached  in 
the  case  of  the  mountain  or  the  mine ;  but  it  seems  probable  that 
there  would  be  great  difficulties  due  to  a  warping  of  the  ground,  which 
seismometric  observations  show  goes  on  to  such  a  surprising  extent. 

Thus,  M.  D'Abbadie  found  on  the  shore  of  the  Bay  of  Biscay,  by 
comparing  a  fixed  mark  with  its  image  formed  by  reflection  from 
the  surface  of  mercury,  that  a  deflection  of  the  surface  in  one 
direction  was  produced  by  rise  of  the  tide  and  a  reverse  deflection 
by  its  fall.  In  about  two-thirds  of  an  extended  series  of  observations 
the  surface  was  inclined,  towards  the  sea  at  high  water  and  from  it 
at  low  water,  as  compared  with  its  position  when  the  sea  was  at  the 
mean  level ;  in  a  certain  proportion  the  level  showed  no  change,  and 
in  an  equal  proportion  the  change  was  opposite  to  that  expected 
in  Peru. 

Lord  Kelvin  has  made  an  estimate  of  the  effect  of  a  horizontal 
slab  of  water  50  miles  long,  50  miles  broad,  and  10  feet  deep,  on  a 
pendulum  suspended  opposite  the  middle  of  one  of  the  edges  of  the 
slab  at  a  distance  of  oOo  feet,  and  found  that  the  deflection  would 
be  about  ^  of  a  second  of  angle.  The  reader  may  verify  this  by 
the  formula  indicated  in  §  401  above.  This  slab  of  water  represents 
roughly  a  tidal  change  which  takes  place  at  St.  Alban's  Head.  It 
is  clear  that,  for  the  observation  of  such  a  small  deflection  as  this, 
some  optical  method,  or  perhaps  the  bifilar  mirror  arrangement 
referred  to  above,  would  have  to  be  adopted. 

555.  The  Schiehallien  Experiment. — The  experiment  on  the 
mountain  Schiehallien,  which  was  begun  in  1774  by  Maskelyne, 
deserves  notice.  The  mountain  is  a  ridge  in  Perthshire  ranging 
nearly  east  and  west,  and  consists  of  strata  which  are  nearly  vertical. 
The  apparent  difference  of  latitude  between  two  stations  on  the 
same  meridian  (but  not  on  the  same  level),  one  on  the  north,  the 
other  on  the  south  side  of  the  mountain,  was  determined  by  astro- 
nomical observations,  in  which,  of  course,  the  apparent  levels  at  the 
two  places  were  made  use  of.  This  was  compared  with  the  true 
difference  of  latitude,  obtained  from  the  positions  of  the  stations. 
The  difference  of  latitude,  40-!t4",  was  found  to  be  increased  by  11*6" 
by  the  attraction  of  the  mountain. 

A  careful  contour  map  of  the  mountain  was  afterwards  made  by 
llutton,  who  estimated  the  distribution  of  attracting  matter,  and  so 
deduced  from  Maskelyne's  observations  the  value  of  the  earth's  mean 
density.  His  first  estimate  was  4-5,  but  the  results  of  a  survey 
made  for  him  later  by  Playfair  caused  him  to  adopt  the  value  4*95. 
*  Thomson  and  Tait,  Nat.  Phil.  Part  ii.  §  818. 
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.").")('..  The  Harton  Pit  Experiment. — The  most  notable  of  the 
pendulum  experiments  that  have  been  made  is,  no  doubt,  that  which 
Airy  carried  out  at  the  Harton  coal-pit  in  Durhamshire,  and  which 
gave  finally  the  value  G-5G5.  The  elementary  theory  of  this  method 
may  be  here  noticed. 

Let  R  be  the  radius  of  the  earth  considered  as  a  sphere  without 
rotation  and  of  symmetrical  distribution  of  matter  (mean  density  p) 
round  the  centre.  Its  mass  is  IrnpR3,  and  its  attraction  on  a  particle 
at  the  surface  is  ^nkpR.  The  attraction  of  the  earth  on  a  particle 
at  depth  h  below  the  surface  is,  if  p  be  the  density  of  the  spheric;)  1 
t.hell  of  thickness  h,  ink(^pRs  -  p'R?h)/(R  -  hf.  Hence,  if  g  be  the 
value  of  gravity  at  the  surface,  and  g  the  value  at  the  depth  h,  we  have 

g  _  pRl  -  ?>p  Rh     ,      9h     af[  h 


=  1  +  2Z 


o——. 


g         p{R-h)-  ~ll       o  it 

since  h  is  small  compared  with  R. 

This  theory  is  not  strictly  applicable,  inasmuch  as  the  shell  of 
thickness  h  has  not  necessarily  the  average  density  which  the  strata 
have  at  the  place  of  experiment.  The  formula  of  computation  used 
is,  however,  that  just  obtained  with  this  latter  density  as  the  value 
of  p. 

For  the  details  of  this  experiment  as  well  as  of  many  meri- 
torious pendulum  and  survey  investigations,  which  are  not  mentioned 
here,  the  reader  may  refer  to  Professor  Poynting's  essay,  which  also 
contains  a  valuable  bibliography  of  work  on  the  subject  of  the  earth's 
mean  density. 

557.  Question  of  Attraction  of  Crystals  and  Gravitational 
Permeability. — Some  other  interesting  questions  regarding  gravita- 
tional attraction  have  lately  been  investigated.  The  fact  that  no 
outstanding  discrepance  between  weighings,  or  results  depending  on 
weighings  made  under  different  circumstances,  had  been  noticed 
shows  that  probably  crystals  experience  the  same  attracting  force  in 
whatever  way  their  axes  are  oriented  with  respect  to  the  earth,  and 
that  the  attraction  between  two  bodies  is  not  appreciably  affected  by 
the  interposition  of  other  matter  between  them.  It  is  well  known 
that  when  a  small  ball  of  quartz  is  placed  in  an  electric  field,  and  is 
moved  by  electric  force,  the  action  depends  on  the  direction  of 
the  axis  of  the  crystals  in  the  field.  Further,  if  between  two 
oppositely  electrified  conducting  balls  in  air  a  slab,  say  of  glass, 
is  interposed,  the  attraction  between  them  is  increased  ;  the  lines  of 
force  in  the  field,  which,  when  the  medium  is  unlimited  and  uniform, 
are  distributed  in  a  certain  way  round  the  balls,  assume  a  new  dis- 
tribution when  the  glass  is  introduced,  are  crowded,  in  fact,  more 
into  the  space  between  the  balls,  and  there  is  an  enhanced  attraction 
of  one  on  the  other.  The  facts  and  theories  of  this  action  will  be 
explained  under  Electricity ;  but  nothing  of  a  similar  kind  has  been 
observed  in  a  gravitational  field  of  force. 

Experiments  on  the  pull  between  a  lead  ball  and  a  sphere  of  calc- 
spar  placed  with  its  axis  in  different  directions  relatively  to  the  lead 
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ball  were  made  in  189i)  by  Dr.  Mackenzie  (Phys.  Rev.  2,  18!)."))  with 
a  torsion  balance,  but  without  any  positive  results.  Professor 
Poynting  and  Mr.  P.  L.  Gray  have  also  experimented  on  the 
attraction  between  two  quartz  spheres,  not  directly  on  the  pull 
between  them  in  different  positions,  but  to  discover,  what  it  seems 
probable  should  exist  if  the  attraction  between  the  spheres  with 
axes  parallel  is  not  the  same  as  when  the  axes  are  crossed,  a  couple 
resisting  the  turning  from  a  position  of  greater  force  to  that  of 
smaller.  For  the  position  of  greater  force  is  that  of  smaller  potential 
energy  of  the  attraction.  The  experiments  are  described  in  the 
Trans.  R.  S.  192,  A,  1891),  and  in  Mature,  August  23,  1900.  The 
method  employed  was  that  of  bringing  to  bear  on  a  torsion  pen- 
dulum what,  if  the  effect  existed,  would  be  a  succession  of  impulses 
in  the  free  period  of  the  pendulum,  and  therefore  producing  by 
accumulation  of  effects  an  oscillation  of  the  pendulum  through  a 
sensible  range. 

It  may  be  remarked  here  that  a  theory  of  gravitation  was  put 
forward  many  years  ago  by  Le  Sage  of  Geneva  to  the  effect  that 
throughout  space  there  are  flying  equally  in  all  directions  innumer- 
able small  particles,  and  that  ordinary  matter  is  in  a  high  degree, 
but  not  completely,  permeable  to  these  particles.  A  small  proportion 
of  these  particles  falling  on  any  body  is  stopped,  and  this  proportion 
must  depend  on  the  structure  of  the  body.  A  single  body  in  space 
would  experience  no  force  in  any  direction,  but  two  bodies,  as  the 
Sun  and  Jupiter,  would,  from  the  shielding  action  of  one  on  the 
other,  experience  force  along  the  line  joining  their  centres,  and  if 
the  balance  of  particles  stopped  is  sufficiently  small,  the  force  would 
be  invei"sely  proportional  to  the  square  of  the  distance  between  the 
bodies,  and  directly  proportional  to  the  product  of  the  masses. 

But,  according  to  this  theory,  the  weight  of  a  crystal  should 
depend  on  its  orientation  relatively  to  the  earth,  and  this,  though 
previously  shown  by  experience  to  be  probably  not  the  case,  is  nega- 
tived by  Messrs.  Poynting  and  Gray's  experiments. 

Messrs.  Austin  and  Thwing  have  described,  in  the  Physical 
Review,  5,  1897,  experiments  on  the  permeability  of  different  kinds 
of  matter  by  lines  of  gravitational  force.  Screens  of  lead,  zinc, 
mercury,  alcohol,  and  glycerine  were  tried  between  the  attracted 
balls  of  a  torsion  balance  and  the  attracting  masses  without  appre- 
ciablv  affecting  the  deflections. 


CHAPTER  XIV. 
THE  TIDES. 

558.  Equilibrium  Theory  of  the  Tides. — The  earth  itself  is  not 
unyielding,  and  the  waters  of  the  oceans  and  seas  upon  it  are  mobile. 
The  gravitational  attraction  of  the  sun  and  moon  on  equal  portions 
of  matter  at  different  parts  of  the  earth's  surface  differ  in  magnitude 
and  direction.  Hence  there  are  produced  distortions  of  the  solid 
earth,  and  the  much  more  marked  alterations  of  sea-level  and  tidal 
currents  which  we  are  in  the  habit  of  referring  to  as  the  tide>.  We 
cannot  here  attempt  to  traverse  the  very  extensive  field  of  tidal 
theory  and  phenomena,  but  it  is  desirable  to  show  how  tidal  forces 
arise,  and  to  calculate  their  amounts,  and  to  give  some  slight  idea  of 
their  effects.  It  will  be  possible  for  the  reader  thus  to  gain  some 
idea  of  the  so-called  equilibrium  theory  of  the  tides,  and  the  manner 
in  which  the  conclusions  of  tidal  theory  are  modified  by  the  rotation 
of  the  earth  and  the  inertia  and  friction  of  the  moving  matter. 

If  the  rotation  of  the  earth  were  stopped  and  the  sun,  earth. 
and  moon  were  held  fixed  in  the  positions  they  occupy  at  any 
moment,  a  configuration  of  the  bodies  would  supervene,  in  which 
the  disturbing  stresses  would  be  equilibrated  by  forces  set  up  by 
changes  of  relative  position  of  the  matter  composing  the  bodies. 
Considering  only  the  change  of  configuration  of  the  waters  on  tl:e 
earth's  surface,  an  equilibrium  tide  would  be  produced  which  would 
be  maintained  unchanged  so  long  as  the  relative  positions  of  the 
three  bodies  were  not  altered. 

Suppose,  now,  the  earth  to  turn  about  its  axis,  and  the  moon 
and  sun  to  take  the  successive  positions  relative  to  the  earth 
which  they  take  in  actual  fact,  but  to  do  so  so  slowly  that  the 
state  of  static  equilibrium  proper  to  rest  in  each  configuration  is 
up ;  the  tides  will  be  of  the  amounts  at  each  instant  contemplated 
in  the  equilibrium  theory.  This  theory,  however,  although  it  gives 
much  information  regarding  the  tides  as  they  actually  occur,  has 
results  profoundly  modified  by  the  rapidity  of  the  earth's  rotation. 
and  the  so-called  dynamical  (or,  more  properly,  kinetic)  theory  of 
the  tides  becomes  necessary  for  the  explanation  of  the  phenomena. 

We  shall  calculate  the  tidal  forces  due  to  the  action  of  the  moon 
and  sun,  and  then  consider  the  equilibrium  form  of  the  surface  of 
the  water  on  the  earth.  We  shall  suppose,  for  simplicity,  first  that 
the  whole  earth  is  covered  with  water,  and  then  endeavour  to  explain 


THE    TIDES.  529 

how  the  conclusions  obtained  on  this  supposition  must  be  modified 
to  take  account  of  the  existence  of  continents  and  islands  and  their 
configurations. 

559.  Calculation  of  Tide-producing  Forces.  Horizontal  and 
Vertical  Components.— Let  C,  Fig.  289,  represent  the  centre  of 
the  earth,  /,  P,  I'  points  on  its  surface,  B  the  position  of  the  moon's 

Fro.  289. 


centre,  and,  in  accordance  with  a  notation  usual  in  this  subject, 
denote  the  distance  CB  by  D  and  the  mass  of  the  moon  by 
M.  The  pull  exerted  by  the  moon's  mass  on  a  particle  of  unit  mass 
at  C  is  kM/D'2.  If  the  force  exerted  by  the  moon  on  every  unit 
particle  in  the  earth  were  the  same  as  this  in  magnitude  and  direction, 
every  particle  would  have  an  acceleration  of  precisely  this  amount, 
and  there  would  be  no  distortion  of  the  earth,  or  change  of  relative 
position  of  the  mobile  matter  on  its  surface.  Further,  it  is  clear 
that,  if  the  earth  were  made  up  of  a  congeries  of  particles  of  equal 
mass,  and  there  were  applied  to  each  of  these  particles  any  force 
whatever,  P,  the  same  in  magnitude  and  direction  for  every  particle, 
no  change  of  relative  position  of  the  parts  of  the  earth  would  ensue. 
The  result  would  only  be  to  superimpose  on  any  formerly  existing 
accelerations  exactly  the  same  acceleration  of  all  the  parts.  We 
therefore  suppose  every  particle  acted  on  by  a  force  of  amount  per 
unit  mass  kM/D2,  in  the  direction  opposed  to  CB.  This  annuls  the 
acceleration  of  the  particles  at  or  near  C  ;  and  therefore  the  resultant 
of  this  force  and  the  attraction  of  the  moon  is  the  force  producing 
change  of  the  relative  configuration. 

The  force  on  a  unit  particle  at  P  exerted  by  the  moon  acts  along 
PB,  and  is  of  amount  kM/BP2  =  kM/(D2  +  or  -  2Da  cos  <^>)  if  a  be  the 
distance  CP.  Besides  this  we  have  to  suppose  a  force  kM/IP  to  act 
along  PG  parallel  to  BG.  The  resultant  has  a  horizontal  component, 
that  is,  a  component  along  PH,  where  //  is  the  intersection  of  BG 
with  a  tangent  at  P  to  the  circle  of  intersection  of  the  plane  BPC  with 
the  earth,  and  a  vertical  component,  that  is,  a  component  along  the 
radius  CP.  We  can  evaluate  these  components  by  resolving  in 
these  two  directions  the  two  forces  kM/BP2,  kM/D2,  which  have  just 
been  specified  as  acting  at  P.  The  component  of  kM/BP2  along  PH 
is  kMcosBPH/BP2.     But  since 

^EPC=7r/2,cosBPH=sinBPC  =  Dsm(t>/BP. 

2l 
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Hence,  kAf  cos  BPff/BF2  =  UIDsin  <j>/(D2  +  a2-  2Dacos<ffi.  Also  the 
component  of  the  other  force  along  PH  is  -  kMsinf/D2.  Hence 
the  total  horizontal  force  from  P  to  H  is 

kM{  Dj(D-  +  ar-  2  Da  cos  <f)i  -  1/D2}  sin  0 

=  k J/sin  <f>{  1/(1  +  a2/D2  -  2«/JD.cos<£)#  -  1 }  //- 
=  3&J/«sin(/>cos^/Z)3, 

since  a  is  small  in  comparison  with  D.  Calling  this  F,  we  have  the 
equation  of  horizontal  tide-producing  force 

F  =  3k  M—  sin  <p  cos  <j>.  ( 1 ) 

The  vertical  component,  P,  say,  taken  in  the  direction  from  ' '  to 
P,  is  kM{  -  cos BPCjBP2  -  cos0/Z)2} .  But  -  cosBPC  =  sin  £P#,  and 
smBPff/smCffP  =  sinBPB:/cos9  =  Bff/BP=(n-alcos9)  BP,  so 
that  sin BPH=  (DcosQ  -  a)jBP.     Also  approximately 

IjBP*  =  (1  +  3acos<t>/I))/J)s. 
Hence 

n     7  irfDcosd  -  a     cos0~|      kJIa,n       ,        ,,  ,  ,,. 

1  =  *J/\     bp>      "  t/I  =  7^ (3 "*'*  " ' *  ( L) 

560.  Variation  of  Tidal  Forces  over  Earth's  Surface. — The 
horizontal  force  F  has  thus  the  same  value  for  every  point  on  any 
one  circle  surrounding  the  line  //'  as  axis.  Also  it  is  directed  at 
each  point  of  these  circles  along  the  great  circle  passing  through 
that  point  and  IF,  as  in  Fig.  21)0,  being  of  equal  (according  to  the 
degree  of  approximation  here  adopted)  numerical  amount,  but  of 
opposite  sign  for  supplementary  values  of  ©.  As  a  matter  of  fact, 
the  tidal  forces  under  the  moon  at  /  are  about  5  per  cent,  greater 
than  those  in  the  opposite  direction  at  the  diametrically  remote 
point  I',  since  the  ratio  of  the  difference  to  either  force  is  3a  r  very 
nearly.  The  force  has  zero  values  at  //',  at  the  circle  which  con- 
tains C,  and  its  maximum  value  when  sin^cos^i  (that  is,  when  sin 2^) 
is  a  maximum.  But  sin  20  has  its  greatest  value  when  2<p  =  }-,-. 
that  F  is  a  maximum  when  <p  =  7r/4.  The  maximum  value  is 
[IkMajD3.  The  lines  AB,  A'B'  in  Fig.  290  represent  circles  drawn 
round  the  earth  at  right  angles  to  the  line  //',  and  so  placed  that  a 
radius  drawn  from  the  centre  C  to  any  point  in  AB  makes  an  angle 
7T/4:  with  CI,  and  a  radius  drawn  from  C  to  any  point  in  A'B  makes 
the  same  angle  with  CF.  The  horizontal  force  is  greatest  on  ti 
circles,  and  is  directed  at  each  point,  as  shown  by  the  arrow-heads, 
along  the  great  circles  passing  through  IF .  The  line  DF  represents 
a  circle  dividing  the  spherical  surface  into  two  halves.  The  hori- 
zontal force  is  zero  at  all  points  on  DE.  At  all  points  on  the  right 
of  DE  the  force  is  towards  /;  at  all  points  on  the  left  of  DE  the 
force  is  towards  F. 

The  vertical  force  R  is  outwards  along  CP  for  values  of  y  for 
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which  3cos2^>  1,  and  in  the  direction  PC  when  3cos20<l.  The 
first  inequality  holds  for  values  of  (p  between  0°  and  54°44'8'  and 
between  125°  15'  52"  and  180°  ;  and 
the  second  for  values  of  $  between 
54  44'8"  and  125c15'52".  Thus  E  is 
outwards  at  both  /  and  /',  and  ac 
each  of  these  points  has  its  maximum 
value  2k Ma/ J)3.  The  maximum  in- 
ward value  of  B  exists  at  all  points 
for  which  f  =  tt/2,  and  it  is  half  the 
maximum  positive  value.  The  maxi- 
mum value  of  F  is  thus  three-fourths 
of  that  of  R. 

We  shall  see  that  the  eleva- 
tion of  the  water  above  a  certain 
chosen  mean  level  is  equal  to  half 
that  fraction  of  the  earth's  radius 
which  the  vertical  tidal  force  is 
of  gravity. 

561.  Moon  and  Anti-Moon.  Lunar  Semi-diurnal  Tides. — If  the 
mass  of  the  moon  were  diminished  from  M  to  \M  the  forces 
would  all  be  halved,  and,  from  the  statements  just  made  and 
illustrated  by  Fig.  290,  it  will  be  seen  that  the  full  values  of  the 
tidal  forces  would  be  restored,  if  another  mass  \M  were  placed  at  a 
point  B'  on  the  line  BC,  such  that  BC=GB'.  The  tide-producing 
forces  are  thus  what  they  would  be  if,  instead  of  the  moon  at  B, 
there  existed  a  "  moon  and  anti  moon,"  each  of  mass  \M  at  B  and 
B'.  Thus  we  have  the  result  often  deemed  paradoxical  by  persons 
who  have  not  sufficiently  considered  the  matter,  that  high  water  is 
produced  under  the  moon  and  on  the  side  of  the  earth  remote  from 
the  moon,  at  the  same  instant,  and  that  at  any  one  place  two  high 
waters  occur  in  each  lunar  day,  that  is,  in  the  time  (24  hours 
50  minutes  nearly)  of  one  rotation  of  the  earth  relatively  to  the 
moon.  These  are  called  lunar  semi-diitrnal  tides.  It  is  a  matter  of 
common  observation  that  these  two  tides,  speaking  generally,  are 
not  of  the  same  height ;  there  is,  in  fact,  a  difference  between  them 
which  can  be  accounted  for  by  supposing  a  diurnal  tide,  that  is,  a 
tide  of  period  one  lunar  day  superimposed  on  the  semi-diurnal  tides. 

562.  Solar  Tides.  Spring  Tides  and  Neap- Tides. — Precisely 
similar  effects  are  produced  by  the  sun's  attraction,  and  the  sun  may, 
in  the  way  just  explained  for  the  moon,  be  replaced  by  sun  and 
anti-sun.  The  reader  will  now  perceive  in  a  general  manner  how 
the  height  of  the  tides  varies  throughout  the  month.  There  are 
two  solar  semi- diurnal  tides  in  24  hours,  and  thus  in  time  of  occur- 
rence the  solar  tides  gradually  overtake  and  get  ahead  of  the  lunar 
tides,  which  occur  twice  in  24  hours  50  minutes.  At  new  moon, 
when  the  sun  and  moon  are  in  the  same  part  of  the  heavens  as  M 
and  *$',  Fig.  291,  and  at  full  moon,  when  they  are  in  opposite  parts, 
as  if  and  A.S',  the  solar  and  lunar  tides  conspire,  and  we  have  what 
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are  called  spring-tides  occurring  twice  in  a  lunar  month.  Bitween 
every  successive  pair  of  spring-tides  there  is  a  time  when  the  sun  and 
moon  are  in  quadratures,  as  it  is  called,  that  is,  are  (as  seen  from  the 
earth)  at  an  angular  distance  of  90°.  Then  the  solar  low  water 
.coincides  with  the  lunar  high  water,  and  as  the  latter  is  greater  the 
;solar  tide  is  subtracted  from  the  lunar.     Thus  we  have  twice  a  month 
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what  are  called  neap-tides,  which  are  of  a  comparatively  small  range 
from  low  to  high  water. 

Fig.  291,  which  as  regards  dimensions  and  distance  of  the  bodies 
is  not  drawn  to  scale,  illustrates  these  effects,  of  course  with  enormous 
exaggeration.  The  dotted  spheroid  close  to  the  spherical  surface 
BAE  shows  the  form  of  the  surface  under  the  solar  tide,  regarded 
as  produced  by  S  and  A.S.,  the  other  dotted  spheroid  is  the  surface 
under  the  lunar  tide  (rather  more  than  twice  the  solar  tide)  which 
may  be  regarded  as  produced  by  M  and  A.M.  The  spheroid  repre- 
sented by  the  full-line  IAA'1'  shows  the  surface  under  the  two  tides 
existing  simultaneously.  As  will  be  seen  presently,  the  surface  of 
elevation,  which  consists  of  the  two  caps  AIB,  ATE,  is  separated 
from  that  of  depression  by  two  circles  (represented  by  AB,  A'B)  at 
right  angles  to  IF,  and  so  situated  that  the  angles  ICA,  I'C'A'  are 
each  equal  to  54°  44'  nearly.  The  two  tides  thus  conspire,  and  the 
elevations  and  depressions  at  any  place  are  simply  added  together. 

The  diagram  may  be  modified  for  the  case  of  neap-tides  by  sup- 
posing the  line  joining  the  moon  and  anti-moon  turned  through  a 
right  angle  about  C,  in  the  plane  of  the  diagram,  and  to  carry  with 
it  the  lunar  tide.  The  resultant  tide  will  then  be  found  by  adding 
the  tides  where  they  conspire,  and  taking  the  balance  of  elevation  or 
depression  where  they  are  opposite.  The  result  in  each  case  will  be 
the  deviation  from  the  mean  level. 

563.  Magnitude  of  Tide -producing  Forces. — It  is  interesting  t<> 
compare  the  magnitudes  of  the  tide-producing  forces  of  the  sun  and 
moon  with  forces  of  familiar  amounts.  The  attraction  of  the  earth 
on  a  body  of  unit  mass  at  its  surface  is  kE/a2  where  E  is  the  earth's 
mass.  The  ratio  to  this  of  the  maximum  horizontal  tide-producing 
force  is  %Mas/EBs.     Now  MjE  is  about  1/83  and  ajD  about  1  60. 
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Hence  the  ratio  is  roughly  1/12,000,000.  The  total  force  on  a 
portion  of  matter  is  thus  extremely  minute  compared  with  the 
gravity  of  the  matter.  The  effect  of  the  vertical  tidal  force  when 
positive  is  to  diminish  gravity  and  when  negative  to  increase  gravity. 
The  maximum  positive  value  of  the  vertical  force  being  ^  of  the 
maximum  horizontal  force,  the  greatest  amount  by  which  gravity  is 
diminished  by  the  tidal  force  is  only  1/9,000,000  of  its  actual  value, 
and  the  greatest  increase  of  gravity  from  the  same  cause  is 
1/18,000,000. 

The  mass  of  the  sun  is  about  332,000  times  the  earth's  mass,  or 
nearly  27,000,000  the  mass  of  the  moon,  and  the  sun's  distance  is 
about  386  times  the  moon's  distance.  Hence,  as  the  cube  of  38G  is 
.">7\>  x  10*,  the  solar  tide-producing  force  is  rather  less  than  half 
that  due  to  the  moon. 

504.  Height  of  the  Equilibrium  Tide. — In  finding  the  height  of 
the  water  above  the  mean  sea-level  we  shall  suppose  the  undisturbed 
surface  to  be  a  sphere  of  a  certain  radius  a  to  be  specified  presently, 
and  consider  only  the  deviation  from  sphericity  produced  by  the 
purely  tidal  forces  acting  on  a  stratum  of  water  covering  a  solid 
unyielding  nucleus.  Of  course  there  is  a  deviation  from  sphericity 
produced  by  the  rotation  of  the  earth  about  its  axis,  but  this  is  a 
deviation  which  remains  the  same  at  any  one  place,  and  the  ordinary 
tidal  rise  and  fall  will  be  approximately  obtained  without  taking  it 
into  account.  The  process  applied  will  proceed  on  the  assumption 
that  the  chosen  mean  radius  a  is  small  in  comparison  with  the 
distance,  D,  say,  between  the  centre  of  the  earth  and  the  centre  of 
the  moon,  so  that  we  may  neglect  a?/D3,  &c,  in  comparison  with 
a  1)  or  a2 /IP. 

Also,  in  the  approximative  process,  it  is  to  be  noticed  that  the 
change  in  the  field  of  force  due  to  the  displacement  of  the  waters 
themselves  is  neglected,  that  is,  the  potential  at  any  point  of  the 
surface,  due  to  the  matter  of  the  earth,  is  taken  to  be  the  same  as  if 
the  whole  quantity  of  matter  were  collected  at  the  centre  C.  In  a 
strict  discussion  the  potential  of  the  surface  stratum  in  its  new  con- 
figuration would  have  to  be  calculated.* 

Supposing,  then,  the  tide-producing  forces  to  be  due  to  moon 
and  anti-moon  (each  of  mass  \M)  at  opposite  sides  of  the  earth,  as 
explained  in  §  561,  let  V  be  the  potential  at  any  point  on  the  surface 
of  the  earth,  the  distance  of  which  from  C  is  r,  and  angular  distance 
from  the  line  joining  the  centres  of  the  earth  and  moon  is  <p,  and  let 
E  denote  the  mass  of  the  earth.     We  have 

-  V  =  kJB/r  +  |JUf  {1/(2?  +  r»  -  -JUrcostf  +  1/(Z>2  +  r3  +  2Drcos<ff\ 

Expanding  and  retaining  terms  of  the  order  rjD2,  since  those  of 
order  rjD  disappear,  we  have  for  the  equation  of  the  equipotential 
surface  with  which  the  surface  of  the  water  coincides 

*   See  Thomson  and  Tait,  Xat.  Phil.  vol.  i.  part  ii.,  §  815. 
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f  +  ~ [l  +iJ(8coss*  -  1)}  =  const.  (3) 

If  now  we  denote  by  a  the  value  of  r  for  which  cos2^>  =  1/3,  the  con- 
stant value  of  the  left-hand  side  is  Eja  +  M/D.  Taking,  then,  a  as 
the  distance  of  the  surface  of  mean  level  from  the  centre,  we 
obtain 


\r     aj         D6 


If  we  write  r  =  a(l  +  u),  u  will  be  numerically  small  compared  with 
unity,  and  therefore,  neglecting  the  terms  in  it1,  we  obtain  instead 
of  the  last  equation 

*-*Jg(W*-l).  (4) 

It  will  be  observed  that  the  quantity  on  the  right  is  by  (2)  half  the 
ratio  of  the  vertical  tidal-force  to  the  value  of  gravity.  The  height 
above  the  mean  level  defined  above  is  thus  au.  The  value  of  u 
vanishes  on  the  circles  defined  by  <£  =  cos  ~*  s/l/3  and  already  referred 
to  in  §  560.  The  maximum  rise  is  at  /  and  T  and  the  lowest  fall  at 
points  on  the  circle  CD.  In  the  former  case  au  =  Mai/EDz  and  in 
the  latter  hMatjELP.  The  total  range  from  highest  to  lowest  is 
thus  %Ma*fEDs. 

565.  Succession  of  Changes  of  Level  of  Sea  in  Lunar  Day. — In 
Figs.  201, 292,  /represents  the  point  in  which  a  line  joining  the  centre* 
of  the  earth  and  the  tide-producing  body,  the  moon,  let  us  say. 
intersects  the  earth's  surface.  The  same  line,  produced  backward 
from  the  centre,  intersects  the  surface  in  a  second  point  /'.  /,  /' 
are  the  points  of  maximum  high  water.  Circles  drawn  round  the 
earth,  which  have  this  line  as  axis,  are  circles  of  equal  tidal  height 
above  the  sea-level.  Thus,  for  example,  AB,  A'B  are  circles  of  zero 
change  of  level,  CD  is  the  circle  of  greatest  depression.  At  all 
points  on  the  surface  between  /  and  the  circle  AB,  and  between  the 
circle  A'B'  and  /',  the  water  is  above,  and  at  all  points  between  All 
and  A'B  it  is  below,  the  mean  level. 

Now  consider  the  earth  turning  about  its  axis  through  X,  while 
the  tidal  distortion  of  the  surface  is  held  fixed  relatively  to  the 
moon.  An  observer  at  a  fixed  point  on  the  earth's  surface  is  carried 
round  in  space  along  the  small  circle  E,  G,  H.  When  he  has  come 
to  E  the  moon  is  on  his  meridian,  and  he  observes  that  the  tidal 
height  is  then  a  maximum  at  his  station.  As  he  moves  on  towards 
F  he  finds  the  tidal  elevation  diminishing,  until  at  F  he  finds  it  zero. 
As  he  passes  from  F  he  observes  a.  depression  setting  in  which 
reaches  a  maximum  when  he  has  arrived  at  the  position  G.  That 
depression  diminishes  again  as  his  station  moves  on  in  space  towards 
H,  where  the  water  is  found  to  have  resumed  the  mean  sea -level. 
As  the  observer  is  carried  on  with  the  earth  from  H,  the  sea-level 
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rises  and  reaches  a  maximum  when  he  arrives  at  the  meridian  of 
/,  /',  at  a  point  K  (not  visible  in  the  figure)  between  iTand  /'.  As 
the  observer  passes  from  K  the  tidal  elevation  diminishes  and 
reaches  zero  when  he  again  crosses  the  circle  A'B '.  Then  a  depres- 
sion again  sets  in  and  continues  until  the  circle  AB  is  reached. 

The  maximum  at  K,  it  is  to  be  noticed,  is  less  than  the  maximum 
at  G,  inasmuch  as  the  point  K  is  farther  from  /'  than  G  is  from  /. 
This  difference  is  due  to  the  diurnal  tide  represented  in  the  second 
line  of  (6). 

566-  Tidal  Rise  and  Fall  in  Terms  of  Co-ordinates  of  Moon  and 
of  Place  of  Observation. — It  remains   to  express  this  value  of  the 


tidal  rise  or  fall  above  mean  level  in  terms  of  the  co-ordinates  of  the 
place  of  observation  and  those  of  the  moon.  The  position  of  the 
place  on  the  earth's  surface  is  specified  by  its  latitude  and  longitude, 
and  that  of  the  moon  by  the  angle  through  which  the  earth  has 
turned  about  its  axis  since  the  moon  was  on  the  meridian  of  Green- 
wich, or  the  moon's  hour-angle,  as  it  is  called,  and  the  angle  which 
the  line  drawn  from  C  to  the  moon  makes  with  the  plane  of  the 
equator,  that  is,  the  moon's  declination.  Let  the  longitude  (west) 
and  latitude  (north),  HY,  YZ  in  Fig.  293,  be  denoted  by  I  and  X,  and 
the  hour-angle  HK,  and  declination  MK,  by  \js  and  8.  We  have  to 
express  cos^  in  terms  of  these  co-ordinates. 

It  is  clear  that  (p  is  the  moon's  true  zenith-distance,  that  is,  the 
angle  which  the  vertical  at  the  place  makes  with  the  line  drawn 
from  C  to  the  moon's  centre.  Let,  then,  Fig.  293  represent  the 
celestial  sphere,  JY,  S  the  poles,  EHE  the  equator,  M,  G,  and  Z 
the  points  in  which  radii  drawn  from  C  to  the  moon,  to  Greenwich, 
and  to  P  intersect  the  celestial  sphere.  Draw  great  circles  from 
N  through  G,  31,  and  Z,  meeting  the  equator  in  //,  K,  and  Y,  and 
join  MZ  by  an  arc  of  a  great  circle.  MZ  represents  the  moon's 
zenith  distance  0. 

Xow  consider  the  spherical  triangle  NMZ.       The  angle  at  N  is 
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measured  by  KY,  that  is,  HY-HK  or  Z-v//.  Also  XM,  XZ,  the 
sides  of  this  triangle,  are  tt/2  -  8,  irj'2-\  respectively.  The  funda- 
mental elementary  formula  of  spherical  trigonometry  give* 

cosMZ  =cosXMcosXZ  +  sin  AJ/sin  A/2"cos  KY; 
or 

cos<f>  =  sin X sing  +  cosXcosficos(Z  -S). 
Hence 

3cos20-  1  =  3{sin2Xsin28  +  cos2Xcos28cos2(7-  \l) 

+  2cosXcosSsinXsinficos(Z-  ;!>)}  -  1 
=  :jcos2Xcos2Scos2(Z-  ->L)  +  (>  cos  X  sin  X  cos  8  sin  6  cos  (I-  -^) 

+  A(3sin2S  -  l)(3sin2X  -  1).       (5) 

Thus,  for  the  total  rise  or  fall  au  we  have,  putting  ft  for 
ZMcS/EB3, 

au  =  ;Hjcos!Xcos28(cos2Zcos2v!/  +  sin2£sin2^) 

+  Mjsin2Xsin23(cos/cos-i/  +  sin/sin-J/) 

+  T5:1>(1  -  3 cos 2  8) (3 sin2 X  -  1).  (6) 

A  precisely  similar  expression  holds  for  the  solar  equilibrium 
tide.  The  data  respecting  the  moon  and  the  earth  are  replaced  by 
the  corresponding  data  relating  to  the  sun  and  the  earth,  and  the 
tide  evaluated  and  added  to  the  lunar  tide  for  the  same  instant  to 
give  the  total  elevation  or  depression  of  the  water-level. 

The  first  line  of  the  expression  on  the  right  represents  the  semi- 
diurnal tide,  the  second  line  the  diurnal  tide,  and  the  third  line  is 
called  the  declinational  tide. 

If  dS  denote  an  element  of  the  earth's  surface,  then,  as  can  easily 
be  proved,  JdS  taken  over  the  surface  is  equal  to  zero — that  is. 
the  volume  removed  from  the  region  of  depression  is  equal  to  the 
volume  above  the  chosen  mean  level  in  the  region  of  tidal  eleva- 
tion. This,  however,  is  for  an  ocean  covering  the  whole  earth.  If 
the  earth  is  only  partially  covered,  to  the  expression  in  (0)  for  au 
must  be  added  a  quantity  cm,  fulfilling  the  condition  thaty«(?<  +  u')dS, 
taken  over  the  whole  water  surface,  is  zero. 

5G7.  Discussion  of  Terms  in  Formula  for  Tidal  Rise  and  Fall. — 
The  semi-diurnal  tide  for  any  place  changes  from  zero  to  a  maximum 
and  back  again  to  zero,  then  to  a  maximum  negative  value  and  back 
again  to  zero,  while  the  hour  angle  i£  changes  by  180  .  Save  for 
the  varying  amplitude,  the  change  is  a  simple  harmonic  variation 
running  through  all  its  phases  twice  in  the  interval  between  two 
successive  passages  of  the  moon  in  the  same  direction  across  the 
meridian.  The  amplitude  varies  as  the  square  of  the  cosine  of  the 
declination  of  the  tide-producing  body,  and  also  as  the  square  of  the 
latitude  of  the  place,  being  thus  zero  at  the  poles  and  a  maximum 
at  the  equator.  The  declination  varies,  in  the  case  of  the  sun,  from 
zero  to  the  obliquity  of  the  ecliptic,  w(  =  23:  24'  10")  north  or  south, 
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and  in  the  case  of  the  moon  through  a  varying  range,  on  each  .side 
of  zero,  which  can  never  be  greater  than  w  +  i  or  less  than  w  -  i, 
where  i  is  the  inclination  of  the  moon's  orbit  to  the  plane  of  the 
equator.  Hence,  with  change  of  the  value  of  the  declination,  the 
amplitude  of  the  tidal  rise  and  fall  varies  from  a  maximum  to  a 
minimum  value  without  vanishing,  being  greatest  when  the  declina- 
tion is  zero. 

The  declination  runs  through  a  whole  range-  of  values  in  one 
revolution,  being  negative  in  one  half  and  positive  in  the  other  half 
of  the  body's  period.  It  is  a  matter  of  the  most  ordinary  obser- 
vation that,  if  the  moon  be  markedly  low  in  the  heavens,  say  at  the 
end  of  the  first  quarter,  it  is  correspondingly  high  at  the  end  of  the 
third  quarter. 

The  two  high-waters  aud  two  low-waters  which  are  produced 
every  21  lunar  hours,  or  every  24  solar  hours,  are  of  different 
heights  in  consequence  of  the  tide  represented  by  the  second  line, 
which  goes  through  all  its  values  as  \l>  varies  from  0  to  860°.  This- 
component  is  called  the  diurnal  tide.  It  varies  as  the  sine  of  twice 
the  declination,  and  therefore  vanishes  when  the  tide-producing 
body  is  on  the  equator.  This  is  the  case  for  the  sun  only  when  it  is 
at  the  equinoxes,  and  for  the  moon  when  at  one  or  the  other  of  the 
nodes  of  its  orbit  round  the  earth.  The  amplitude  is  therefore 
positive  from  one  equinox  (or  node)  to  the  next,  and  is  negative  in 
the  remaining  half  of  the  tropical  period  of  the  body  :  that  is,  the 
period  from  one  equinox  (or  node)  to  the  next  but  one. 

Also  the  diurnal  tide  vanishes  both  at  the  equator  and  at  the 
poles  on  account  of  the  factor  sin  2 A  which  occurs  in  the  amplitude. 

The  third  line  represents  the  declinational  tide;  that  is,  in  the 
case  of  the  moon,  the  fortnightly  tide ;  in  the  case  of  the  sun,  the 
semi-annual  tide.  It  does  not  vanish  because  of  the  factor  1  —  3 cos 2 8. 
for  <5  never  reaches  the  value  for  which  cos2S  =  l/3,  but  because  <ff 
the  factor  3 sin'2 A-  1  it  is  zero  for  points  in  latitude  35  15'  52",  or, 
say.  o5  1(>'.  When  the  body  is  on  the  celestial  equator  the  term 
has  a  maximum  positive  value  for  a  given  latitude  less  than  85c  16', 
and  a  maximum  negative  value  for  a  given  latitude  greater  than 
35  5  16';  for  1  -  3 cos 2 8  has  then  the  value  -  2,  while  3sin2X  -  1  has 
the  value  -  1  at  the  equator  and  2  at  the  poles,  and  vanishes  for 
A  =  sin-1l/si;; 

Since  the  quantity,  so  far  as  it  depends  on  the  declination,  is- 
independent  of  whether  the  declination  is  north  or  south,  and 
does  not  involve  -l,  the  declinational  tide  may  be  regarded  as  pro- 
duced by  two  circles  of  matter,  composed,  in  the  case  of  the  lunar 
tides,  of  the  moon  and  anti-moon,  each  uniformly  distributed  round 
the  circle  parallel  to  the  equator  on  which  it  lies.  These  circles  are 
therefore  at  equal  distances  on  the  two  sides  of  the  equator,  and  as 
the  declination  varies  from  an  extreme  value  to  zero  they  come 
closer  and  closer  together,  until  they  coalesce  into  one  circle  on  the 
plane  of  the  equator.  A  similar  statement  is  true  for  the  semi- 
annual tide. 
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5(58.  Tides  of  Long  Period. — The  moon's  orbit  turns  completely 
round  in  a  period  of  19  years,  so  that  the  limits  of  the  declination  go 
through  a  complete  series  of  changes,  from  w  +  ito  u>-i  and  back 
again,  in  that  time.  Hence,  all  three  tides  vary  on  this  account. 
and  in  a  19  years'  period. 

Also  the  distance  I)  of  the  body  goes  through  a  complete  series 
of  variations  in  the  period  of  revolution,  on  account  of  the  ellipticity 
of  the  orbit.  This  gives  the  monthly  and  annual  elliptic  tides,  as 
they  are  called. 

569.  Rise  and  Fall  is  greatly  Modified  by  Existence  of  Con- 
tinents.— It  is  to  be  most  carefully  noticed  that,  even  as  equilibrium 
tides,  every  one  of  the  tides  here  discussed  is  very  greatly  modified 
by  the  fact  that  the  earth  is  only  partially  covered  by  water.  The 
reader  will  find  a  very  full  discussion  of  the  question  in  Thomsoii 
and  Tait's  Natural  Philosophy,  or  in  Professor  G.  H.  Darwin's 
article  on  the  Tides  in  the  Encyclopcedia  Britannica  (19th  ed.);  but 
it  may  be  stated  that,  when  the  theory  is  corrected  (which  can  only 
be  imperfectly  done)  by  taking  account  of  the  distribution  of  land 
and  water,  there  is  no  longer  necessarily  high  water  or  low  water 
for  any  place  when  it  lies  in  the  plane  through  the  earth's  centie 
and  the  tide-pr-oducing  body;  but  the  time  for  either  semi-diurnal 
or  diurnal  tide  may  be  either  before  or  after  the  instant  when  this 
is  the  case. 

The  semi-diurnal  tide  does  not  vanish  at  the  poles,  as  the  expres- 
sion above  states.  The  diurnal  tide  is  zero  at  neither  the  equator 
nor  the  poles.  Again,  the  lunar  fortnightly  and  solar  semi-annual 
tides  vanishes  by  the  formula  in  latitude  X  =  sin~' 1/^/3,  and  this  is 
not  the  case  in  the  corrected  theory.  It  can  be  shown  that  the 
corrected  value  of  the  latitude  of  evanescent  declinational  tide  i« 
sin-1  s/(l  +  E)/S  where  E  is  the  mean  value  of  3sin2X-l  for  the 
part  of  the  earth  covered  by  water.  Professor  G.  H.  Darwin  haw 
found  for  sin-1  x/(l  +  E)  8  the  value  34°  40'  or  34"  57',  accordin_ 
a  certain  supposititious  antarctic  continent  is  taken  into  account  cr 
not.     Thus  the  value  35"  1(5'  is  but  little  departed  from. 

.">7»>.  Effect  of  Yielding  of  the  Internal  Parts  of  the  Earth.— 
It  has  been  supposed  that  the  part  of  the  earth  internal  to  the 
stratum  of  water  is  unyielding,  and  that  the  tidal  elevation  and 
depression  are  entirely  due  to  relative  displacement  of  the  water.  It 
the  internal  part  of  the  earth  yielded  as  freely  as  if  it  were  liquid, 
if  it  were  composed,  for  example,  of  liquid  separated  from  the  out- 
side stratum  by  a  flexible  covering,  the  distortion  into  the  spheroidal 
form  would  be  almost  entirely  made  up  of  displacement  of  the  liquid 
within  the  envelope,  and  there  would  be  but  little  due  to  elevation 
and  depression  of  the  surface  waters  relatively  to  the  envelope.  The 
surface  liquid  would  behave  very  much  as  a  thin  covering  of  oil  on 
the  surface  of  the  sea  would  behave;  there  would  be  almost  no 
change  in  its  thickness. 

The  tidal  elevation  and  depression  is  undoubtedly  less  than  it 
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would  be  if  there  were  no  yielding  of  the  internal  and  apparently 
solid  matter  :  how  much  less  is  not  certain.  The  question  has  been 
discussed  by  Lord  Kelvin,  who  has  concluded  that  the  yielding  of  the 
earth,  if  it  were  made  up  of  material  as  rigid  as  glass,  would  diminish 
the  oceanic  tides  to  §  of  those  which  would  be  produced  if  the  earth 
were  absolutely  unyielding.  If  the  globe  were  as  rigid  as  steel,  the 
tides  would  be  §  of  those  of  the  ocean  on  an  unyielding  earth. 
Lord  Kelvin  believes  that  the  oceanic  tide  is  certainly  greater  than 
half  the  tide  on  an  unyielding  earth,  and  perhaps  rather  less  than 
the  tide  that  would  be  produced  if  the  internal  matter  were  as  rigid 
as  steel,  and  concludes  that  the  rigidity  is  certainly  greater  than 
that  of  glass,  and  possibly  less  than  that  of  steel. 

Lord  Kelvin  thus  supposes  that  the  earth  is  solid  internally,  and 
from  the  fact  that  the  ellipticity  of  its  surface  corresponds  nearly  to 
the  present  rate  of  rotation,  he  is  of  opinion  that  it  must  have 
solidified  comparatively  recently,  when  the  rate  of  rotation  was 
approximately  what  it  is  at  present.  In  this  way  strong  evidence 
is  obtained,  which  is  reinforced  by  other  considerations,  that  the 
earth  is  not  composed  of  a  great  central  fluid  part  and  an  outer  and 
partial  covering  of  water  separated  by  a  solid  crust.  The  yielding 
of  a  solid  crust,  even  several  miles  in  thickness,  to  the  oscillations  of 
the  confined  fluid  would  be  complete,  and  changes  of  the  depth  of 
the  sea  would  be  very  slight. 

571.  Results  of  Equilibrium  Theory  not  borne  out  by  Actual 
Tides.  Question  of  Fortnightly  Tides. — The  equilibrium  theory 
is,  as  a  whole,  in  no  way  a  true  theory  of  the  tides.  The  conditions 
necessary  for  its  being  true  are  not  even  approximately  fulfilled:  the 
earth  turns  with  such  rapidity  on  its  axis  that  no  static  adjustment 
to  the  form  of  a  tidal  spheroid  stationary  with  respect  to  the  tide- 
producing  body  is  possible,  and  what  is  produced  is  a  system  of  forced 
vibrations  of  the  water  covering  the  earth,  modified  by  friction,  and  by 
the  configuration  of  the  continents  and  islands  by  which  the  surface 
sheet  of  water  is  bounded.  The  equilibrium  theory  is,  however,  valuable 
for  the  general  view  of  the  matter  which  it  gives,  and  the  analysis  into 
component  tides  which  it  suggests :  moreover,  the  lunar  fortnightly 
and  the  solar  semi-annual  tides  which  it  gives  are  more  nearly 
representative  of  the  tides  which  actually  occur.  It  was  remarked 
by  Laplace  that  friction  would  enable  the  equilibrium  form  to  be 
assumed  by  these  latter  tides,  but,  as  has  been  pointed  out  by 
Professor  G.  H.  Darwin,  the  period  is  not  long  enough  to  enable 
this  adjustment  to  take  place,  at  any  rate  for  the  fortnightly  tides. 
For  (see  §  571)  any  motion  of  the  water  retarded  by  friction 
proportional  to  the  velocity  would  be  diminished  in  a  time,  t,  in  the 
ratio  of  the  factor  e'km  to  unity,  and  it  would  depend  on  the 
value  of  t  required  to  give  ktj'2  =  1,  whether  the  friction  was  effective 
in  this  way  or  not.  The  smaller  this  value  of  t — that  is,  of  2/k — 
that  is,  the  larger  k,  the  more  effective  is  the  friction ;  and  t  would 
have  to  be  small  in  comparison  with  the  half  period  of  the  tide — 
that  is,  in  comparison  with  a  week,  to  justify  Laplace's  remark. 
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Were  Laplace's  view  correct,  it  would  be  possible,  by  comparing 
the  observed  amount  of  the  fortnightly  tide  with  the  theoretical 
amount,  to  form  an  estimate  of  the  tidal  yielding  of  the  solid  earth ; 
but  though  the  observed  amount  falls  short  of  the  theoretical,  no 
such  estimate  can  legitimately  be  made  for  the  reason  just  stated. 
The  amount  of  the  semi-annual  tide  given  by  observation  is  too 
uncertain  to  afford  any  basis  for  an  estimate  of  this  kind. 

572.  Digression  on  Free  and  Forced  Oscillations. — The  term 
forced  vibration  has  a  certain  technical  significance.  It  means  a 
vibration  taking  place  under  applied  periodic  forces  which  are 
independent  of  the  vibrating  system.  Thus,  if  a  pendulum  be 
deflected  and  then  left  to  itself,  it  makes  what  are  called  free 
oscillations.  But  if  a  periodic  force  in  a  period  different  from 
that  of  the  motion  be  kept  applied  to  it  from  outside — that  is,  apart 
from  the  periodic  force  due  to  its  displacement  relatively  to  the 
earth — the  pendulum  is  compelled  to  oscillate  in  the  period  of  the 
force.  For  example,  consider  a  pendulum  performing  oscillations 
through  a  very  small  range,  and  suppose  that  the  periodic  force 
begins  to  act  and  continues  to  do  so.  The  motion  under  the  free 
vibration  is  given  by  the  equation 

x  =  acos(nt  -  e),  (7) 

where  x  is  the  displacement  from  the  middle  position  at  time  t, 
27r/n  is  the  period,  e  the  epoch,  and  a,  the  amplitude  (§  43)  of  the 
motion.     The  differential  equation  is 

x  4-  n2x  =  0 

and  (7)  is  its  complete  solution. 

Now,  if  a  force  Acosmt  act  on  the  pendulum  bob,  the  differential 
equation  of  motion  is 

x  +  n2x  =  A  cos mt,  (8) 

supposing  the  motion  unresisted  by  friction.  To  solve  this  equation, 
suppose  x  =  Bco$mt  and  substitute.     We  get  the  condition 

n-  —  mr 
Hence  (8)  is  satisfied  by  the  value  of  .<■,  stated  in 

x=— -cos»?2.  ('•') 


This,  though  a  particular  solution  of  the  equation,  is  not  the 
complete  solution.  That  is  obtained  by  adding  to  this  value  of 
x  that  given  by  (7),  so  that 

x=  — cosmt  + a co$( at  -«).  (1") 

n~  -  mr 
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Fur  it  is  clear  that  the  second  term  makes  no  difference  to  the 
value  of  the  left-hand  side  of  (8),  and  it  introduces  two  arbitrary 
constants,  a,  e ,  which,  by  the  theory  of  this  kind  of  differential 
equation,  are  required  for  the  complete  solution. 

The  tirst  part  represents  the  forced  vibration,  the  second  repre- 
sents a  free  vibration  superimposed  on  the  former.  When  the 
motion  has  beeome  steady  the  free  vibration  is  not  sensible ;  in 
practice  it  is  wiped  out  by  frictional  resistances,  and  there  is  left 
only  the  first  term.  In  general  the  free  vibration  only  manifests 
itself  when  the  motion  is  being  started  or  stopped,  or  when  anv 
variation  from  the  forced  motion  takes  place. 

Considering,  then,  only  the  forced  vibration,  we  see  that,  if 
a-  m2,  the  deflexion  x  and  the  force  have  the  same  sign,  and  if 
iron'2,  they  have  opposite  signs.  In  the  former  case  the  vibration 
is  said  to  be  direct,  in  the  latter  case  it  is  said  to  be  inverted.  The 
force  and  deflection  have  always  maximum  numerical  values  at  the 
same  instant.  Also  if  n2  be  very  nearly  equal  to  ?n2,  the  amplitude 
of  the  forced  vibration  is  very  great — that  is,  the  application  of  «t 
periodic  force,  which  has  very  nearly  the  free  period  (as  it  is  often 
called)  of  the  system,  results  in  a  great  amplitude  of  vibration.  If 
n  =  m,  (9)  asserts  that  the  amplitude  A  /(«"' —  m2)  is  infinite  ;  but  it  is 
to  be  remembered  that  when  the  amplitude  has  become  great,  forces 
not  contemplated  in  the  differential  equation  will  have  come  into 
play ;  and  these  will  impose  limits  on  the  motion. 

")7:!.  Examples  of  Forced  Oscillations. — There  are  many  examples 
in  practice  of  the  great  amplitudes  of  vibration  which  result  from 
impulses  applied  in  the  natural  period  of  the  system.  The  rolling 
of  a  ship  in  a  sea-way,  in  which  the  period  of  the  waves  is  approxi- 
mately equal  to  the  free  period  of  rolling,  is  a  case  in  point.  The 
ship  will  be  in  great  danger  of  heeling  over  beyond  the  limiting 
angle  within  which  the  righting  moment  is  positive  (§  417),  unlets 
she  is  placed  with  her  length  at  right  angles  to  the  wave-crests,  be 
that  their  effect  is  only  to  produce  pitching,  for  which  the  vessel  has 
a  much  longer  period.  A  periodic  force,  even  of  small  amount, 
applied  over  a  considerable  interval  of  time,  to  a  massive  structure, 
such  as  a  suspension  bridge,  may,  provided  the  force  acts  in  or 
nearly  in  the  period  of  free  oscillation  of  the  structure,  produce 
a  very  large  deflection  from  the  equilibrium  position.  Thus  it 
is  usual  to  cause  a  body  of  soldiers,  when  they  are  marching  across 
a  suspension  bridge,  to  "  break  step,"  lest  the  accumulated  effect 
of  the  periodic  impulses  applied  to  the  structure  should  produce  a 
dangerous  deflection  of  the  bridge  from  the  ordinary  position  of 
rest. 

574.  Forced  Oscillations  of  a  System  subject  to  Friction. — 
Forced  vibrations  are  modified  in  a  very  important  manner  by 
friction.  Let  the  vibrations  excited  be  retarded  by  friction  propor- 
tional to  the  velocity  of  the  moving  body.  Then  the  equation  of 
motion  is 

x  +  kx  +  n2x  =  Acosmt.  (11) 
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The  solution  of  this  equation,  with  the  right-hand  side  zero,  is 


x  =  ae-ihtcos(  Jn2  -  \k2.t  -*).  (1  ty 

The  period  is  thus  increased  by  the  action  of  friction  in  the  ratio 
of  n  to  fjn9  —  1A?,  and  the  amplitude  diminishes  in  consequence  of 
the  factor  e'kt/'2,  in  geometrical  progression  as  the  time,  t,  increases 
in  arithmetical  progression.  This  manner  of  variation  of  the 
amplitudes  is  illustrated  in  Fig.  32,  p.  4(>.  Let  there  the  radius- 
vector,  OP,  revolve  about  0  with  uniform  angular  velocity  in  the 
direction  against  the  arrow  :  the  length  of  OP  will  diminish  accord- 
ing to  the  law  stated,  with  a  value  of  k  depending  on  the  constant 
value  of  the  inclination  of  the  curve  to  the  radius-vector. 

Xow  assume  as  a  particular  solution  of  (11) 

x  =  Bcos(nit  -  <p) 

we  obtain  by  substitution  in  (11) 

B(ri2  -  m2) cos  (ml  —  <p)-  kmB  sin  (ml  —  </>)  =  A  cosmt. 

If  this  be  expanded,  and   coefficients  of  cos  ml,  sin  mi,  on  the  two 
sides,  equated,  it  gives  B  =  Asin^/mk,  and 

x  =  ^cos  {nit  -(f)  (1 3 ) 

III  rC 

where 

,                ink 
tan0  =  ^ •. 


Thus  we  may  write  for  the  forced  vibration 
.4  cos  (ml  -  <f) 


JnA  +  m.4  —  2m2{ii2  -  Ur )' 


(130 


The  complete  solution  is  that  obtained  by  adding  to  this  the 
solution  contained  in  (12)  of  the  corresponding  differential  equation 
for  the  free  oscillation. 

It  follows  from  (13')  that  if  k  be  not  large  the  value  of  x  is  verjj 
great,  if  m  be  nearly  equal  to  n.  Also  0  is  then  ?r/2,  so  that  the 
vibration  is  a  quarter  cf  a  period  behind  the  force  in  phase. 

If  k  be  exactly  zero,  we  fall  back  on  the  solutions  already 
obtained. 

575.  Tides  considered  as  a  System  of  Forced  Oscillations. 
Propagation  of  Waves. — To  apply  these  considerations  to  the  tides. 
we  remark  in  the  first  place  that  the  relative  positions  of  the  earth, 
sun,  and  moon  are  continually  changing  in  a  periodic  manner.  If 
the  sun  and  moon  were  to  remain  fixed  relatively  to  the  earths 
centre,  the  tidal  force  applied  at  a  particular  place  on  the  earth's 
surface  would  vary  periodically  with  the  rotation  of  the  earth, 
producing  the  diurnal  and  semi-diurnal  tides.  But  these  bodies 
change  their  positions  in  periods  of  their  own  :  the  right  ascension 
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of  the  sun  passes  through  all  its  values  in  one  solar  day,  that  of  the 
moon  in  a  lunar  day  (the  interval  between  two  successive  passages 
in  the  same  direction  of  the  moon  across  the  meridian),  the  declina- 
tion of  the  sun  and  the  sun's  distance  have  a  yearly  period,  and  the 
declination  and  distance  of  the  moon  a  monthly  period,  and  there  are 
also  variations,  referred  to  above,  of  still  longer  periods. 

The  earth  and  the  waters  upon  it  are,  therefore,  subject  to 
periodic  tidal  forces,  and  the  response  thereto  is  not  that  of  the 
equilibrium  theory,  but  that  of  a  system  which  has  certain  natural 
modes  of  free  oscillation,  and  which  is  also  subject  to  friction.  To 
understand  the  nature  of  these  modes  of  oscillation,  imagine  the 
level  of  the  water  surface  to  begin  to  be  raised  and  lowered  at  one 
end  according  to  the  simple  harmonic  law,  that  is,  so  that  the 
height  t)  above  the  mean  level  is  given  by  the  equation 

rj  =  acosnt. 

After  the  starting  of  this  disturbance  the  level  of  the  surface 
elsewhere  will  be  disturbed,  and  the  disturbance  will  travel  along 
the  canal  with  a  definite  speed.  After  a  time,  if  the  canal  be 
long  enough,  the  disturbance  will  have  travelled  a  certain  distance 
along  the  canal,  and  beyond  that  distance  the  water  will  remain 
undisturbed.  Near  the  source  of  disturbance  the  oscillation  follows 
the  simple  harmonic  law  both  as  regards  variation  of  height  with 
time  at  any  one  place,  and  variation  of  height  with  distance  from 
the  source  at  any  one  instant.  Thus,  if  friction  be  neglected,  the 
wave  profile  will  finally  be  given  at  any  time  or  place  by 

tj  =  a  cos  {nt  -  m.K),  (14) 

so  that  when  ./•  =  0,  r]  =  aeosnt,  and  when  t  =  Q,  t]  =  acosmx,  or  when 
t  has  any  value  so  that  nt  =  t,  77  =  acos(mx  —  e).  Whatever  value  7  has 
at  any  time  t  at  distance  x  from  the  source  will  be  found  after  an 
interval  t  at  a  distance  £  farther  from  the  source  given  by  the 
equation  nt  -  mx  =  n{t  +  r)  —  m(x  +  £),  so  that  £  =  Trtjm.  The  speed 
of  propagation  V  of  the  disturbance  is  thus  njm.  Again  the  same 
values  of  77  recur  along  the  disturbance  at  distances  in/m  apart.  A 
distance  along  the  wave  equal  to  one  of  these  is  called  the  wave- 
length of  the  disturbance,  and  is  generally  denoted  by  X.  Thus 
\  =  2n/m,  and  the  speed  of  propagation  is  n\j'2ir.  The  wave-length 
is  the  distance  travelled  by  the  disturbance  in  the  period,  that  is, 
in  time  2n7»,  or  T.  Thus  the  period,  wave-length,  and  speed  are 
connected  by  the  relation  V=\  T. 

576.  Waves  in  a  Canal.  Solution  for  Waves  in  a  Canal 
of  Finite  Length. — The  speed  of  propagation  of  the  wave  in  the 
canal  depends  on  the  depth  of  water  if  the  length  of  the  wave  be 
great  in  comparison  with  the  depth.  Let  two  cross-sections  of  the 
canal  at  distances  x,  x  +  dx  from  a  .chosen  origin  for  x  be  considered. 
Let  the  former  cross-section  be  called  the  left-hand  section,  and  let  the 
wave  move  from  left  to  right.  If  p  be  the  pressure  at  the  former  of 
these  at  any  height  above  the  bottom  of  the  canal,  the  pressure  at. 
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the  same  level  in  the  other  section  (if  the  value  of  r;,  and  therefore 
the  motion,  be  everywhere  very  small)  is 

P  +  cplc-v-d*  =p  +  gpdi/dx.dx. 

Also  the  motion  being  all  in  the  direction  of  x  (the  vertical 
•component  being  taken  as  negligible)  we  obtain  for  the  equation 
of  motion  u=  -  (dp/dx)/p,  or  since  dp/dx  =  gpdn/dx, 

fix 

But  the  increase  of  depth  above  the  mean  depth  is  rj  between  the 
cross-sections  considered,  and  the  volume  of  liquid  above  the  mean- 
level  is  rjbdx,  if  b  be  the  breadth  of  the  canal.  The  rate  of  flow- 
across  the  left-hand  section  is  hbu,  and  the  rate  of  flow  across  the 
right-hand  section  is  hb(u  +  ^u/^x.dx).  The  rate  of  flow  into  the 
•space  between  the  sections  is  thus  -  bh^u/^x.dx.  This  must  be  the 
time-rate  of  increase  of  brjdx,  that  is,  brfdx.  Hence  jj  =  —h(jv  ,~  c, 
or  if  the  time-rate  of  variation  of  both  sides  be  taken,  rj  =  —  k()>i 
Eliminating  du/dx  from  this  by  the  equation  of  motion  written 
above  we  get 

§-•*&  (15) 

which  is  the  equation  of  wave-propagation  in  a  straight  canal  with 
vertical  sides  and  of  uniform  depth. 
If  we  write 

v=fp-rt)+f2(x+vt)  (i6) 

where /T,/2  are  arbitrary  functions,  and  V=  Jgh,  the  equation  is 
satisfied.  The  functions  fY,  fs  can  be  chosen  so  as  to  satisfy  any 
possible  circumstances  or  form  of  the  wave.  They  represent  two 
waves  travelling  with  velocity  V  along  the  canal,  but  in  opposite 
directions.  For  if  x  be  increased  by  a  quantity  £  and  t  by  t  where 
Fr  =  £  it  will  be  seen  that  the  value  of  fl  is  not  changed  On  the 
other  hand,  if  f2  is  to  remain  unchanged,  x  must  change  by  -  Vt 
when  t  changes  by  r. 

In  a  similar  way,  if  l  denote  the  horizontal  displacement  of  the 
water  at  any  place  in  the  canal,  we  can  show  that  the  equation  of  a 
free  unresisted  wave  is 

^=^"  (17) 

where  cr  is  put  for  gh.  This  has  the  same  form  of  solution  as  the 
-equation  in  y  already  obtained.  If  we  assume  that  the  wave  is 
simple  harmonic  in  the  variation  of  i  in  time,  we  may     write 

Z=f(x)cos(7it  +  e)  (18) 


so  that 
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where  J\x)  denotes  the    function  which  gives  the   value   of  i'  for 
different  values  of  x.     Hence  we  obtain  by  substitution  in  (17) 

0+^-0,  (19) 

f=Aco&—  x  +  Bsia-x  (20) 

c  c  x 

where  n  is  to  be  determined  by  the  terminal  conditions  of  the  canal. 
Hence 

£  =  /  A  cos  -x  +  Bsin-x )  cos(nt  +  e).  (21 ) 

The  most  general  solution  is  obtained  by  adding  together  all 
possible  solutions  of  this  form. 

For  example,  consider  a  canal  of  length  I  with  vertical  ends.  Let 
the  origin  be  at  one  end:  then  we  must  have  E  =  0,  when  x  =  0,  and 
when  x  =  I,  for  all  values  of  t.  This  gives  A  —  0,  and  .5 sin  nljc  =  0,  or 
n  =  kite  I  where  k  is  any  integer.  The  general  solution  Lc,  therefore, 
for  this  case 

I  =  2/,',sin^p-cos  i^f  +  ,k\  (22) 

where  S  denotes  summation  for  all  values  of  k. 

">77.  Forced  Waves  in  a  Canal. — Consider  now  a  forced  wave  in  a 
canal.     For  this  the  differential  equation  is 

£5  =  <rf|  +  X  (28) 

where  X  is  a  periodic  applied  force. 

We  put  in  (28)  X  =  (7 cos  (nt  +  mx  +  <p),  and  assume 

i  =  Z>cos  (nt  +  mx  +  (p). 

Substituting  in  (2:3)  we  get  D  =  -  Cj(n2  —crm2),  and  therefore 

(j 

t,=  — cos(nt  +  mx  +  (b).  (24) 

n-  -  &nv 

The  wave  is,  therefore,  direct  or  inverse;  that  is,  has  the  phase  of 
the  force  or  the  opposite  phase  according  as  <r>  or  <n2/m2.  The 
velocity  c  is  that  of  a  free  wave,  and  n/m  is  that  of  propagation  of 
the  periodic  force  and  of  the  forced  wave.  The  forced  wave  is 
therefore  direct  or  inverted  according  as  the  velocity  of  propagation 
of  the  force  is  less  or  greater  than  the  velocity  of  a  free  wave. 

578.  Waves  in  an  Equatorial  Canal. — Now  let  the  canal  be  one 
with  vertical  sides  and  uniform  depth  round  the  equator.  This  may 
be  taken  as  a  straight  canal,  and  the  formula?  found  above  for  wave- 
propagation   may  be  used   for  it,  provided  g  be  corrected  for  the 

2m 
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effect  of  the  earth's  rotation  as  in  §  281.  The  periodic  force  applied 
may  be  regarded  as  that  due  to  the  moon  and  anti-moon,  as  explained 
in  §  561,  both  being  on  the  celestial  equator.  Therefore  the  period 
of  the  force  must  be  half  the  period  of  rotation  of  the  earth 
relatively  to  the  moon.  Let  the  point  of  the  canal  under  considera- 
tion be  at  a  distance  x  measured  eastwards  from  a  meridian  of 
reference,  and  let  the  angle  between  this  meridian  and  the  meridian 
through  the  moon,  measured  eastward  from  the  latter  meridian  ( XII 
and  YX  of  Fig.  291),  be  n't,  so  that  ri  is  the  angular  velocity  of  the 
earth  relatively  to  the  moon.  The  whole  angle  through  which  the 
radius  to  the  point  considered  has  turned  from  the  direction  of  the 
moon  is  n't  +  xja,  where  a  is  the  earth's  radius.  We  therefore 
write,  since  the  force  A'  goes  through  two  periods  in  one  rotation  of 
the  earth  relatively  to  the  moon,  and  taking  account  of  the  fact 
that  the  horizontal  force  is  zero  under  the  moon,  and  at  points  on 
either  side  of  that  position  acts  towards  it, 

X=  -  iC sin2 1  n't +'' 


a)- 

Hence  for  the  horizontal   displacement  of  the  water  in  the  forced 
tide  we  obtain 

g=    JJ?~   vsm2(  n't +  -\  (25) 


In  consequence  of  the  displacement  £  the  thickness  of  a  vertical 

stratum  has  been  changed  from  dx  to  dx{\  +  c£/cx),  and  its  depth 

has  been  increased  from  h  to  h  +  rj.     Since  the  volume  must  be  the 

same  as  before,  this  gives  rj  +  k^t/c^  —  0,  which  is  equivalent  to  the 

relation  tj=  -  hcujcx  used   in  §  575  above.     Hence  from  (25)  we 

find 

'2Cha         a/  ,.  ,  x\  , ,,.,. 

t)= j—, co&'2(nt  +  -\.  (2<>) 

n  -a-  —  c'-         \  a  J 

If  h  denote  the  utmost  range  of  the  rise  and  fall  of  the  serai- 
diurnal  tide  according  to  the  equilibrium  theory,  it  has  been  shown 
in  §  560  that  ft  =  f  J/a4/i?Z)3,  and  since  by  (1)  iC=Uifa  D3,  and 
g  =  kEjar  approximately,  we  have  2Cha  =  §Ma4gh/ £!£>*'=  A  he2.  Thus 
(26)  may  be  written 

n  =  -  hJ£  -  =  0062 1  nt  +  -\  (-27) 

-n-cv-cr  a) 

The  tide  is  thus  direct  or  inverse  according  as  r>   or 
In  the  former  case  the  velocity  of  the  forced  wave  is  less  than  that 
of  the  free  wave,  and  there  is  high  water  under  the  moon ;   in  the 
latter  case  the  velocity  of  the  forced  wave  is  greater  than  that  of 
the  full  wave,  and  there  is  low  water  under  the  moon. 

The  time  in  which  a  free  wave  would  travel  round  the  canal  is 
given  in  hours  by  the  formula  ^5280.  L/J32.  8600 Jh,  where  L 
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and  h  are  the  length  of  the  canal  and  the  depth  both  in  miles. 
Hence  that  the  wave  may  travel  half-way  round  the  canal  in  twelve 
solar  hours,  the  depth  must  be  about  13f  miles,  which  is  much  in 
excess  of  the  depth  of  the  ocean  anywhere.  For  twelve  lunar 
hours  a  somewhat  smaller  depth,  about  thirteen  miles,  would  be 
required. 

579.  Canal  Theory  of  the  Tides. — It  is  clear  from  what  precedes 
that,  as  the  earth  turns  under  the  tidal  force  due  to  the  sun,  a  forced 
wave  of  elevation  exists  on  each  side  of  the  earth  and  travels  half 
round  it  in  twelve  solar  hours.  Hence  at  each  point  a  semi-diurnal 
tide  is  experienced.  If  the  depth  be  less  than  13|  miles,  the  period 
of  the  forced  solar  tide  is  less  than  the  free  period,  and  the  tide  is 
inverted,  there  is  low  water  under  the  sun. 

A  similar  result  holds  for  the  lunar  tide  due  to  the  lunar  tidal 
force  in  the  period  of  twelve  lunar  hours.  For  a  depth  lying 
between  the  critical  depth  for  the  lunar  tide  and  that  for  the  solar 
tide,  there  would  be  inversion  of  the  solar  tide,  while  the  lunar  tide 
would  be  direct.  Also  in  consequence  of  the  near  coincidence  of  the 
free  and  forced  periods  both  tides  would  be  very  great. 

If,  then,  the  ocean  consisted  of  a  canal  round  the  equator  we 
should  have  with  any  actual  depth  of  the  water  an  inverted  semi- 
diurnal tide — that  is,  there  would  be  low  water  under  the  moon. 

For  a  canal  parallel  to  the  equator  in  latitude  8  the  case  is 
different.  Instead  of  the  term  xja  in  the  applied  periodic  force,  a 
term  x/acosd  appears,  and  the  formula  for  the  forced  tide  in  this  case 
is  obtained  by  substituting  acosfl  for  a.  Thus  the  tide  will  be  direct 
or  inverse,  according  as  <r  >  or  <n'2cr 'cos2 8.  If  on' a,  the  tide  would 
always  be  direct,  and  if  c<iia  the  tide  would  only  be  inverted  if 
n'acosd  did  not  fall  below  c. 

Thus,  according  to  the  canal  theory,  for  a  certain  depth  of  water 
less  than  the  critical  depth  there  would  be  a  latitude  beyond  which 
the  tide  in  the  canal  would  be  direct.  If  the  canal  were  in  a  lower 
latitude  the  tide  would  be  inverted,  and  if  the  ocean  consisted  of  a 
series  of  canals  of  equal  depth,  separated  from  one  another  by  parti- 
tions parallel  to  the  equator,  and  covered  the  whole  earth,  the  tides 
would  all  be  direct  in  higher  latitudes  and  inverted  in  lower  lati- 
tudes. 

580.  General  Problem  of  the  Tides.— The  difficulty  of  the 
problem  of  the  tides  is  immensely  increased  when  these  partitions 
are  supposed  removed,  and  it  is  impossible  here  to  give  any  ade- 
quate account  of  it.  The  partitions  confined  the  motion  of  the 
water  to  backward  and  forward  vibrations  along  the  canal,  but  it  is 
obvious  that  in  the  more  general  case  just  supposed  there  must  be 
flow  in  the  south  and  north  directions  as  well.  Further,  water 
flowing  from  the  poles  towards  the  equator  comes  into  a  region 
of  greater  velocity  along  the  surface,  and  flows  in  a  westward  direc- 
tion relatively  to  the  earth,  while  water  flowing  from  the  equator 
towards  the  poles  acquires  an  easterly  velocity  relatively  to  the 
earth.      All   this  makes   the   movements    exceedingly  complicated, 
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and  it  is  impossible  here  to  give  even  an  outline  of  the  system  of 
tidal  currents  which  would  exist  in  such  an  ocean. 

The  general  conclusion  that  the  tides  are  inverted  in  low  latitudes, 
and  direct  in  high  latitudes,  is,  however,  correct.  It  might  appear 
that  at  the  latitude  of  change  from  inverted  to  direct  tide  there 
would  be  an  infinite  tide.  This,  however,  is  not  the  case ;  on  the 
contrary,  a  complete  discussion  of  the  subjects  shows  that  the  lati- 
tude of  transition  is  one  at  which  there  is  neither  rise  nor  fall.  The 
complete  discussion  cannot  be  entered  on  here,  however,  and  the 
reader  is  referred  to  the  Mecanique  Celeste  of  Laplace,  and  the  article 
on  Tides  by  Professor  G.  H.  Darwin,  in  the  19th  Edition  of  the 
Encychjxedia  Britannica,  for  further  information.* 

581.  Harmonic  Analysis  of  Tides.  Observations  by  Tide- 
gauges. — The  problem  is  immensely  more  complicated,  even  than 
that  just  suggested,  by  the  configuration  of  land  and  water,  and 
it  is  only  possible  to  predict  the  rise  and  fall  at  any  place  by 
observing  by  self-registering  apparatus  the  rise  and  fall  at  the 
place  in  question  over  a  long  period  of  time,  and  analysing  the 
periodic  changes  into  their  simple  harmonic  constituents.  With 
a  very  short  account  of  the  analysis  and  process  of  prediction,  we 
conclude  the  present  discussion. 

Tidal  curves  are  drawn  at  each  of  the  principal  ports  by  tide- 
gauges.  These  curves  may  be  regarded  as  compounded  of  a  number 
of  simple  harmonic  variations  of  the  height  of  the  water  of  different 
periods,  the  forced  vibrations  produced  by  the  applied  tidal  forces. 
The  ordi  nates  of  the  curves  are  tide-heights  or  proportional  to  them,  the 
abscissa1  are  times  from  a  chosen  zero  of  reckoning.  From  these  curves 
can  be  obtained  by  measurement  of  a  sufficient  number  of  ordinate?, 
the  data  required  to  enable  the  amplitude  period  and  epoch  of  each  of 
the  components  to  be  determined.  Then  these  data  are  available 
for  the  calculation  of  the  tides  for  future  time,  and  the  formation  of 
tide-tables  for  the  ports  for  which  they  have  been  obtained. 

A  machine  called  a  Tidal  Analyser,  which  may  be  regarded  as 
complementary  to  the  Tide-predicting  Machine  about  to  be  described, 
has  been  invented  by  Lord  Kelvin.  It  is  only  necessary  to  place 
the  tide-gauge  record  on  a  cylinder,  follow  the  curve  by  a  tracing 
point  on  the  machine,  and  the  constants  of  the  various  harmonic- 
constituents  can  be  read  off  from  the  machine.  For  a  description 
see  Thomson  and  Tait's  Xat.  Phil.  vol.  i.  Part  I. 

58^.  Tide-predicting  Machine. — It  is  clear  that  the  combination 
of  tidal  heights  could  be  obtained  by  drawing  the  curve  of  each 
component  on  the  same  scale  of  time  and  height,  laying  them  down 
along  the  same  datum  line  in  the  proper  positions  as  determined  by 
the  epochs,  and  then  adding  the  heights  for  each  abscissa  together  to 
obtain  the  resultant  height  there,  and  the  resultant  curve  for  all  the 
abscissae.  Hence  it  is  theoretically  possible  to  make  a  machine  which 
will  draw  the  resultant  curve.    It  is  only  necessary  to  have  a  number 

*  A  most  excellent  popular  account  of  the  subject  is  contained  in  Professor 
Darwin's  book  The  Tides.    London.     John  Murray. 
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of  simple  harmonic  motions  performed  by  points  of  the  machine,  all 
geared  together  and  driven  by  one  handle  or  driving-weight. 

Such  a  machine  has  been  constructed  by  Lord  Kelvin,  and  the 
diagram  illustrates  its  mode  of  action.  A  simple  harmonic  slide,  of 
the  kind  shown  at  p.  :>4,  is  worked  by  a  crank,  the  throw  of  which 
represents  half  the  amplitude  of 
one  of  the  tidal  constituents  as 
obtained  by  the  tide  gauge.  At 
the  upper  end  the  slide  carries  a 
pulley  P,  the  total  vertical  range 
of  motion  of  which  is  of  course 
twice  the  throw  of  the  crank.  A 
cord  attached  at  one  end  to  a 
tixed  point  A,  passes  round  P, 
over  the  fixed  pulley  Qv  round 
the  pulley  P,,  over  the  fixed 
pulley  Q.„  round  the  pulley  P3, 
and  so  on,  and  after  passing 
finally  over  a  fixed  pulley  is 
attached  to  a  pencil  p,  which 
bears  on  a  moving  ribbon  of 
paper.  This  ribbon  is  in  process 
of  being  unrolled  from  one  drum 
and  wrapped  on  another  at  a 
rate  equal  to  that  at  which  the 
drum-surface  is  moving. 

If  the  pulleys  P,,  P3,...,  are  all  fixed  P,  has  a  motion  representing 
a  single  tidal  constituent.  If,  however,  P.„  P3,  ...  are  carried  by 
.simple  harmonic  slides  geared  with  the  handle  driving  P„  so  that 
while  P,  describes  its  motion  P.„  ~PV  ...  describe  in  proper  period 
and  in  proper  phase  other  constituents  of  the  tidal  rise  and  fall,  the 
end  of  the  cord  at  the  pencil  will  have  a  displacement  at  each  instant 
which  is  twice  the  algebraical  sum  of  the  displacements  of  the  pulleys 
P,,  P8,  P.„  —  The  drums  moving  the  paper  are  driven  at  the  same 
time  with  a  speed  proportional  to  that  with  which  the  driving-handle 
of  the  machine  is  being  driven.  The  part  of  the  paper  opposite  the 
pencil,  therefore,  represents  a  particular  instant  of  time,  and  the 
length  of  paper  that  has  then  passed  the  pencil  since  a  particular 
vertical  line  on  the  paper  was  opposite  the  marking  point,  represents 
the  interval  of  time  between  a  chosen  zero  of  reckoning  and  the 
instant  in  question. 

Let  then  Pv  P.,,  P3,  ...  be  sufficient  in  number  to  represent 
the  principal  tidal  constituents,  and  have  been  set  by  means  of  in- 
formation given  by  tidal  records  taken  at  the  place  so  as  to  have  the 
proper  displacements  and  directions  of  motion  at  a  given  time,  and 
be  geared  so  as  to  be  driven  at  the  proper  relative  rates.  The  pencil 
will  move  up  and  down  so  as  to  be  at  the  proper  distance  from  the 
mean  level  to  represent  the  tidal  rise  or  fall  for  the  instant  of  time 
represented  by  the  part  of  the  paper  ribbon  opposite  the  marking 
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point.  The  tidal  curve  for  future  time  will  thus  be  drawn  on  the 
paper  ribbon,  and  by  measuring  its  ordinates  and  recording  their 
lengths  tide-tables  for  the  place  can  be  constructed. 

One  of  these  machines,  which  is  now  at  the  India  Office,  was 
constructed  under  the  care  of  Mr.  Edward  Roberts,  of  the  Xauticai 
Magazine  Office.  It  has  harmonic  slides  representing  twenty-four 
tidal  constituents  or  partial  tides.  Tidal  information  obtained  by 
tide-gauges  for  thirty-seven  Indian  ports  is  sent  home  by  the  Indian 

Fig.  295. 


Government,  and  is  used  in  the  prediction,  by  means  of  the  machine, 
of  the  tides  for  each  of  these  ports.  The  machine  is  set  by  Mr. 
Roberts,  and  driven  by  a  weight,  runs  off  the  curves  for  a  year  in 
about  four  hours,  writing  automatically  at  intervals  the  date  corre- 
sponding to  the  position  of  the  pencil  so  as  to  prevent  all  risk  of  error 
in  taking  off  the  heights  from  the  curve. 

588.  Tidal  Friction.  Retarding  Couple  on  the  Earth. — We  now 
consider  very  shortly  the  action  of  tidal  friction  on  the  motions  of  the 
earth  and  the  moon.  In  the  first  place,  by  the  results  obtained  in 
§§  574-07!)  the  effect  of  friction  when  the  forced  tidal  wave  is  direct  is 
to  turn  the  long  axis  of  what  we  continue  to  call  the  tidal  spheroid 
forward  in  the  direction  of  the  earth's  rotation  beyond  the  line  ( 'M 
joining  the  centres  of  the  earth  and  moon,  as  shown  on  the  left  in 
Fig.  295.  As  the  earth  revolves  the  tidal  spheroid  remains  fixed  in 
position  relatively  to  the  moon.  The  force  on  the  moon  exerted  by 
the  nearer  part  of  the  tidal  protuberance  is  greater  than  that  exerted 
by  the  farther  part,  and  consequently  the  resultant  force  on  the 
moon  is  in  the  line  MQ  instead  of  being  in  the  direction  MG.  This 
causes  to  be  exerted  on  the  moon  a  force  towards  the  centre  C  of 
the  earth,  and  a  tangential  component  in  the  direction  of  the  moon's 
orbital  motion.  On  the  earth  there  is  exerted,  as  we  shall  see.  a 
force  along  the  line  CM  and  a  couple  retarding  the  earth's  rotation, 
and  producing  dissipation  of  the  earth's  rotational  energy. 

On  the  other  hand,  when  the  tidal  wave  is  inverted  the  eflect  of 
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the  friction  is  to  throw  the  tidal  protuberance  back,  as  shown  in 
Fig.  29")  on  the  right,  and  as  before  the  tidal  spheroid  remains  fixed 
in  position  relatively  to  the  moon.  If  the  spheroid  were  thrown 
forward  the  dissipation  of  energy  which  obtains  in  the  former  case 
would  be  replaced  here  by  an  increase  of  the  earth's  kinetic  energy, 
and  the  moon  would  move  inward.  In  this  case  again  there  is  a  couple 
applied  to  the  earth  in  the  direction  to  retard  the  earth's  rotation 
and  causing  dissipation  of  energy,  and  a  tangential  force  to  the  moon 
in  the  direction  of  its  orbital  motion.  The  effect  is  therefore  the 
same  whether  the  wave  is  direct  or  inverted,  and  it  is  the  tidal 
distortion  in  the  equatorial  regions  which  is  most  effective  in  the 
way  just  described.  Hence  it  will  be  sufficient  in  studying  the 
result  to  consider  the  case  represented  on  the  left  in  Fig.  2!>">. 

First,  then,  as  to  the  calculation  of  the  tangential  force  on 
the  moon  and  the  couple  just  referred  to.  Instead  of  considering 
the  whole  spheroid,  it  will  be  sufficient  for  a  proper  apprehension  of 
the  matter  to  consider  the  couple  clue  to  the  attractions  of  the  moon 
on  unit  mass  at  A  and  B,  and  the  tangential  force  due  to  the  attrac- 
tions of  these  particles  on  M. 

Denoting  the  angle  A  CM  by  6,  the  distance  CA  by  a,  and  CM  by 
r,  we  have  approximately 

AM3  =r*(  1  -  :Aos 0  ),   B~MS  =  r»(  1  +  ?/'cos0  j, 

cos  A  MC  =(r-a  cos  d)/AM,  cos  BMC  =  (r  +  acosd)/7lM 
sin  A  MC  =  a  sin  6  JAM,    sin  BMC  =  a  sin  6/BM. 

Now  suppose  applied  to  every  particle  of  the  earth  a  force  per 
unit  mass  of  amount  kM/r3,  in  the  direction  MC  ;  then  on  the  unit 
particle  at  A  there  acts  a  force  kMjAM*  towards  M,  and  a  force 
kM/r*  parallel  to  MC.  On  the  particle  at  B  there  act  similarly 
kM/BM2  towards  M,  and  kMjr*  parallel  to  MC.  Resolving  along 
( 'M.  and  at  right  angles  to  CM  (that  is,  parallel  to  Aa),  we  obtain 

kM 

Force  at  A  :  component  parallel  to  CM=  —j-'2acosd  ; 

,    ,        t       kM sm6   .       0 
component  parallel  to  Aa  = -j — a[r  +  rfacosfl). 

kM 

Force  at  B  :  component  parallel  to  CM—   -    ^  2acos6  ; 

kMwaB  .  . 

component  parallel  to  Aa=  -  — -5 — a(r  -  oaco*!)). 

The  distance  between  the  lines  of  action  of  the  first  pair  of  parallel 
forces  is  2a sin  6,  and  that  between  the  lines  of  action  of  the  second 
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pair  is  2a cos 0.     Neglecting  the  terms  in  cosfl  in  the  second  pair  of 
forces,  we  obtain  for  the  total  couple  applied  to  the  two  particles 

sin  26. 

The  tangential  force  on  the  moon  is  evidently  equal  to  the  alge- 
braic sum  of  the  two  forces  parallel  to  Aa,  namely, 

8— —-sin  20. 

In  this  way  the  couple  and  tangential  force  due  to  the  whole  tidal 
spheroid  may  be  found  by  summing  those  due  to  pairs  of  particles. 
It  will  be  clear  that  the  couple  and  force  will  vary  as  the  inverse 
sixth  power  of  the  distance  r.  For,  as  we  have  seen,  the  couple  per 
unit  mass  varies  as  the  inverse  third  power,  and  the  whole  tidal  rise 
or  fall  varies  also  as  the  inverse  third  power. 

584.  Apparent  "Acceleration  "  of  the  Moon. — The  action  of  the 
moon  on  the  tides  is  thus  to  diminish  the  earth's  angular  velocity  of 
rotation,  and  therefore  to  increase  the  length  of  the  day.  An 
interval  of  time  measured  in  solar  days  will  then  appear  shorter 
than  it  really  is,  and  the  observed  place  of  the  moon  will,  after  any 
interval  of  time,  be  found  in  advance  of  the  place  which  has  been 
calculated  for  the  end  of  the  interval  on  the  supposition  of  no 
change  in  the  length  of  the  day.  Let  n  be  the  earth's  angular 
velocity  in  radians  per  second,  at  the  beginning  of  an  interval 
T  of  time,  and  —  ri  be  the  rate  of  change,  supposed  constant,  of  n, 
so  that  n  is  positive.  After  any  interval  t,  the  angular  velocity,  in 
radians  -per  original  second,  is  n  —  nt.  Hence  in  any  short  element 
of  time  dt  the  earth  will  then  turn  through  a  smaller  angle  than  it 
would  have  turned  through  if  its  angular  velocity  had  remained  un- 
altered, by  an  amount  ntdt.  Hence  in  the  interval  T  the  earth  turns 
through  an  angle  smaller  by 


ntdt  =  hi  T-. 


Thus  n  could  be  found  if  the  angle  by  which  the  moon  appears  to 
be  in  advance  of  its  predicted  place  in  consequence  of  the  retardation 
of  the  earth's  rotation  were  known.  [It  is  usual  to  refer  to  this  as 
an  "  acceleration  "  of  the  moon's  motion.  This  name  is  not,  how- 
ever, in  accordance  with  the  signification  of  the  term  acceleration  in 
dynamics,  and  would  be  better  called  advance  as  Lord  Kelvin  has 
suggested.     A  negative  advance  might  be  called  a  lay.] 

The  advance,  however,  could  not  be  used  with  the  supposition 
that  there  is  no  alteration  of  the  angular  velocity  of  the  moon's 
orbital  motion  about  the  earth.  It  has  been  shown  in  §  537  above 
that  the  action  of  a  tangential  disturbing  force  is  to  cause  the 
moon  to  recede  from  the  earth,  and  to  move  in  its  orbit  about  the 
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earth  with  a  diminishing  linear  velocity.  Thus  both  on  account  of 
the  increase  of  distance  and  the  diminished  velocity  the  moon's 
orbital  angular  velocity  is  diminished,  and  the  length  of  the  month 
is  increased.  This  retardation,  however,  is  small  in  comparison  with 
the  apparent  acceleration  a  due  to  the  slowing  of  the  earth.  If  the 
amount  of  the  tangential  force  were  known,  the  whole  lag  of  the 
moon  due  to  this  cause  might  easily  be  calculated  by  finding  the 
loss  of  velocity  and  increase  of  distance  in  the  manner  indicated  in 
§  537.     [See  Thomson  and  Tait's  Natural  Philosophy,  App.  G.] 

585.  Moment  of  Momentum  of  Earth-Moon  System. — It  is  also 
to  be  observed  that  the  rates  of  increase  of  length  of  the  month  and 
length  of  the  day  are  connected.  The  moment  of  momentum  of 
the  earth  is  about  an  axis  inclined  at  28  27'  10"  to  a  perpendicular  to 
the  plane  of  the  ecliptic.  The  moon  may  be  taken  as  moving  in  the 
ecliptic.  The  moment  of  momentum  of  the  system  consists  of  the 
moment  of  momentum  of  the  two  bodies  due  to  the  motion  of  their 
centres,  and  the  moment  of  momentum  due  to  their  rotations.  The 
mass  of  the  earth  is  Kl  times  that  of  the  moon,  and  its  distance  from 
the  common  centroid  -V  of  the  whole  distance  of  the  moon  from  the 
earth.  The  angular  velocity  of  the  moon's  orbital  motion  is  about 
n  27*3,  if  n  be  that  of  the  earth's  rotation.  The  moment  of  momen- 
tum due  to  the  motion  of  the  centres,  taking  place  ir  is  assumed  in 
the  ecliptic,  is  roughly  EnXM-rf  27 "8  x  N2,  and  that  of  the  rotation  of 
the  earth,  which  is  about  an  axis  inclined  at  2:i  27'  10"  to  a  perpen- 
dicular to  the  ecliptic,  is  *  A7r'/>,  according  to  an  estimate*  which 
has  been  formed  of  the  distribution  of  matter  in  the  earth.  Thus 
the  ratio  of  the  former  to  the  latter  moment  of  momentum  is  about 
4'8.  The  resultant  moment  is  about  5*78  times  the  earth's  rotational 
momentum,  and  is  about  an  axis  through  the  centroid  of  the  earth 
and  moon  inclined  at  an  angle  of  about  19°26'  to  the  earth's  axis. 
Fig.  200  illustrates  these  statements ;  AB  represents  the  earth's 
rotational  momentum,  AC  the  orbital  moment  of  momentum.  The 
angle  BAC  represents  the  angle  between  the  earth's  axis  and  a  per- 
pendicular to  the  plane  of  the  orbit. 

Since,  therefore,  the  rotational  momentum  of  the  earth  is  under- 
going diminution  in  consequence  of  tidal  friction,  the  moment  of 
momentum  of  the  motions  of  the  centres  of  the  bodies  must  be 
increasing  at  such  a  rate  as  to  leave  the  direction  and  amount  of  the 
resultant  moment  unaltered. 

We  shall  for  the  present  make  the  assumption  that  the  planes  of 
the  moon's  orbit  and  the  equator  are  coincident.  This  will  bring 
the  two  sides  of  the  parallelogram  in  Fig.  2%  into  line  and  make 
AB  +  AC  =  AD.  The  plane  in  which  the  centres  of  the  two  bodies 
move  becomes  the  invariable  plane,  and  the  total  moment  of  momen- 

*  For  it  has  been  found  by  Serret  [Annate*  d<  Vobtervatoirt  de  Pm-ix, 
p.  324,  1859).  that  if  C  be  the  moment  of  inertia  of  the  earth  about  its  polar 
axis  and  A  that  about  an  equate ial  axis,  ( C-  A)/A  =  -00327.  This  gives,  by  a 
table  given  in  §824  of  Thomson  and  Tait's  Natural  Philosophy,  A  =  ^M<r, 
approximately. 
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turn  5*8  times  the  rotational  momentum  of   the  earth,  only  slightly 
different  from  the  actual  value. 

586.  Future  History  of  Earth  and  Moon. — The  moon  continues 
to  recede  from  the  earth  with  transference  of  moment  of  momentum 
from  the  rotational  to  the  orbital  motion,  until  finally  the  two  bodies 

turn  round  their  common  centroid 
Fig.  296.  as  if    they  were  parts    of    a    rigid 

n  system.    The  approximate  period  of 

this  revolution  and  the  distance  of 
the  two  bodies  apart  are  easily 
calculated.  Let  the  angular  velocity 
of  the  orbital  motion  be  n  at  the 
beginning  of  the  time  considered, 
and  have  become  n  after  the 
equalisation  of  the  rotational  angu- 
lar velocity  of  the  earth  and  the 
orbital  angular  velocity,  while  the 
distance  has  increased  from  r  to  r  . 
Let  h  and  //  denote  the  orbital 
moment  of  momentum  at  the  begin- 
ning and  end  of  the  time,  respec- 
tively. Then  IF  is  approximately 
the  whole  moment  of  momentum 
of  the  system.  For,  as  will  be  seen 
at  once,  the   final  orbital  moment 

,      of    momentum   of   the  earth   is  to 

A  '       that  of  the  moon  in  the  ratio  M  E, 

that  is,  1/81,  about.  Also  the  rota- 
tional moment  of  momentum  of  the  earth  after  the  equalisation  is 
about  £  of  that  due  to  the  earths  orbital  motion,  that  is,  is 
about  ^jt;  of  that  due  to  the  orbital  motion  of  the  moon.  We  shall 
therefore  neglect  the  rotational  motion  of  the  earth  in  forming  an 
estimate  of  the  angular  velocity  of  the  bodies  and  their  distance 
apart.  We  have  therefore  nasMEj{M+  K)  =  h,  n'r'^ME  {M+E)  =  //, 
so  that  n2riln"2r'i  =  h-/H-.  Again  by  the  third  law  of  Kepler 
n2 /n'2  =  r'Z/r3,  or  n^/n'2?-"3  =  1 .     Hence 

r      IP     5-8s 


or  the  distance  of  the  centres  of  the  two  bodies  apart  has  increased 
from  about  GO  radii  of  the  earth  to  about  87"C>  radii. 

Also  we  obtain  n'2jn2  =  j*3//3  =  1/1--±G3,  or  ri  =  n/1'77.  The  length 
of  the  month,  which,  when  this  change  has  been  effected,  is  also  the 
length  of  the  day,  is  thus  1*77  times  as  long  as  it  was  formerly,  that 
is,  is  equal  to  about  48*o(5  days  of  the  former  length.  The  tidal 
spheroid  has  its  long  axis  directed  to  the  moon,  and  the  moon  has 
ceased  to  produce  tidal  retardation  of  the  earth's  rotational  velocity. 

This  state  of  things,  however,  once  attained  will  not  be  permanent 
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The  action  of  the  sun  on  the  solar  tides  tends  to  retard  the  rotation 
of  the  earth  and  bring  its  period  of  rotation  into  coincidence  with  the 
length  of  the  year.  But  owing  to  the  greater  distance  of  the  sun 
this  action  is  insensible  compared  with  that  of  the  moon.  When  the 
earth  and  moon  revolve  as  a  rigid  body,  and  the  action  of  the  moon 
has  ceased,  that  of  the  sun  continues  to  diminish  the  earth's  angular 
velocity,  and  the  period  of  rotation  of  the  earth  becomes  greater  than 
that  of  the  moon.  The  moon,  however,  continues  to  turn  the  same 
face  towards  the  earth,  and  her  orbital  velocity  is  not  directly  affected 
by  the  action  of  the  sun.  But  the  terrestrial  tidal  spheroid  is  so 
placed  relatively  to  the  moon  that  the  tidal  couple,  which  the  attrac- 
tion of  the  moon  produces,  opposes  the  slowing  of  the  rotation  of  the 
earth  and  a  tangential  force  opposing  the  moon's  orbital  motion  is 
applied  to  the  moon.  This  causes  the  moon  to  approach  the  earth  in 
a  very  gradual  spiral  and  ultimately  to  fall  into  the  earth. 

587.  Past  History  of  Earth  and  Moon. — This  is  only  a  very  slight 
sketch  of  a  subject  which  has  been  discussed  fully  in  some  remarkable 
papers  by  Professor  G.  H.  Darwin,*  who  has  been  able,  by  dynamical 
reasoning,  to  unravel  in  great  measure  the  probable  past  history  of 
the  system  of  the  earth  and  moon  as  well  as  to  predict  its  future 
configurations.  He  has  found  that  there  are  two  sets  of  circum- 
stances in  which  motion  of  the  two  bodies  as  a  rigid  system  is 
possible,  one  corresponding  to  a  large  amount  of  energy,  the  other 
to  a  comparatively  small  amount.  The  former  existed  when  the 
moon  revolved  round  the  earth,  almost  in  contact  with  its  surface,  in 
a  period  of  from  three  to  five  hours  ;  the  other  is  the  case  which  has 
just  been  considered,  in  which  the  moon  has  been  carried  out  in 
consequence  of  the  frictional  lag  of  the  tides  by  the  reaction  of  the 
tidal  spheroid. 

To  the  earlier  configuration  of  rigidity  the  history  of  the  moon 
can  be  traced  back  by  a  perfectly  satisfactory  dynamical  process,  but 
beyond  that  point  it  is  impossible  to  do  more  than  speculate.  The 
earth  is  losing  heat  at  the  present  moment  from  the  interior  at  a 
very  considerable  rate,  and  the  interior  is  at  present  very  hot  in  com- 
parison with  the  surface.  This  loss  of  heat  has  gone  on  forages,  and 
therefore,  the  earth  must  have  once  been  so  hot  as  to  be  in  a  plastic- 
condition  in  which  it  yielded  readily  to  distorting  forces.  Consider  then 
the  semi-molten,  plastic  earth  rotating  in  a  period  of  about  three  hows 
about  an  axis  inclined  at  about  1 2  to  a  perpendicular  to  the  ecliptic. 
The  planet  yielding  to  centrifugal  force  is  flattened  out  very  much 
round  the  equator,  and  tides  are  produced  by  the  action  of  the  sun. 
Pieces  fly  off  from  it  round  the  equator  like  portions  of  the  rim  of  an 
over-driven  fly-wheel,  and  one  of  these  larger  than  the  rest,  or  it 
may  be  a  mass  made  up  of  several  pieces  consolidated  together,  forms 
the  moon.  The  earth  and  moon  then  exist  revolving  about  their 
common  centroid,  and  rotating  about  their  axes  in  very  nearly  the 
same  period  as  that  of  revolution,  so  that  each  turns  very  nearly  the 
same  face  towards  the  other. 

*  Lor.  cit.  p.  588. 
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The  exact  cause  of  the  breaking  oft'  of  the  moon  is  uncertain.  But 
Professor  Darwin  suggests  that  the  free  period  of  vibration  of  the 
earth  to  change  of  shape  was  almost  equal  to  half  its  period  of 
rotation.  The  free  period  of  a  homogeneous  globe  of  the  mass  of 
the  earth  when  subjected  to  change  of  shape  is  for  the  slowest  mode 
of  vibration  1  hour  34  minutes.  The  earth  is  not  homogeneous, 
and  the  period  is  probably  somewhat  longer.  If,  then,  the  earth 
was  rotating  in  a  period  somewhere  between  three  and  five  hours, 
the  solar  semi-diurnal  tides  would  have  a  period  of  half  that  amount, 
and  this  might  be  very  exactly  the  free  period  of  oscillation  of  the 
body.  The  tides  in  the  earth  would  be  greatly  exaggerated  by  the 
agreement  of  periods,  the  resonance  so  to  speak,  and  a  breaking  up  of 
the  earth  become  inevitable. 

The  two  bodies  in  such  close  proximity  would  excite  enormous  tides 
in  one  another,  and  their  revolution  with  the  same  face  of  each 
toward  the  other  would  be  unstable.  If  the  period  of  the  satellite 
in  its  orbit  were  a  little  less  than  that  of  rotation  of  the  primary, 
the  satellite,  as  explained  above,  would  fall  back  into  the  primary  ;  if 
the  contrary  were  the  case  the  satellite  would  move  farther  oft'  with 
diminishing  orbital  velocity.  The  existence  of  the  moon  shows  that 
immediately  after  it  was  thrown  off  it  revolved  in  its  orbit  in  a  some- 
what greater  period  than  that  of  the  earth's  rotation.  As  time  went 
on  the  length  of  the  day  and  the  number  of  days  in  the  month  both 
increased.  The  former,  however,  will  continue  to  increase  until  the 
day  and  month  are  equal,  the  latter  has  already  passed  its  maximum 
value  (about  2D),  and  is  at  present  slowly  falling  oft"  towards  the 
value  one,  Avhich  it  will  reach  when  the  day  and  the  month  have 
been  equalised. 

588.  Action  of  Couple  due  to  Tidal  Friction  on  Direction  of 
Earth's  Axis. — It  is  possible  to  consider  the  action  of  tidal  friction 
on  the  direction  of  the  earth's  axis.  In  consequence  of  the  non- 
coincidence  of  the  long  axis  of  the  tidal  spheroid  with  the  plane  of 
the  equator,  there  acts  on  the  earth  a  couple  tending  to  make  it 
rotate  about  an  axis  in  the  equator,  and  another  couple  retarding 
the  rotation  about  the  axis  of  figure.  For  let  Fig.  2!>7  represent  a 
section  through  the  polar  axis  OX,  and  the  long  axis  AB  of  the  tidal 
figure  supposed  spheroidal.  The  axis  AB  is  in  advance  of  the  posi- 
tion of  the  moon,  as  already  explained  ;  the  moon  revolves  in  the 
plane  through  AB,  inclined  to  the  equator  EE  at  the  angle  ABE, 
and  intersecting  the  plane  of  the  equator  in  the  line  OB.  The  couple 
applied  by  the  moon  is  represented  by  the  two  forces  F.  F  applied 
at  A  and  B  in  the  plane  of  revolution  of  the  moon.  That  couple 
resolves  into  two  components,  one  about  the  axis  OF,  the  other 
about  the  axis  of  rotation  OX.  The  action  of  the  latter  is  to  retard 
the  earth's  rotation,  of  the  former  to  produce  moment  of  momentum 
about  OF.  As  the  moon  revolves  the  mean  position  of  the  tidal 
spheroid  follows  it,  and  the  axis  OF  changes  in  correspondence. 
But,  as  shown  in  §  260  above,  the  result  of  the  action  of  a  couple 
about  an  axis  moving,  as  OF  does,  with  the  body,  is  to  produce 
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turning  of  the  body  about  an  axis  at  right  angles  both  to  OE  and  to 
the  axis  of  rotation.     Thus,  as  will  be  obvious  from  the  directness  of 
the  rotation  and  the  couple,  the  axis  ON  turns  towards  OA,  that  is 
the  inclination  of  the  equator  to  the  ecliptic  increases.     Going  back 
to  Fig.  296  (and  supposing  that  AC,  the  greater  of  the  sides  of  the 
parallelogram  meeting  at  A,  now  repre- 
sents the  rotational  moment),  it  will  be 
obvious  that  as  the  obliquity  of  the  plane 
of  the  equator  to  the  invariable  plane  in- 
creases, the  inclination  of  the  plane  of  the 
orbit   to    the   invariable    plane  also   in- 
creases, unless  the  rotational  moment  Ac 
diminishes  fast  enough  to  counteract  the 
effect  of  its  change  of  direction.     If  the 
period   of  rotation,  as  here  supposed,  is 
small,  and  the  viscosity  is  great  enough, 
the  couple  produces  an  increase   of  the 
inclination  of  the  axis,  and  so  the   in- 
clination of  the  plane  of  the  orbit  to  the 
invariable  plane  is  also   increased.     The 
rotational  moment  A  C  is  great  and  the 
angle  BAD  small.      Hence  the  increase 
of  the  angle  BDA   causes  an  increase  of  the  angle  BAD  even  if 
AC  be  diminishing.      The  opposite  will  happen   at   a  much    later 
stage  in  the  history  of  the  earth  and  ncoon.     Then  the  rotational 
moment  is  very  small  in  comparison  with  the  orbital  moment,  which 
is  now  very  nearly  equal  to  the  total  moment.     Thus,  diminution  of 
the  rotational  moment  even  with  increase  of  angle  BDA  will  mean 
diminution  of  the  angle  BAD.     Of  course  all  this  is  affected  by  the 
action  of  the  sun,  which  has  not  so  far  been  referred  to.     We  can 
only  state   here  that  the  inclination  of   the  lunar  orbit   to  what 
Professor  Darwin  calls  the  "  proper  plane  "  (that  is,  the  plane  which 
replaces  the  invariable  plane  when  the  sun's  influence  is  taken  into 
account)  at  first  increased  until  it  reached  a  maximum,  then  began  to 
diminish,  and  is  still  diminishing.    The  diminution  will  continue  until 
the  two  bodies  revolve  as  a  rigid  system  about  their  common  centroid. 
."»8(».  Effect  of  Tidal  Friction  on  Eccentricity  of  Moon's  Orbit. — 
One  other  effect  of  tidal  friction  may  be  referred  to  here — the  change 
of  eccentricity  of  the  orbit  which  it  produces.     As  the  moon  revolves 
about  the  earth  its  distance  changes,  and  therefore  also  the  magnitude 
of  the  tide  produced.     At  perigee,  when  the  moon  is  nearest  to  the 
earth,  the  tide  is  greatest,  and  at  apogee  the  tide  is  least.     Conse- 
quently the  effect  of  tidal  friction  may  be  regarded  as  made  up  of  a 
constant  mean  value,  and  a  periodic  part  which  is  added   to  the 
constant  part  of  the  effect  at  perigee,  and  subtracted  from  it  at 
apogee.     Hence  the  moon  when  coming  towards  perigee  and  passing 
away  from  it  is  acted  on  by  a  tangential  force  which  increases  its 
distance  and  diminishes  its  angular  velocity,  and  does  so  beyond  the 
average.     When  the  moon  comes  to  apogee  it  is  therefore  farther 
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out  than  it  would  have  been  if  the  average  effect  had  been  produced  ; 
thus  the  apogeal  distance  is  increased.  In  the  same  way  the  moon 
is  acted  on  while  in  apogee  by  a  tangential  force  less  than  the  average, 
and  in  consequence  swings  round  to  perigee  at  a  smaller  distance 
than  it  would  have  had  if  the  mean  force  had  acted  in  apogee.  Thus 
so  far  the  perigeal  distance  is  diminished,  and  the  apogeal  increased, 
that  is,  the  eccentricity  is  increased. 

But  it  is  also  to  be  remembered  that  the  moon  moves  faster  when 
in  perigee  and  slower  in  apogee  than  the  average.  If  the  period  of 
revolution  of  the  moon  be  equal  to  that  of  rotation  of  the  earth  the 
moon  will  in  perigee  outstrip  and  fall  behind  the  terrestrial  tidal 
spheroid  in  turning.  But  the  tangential  force  on  the  moon  is 
against  or  with  the  orbital  revolution  of  the  moon  according  as  the 
moon  is  behind  or  ahead  of  the  tidal  spheroid.  Hence  the  moon 
coming  round  after  being  delayed  in  apogee  is  behind  the  tidal 
spheroid,  and  therefore  has  its  distance — that  is,  the  perigeal 
distance — increased.  In  the  same  way  the  apogeal  distance  is 
diminished.  Thus  the  eccentricity  is  diminished.  It  appears,  there- 
fore, that  there  must  be  some  period  of  revolution  for  which  the 
eccentricity  remains  constant. 

There  are  other  causes  which  modify  the  eccentricity,  but  for 
these  and  for  fuller  information  on  the  subjects  of  which  a  rapid 
sketch  is  given  here,  reference  must  be  made  to  Professor  Darwin  s 
papers*  and  to  his  article  on  "The  Tides"  in  the  Encyclopaedia 
Britannica. 

590.  Amount  of  Tidal  Retardation  of  Earth's  Rotation. — As  to 
the  amount  of  the  tidal  retardation  of  the  earth's  rotation  there  is 
still  a  good  deal  of  uncertainty.  Astronomers  are  not  agreed  as  to 
the  amount  of  the  acceleration  of  the  moon's  motion  due  to  secular 
changes  in  the  eccentricity  of  the  earth's  orbit.  According  to  the 
late  Professor  J.  C.  Adams,  the  acceleration  of  the  motion  in  mean 
longitude  as  given  by  calculation  from  the  times  at  which  certain 
eclipses,  which  are  recorded  as  having  been  observed  at  certain  places, 
must  have  occurred,  is  11 '4  seconds  of  angle  per  century,  so  that  in 
a  century  the  mean  longitude  is  5-7  seconds  greater  than  it  would 
have  been  without  this  acceleration.  This  advance  was  increased  by 
Delaunay  by  the  addition  of  small  terms  to  6*1  seconds  of  angle. 

Now  the  observed  value  of  the  advance  is  about  12",  and  is  thus 
about  double  the  theoretical  value  as  calculated  by  Adams.  It  was 
suggested  first  by  Delaunay  that  the  difference  could  be  accounted 
for  by  retardation  of  the  earth's  rotation  ;  and  if  (>"  be  put  down 
to  this  cause  the  earth  would  in  a  century,  according  to  an  estimate 
communicated  by  Adams  to  the  authors  of  Thomson  and  Tait'a 
"  Natural  Philosophy,"  fall  about  ~2'2  seconds  behind  a  perfect  time- 
keeper, accurately  adjusted  at  the  beginning  of  the  century  to  keep 
mean  solar  time.  It  was,  however,  Professor  Adams'  opinion  that 
the  exact  amount  of  tidal  retardation  was  quite  uncertain. 
Thomson  and  Tait,  Part  II.,  App.  G,  a. 

*  On  th  Tides  of  a  Viscous  Spheroid  (Phil.  Trans.  Part  1,  1879),  and  Memoir* 
in  the  Proc.  Hoy.  Soc.  1879  to  1881. 


CHAPTER  XV. 
ELASTICITY. 

591.  Preliminary  Notions  and  Definitions.  Homogeneous  Strain. 
— Elasticity  been  defined  in  chap,  ix.,  and  explanations  regarding 
elastic  forces,  and  the  distinction  between  them  and  forces  due 
to  viscosity,  also  definitions  of  such  terms  as  stress,  strain,  isotropy, 
homogeneity,  <fcc,  have  been  stated,  which  it  is  unnecessary  to 
repeat.  We  shall  give  here  such  a  sketch  of  the  elasticity  of  isotropic 
bodies  as  may  be  serviceable  in  enabling  experimental  researches  on 
the  subject  to  be  understood,  leaving  the  complete  theoretical  dis- 
cussion to  be  studied  in  the  standard  works  on  the  mathematical 
theory  of  elasticity.* 

An  elastic  body  or  substance  is  said  to  be  subjected  to  homo- 
geneous strain  when  its  particles  (not  the  ultimate  molecules,  but  the 
smallest  elements  considered  as  having  the  properties  of  the  substance) 
are  so  displaced  that  parallel  straight  lines  in  it  marked  out  by 
particles  remain  parallel  straight  lines,  and  all  distances  between 
particles  in  it,  taken  parallel  to  any  one  chosen  direction,  are  altered 
in  the  same  ratio.  This  ratio  is,  however,  in  the  general  case  different 
for  different  directions,  but  if  given  for  two  non-parallel  directions, 
say  two  directions  at  right  angles  to  one  another,  it  is  given,  of 
course,  for  all  directions  parallel  to  a  plane  containing  these,  and  if 
given  for  three  directions,  no  two  of  which  are  parallel,  say  three 
directions  at  right  angles  to  one  another,  it  is  given  for  all  directions 
in  space. 

Since  parallel  fines  remain  parallel  lines,  parallel  planes  remain  also 
parallel  planes.  A  circle  becomes  an  ellipse,  and  two  diameters  of  a 
circle  at  right  angles  to  one  another  are  strained  into  diameters  of 
the  ellipse,  which  are  parallel  each  to  the  tangent  drawn  to  the 
ellipse  at  the  extremity  of  the  other ;  that  is,  these  diameters  of  the 
circle  are  strained  into  conjugate  diameters  of  the  ellipse. 

Also  it  is  clear  that  homogeneous  strain  changes  a  sphere  into  an 
ellipsoid,  and  that  any  three  diameters  of  the  sphere  at  right  angles 
to  one  another  are  strained  into  three  conjugate  diameters  of  the 
ellipsoid.  In  general  the  angles  between  straight  lines  in  the  body 
are  changed  by  the  strain,  and  a  rectangular  system  of  straight  lines 

*  See  Math.  TJi.  of  Elasticity,  by  A.  E.  H.  Love.  Elasticite,  by  Clebsch, 
edited  by  Barre  de  St.  Venant,.  Thomson  and  Tait's  Nat.  Phil.  ;  Hid.  of  Math. 
Th.  of  Elasticity,  by  Todhunter,  continued  and  completed  by  Pearson. 
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becomes  an  oblique  system,  but  there  are,  as  we  shall  see  in  § 
always  three  straight  lines  at  right  angles  to  one  another  in  the  un- 
strained body  whi  jh  remain  at  right  angles  to  one  another  after  the 
strain,  and  are  therefore  parallel  to  the  principal  axes  of  the  ellip- 
soid into  which  the  swain  alters  any  spherical  portion  of  the  body. 
That  ellipsoid  is  called  the  strain  ellipsoid.  An  ellipsoid,  of  course, 
remains  an  ellipsoid  unless  it  is  changed  into  a  sphere. 

Since  the  state  of  strain  of  a  body  is  not  altered  by  displacement 
of  the  body  as  a  whole,  or  rotation  of  the  body  about  an  axis,  it  will 
not  be  affected  by  supposing  a  point  0  of  the  body  to  remain  fixed. 
Let  then  the  positions  of  particles  of  the  body  be  referred  to  rect- 
angular axes  drawn  from  the  fixed  point  0  as  origin.  Then,  if 
represent  the  original  coordinates  of  the  particle,  w',y,  z'the  coordinates 
of  the  particle  after  the  strain,  and  the  strain  be  homogeneous,  x  . 
must  be  linear  functions  .r,  y,  z  according  to  the  scheme 

x'  =  a1x+b1t/+e1z  "I 

?/'  =  a3x  +  bsy  +  cp  -         (1) 

z'  =  a3x  +  b3y  +  c3c.  J 

For  these  equations,  as  it  is  easy  to  see,  by  the  most  elementary 
theorems  of  solid  geometry,  fulfil  all  the  conditions  of  homogeneous 
strain  ;  and  no  other  form  of  relations  will  do  so.  For  example,  the 
linear  relation  Ax  +  By  +  Cz  +  D  =  0  is  the  equation  of  a  plane 
drawn  in  the  body,  and  it  is  clear  from  (1)  that  a  linear  relation  of 
the  same  form  in  x',  y',  z'  is  also  satisfied  by  the  coordinates  of  the 
strained  position  of  the  particles.  Hence  the  particles  still  lie  in  a 
plane,  and  it  is  clear  also  that  particles  which  he  in  parallel  planes 
before  strain  lie  in  parallel  planes  after  the  strain,  and  that,  there- 
fore, parallel  lines  remain  parallel  lines. 

By  solving  for  x,  y.  z  in  terms  of  x',  y  ,  z  we  obtain  three  equations 
of  the  form 

.T  =  o1.r'  +  /3]y'  +  y1:'  ~\ 

y  =  a2x'  +  iliy'  +  y/  (2) 

z  =  a3x'  +  ,\y  +  y£ '.  J 

The  coefficients  n,,  ^r  <kc,  are  formed  by  the  rules  given  by  the  theory 
of  simple  equations,  or  they  can  be  determined  directly  for  any  giver. 
case. 

592.  Strain  Ellipsoid. — Consider  now  a  sphere  described  with  0 
as  centre  in  the  unstrained  body.     Its  equation  is 

or  +  y-  +  z-  =  r. 

The  condition  fulfilled  by  the  coordinates  x,  y',  z  of  any  point  of 
the  surface  of  the  sphere  after  strain  is  by  (2)  expressed  by  the 
equation 

{axx'  +  l\y'  +  y^J+...=r.  (3) 

which  is  the  equation  of  an  ellipsoid,  in  fact  of  the  strain  ellipsoid. 
It  may  be  written  in  the  form 
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Ax-  +  By'2  +  Cz'2  +  2Dy'z  +  2Ez'x  +  2Fx'y  =  r»,  (1) 

if 

A  =  a2  +  a2  +  a,*,  . . .,    D  =  fty,  +  /3,y,  +  /33y3,  . . ., 

where  the  blanks  are  to  be  filled  up  with  corresponding  values  for 
B,  C,  E,  F. 

593.  Principal  Axes  of  Strain  Ellipsoid. — To  find  the  axes  of 
this  ellipsoid,  we  observe  that  the  direction-cosines  of  a  normal  are 
proportional  to  Ax  +  Fy'  +  Ez',  Fx  +  By'  +  Dz ,  Ex  +  By'  +  Cz, 
and  that  the  direction-cosines  of  a  radius- vector  are  proportional  to 
x,  y,  z.  Hence,  if  the  normal  at  a  point  on  the  surface  is  coincident 
with  a  radius-vector  drawn  to  the  point,  the  direction-cosines  of  the 
normal  are  proportional  to  x,  y',  z,  that  is  (Ax  +  Fy'  +  Ez')/ x  = 
(Fx  +  By'  +  I)z')/y  =  (Ex  +  l)y  +  Cz')jz  =  k,  say.     Hence 

(A-k)x'+  Fy'+  Ez'  =  0  ) 

Fx'  +  (B-k)y'+         J)zv  =  0  }        (5) 

Ex'+  £y'  +  (C-k)z'  =  V,  J 

which  gives  by  elimination  of  x',  y',  z  a  cubic  for  the  determination 
of  k  (see  §168  above).  This  equation,  as  can  easily  be  shown, 
has  three  real  roots,  and  there  are,  therefore,  three  directions  at 
light  angles  to  one  another  which  are  normal  to  the  surface.  The 
angles  between  these  are  not  altered  by  the  strain.  By  (4),  since 
r'-  =  x'2  +  y-  +  z'- 

/-  -  r-  =  (1  -  A)x-  +  ( 1  -  B)y>  +  (1  -  C)z'-  -  2J)y'z'  -  2Ez'x'  -  2Fx'y . 

If,  then,  we  assign  a  constant  value,  K2,  to  the  right  hand  side  of 
this  equation,  we  see  that  for  all  radii-vectores  of  the  quadric  surface 

(1  -  A)x'2  +  (1  -  B)y'2  +  (1  -  C)z'2  -  2Dy'z'  -  2Ez'x'  -  2Fx'y'  =  A'2,  (6) 

there  is  the  same  excess  of  /-  over  ?~.  Or,  if  x'/r  =  I',  y'/r  =  m, 
z  jr   =  n,  we  have 

(1  _  A)V2  +  (1  -  B)m'2  +  (1  -  C>'-  -  2Dm'n  -  2En'V  -  2Fl'm  =  K\ 

The  quantity  on  the  left  is  (r2  -r)\r'2,  and  the  equation  asserts  that 
along  different  radii  of  the  quadric  surface  defined  by  (8)  this  ratio 
varies  inversely  as  the  square  of  the  radius-vector. 

594.  Theory  of  Small  Strains. — This  discussion  is,  perhaps,  suffi- 
cient to  indicate  the  mode  of  treating  finite  strain.  We  shall  now 
suppose  the  displacements  relative  to  the  point  0  to  be  small,  arid 
consider  only  the  changed  positions  of  points  near  0.  This  will 
suffice  for  most  physical  purposes  to  which  the  theory  is  applied. 
Let  u,  v,  w  denote  the  displacements  of  a  point,  near  0,  the  coordinates 
of  which  relative  to  fixed  axes  through  0  are  £,  tj,  I.  The  displace- 
ments u,  v,  w  are,  we  suppose,  finite  continuous  functions  of  i',  77,  ;. 
Then,  since  u,  v,  w  are  zero  at  0,  we  have 

2  x 
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d*  dy  d« 
d*  3y  d» 
3«       3y       d«- 


(') 


The  quantities  qu/qx,  <kc,  have  the  values  for  the  point  0,  and  are 
regarded  as  invariable. 

The  strain,  the  only  limitation  imposed  on  which  has  been  that  it 
is  to  be  small,  is  therefore  homogeneous  to  the  degree  of  approximation 
considered. 

Now,  if  £'  t}',  £',  denote  the  coordinates  of  P  after  the  displace- 
ment, £'  =  £  +  u,  Tj'  =  t]  +  v,  £'  =  £  +  w,  and  the  last  equation  may  be 
written 

o*  V      dy)      d« 


1  4.^,0^ 

3*/      oy 


+£ 


v/  i;3w 

4  —  s~— 

9« 


d*» 


3y 


3* 


(8) 


But,  since  £,  -q,  ;  and  fiii/fix,  &c.,  are  all  small,  LquJox,  y^u/dy,  ... 
are  to  the  second  order  of  small  quantities  the  same  as  £'3m/3#>  &C., 
so  that  we  may  write 


fl- 


3w' 
d« 


4=-^ 


/3« 

3* 


/3« 
dy 


d« 

3»\     v3« 


3y 


-r 


r"- 


,3w 


3y 


r  "• 

3* 


(9> 


595.  Unital  Elongation  of  any  line.  Elongation  Quadric, — If 
OP  =  p  and  0P'  —  p'  =  p  +  8p  we  have  p8p  =  t,8t  +  t]8r]  +  £££,  and  if 
I,  m,  n  be  the  direction-cosines  of  0  P  so  that  l  =  E/p,  ...  we  have 

-J-  =  t  —  +  m  —  +  ?i— -. 
P         P  P  P 

But  ££  =  «*,  It)  =  v,  c£  =  w,  so  that  by  (7)  and   the  values  (I,  m,  n)  = 
(4  P,  9/ft  f/p), 

%p    j/jdu  .     du .    3w\  ,     /?3w  ,     3^ ,    3^ 
p      V  3*      3y      3«/       \  3*      dy      3« 

3*       3y       3« 
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«.|.9»  +  *&  +  n2^  +  ™  (f»  +  g?Y 

o*       dy       9«         \3y    3«/ 


9j7    9  w 
8*    3y 


(10) 


This  is  frequently  written  in  the  form 


-£  =  eZ2  +/m2  +  </??,2  +  2s^mn  +  2s3nl  +  2s3lm,  ( 1  ()') 

where  e,  f,  g,  2sv  2s2,  2ss  are  the  values  of  the  co-efficients  of  P,  m2,  <fec, 
in  the  previous  expression. 

The  quantity  Sp/p  is  the  unital  elongation  of  the  line  OP.  It  is 
usual  to  call  it  simply  the  elongation  of  OP.  If  a  constant  value  k2 
be  assigned  to  p8p  we  have  from  (10')  by  multiplying  by  p2 

•P.+&+9?  +  **llZ+*,tt  +  *hh*'&  (11) 

which  is  the  equation  of  a  quadric  surface.  For  all  radii-vectores  of 
this  surface  pSp  is  a  constant  k2,  and  therefore  8p/p  is  inversely  pro- 
portional to  p2.     This  quadric  surface  is  called  the  elongation  quadric. 

596.  Cone  of  No  Elongation  and  Cone  of  Constant  Elongation. 
— If  Sp  be  negative  for  a  certain  range  of  directions  (for  example,  if 
the  substance  is  extended  along  all  lines  in  one  direction,  and  com- 
pressed along  all  lines  in  a  direction  at  right  angles  to  the  former), 
the  conjugate  quadric 

8?+fnt+9?+28lv(+2s,a+289Zn~  -k2  (12) 

will  represent  the  (negative)  elongation  for  these  directions.  The 
two  regions  are  separated  by  the  cone 

e^2+fr,2  +  gir-  +  2slVi:  +  2s2a  +  2s3^  =  0,  (13) 

which  touches  both  these  quadrics  at  an  infinite  distance  from  0. 
This  is  called  the  cone  of  no  elongation. 

The  direction-cosines  of  the  radii-vectores  for  which  the  elongation 
has  a  given  value  e  satisfy  the  equation 

el2  +fm2  +  gn2  +  2s1mn  +  2s3nl  +  2s3lm  =  e, 

or  since  I2  +  m2  +  n2  =  1 

(e  -  e)l2  +  (f-  e)m2  +  (g  -  t)n2  +  2slmn  +  2s%nl  +  2slm  =  0. 

They  are  therefore  generators  of  the  cone 

(e  -  e)±2  +  (/-  e)r,2  +  (g- 1)?  +  2^  +  2s#  +  2s  fr  =  0.         (14) 

597.  Alteration  of  Direction  of  Line.  Lines  of  No  Rotation. — 
If  the  direction-cosines  of  a  line  be  altered  from  I,  m,  n  to  l  +  8l, 
m  +  8m,  n  +  8n,  the  line  has  been  turned  through  a  small  angle  86 
given  by 

$0  =  (W  +  tim*  +  tn*)K  (15) 
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cos  c  6  =  1(1  + 1 1)  +  m(m  +  m)  +  n(n  +  %  n), 

and  therefore,  since  1  -  cos 86  =  2  sin2  J 3  0  =  ^ c  62  we  have 

£02  =  -  2(lcl  +  m$m  +  n<)n) 

=  £2  +  »i2  +  n2  -  {(I  +  SI)2  +  (m  +  a?ft)2  +  (n  +  c  n)2} 
+  el2  +  cm2  +  c  ir; 
or 

o  d2  =  c  I2  +  3  m2  +  £?r, 

since  the  first  line  of  the  expression  on  the  right  is  1  -  1,  or  zero. 
Now  we  have  from  l  =  tjp,  &c,  d£  =  u,  &c,  and  (7), 

cl  =  S£/p-£cp/p2  =  ldu/dx  +  mdu/dy  +  nc)u/dz-El, 

and  similarly  for  dm,  en.     Hence 


off=U [~--e  )+m%- 

{ \dx     }       dy 

+{a-:   HH- 


+  J 


9w 

3^ 


dy 


9«> 


+  M 


F 
-)}■ 


(16) 


If  30  vanish,  each  of  the  three  terms  of  this  equation  must  vanish. 
Hence  we  obtain 


dy 


dx 
!§£ 

dx 

'  d* 


+  n 


*(^-« 


cy 


9«* 


=  0 

=  o 


+"(!i" 


(17) 


which  leads  to  the  determinant 


du  _ 
dx 
dv 
fix 

a«' 


du 
dy 

dv_ 

dy 

dw 

By' 


dz 
dv 
dz 

(  "■ 
dz' 


=  0 


(IS) 


which  is  a  cubic  for  the  determination  of  the  elongation  e.  Thifl 
cubic,  of  course,  must  have  one  real  root  at  least.  The  other  two 
roots  may  be  either  both  imaginary  or  both  real.  Each  root  gives 
values  of  the  ratios  of  I,  m,  n. 
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A  line  which  remains  unchanged  in  direction  is  called  a  line  of 
no  rotation.     There  is  always  one  such  line  at  least. 

598.  Superposition  of  Small  Variations. — If  two  sets  of  small 
variations  uv  vv  wv  tt2,  v,,  w2  be  given  successively  to  E,  tj,  E,  it  is 
easy  to  see  that,  when  quantities  of  a  higher  order  of  smallness 
than  those  to  which  the  approximations  here  made  are  limited  are 
neglected,  the  total  resultant  variation  is  Wj  +  tt2,  v1  +  v2t  it\  +  w2,  and 
is  independent  of  the  order  in  which  the  variations  are  imposed. 
This  the  reader  may  easily  verify  for  himself.  We  go  on  to  the 
analysis  of  an  ordinary  small  strain  into  a  pure  strain  and  a  rotation. 

599.  Ordinary  Small  Strain  resolved  into  a  Pure  Strain  and  a 
Rotation. — According  to  a  usual  notation  we  write  2  0„  2  62,  2  63  for 
the  quantities  8«?/9y-3»/3«,  du/cz-dw/dx,  cv/dx-du/dy- 
Hence,  by  the  values  of  sv  s2,  s3  stated  above 

dv>ldy  =  s1  +  Ov    du/dz  =s2  +  62,    dv/d^  =  s3  +  63, 

3  v/d  z  =  sl  -  0P   3  u> fd  x  =  s2  -  e2,   3  w/3  y  =  *3  -  #3- 

Thus  we  obtain  by  (7) 

»=«S  +8tn+8az+(6%i;-etti)  \ 

•-^+/» +^C+(M-»iO  '     (1!)) 

w  =  s2E  +  s1T}  +  (/t+(81T,-8.2Z).  ) 

Now,  by  the  discussion  in  §  361  above,  in  which  it  was  shown 
that,  u,  v,  w  denoting  component  velocities  of  the  fluid,  the  quantities 
\{owlcy  —  Cv/dz),  &c.,  were  the  components  of  spin  about  the 
direction  I,  m,  n  there  specified,  it  will  be  clear  that  0V  02,  63  denote 
components  of  angular  displacement  of  a  small  portion  of  the  body  in 
the  neighbourhood  of  0,  about  an  axis  the  direction  cosines  of  which 
are  proportional  to  6V  62,  63.  The  element  is  to  be  considered  as  turned 
without  change  of  relative  position  of  the  particles,  and  the  parts  of 
to,  v,  io  in  brackets  on  the  right  of  (19)  are  the  relative  shifts  of  P 
due  to  the  rotation.  The  shifts  due  to  change  of  relative  position  of 
the  particles  are  the  remaining  parts  of  the  expressions  in  (19),  and 
are  called  the  components  of  pure  strain.  We  shall  denote  the  latter 
by  uv  vv  wv  and  the  rotational  shifts  by  u2,  v2,  w2.     Hence 

u  =  Mj  +  w2,     v  =vx  +  v2,    w  =  w1  +  w2, 

and  these  different  parts  may  be  imposed  in  any  order  without  affect- 
ing the  result. 

600.  Pure  Strain  made  up  of  Three  Elongations  and  Three 
Shears.  Specification  of  Shearing  Strain. — It  is  important  to  con- 
sider a  pure  strain  as  made  up  of  six  partial  strains  according  to  the 
following  scheme, 

(1)  uy  =  eE,  vx=  0,  u\=  0,  (I)  w4=     0,  ffj-^ti  ^oi  =  slr1, 

(2)  u2=  0,  v2=fv,  w2=  0,  (5)  ws  =  *f£,  v5=    0,  w.=s2E, 
(8)  u3=  0,  v3=  0,  w3  =  gC,  (6)  *,=«,*,  ^6  =  s3E,  u\=    0. 
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The  first  three  partial  strains  represent  simple  elongations  of  the 
body  in  the  directions  of  the  axes  of  x,  y,  z  respectively.  The  unital 
elongation  or  simply  the  elongation  in  the  first  case  is  e,  in  the 
second  /,  in  the  third  g.  We  call  the  strains,  therefore,  simple 
elongations  of  amounts  e,  f,  g.  These  may  be  either  positive  or  nega- 
tive of  course,  and  if  negative  may  be  referred  to  either  as  "  negative 
elongations  "  or  as  contractions. 

In  consequence  of  the  increments  of  £,  77,  £  involved  in  these 
strains  the  volume  of  the  rectangular  element,  the  edges  of  which 
are  £,  rj,  £,  is  changed  from  £774  to  £(1  +  e)r;(l  +/K(1  +  y),  that  is, 
is  increased  per  unit  of  its  former  amount  by  e  +/+  g. 

Let  Fig.  298  represent  a  section  of  the  body  through  the  point 


P  (at  which  the  strain  is  considered)  by  a  plane  perpendicular  to  Oz. 
OM,  MP  represent  the  co-ordinates  £,'17  of  P.  Through  P  draw  the 
square  ABC'D,  the  sides  of  which  are  parallel  to  the  axes  of  x  and 
y,  and  the  centre  of  which  is  at  0.  This  may  be  regarded  as  a 
.section  of  a  cubical  portion  of  the  body,  the  centre  of  which  is  at 
the  fixed  point  which  is  taken  as  the  origin  of  co-ordinates.  With- 
out loss  of  generality  we  may  take  P  as  situated  in  the  plane  of  xt  y, 
so  that  the  centre  of  the  section  supposed  is  really  the  origin. 

Now,  through  P  draw  a  line  meeting  the  axes  Ox,  Oy  in  E 
and  P,  so  that  OP— OF,  and  resolve  the  component  displacements 
s3T),  s3£  (u6,  v6),  of  P  along  and  at  right  angles  to  this  line.  The  fir^-t 
resolution  gives s3(t)  -  £)/v/2  as  the  displacement  of  Pin  the  direction 
from  E  towards  F.  The  second  resolution  gives  s3(E  +  t))/J'2  as  the 
displacement  of  P  parallel  to  OA.  Draw  PL  parallel  to  AO  to  meet 
ODuxL;  the  lengths  of  OL,  LP  are  obviously  (£  -  »?)/N/2,  (£  +  v)/  s  - 
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OL,  LP  represent  the  displacements  of  /',  which  are  therefore  a 
displacement  s3.OL  from  L  towards  0,  and  another  srLP  from  L 
towards  P.  Thus,  if  P  lie  in  the  diagonal  OA,  the  former  displace- 
ment is  zero,  and  if  P  be  on  the  diagonal  01),  the  latter  is  zero.  The 
unital  displacement,  it  is  important  to  notice,  is  s3  in  each  case. 

The  same  result  would  be  found  for  any  other  position  of  P,  say 
P',  by  making  a  similar  construction  and  proceeding  in  the  same  way. 
Thus  in  consequence  of  the  displacements  considered  the  body  near 
0  sustains  a  (unital)  elongation  s3  along  every  line  parallel  to  OA, 
and  an  equal  contraction  along  every  line  pirallel  to  OB. 

A  cubical  portion  of  the  body  takes  the  shape  indicated  in  Fig. 
2D8  by  the  rhombus  A'B'C'D',  which  shows,  for  distinctness  in  the 
diagram,  the  effect  of  a  large  shearing  strain.  The  point  P  is 
moved  to  Q  by  the  displacements  Pp,  pQ  of  the  amounts  and  in  the 
directions  represented  by  these  lines.  This  is  called  &  shearing  strain, 
or  simply  a  shear,  and  OA,  OD  are  called  the  axes  of  the  shear. 

The  numerical  amount  of  the  shear  is  taken  as  2s3,  which  for  a 
small  strain  can  easily  be  seen  to  be  the  amount  by  which  after  the 
strain  the  angle  BA'D'  is  less  than  ir/2,  or  by  which  the  angle 
<  1/A'  exceeds  -  2.  It  will  be  observed  that  to  the  degree  of 
approximation  here  employed  this  strain  does  not  alter  the  volume  of 
the  body. 

In  the  same  way  the  other  two  pairs  of  strains  vv  wv  ub,  wb  can  be 
shown  to  be  shears  in  planes  perpendicular  to  the  axes  of  x  and  y 
respectively,  and  to  have  axes  along  the  lines  bisecting  the  angles 
between  the  axes  which  lie  in  these  planes. 

601.  Analytical  Conditions  of  Pure  Strain.  Principal  Axes  of 
Elongation-Quadric.  Strain  Invariants. — If  the  strain  be  pure  we 
have  dl  '--■  0,  =  d3  =  0,  that  is  avjcz  =  cwlclh  &e.  This  proves  that  u, 
r,  w  are  the  differential  co-efficients  c<t>/c%,  d<f>/dy>  ofyjcz  of  a 
function  <p  of  x,  y,  z — a  fact  we  shall  make  some  use  of  presently. 
The  components  of  displacement  then  reduce  to  el  +  s^  +  s^,  <fec., 
and  the  equation  of  the  elongation  quadric  is 

e?+fr  +  gC-  +  '2slVZ;+-2s2a  + -2*^  =  1*.  (20) 

Hence  to  find    the  direction-cosines  of   the  principal  axes  of    the 
elongation-quadric  we  have 

el  +  s3m  +  sji  =  kI  \ 

s3l+fm  +s1n  =  Km  ,-       (21) 

sJ  +  Sjin  +  gn  =kh.  J 

which  give  a  cubic  for  k,  namely, 

<*-(e+f+g)K2  +  (fg  +  ge  +  ef-s;1-s.f-s-i)K  ) 

-efg-2s1sis3  +  e#12+fs.f  +  gs32  =  0.        j 

The  roots  of  this  cubic  equation  are  all   real,  and  by  taking  them  in 
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succession  and  substituting  in  (20)  we  obtain  the  three  sets  of  values 
of  I,  m,  n  required  for  the  axes. 

The  determinant 

8„         sv    g-K 
obtained  by  eliminating  I,  m,  n  from  (21)  is  called  the  discriminant  of 

(e-K)F  +  (f-K)r  +  (g-K)>T-  +  2s1r)>;+-2s.JCt  +  -2s3Ev, 

for  the  reason  that  its  vanishing  is  the  necessary  and  sufficient  con- 
dition that  the  last-written  expression  may  be  resolvable  into  two 
factors  of  the  form  \z  +  fiq  +  vi.  Now  it  is  clear  that  if  this  expres- 
sion is  changed  by  transformation  of  co-ordinates  without  change  of 
origin  it  must  still  be  resolvable  into  factors  for  the  same  value  of  *, 
inasmuch  as  #c(£  -  +  77 2  +  4 2)  remains  unchanged.  Thus  the  values  of  k 
do  not  change  because  of  the  transformation  and  consequently  the 
co-efficients  in  the  cubic  (21)  remain  unchanged.  Thus,  however  the 
elongation-quadric  may  be  transformed,  by  being  referred  to  new 
rectangular  axes  from  the  same  origin,  the  quantities 

e+f+g, 
fg  +  ge  +  ef- t* - s,2 - s32,    efg  +  2  Wa - es2 -ft* - gs2, 

remain  unchanged.     These  are  called  invariants  of  the  strain. 

602.  Cubical  Dilatation. — If  the  equation  of  the  elongation- 
quadric  be  transformed  to  its  principal  axes  it  becomes 

£[  '£ 2  +  e., t)'2  +  £3 4  2  =  Jr.  (23) 

The  quantities  t„  £,,  £3  are  called  the  principal  elongations.  If  they 
are  all  positive  the  quadric  is  an  ellipsoid.  By  the  first  invariant 
relation  indicated  above  we  have 

e+f+g  =  el  +  e.2  +  e3.  (24) 

We  may  now  find  with  reference  to  the  same  axes  the  equation 
of  the  locus  on  which  after  the  strain  lie  the  particles  which  before 
the  strain  lay  on  a  sphere  with  its  centre  at  0.  Before  the  strain 
the  co-ordinates  of  any  point  were  i,  17,  4  which  satisfied  the  relation 
1'2  +  t)2  +  £2  =  Ar.  After  the  strain  the  co-ordinates  of  the  same  point 
have  become  £'  =  (1 +£,)£,  »?'  =  (1  +  £,)>?,  <C'  =  ( 1  +  £3) 4,  so  that,  the 
accents  being  dropped,  the  equation  of  the  locus  is 

~± +— $ +.    "      =k-.  (25) 

(l*rf       (1+£S)2       (l+£3)'  V       ' 

This  denotes  an  ellipsoid  whatever  the  signs  of  ev  £,,  £3  may  be.  The 
ratio  of  the  volume  of  the  ellipsoid  to  the  volume  of  the  sphere  is 
(1  -J-e^I  +£2)(1  +  c3),  or  1  +£,  +  fs  +  £3  to  quantities  of  the  first  order 
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of  smallness.  The  ratio  of  the  increase  of  volume  to  the  original 
volume  is  therefore  e,  +  e2  +  e3.  This  is  called  the  dilatation.  Equa- 
tion (24)  shows  that  the  dilatation  has  the  same  form  of  expression 
whatever  system  of  rectangular  axes  is  chosen. 

608.  Equation  of  Strain  Ellipsoid. — The  amount  of  the  dilatation 
and  the  form  of  the  strain  ellipsoid  would  not  be  affected  by  imposing 
the  rotations  6V  6r  03  which  would  merely  turn  the  ellipsoid  round 
as  a  whole.  The  equation  of  the  ellipsoid  referred  to  the  original 
axes  is  got  by  putting  for  t,  tj,  4'  in  the  equation  of  the  sphere 

and  is 

{]-2e)?  +  (l-2f)r]"-  +  (\-29)C--4slV!;-4s2a-is3Zr,  =  V.    (26) 

C><>4.  Simple  Elongation  represented  by  Dilatation  and  Two 
Shears. — By  (1!))  it  is  clear  that  the  displacement  in  a  pure  strain  is 
capable  of  being  represented  by  three  simple  elongation  displacements 
in  the  directions  of  the  principal  axes  of  the  elongation-quadric.  We 
can  now  show  that  a  simple  elongation  is  capable  of  being  represented 
by  a  uniform  dilatation  and  two  shears.     Thus  consider  the  scheme 

Mei*j    ei9>      *\£) 

Me,*,         0,     -£l0. 

The  first  line  contains  the  component  displacements  due  to  a  uniform 
dilatation  tv  the  other  two  lines  contain  the  displacements  due  to 
two  shears  each  of  amount  §Cj,  one  in  the  plane  of  t,,  rj,  the  other 
in  the  plane  of  £,  £. 

605.  Pure  Strain  resolved  into  Dilatation  and  Three  Shears. 
— In  the  same  way  the  displacement  e2r)  may  be  shown  to  be  equiva- 
lent to  the  displacements  due  to  a  uniform  dilatation  of  amount  ev 
and  two  shears  of  amount  §£.„  in  the  planes  of  rj,  '£  and  £,  rj.  Simi- 
larly the  displacement  £3;  may  be  dealt  with. 

The  three  displacements  are  therefore  equivalent  to  the  scheme 
of  displacements 

H(ei+«f+«J*»   («i+«*+«»jX  ta+^+^K} 

M°>  (£>-£3)v,  -(f2-e3K} 

J{(«, -«,)*,      ~(h-On,  0.     } 

In  this  way  a  pure  strain  is  resolved  into  a  uniform  dilatation  and 
three  shears. 

It  is  important  to  notice  that  any  two  pure  strains  applied 
in  succession  to  a  body  do  not  as  a  general  rule  produce  a 
pure  strain.  This  is  at  once  seen  by  first  changing,  by  §  599,  £,  t},  4 
to  £',  >j',  4''  by  pure  strain,  then  applying  a  pure  strain  to  £',  ??',  4'. 
The    relation    of    co-efficients   necessary   for   pure   strain   will    not 
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then  be  fulfilled  by  the  final  component  displacements  obtained,  except 
in  special  cases.  It  is,  however,  always  possible  to  apply  a  third  pure 
strain  which,  with  the  other  two,  will  give  a  pure  strain.  We  have 
only  to  find  a  strain  of  general  type  which  produces  an  equal 
and  opposite  rotation  to  that  produced  by  the  two  preceding  pure 
strains. 

Similarly  three  pure  strains  can  be  specified  which  together  will 
produce  rotation  merely  without  distortion  of  the  substance. 

60G.  Specification  of  Stress.  Forces  on  Elementary  Tetrahedron 
of  the  Body. — When  an  elastic  body  is  subjected  to  strain  it  is  held 
in  equilibrium  by  stresses  set  up  within  the  body,  which  depend  at 
each  instant  upon  the  amount  of  the  strain  which  there  exists.  To 
fix  the  ideas  in  the  specification  of  this  stress  suppose  drawn  through 
the  fixed  point  O,  relative  to  which  the  displacements  already  con- 
sidered have  been  regarded  as  produced,  three  co-ordinate  planes 
perpendicular  to  the  axes  Ox,  Oy,  Oz  as  in  Fig.  299,  and  a  fourth 
plane  intersecting  the  axes  in  points  A,  B,  C  so  that  the  four  planes 
cut  off  a  tetrahedron  of  the  body.  This  tetrahedron  has,  in  conse- 
quence of  the  strain,  forces  applied  to  it  over  the  four  faces  by  the 
surrounding  matter,  and  applies  equal  and  opposite  forces  to  that 
matter.  Thus  across  the  face  there  acts  a  stress  one  aspect  of  which 
is  a  force  on  the  tetrahedron,  the  other  aspect  a  force  on  the  surround- 
ing matter.  These  stresses  vary,  of  course,  from  point  to  point  of 
the  areas,  but  will  each  have  a  certain  average  value  per  unit  area  of 
the  face  considered.  Thus  if  S  be  the  area  of  a  face  and  PS  be  the 
total  force  in  the  direction  Ox,  exerted  on  the  face  by  the  surrounding 
matter  of  the  body,  P  is  the  average  value  of  the  stress  per  unit  area 
which  acts  parallel  to  Ox  across  the  face. 

Across  each  face,  then,  there  acts  a  stress  which  gives  average 
component  forces  on  the  element  and  on  the  surrounding  matter  in 
the  directions  of  Ox,  Oy,  Oz.  Taking  the  face  perpendicular  to  Ox, 
we  shall  denote  these,  each  reckoned  per  unit  area,  by  Xx,  Yx,  Zx. 
The  suffix  indicates  that  the  face  considered  is  perpendicular  to  the 
»xis  of  x,  and  the  X,  Y,  Z  the  directions  of  the  components.  We 
shall  consider  the  components  as  acting  on  the  tetrahedron. 

Now.  in  general  there  will  be  forces  distributed  over  the  face 
which  if  the  element  were  perfectly  rigid  would  be  equilibrated  by 
three  component  forces  applied  at  the  centroid  of  the  face  and  three 
couples  about  the  co-ordinate  axes.  When  the  element  is  taken 
small  the  moments  of  these  couples  involve  the  dimensions  of  the 
face  in  a  power  one  degree  higher  than  do  the  forces,  and  therefor.- 
in  the  limit  are  negligible  in  comparison  with  the  latter.  Als< 
the  element  is  made  smaller  and  smaller  the  average  force  per  unit 
area,  multiplied  by  the  area  dS  of  any  small  element  of  the  surface, 
becomes  more  and  more  nearly  equal  to  the  force  actually  applied  to 
the  element  dS  in  consequence  of  the  existing  stress.  Thus  taking 
a  sufficiently  small  element  we  neglect  the  couples  and  take  only  the 
forces  per  unit  area,  which  we  regard  as  having  the  values  they 
approach  as  the  element  is  diminished  indefinitely  while  its  apex  is 
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kept  at  0.  Although  Xx,  Yx,  Zx,  kc,  have  not  the  dimensions  of 
"force  in  the  true  dynamical  sense"  we  shall  call  them  "forces" 
for  brevity.  The  dimensional  formula  of  each  is  however  [ML~ '  7'--]. 
We  shall  take  Xx,  Y,n  Z.  the  forces  perpendicular  to  the  faces 
as  tractions  applied  to  the  faces,  that  is  when  they  act  as  shown  (by 
P,  Q,  B)  in  Fig.  299.  The  other  forces  X,„  Xm  Ac,  are  tangential 
forces  applied  to  the  1  hree  faces  of  the  tetrahedron,  which  are  now 
considered,  and  are  taken  as  acting  in  the  directions  opposite  to  those 

Fig.  299. 


in  which  the  axes  are  drawn,  as  shown  in  Fig.  299  by  S,  T,  U.  (It 
is  .shown  below  th&t  Z „  =  Y z,  X.  =  ZX,  Yx  =  Xin  and  therefore  these 
forces  are  denoted  by  S,  T.  U  respectively.)  But  it  will  be  observed 
that  normals  drawn  outward  from  the  faces  of  the  tetrahedron  to  which 
these  forces  are  applied  would  have  directions  opposite  to  the  axes. 
But  in  consequence  of  the  same  system  of  stress  the  forces  applied  to 
faces,  the  outward  -drawn  normals  to  which  are  in  the  same  directions 
as  the  axes,  would  have  in  the  typical  or  normal  case  the  same 
directions  as  the  axes.  The  tangential  forces  are  often  called  shearing 
forces. 

Across  the  face  ABC  we  suppose  a  stress  to  act  which  gives  for 
the  component  forces  per  unit  area,  F,  G,  H  acting  as  shown  in 
Fig.  299  Also  there  will  act  on  the  matter  of  the  tetrahedron  what 
are  usually  called  body  forces,  that  is,  forces  applied  to  the  particles 
within  the  element  due  to  outside  agencies,  for  example,  forces  due 
to  gravity,  electric  or  magnetic  attraction  and  repulsion,  etc.     These 
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will  have  to  be  considered  when  we  come  to  discuss  the  equilibrium 
of  a  body  under  stress ;  but  at  present  it  will  be  seen  that  for  the 
vanishing  tetrahedron  such  forces,  which  depend  on  the  mass  of  the 
tetrahedron,  and  therefore  on  its  volume,  vanish  ultimately  in  com- 
pirison  with  the  fow;es  applied  to  its  faces  in  consequence  of  the 
stresses. 

007.  Equilibrium  of  Tetrahedron. — We  may  now  consider  the 
equilibrium  of  the  tetrahedron.  If  I,  m,  n  be  the  direction-cosines  of 
the  outward-drawn  normal  to  the  face  ABC  and  A  be  the  area  of  that 
face,  the  areas  of  the  faces  perpendicular  to  Ox,  Oy,  02  are  I  A,  »iA.  n  A 
respectively.  Thus,  for  the  total  force  in  the  direction  opposed  to  Ox 
applied  to  these  faces,  we  have 

XJ  A  +  Xym  A  +  Xzn  A. 

This  is  balanced  by  Fa,  and  similarly  the  other  forces  may  be  dealt 
with.     Thus  we  obtain  the  three  equations  of  equilibrium 

F=lXx  +  mXy  +  uXz 

G  =  lYx+mYy+nYz  [      (27) 

H=lZx+mZ,,+nZz.  J 

These  equations,  it  is  to  be  observed,  give  the  components  of  the 
stress  at  any  point  across  any  plane,  the  direction-cosines  of  the 
normal  to  which  are  I,  m,  n,  in  terms  of  the  stresses  across  planes 
drawn  through  the  same  point  at  right  angles  to  the  co-ordinate 
axes. 

Moreover,  and  this  is  of  very  great  importance,  if  the  triangle 
ABC  of  Fig.  299  be  part  of  the  bounding  surface  of  the  body,  F,  0'.  11 
are  the  components  of  forces  which  must  be  balanced  by  the  forces 
applied  to  that  portion  of  the  boundary  to  produce  equilibrium. 
Thus  the  forces  applied  to  the  boundary  can  be  expressed  in  terms 
of  the  stresses  over  each  element  of  the  surface. 

608.  Equilibrium  of  Rectangular  Parallelepiped.  Equations  of 
Stresses. — We  now  consider  the  equilibrium  of  a  small  rectangular 
pai-allelepiped  (Fig.  300)  of  the  substance  with  pairs  of  faces  perpen- 
dicular to  the  co-ordinate  axes,  with  its  centre  at  0,  and  having 
edges  of  lengths  dx,  dy,  dz.  In  consequence  of  the  stresses  in  the 
materia],  the  forces  applied  to  the  faces  will  be  as  indicated  by  the 
arrows.  The  directions  of  these  on  the  pairs  of  opposite  faces  agree, 
as  will  be  seen,  with  the  convention  as  to  positive  and  negative 
indicated  above.  The  force  along  Ox,  applied  to  the  right  hand  force 
of  the  element,  is  a  traction  in  the  positive  direction,  that  parallel  to 
Ox  on  the  left  hand  face  is  a  traction  outwards  also,  but  regarded  as 
a  force  on  the  element  is  in  the  negative  direction. 

If  Xx,  Xy,  Xz  be  the  numerical  Values  of  the  component  sti 
across  a    plane  drawn    through  0  perpendicular   to  the  axis  of  .<•, 
the  component  stresses  across  the  right-hand    and   left-hand  faces 
can  be  shown,  by  a  process  similar  to  that  used   in  §  35."*,  to  be 
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Xx  ±  £  3 XJdx.dx,  Xy ± \ 3 Xy\d x.dx,  Xz ±  i  3 Xz/d x.dx,  where  the 
positive  sign  is  taken  for  the  right-hand  side  and  the  negative  sign  for 
the  left-hand  one.  Similarly  components  of  Yx,  Zx  across  these  two 
faces  are  obtained.  In  the  same  way  the  stress  across  the  other  two 
pairs  of  faces  can  be  calculated.    If  we  denote  components  of  forces  per 

Fig.  300. 


unit  volume  by  X,  Y,  Z  without  suffixes  and  the  density  of  the  element 
bv  p  we  obtain  for  the  total  forces  in  the  directions  of  Ox,  Oy,  Oz, 
pXdxdydz,    pYdxdydz,    pZdxdydz. 

Now  the  .f-component  of  force  due  to  the  stress  across  the  right- 
hand  face  perpendicular  to  Ox  is  positive  and  is 
(Xx  +  hdXx/dx.dx)dydz 

in  amount,  that  across  the  left-hand  face  acts  in  the  negative  direction 
and  is  (Xx  -  hcXl'^x.dx)dydz  in  amount.  Hence  the  former  is  numeri- 
cally greater'than  the  latter  by  dXjdxdxdy  dz.  Similarly  from  the 
two  faces  perpendicular  to  the  axis  Oy  comes  a  force  dXJdy-dydzd.r, 
and  from  the  two  faces  perpendicular  to  Oz  a  force  dXJdz.dzdxdy. 
Thus  the  total  force  in  the  direction  Ox  applied  to  the  element  is 

{pX  +  dXx/dx  +  dXJdy  +  dXJdz}dxdydz, 
and  since  the  element  has  no  displacement  along  Ox  this  must  vanish; 
Similarly  the  other  two  directions  are  dealt  with.     We  thus  get  the 
three  equations  of  equilibrium  as  regards  translatory  motion. 
■Y,dXx  ,dX„     dXz 


3«      dy      dz 

Y+  §Z?  +  ^*  +  -Y-  =  0 


fix 

3* 


p   .0"x    .   V"p     ■ 


dy 

dZj, 

dy 


dz 
dz 


(28) 
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Besides  these  there  are  three  equations  which  must  hold  if  there  ia 
no  rotation  about  the  co-ordinate  axes.  It  is  to  be  observed  that  any 
moments  about  the  axes  which  the  body  forces  may  exert  are,  if  the 
element  is  infinitesimal,  small  in  comparison  with  those  due  to  the 
stresses  across  the  surfaces,  and  can  be  made  as  small  as  we  please  in 
comparison  with  the  latter  by  making  the  element  sufficiently  small. 
Hence  in  the  limit  it  is  only  necessary  to  consider  the  stresses  across 
the  faces.  Further,  the  moments  of  the  variations  of  these  from  the 
values  across  parallel  sections  of  the  element  through  0  may  be 
neglected  in  comparison  with  the  moments  of  the  latter.  Thus  we 
obtain,  taking  moments  about  Ox,  Y,  x  h  dzdxdy  -  Zy  x  \dydxdz  =  •», 
and  similarly  for  the  moments  about  the  other  two  axes.  Hence  we 
have 

Yz  =  Zy,    ZX  =  X:,    Xy=Yx.  (29) 

Hence  we  may  denote  Yx  or  Zy  by  S,  Zx  or  Xz  by  T,  and  X„  or 
Yx  by  U.  Also  to  avoid  any  confusion  with  the  body  forces  we 
denote  A",.,  Y,„  Z,  by  P,  Q,  P  respectively. 

609.  Equations  of  Equilibrium  and  Motion  of  an  Elastic  Solid. — 
The  equations  of  equilibrium  (28)  now  become 


() 


pA  +-—-  +  ~—  +  ~- 

o*     dy     dz 

d*     dy      dz 

p£  +  ^—  +  -5—  +  -5—  =  0, 

dx      dy      dz 


(30) 


while  the  three  equations  (29)  are  involved  in  the  identification  of 
Yz  with  Zy,  <fec,  in  the  formation  of  (30)  from  (28).  It  may  be 
noticed  at  once  that  if  the  element  is  under  acceleration  the  quantities 
on  the  left  in  (30)  each  multiplied  by  dxdydz  are  now,  if  u,  v,  w  are 
the  accelerations  of  the  centroid  of  the  element,  respectively  equal  to 
up  dxdydz,  vp  dxdydz,  wp  dxdydz.  The  equations  of  motion  an' 
therefore 

d«      dy      d* 


d*     dy      dz 
d*     dy      dz. 


(31) 


610.  The  Stress-Quadric.  Cones  of  Shearing  and  Normal  Stress. 
—If  the  notation  P,  Q,  P,  S,  T,  U  be  substituted  in  (27)  for  the 
forces  Xx,  Yy,  ...  as  diminished  in  number  by  (29)  we  obtain 

F=lP  +  mU+nT  a 

G  =  lU+mQ  +  nS  t 

H=lT  +  mS  +nP.  J 


(82) 
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These  multiplied  in  order  by  I,  m,  n  and  added  give 

lF+mG  +  nH  =  l-P  +  mrQ  +  n-R  +  2mnS  +  2,d  T+2lm  U.  (88) 

I  magine  now  the  quadric  surface 

jP?  +  Qr  +  A'42  +  2£,  £  +  -IT  Kl  +  2U^  =  K-,  (34) 

having  its  centre  at  0,  to  be  constructed.  If  I,  m,  n  be  the  direction- 
cosines  of  a  radius- vector  to  the  surface,  the  direction-cosines  of  the 
normal  drawn  to  the  surface  at  the  extremity  of  this  radius-vector 
are  proportional  to  IP  +mU+nT,  IV  +  mQ  +  nS,  IT  +  mS  +  nR, 
that  is  to  F,  G,  H,  and  lF+mG+  nil  is  the  normal  component  of 
the  stress  across  a  diametral  plane  perpendicular  to  the  radius-vector 
in  the  direction  I,  m,  n.  This  normal  component  is  for  different 
radii- vectores  of  the  quadric,  of  which  the  equation  is  (34),  inversely 
proportional  to  the  squares  of  their  lengths.  The  quadric  is  therefore 
called  the  stress-quadric.  The  resultant  of  F,  G,  H  across  the  same 
plane  is  perpendicular  to  the  tangent  plane  at  the  extremity  of  the 
radius-vector  I,  m,  n. 

Where  this  normal  stress  is  a  traction  exerted  by  the  matter  on 
one  side  of  the  plane  on  the  matter  on  the  other  side,  K'1  is  positive,  but 
where  this  stress  is  a  thrust,  we  must  take  for  the  value  of  the  left- 
hand  side  of  (34)  the  value  —A'2,  which  gives  the  conjugate  quadric. 

If  this  normal  stress  vanishes  in  certain  directions,  points  on 
lines  drawn  through  0  in  these  directions  are  given  by  the  equation 

P?+Qr  +  R?  +  2Sr,(;  +  2Ta  +  lC±r,  =  0,  (35) 

which  is  called  the  cone  of  zero  normal  stress,  or,  more  frequently, 
since  the  stress  is  everywhere  tangential  to  the  surface,  the  cone  of 
shearing  stress.  It  separates  the  directions  along  which  the  normal 
stress  across  diametral  planes  of  the  quadric  is  a  traction  from  those 
along  which  this  stress  is  a  thrust. 

The  lines  through  0  along  which  the  normal  stress  has  a  constant 
value  k  are  given  by  the  equation 

p(f>  _  k)  +  m2( Q  -  k)  +  n-{R  -  h)  +  2mnS  +  2nlT  +  2lm  U=0,     (86) 

so  that  these  directions  also  are  the  generating  lines  of  a  cone. 

611.  Resultant  Stress  across  any  Plane. — If  V  denote  the 
resultant  stress  across  the  plane  I,  m,  n  and  X,  n,  v,  its  direction  cosines 
we  have 

F=IP  +mU  +  nT=\V  \ 

G  =  IU  +  mQ  +  nS  =  h  V  -      (87) 

H=lT  +  mS  +nR  =  vY.  J 

If  To  denote  the  length  of  the  perpendicular  let' fall  from  t  e 
centre  of  the  quadric  on  the  tangent  plane  at  the  extremity  of  the  radius 
I,  in,  n,  and  p  denote  the  length,  Jir  +  "if  +  £*,  of  that  radius,  these 
equations  give  by  multiplication  b>  I,  m,  n  in  order  and  addition 

r-?L.  (38> 

Top 
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612.  Reciprocal  Relation  of  Stresses  across  Two  Planes.  Hy- 
drostatic Stress. — The  component  stress  parallel  to  any  line  V,  m 

is  IV  P  +  mm'Q  +  nn'R  +  (m'n  +  mn)  S  +  (ill  +  nV)  T+  (I'm  +  Im)  U.  The 
symmetry  in  I,  m,  n,  V,  in ,  n,  of  this  expression  asserts  that  the  stress 
across  any  plane  I,  m,  n,  resolved  along  the  normal  to  the  plane 
V,  m,  11,  is  equal  to  the  stress  across  the  latter  plane  resolved  along 
the  normal  to  the  former. 

If  the  stress  is  normal  to  the  plane  I,  m,  n,  we  have  X,  p,  v  eijual 
to  I,  m,n,  and  the  stress  resolved  at  right  angles  to  the  plane  V,  m '.  ri 
is  V(IV  +  mm  +  nil),  that  is  Fcos 0,  wnere  6  is  the  angle  between  the 
normals. 

Hence,  by  the  theorem  just  stated,  the  stress  V  across  the  plane 
V,  m,  n ,  resolved  perpendicular  to  the  plane  I,  in,  a,  gives  the  com- 
ponent Tcos#.  It  follows  that  if  V  be  also  normal  to  its  plane  this 
component  is  also  F'cos#,  and  therefore  V'=V.  If,  therefore,  the 
stress  across  every  plane  through  C  is  normal  to  the  plane  the 
stress  across  all  planes  has  the  same  value.  Thus-  when  the  stress  is 
of  the  nature  of  thrust,  we  have  the  hydrostatic  theorem  that  the 
pressure  throughout  a  fluid  in  equilibrium  has  the  same  value  in  all 
directions.  The  stress-quadric  is  then  a  sphere,  as  indeed  is  every 
surface  of  the  second  degree  by  which  the  distribution  of  stress  can 
be  graphically  represented. 

613.  Principal  Axes  of   Stress.     Stress  Invariants. — The  prin- 
cipal axes  of  the  stress-quadric  can  be  found  by  the  same  proee- 
that  used  for  the  elongation  quadric  in  §  601  above.     For  any  plane 
I,  in,  ii  to  which  the  resultant  stress  is  normal  we  obtain  the  equations 

lP  +  mU+nT=lV,    W+mQ  +  nS=mV,    lT+mS  +  nR  =  nV,  (30) 

so  that  we  obtain  for  V  the  determinantal  cubic 


0  ) 

-       (40) 


I  P  -  V,       U,  T 

Uy        Q-V,        S 
T,  S,       R-  V. 

This  gives  three  real  values  of  V  for  the  determination  by  (39)  of 
three  sets  of  values  of  I,  m,  n.  The  three  directions  thus  obtained 
are  perpendicular  to  one  another  (§  168),  and  give  the  three  principal 
axes  of  the  stress  quadric.  The  planes  at  right  angles  to  them  are 
the  principal  planes,  and  the  stresses  across  these  planes  are  the 
principal  stresses. 

If  P',  Q',  R1  now  denote  the  principal  stresses,  the  equation  of 
the  stress-quadric  is 

PT-+Q'r  +  R'C-  =  K2,  (41) 

and  if  a,  b,  c  be  the  three  semi-axes  of  this  quadric,  the  principal 
stresses  are  numerically  equal  to  K-\a-,  X'-/b2,  K"2/cr.  The  stress  in- 
variants are 

P+Q  +  R  =  P'+Q'  +  R' 
QR  +  RP  +  PQ-  S  --T2-  U-  =  Q'R  +  R'P'  +  P'Q'  ( \  -1) 

PQR  +  2STU -  RU-  -  QT-  -  PS-  =  PT/R/.  I 
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614.  Stress -Ellipsoid. — If  now,  accents  dropped,  P,  Q,  R  be  the 
principal  stresses,  the  equation 

£:  +  il  +  il  =  l,  (43) 

P-     Q-     R-       '  v     ' 

where  x,  y,  z  are  distances  measured  along  the  principal  axes,  denotes 
an  ellipsoid.  The  components  of  the  stress  across  the  plane  the 
direction  cosines  of  which  are  £/P,  rj/Q,  £//?  are  F=£,  £  =  ??,  H  =  C, 
and  the  component  of  stress  in  the  direction  of  the  normal  to  this 
plane  is  E,2/P  +  rj2/Q  +  2?/R.  The  resultant  stress  across  the  same  plaue 
is  j£2  +  r)'2  +  (2,  that  is,  it  is  numerically  equal  to  the  radius- vector  p> 
and  acts  along  it.     The  ellipsoid  (48)  is  called  the  stress-ellipsoid. 

The  radii-vectores  representing  the  resultant  stresses  across  three 
co-orbhogonal  planes,  that  is  planes  which  are  at  right  angles  to  one 
another  are  not  themselves  co-orthogonal,  but  it  is  easy  to  see  that 
they  are  conjugate  axes  of  the  ellipsoid  (43).  For,  let  tv  r]v  £„  £2,  rj.,,  £,, 
s3,  rj3,  £3  be  the  co-ordinates  of  their  extremities,  the  three  stresses  re- 
represented  by  j£*  +  tj2  +  £  *  &c,  are  the  resultant  stresses  across  the 
planes  the  direction  cosines  of  which  are  ZJP,  iJQ,  (JR,  &G-,  an(i  ^ 
these  planes  be  co-orthogonal  the  relations 

!i^  +  M?  +  ^?  =  0,  (44) 

P*      Q2      R2  v     ' 

and  two  others  got  by  cyclic  changes  of  suffixes,  hold.  But  these  are 
the  relations  that  hold  between  conjugate  semi-diameters :  the  first 
affirms  that  the  point  tv  t]v  £,  lies  on  a  plane  parallel  to  the  tangent 
plane  at  the  extremity  of  i2,  tj2,  ;2,  and  so  for  the  others. 

015.  The  Director  Quadric.  Cones  of  Shearing  Stress  and  Zero 
Normal  Stress. — The  quadric 

E'  +  rL+!l  =  K'2,  (45) 

P     Q     R         '  v     ' 

in  which  P,  Q,  R  denote  the  quantities  represented  by  P',  Q',  R'  in 
§  G13,  is  called  the  reciprocal  of  the  quadric  (41).  The  stress  across 
a  diametral  plane  of  this  quadric  has  components 

f,  &,  n=(t, ,,  o/(?/^+>f/Q2+?/inh, 

that  is  (£,  77,  0  p\K"2.  The  resultant  stress  across  this  plane  is  there- 
fore ppjK"2  where  p=  JB  +  rj2  +  £2,  and  is  in  the  direction  of  p. 
Hence  the  quadric  is  sometimes  called  the  director-quadric. 

The  component  along  the  normal  [the  direction  cosines  of  which 
are  (pt/P,  pt]/Q,  p'ClR)K'2]  is 

(FpZ/P  +  GpnfQ  +  IIp?\R)lK'2  =f{V\P  +  rlQ  +  fffl/K'4  =p\K. 

If  the  normal  component  is  everywhere  positive  this  quadric  is  an 
ellipsoid,  and  if  the  normal  component  is  everywhere  negative  the 
quadric  is  again  an  ellipsoid,  but  with  the  equation 

2  o 
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p+^J+ll=  -A"\  (40) 

P     Q     R  v     ' 

If  the  stress  is  a  traction  in  some  directions  and  a  pressure  in 
others,  (45)  holds  for  the  former  and  (46)  for  the  latter.  The  equa- 
tions then  represent  two  conjugate  hyperboloids  separated  by  the 
cone 

P     Q     R       '  v     ' 

which  is  the  cone  of  zero  normal  stress.  On  the  other  hand  the 
stress  is,  as  we  have  seen,  at  all  points  tangential  to  the  reciprocal 
cone 

P?+Qrf  +  R?  =  o',  (48) 

which  is  the  cone  of  shearing  stress.  Neither  of  these  cones  exists 
when  the  stress  is  throughout  of  one  character. 

616.  Transformation  of  Stresses.  Expression  of  General  Stresses 
in  Terms  of  Principal  Stresses. — The  transformation  of  the  specifica- 
tion of  stress  from  one  set  of  axes  to  another  is  important,  especially 
the  expression  of  the  general  system  of  stresses  P,  Q,  R,  S,  T,  ('  in 
terms  of  the  principal  stresses  P',  Q',  R'.  Let  lv  mv  nv  lr  mv  nr 
l3,  m3,  n,  be  the  direction  cosines  of  the  axes  of  any  general  system  of 
stresses  P'Q,  R,  S,  T,  U  with  reference  to  the  axes  of  a  given  general 
system  P',  Q' ,  R',  S',  T\  l".  Substituting  in  (82)  P',  Q',  etc..  for 
P,  Q,  &,c,  and  lv  mv  vv  l.„  id.,,  //.„  /.,.  mr  n3  in  succession  for  /,  m,  n 
we  obtain  three  sets  of  values  of  F.  G,  H,  namely 

F=l,P'  +  mxU'  +  nJ' 
G  =  lxU'  +  m$  +nxS' 
H  =  JxT'+nhS'  +r<J{ 

and  two  others  obtained  from  these  by  the  specified  changes  of 
suffixes.  This  first  set  are  the  components  across  the  plane  the 
direction  cosines  of  the  normal  to  which  are  lv  mv  nv  that  is  the  new 
plane  of  y,  z.     The  normal  component  across  this  plane  is  therefore 

P  =  l?p'  +  m,'Y/  +  n*R! 

+  2minlSt  +  2«/,7"  +  njnJJ'  (1 9) 

with  similar  formulae  for  Q,  R  to  be  obtained  by  changing  the  suffixes 
of  the  cosines. 

The  values  of  F,  G,  II  for  the  new  plane  of  .<■,  y  are  1  Jy  +  in.^1"  + 
//j7",  etc.  The  component  across  this  plane  parallel  to  y  is 
l.,F+m.,G  +  v. ,11,  and  is  the  value  of  >S'.     Hence 

S  =  I,I.J''  +  in. ,in.//  +  i'.,"Ji' 

+  (i>i>i>.,+  >i,n>,)S'  +  (/,»,+  a J3) T  +(>/>/, +  0'':;y  '         (50) 

with  similar  formuhe  for  T,  ('. 
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If  P,  Qt  R  are  principal  stresses  S,  J\  U  are  identically  zero,  and 
(49)  suffices  for  the  transformation.  If  P',  Q',  E  are  principal 
stresses  P,  Q,  R,  S,  T,  U  are  obtained  by  deleting  the  second  lines  of 
the  expressions  on  the  right  of  (4!))  and  (50).      In  this  case  we  have 

P  =  llJP'  +  ml'(/  +  l,lJP'  \ 

Q=la'F'+mfQr  +  n*R'  L     (4'.)') 

R^l'F+mfq  +  n'R 

>s'  =  l.J:iP'  +  m.,h)  J/  +  -'.,".. I,''  \ 

T=l.JlP'  +  m3w]Q'  +  lt.iH]P'  I      (5(/) 

U=  IJ-.P'  +  »?,?».//  +  n^iijl' 

These  formula-  may  be  used  also  for  the  transformation  of  strain. 
It  is  onlv  necessary  to  put  in  (49)  and  (>"><>),  e,f,  g,  «,  b,  c  iorP,  Q, 
II,  2S,  -1\  2U  with  the  corresponding  substitutions  for  P',  Q',  Arc. 
Equations  (4!)')  and  (.")()')  give  et/tg,  ha,  hb,  hc,ii  ev  e2,  t^the  principal 
elongations  be  put  for  P',  Q  \  P'. 

(!17.  Equivalence  of  Traction  and  Pressure  in  Perpendicular 
Directions  to  System  of  Shearing  Stress. — We  can  now  easily  dis- 
cover equivalent  systems  of  stress  which  are  of  great  importance  for 
practical  applications.  For  example,  consider  a  system  composed  of 
two  principal  stresses,  a  traction  P'  across  ail  planes  perpendicular 
to  the  principal  axis  Ox',  and  a  pressure  of  equal  amount  across  all 
planes  perpendicular  to  the  principal  axis  Oy'.  These  act  across 
planes  drawn  through  a  point  0  in  the  directions  shown  in  Fig.  301. 
The  equivalent  stress  across  two  planes  both  parallel  to  the  axis  of  ~, 
and  bisecting  the  angles  between  the  axes  Ox,  Oy,  can  be  found  at 
once  from  the  formulas  just  written.  The  direction-cosines  of  the 
axes  Ox,  Oy',  Oz'  with  reference  to  Or,  Oy,  Oz  (Oz  and  Oz  being  co- 
incident) are  ^  =  1/^/2,  7»,=  -]/N/2,  »,  =  (>,  l,=  1/  J2,  w,=  ]\-J. 
/i  =  u,  m3  =  u,  »,=  1.     Hence  by  (49) 

P  =  iP'-hP'  =  0,  0  =  0,  P  =  0  \  ,.n 

.S'=0,  T=0,~U=  -\P'-hP'  =  -P'.  J         }     ' 

Thus,  by  Fig.  801,  the  forces  acting  across  the  new  co-ordinate 
planes  of  xz  and  yz  at  the  point  Q  are  the  two  tangential  forces 
U  as  shown  in  Fig.  300 ;  that  is,  a  tangeutial  force  (P  per 
unit  area)  acting  over  the  face  perpendicular  to  the  new  axis  of  x 
in  the  direction  from  B  towards  A,  and  an  equal  tangential  force 
over  the  face  perpendicular  to  the  new  axis  of  y  and  from  C  towards 
Q.  The  original  stresses  at  Q  act  on  the  matter  within  the  angle 
JfQX,  the  equivalent  tangential  stresses  at  Q  act  on  the  matter 
within  the  angle  CQB,  Thus  the  given  system  of  stress  is  equivalent 
to  a  system  of  shearing  stress  on  planes  through  the  point  considered 
inclined  at  4oc  to  the  axes. 

The  system  of    stresses,  shown  applied  to  the  faces  of    a  rect- 
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angular  element  in  Fig.  301',  is  indicative  of  the  stresses  supposed 
applied  by  the  surrounding  matter  to  any  such  element  taken  with 

Fig.  301. 


its  centre  at  0,  the  system  being  that  just  dealt  with.  The  internal 
rectangular  element  is  shown  affected  with  the  equivalent  tangential 
or  shearing  stresses.     The  opposite  tangential    stresses  applied    by 


the  inner  element  to  the  triangular  prisms  outside  it,  just  equilibrate 
the  forces  applied  to  these  by  the  normal  stresses  across  their  outer 
faces. 
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618.  Simple  Normal  Traction  reduced  to  Uniform  Dilating 
Stress  and  Two  Systems  of  Shearing  Stress. — From  this  result  it 
is  clear  that  a  simple  normal  traction  across  one  set  of  parallel  planes 
can  be  reduced  to  a  uniform  normal  traction  across  this  set  of  planes 
and  the  other  two  sets  which  are  co-orthogonal  with  it,  and  two 
systems  of  stress  similar  to  the  system  just  discussed.  For,  let  the 
stress  be  a  traction  P  across  all  planes  perpendicular  to  the  axis  of 

Consider  a  cubical  element  of  the  body  with  its  centre  at  0. 
Across  the  pair  of  opposite  faces  parallel  to  yOz  there  acts  the  stress 
P.  Suppose  applied  perpendicular  to  each  of  the  other  two  pairs  of 
faces  a  stress  consisting  of  a  traction  },P  and  a  pressure  JP.  The 
distribution  is  indicated  in  Fig.  ?>02.     This  gives,  of  course,  zero  stress 


Fig.  303. 
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for  each  pair  of  planes  except  those  perpendicular  to  Ox.  Thus  we  have 
parallel  to  every  pair  of  parallel  faces  a  traction  \P  ;  that  is,  a  uni- 
form dilating  stress  of  this  amount  acts  on  the  body.  Perpendicular 
to  the  pair  of  faces  parallel  to  yOz  there  acts  a  traction  \P,  and  per- 
pendicular to  the  pair  of  faces  parallel  to  zOx  a  pressure  of  the  same 
amount ;  a  similar  system  of  stresses  acts  across  the  two  sets  of  planes 
perpendicular  to  yOz  and  xOy.  Each  of  the  two  latter  systems  of 
stress  is  reducible,  as  in  §  017,  to  a  system  of  tangential  stresses 
parallel  to  the  planes  bisecting  the  angles  between  Ox,  Oy,  and  the 
two  planes  bisecting  the  angles  between  the  axes  Ox,  Oz.  Therefore 
the  simple  traction,  or  elongating  stress,  acting  on  an  element  is 
reducible  to  a  uniform  dilating  stress,  and  two  systems  of  shearing 
stresses  each  acting  on  the  element  as  already  explained  in  §  017. 

It  follows  that  any  system  of  stress  being  reducible  to  three 
simple  tractions  (positive  or  negative)  parallel  to  the  principal  axes, 
is  reducible  to  a  uniform  dilating  stress,  and  three  systems  of  shear- 
ing stress,  acting  parallel  to  the  three  pairs  of  planes  bisecting  the 
angle  between  the  axes. 

Fig.  308  shows  the  lines  along  which  an  axial  section  A  BCD  of  a 
portion  of  a  wire  changes  to  the  configuration  A'B'C'D'.  The  longi- 
tudinal extension  from  AC  to  A'C,  and  the  lateral  contraction  fx-om 
CI)  to  CD'  are  much  exaggerated,  and  are  far  from  being  in  the 
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proper  ratio.  But  the  dotted  lines  are  so  drawn  that  a  particle  on 
one  of  these  lines  in  the  original  configuration  is  on  the  same  line  in 
another  position  in  the  other  configuration.  These  are  therefore 
lines  of  displacement  of  the  particles. 

619.  Relations  between  Stress  and  Strain. — We  have  now  to 
consider  the  relations  between  stiess  and  strain.  In  doing  so  we 
shall  suppose  that  there  are  no  energy  changes,  resulting  from  the 
application  of  stress  to  the  body,  which  are  not  exactly  taken  account 
of  when  the  work  done  by  the  applied  forces,  and  the  change  of 
potential  energy  due  to  change  of  strain  configuration  of  the  elastic- 
substance,  are  evaluated.  In  the  limited  discussion  possible  here  we 
neglect  energy  changes  due  to  changes  of  temperature  and  other- 
variations  of  the  internal  state  of  the  body,  and  for  these  reference 
must  be  made  to  treatises  on  Thermodynamics,  or  to  Part  II.  of  this 
work.  But,  provided  the  body  is  strained  either'  at  constant  tem- 
perature, or  subject  to  the  condition  that  no  heat  enters  or  leaves 
any  portion  of  the  strained  substance  the  changes  of  potential  energy 
are  independent  of  the  order  of  succession  of  the  strain  configura- 
tions imposed  on  the  body,  that  is,  the  work  spent  on  the  body  in  any 
change  depends  only  on  the  initial  and  final  configurations  of  the 
change.  There  is  thus  a  work  function  If 'which  expresses  in  terms 
of  the  strain  configurations  the  work  done  by  the  applied  forces  in 
carrying  the  substance  from  one  to  the  other.  In  other  words,  the 
work  done  in  any  small  change  of  strain  of  any  type  taken  per  unit 
of  the  change  is  a  perfect  differential  of  a  function  of  the  co-ordinate 
or  co-ordinates  expressing  the  strain  configuration. 

620.  Hooke's  Law.  Strain  due  to  Simple  Traction. — We  shall 
endeavour  to  determine  on  certain  assumptions  the  nature  of  the 
(small)  strain  produced  by  any  type  of  stress  and  shall  assume  that 
different  stresses  or  elements  of  a  single  stress  are  independent  in 
the  sense  chat  each  produces  its  own  effect  independently  of  the 
existence  of  the  others.  In  other  words  the  strain  will  be  taken  as 
proportional  to  the  existing  stress.  That  tliis  was  approximately  the 
case  for  small  strains  of  a  certain  type  was  first  noticed  by  Hooke, 
and  the  proportionality  which  holds  between  small  strains  and  their 
corresponding  stresses  of  whatever  type  is  now  generally  referred  to 
as  Hooke's  Law. 

It  will  be  found  that  a  simple  traction  in  one  direction,  say  a 
stretching  force  applied  to  a  rod  or  wire  along  its  length,  does  not 
merely  produce  elongation,  but  also  causes  alteration  of  the  lateral 
dimensions  of  the  specimen;  but  that  an  isotropic  body  when  subject 
to  uniform  dilating  stress  suffers  no  change  of  shape,  and  when  under 
the  influence  of  shearing  stress  changes  in  shape  without  alteration 
of  volume. 

621.  Limits  of  Elasticity.  Perfect  Elasticity.  When  a  succes- 
sion of  small  strains  is  applied  to  a  body  the  accumulated  strain  of 
any  type  may  cease  to  be  small,  and  be  no  longer  proportional  to  the 
total  stress  of  that  type  applied  to  it.  The  body  is  then  said  to  have 
been  strained  beyond  its  limits  of  elasticity  for  the  kind  of  strain 
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considered.  The  limits  for  all  bodies  are  exceedingly  nai-row,  if 
indeed  in  strictness  the  law  is  fulfilled  for  any  strain  however  small. 
We  shall  later  consider  results  as  to  elastic  limits  in  particular 
cases. 

A  body  is  said  to  be  perfectly  elastic  at  constant  temperature  for 
strain  of  any  type  whatever,  whether  change  of  volume  or  change  of 
shape  or  any  definite  combination  of  these,  when,  if  a  succession  of 
increments  of  strain  be  slowly  applied  by  a  succession  of  increments 
of  stress  until  a  final  configuration  is  reached,  and  these  increments 
of  stress  are  removed  in  the  reverse  order,  the  successive  increments 
of  strain  are  also  removed  in  the  reverse  order.  In  other  words,  the 
substance  has  perfect  elasticity  of  the  kind  considered  if  the  con- 
figuration corresponding  to  any  value  of  the  stress  is  the  same  in  this 
cycle  of  operations  when  the  stress  is  being  applied  and  Avhen  it  is 
being  removed.  When  this  is  the  case  the  work  done  on  the  body 
by  applied  forces  in  producing  the  strain  is  exactly  equal  to  the  work 
done  by  the  body  against  external  forces  in  returning  to  the  original 
configuration.  We  shall  find  that  a  balance  of  work  is  spent  on  an 
imperfectly  elastic  body  when  it  is  put  through  a  cycle  of  changes. 
and  shall  show  how  it  is  to  be  graphically  estimated. 

i)22.  Work  done  in  Strain. — We  might,  following  a  process  clue 
to  Green,  write  down  an  expression  for  the  work  done  in  any  small 
displacement  of  the  body  by  the  forces  applied  to  its  surface  and  the 
body -forces,  and  transform  this  expression  into  another  in  terms  of 
the  internal  stresses  to  which  these  applied  forces  give  rise,  and  we 
should  arrive  at  the  result  that  if  e.f,  g,  2sv  -?s.„  2s3,  or  as  we  shall 
write  them  e,  /,  (/,  a,  b,  c,  be  the  elongations  and  simple  shears 
specified  above,  we  shoidd  obtain  for  the  work  done  in  increasing 
these  by  amounts  de,  df,  dg,  da,  db,  de, 

d  W=f(Pde  +  Qdf  +  Rdg  +  Sda  +  Tdb  +  Vdc)dm,  ( 52 ) 

where  d  ~  is  an  element  of  volume  and  the  integral  is  taken  throujrh- 
out  the  whole  volume  of  the  body.  The  work  done  per  unit  volume 
is  thus 

Pde  +  Qdf+  Rdg  +  Sda  +  Tdb  +  Ydc. 

P,  Q,  P  thus  correspond  to  the  elongation  strains  de,  df,  dg,  and 
S,  T,  U  to  the  shearing  strains  da,  db,  dc  in  the  sense  that  the  work 
due  to  each  stress  is  the  product  of  the  stress  and  the  strain  of  its 
own  type  produced.  We  shall  take  these  results  for  granted  at 
present. 

Assuming,  then,  the  result  that  IF  is  a  function  of  the  strain 
co-ordinates  e,  f,  g,  a,  b,  c  only,  we  have  under  the  condition  stated, 
namely,  either  that  the  temperature  is  constant,  or  that  no  heat 
enters  or  leaves  any  part  of  the  body, 

p  =  ;w.  <>J]V,  *-§£  $-§£  r=<]]\  rJS.    (03) 


oe 


(_/'  i.e-'  cc 
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623.  Moduli  of  Elasticity  of  an  Isotropic  Body.  Young's 
Modulus. — We  define  two  principal  moduli  or  constants  of  elas- 
ticity, the  bulk  modulus,  and  the  modulus  of  rigidity.  In  each  case 
the  modulus  is  measured  by  the  ratio  of  the  applied  stress  of  the 
proper  type  to  the  (small)  strain  produced  by  it.  We  shall  denote 
the  bulk  modulus  by  k,  the  rigidity  modulus  by  n. 

Besides  the:»e  we  have  also  Young's  modulus,  or  the  modulus  for 
simple  longitudinal  stress,  and  the  modulus  for  simple  longitudinal 
strain.  Each  of  these  is  measured  by  the  ratio  of  the  longitudinal 
stress  to  the  (small)  unital  elongation  produced  by  it,  but  the  former 
is  taken  irrespectively  of  change  of  lateral  dimensions,  the  latter 
irrespectively  of  any  lateral  stress  imposed  to  ensure  the  prevention 
of  change  of  lateral  dimensions.  We  shall  denote  them  by  E  and  E' 
respectively  and  shall  presently  find  expressions  for  them  in  terms 
of  k  and  n. 

<>24.  Stress-Strain  Equations.  Determination  of  Co-efficients. 
— We  assume  that  the  principal  axes  of  stress  and  the  principal  axes 
of  strain  in  the  body  coincide  and  are  drawn  from  the  origin  0  at 
which  the  state  of  the  body  is  considered.  The  principal  strains  are 
denoted  by  e,  f,  g  and  the  principal  stresses  by  P,  Q,  R.  In  accord- 
ance with  what  has  been  stated  above  each  stress  must  be  a  linear 
function  of  the  strains.  Now  it  is  clear  that  in  one  equation  for  the 
stress  P,  say,  the  strains/*,  g  which  are  in  the  two  directions  at  right 
angles  to  P,  must  appear  with  the  same  co-efficient  of  proportionality, 
since  the  body  is  isotropic.  The  strain  e  will,  however,  have  a 
different  co-efficient.  Similarly  the  other  principal  stresses  are 
related  to  the  strains.     Hence  we  write 

P  =  \{e+f+g)  +  Me 

Q  =  X(e+f+g)  +  Mf  L      (54) 

R  =  \(e+f+g)  +  hig,  ) 

where  X  and  /z  are  constants. 

We  can  determine  X  and  p.  in  terms  of  k  and  n  as  follows. 
First  let  P  =  Q  =  R,  then  clearly  e  =/=  g.     But  (54)  give  by  addition 

P  =  (3\  +  n)e,  or-d\  +  n  =  P/e. 

Now  the  strain  in  this  case  is  evidently  a  dilatation  of  amount 
A  =  e  +/+  g  =  ?>e.     But  if  k  be  the  bulk  modulus,  k  =  PJA,  so  that 

\  +  l/n  =  k.  (55) 

Again,  let  P=  -  Q,  and  R  =  0,  then  by  (54)  we  have 

P  =  (X  +  y)e  +  \(f+  g)=-(X  +  m)/-X(6  +  g), 
{\  +  ti)g  +  \(e+f)  =  0. 

The  stress  applied  in  this  case  is  a  shearing  stress  of  amount  P,  and 
we  assume  that  the  strain  is  a  shear  having  the  same  axis  and  of 
amount  P/n  where  n  is  the  rigidity  modulus.     But  as  has  been 


ELASTICITY.  585 

shown  above  (^  600)  the  shear  is  numerically  equal  to  twice  the  unital 
elongation  in  the  direction  of  P  or  twice  the  contraction  in  the 
direction  of  Q.  Hence  P/n  =  2e  =  -'if,  and  e=  -f.  This  by  the 
relation  (X  +  fi)y +  \  (e+f)  =  Q  gives  <7  =  0,  which  agrees  with  the 
supposition  as  to  strain.  Hence  the  equation  P  =  (X  +  f.i)e  +  X  (/+  y) 
becomes  P  =  (X  +  yu)e-Xe  =  fie.  Hence,  since  P/2e  =  n,  we  have 
/<  =  2n.     Substituting  in  (55)  we  find  that  this  gives 

X -*-}«.  (56) 

Equations  (54)  can  now  be  written 

P=\(e+f+g)  +  2ne  -j 

Q=\(e+f+g)  +  2nf  -      (57) 

R  =  \(e+f+y)  +  2ny,  J 

where  X  has  the  value  k  -  %n. 

625.  Expression  of  Young's  Modulus  in  Terms  of  BulkModulus 
and  Rigidity  Modulus.  Poisson's  Ratio. — Now  consider  the  case  of 
simple  longitudinal  stress.     By  (54)  we  have  since  Q  =  P  =  0, 

P  =  \(e+f+y)  +  2ne 
0=\(e+f+g)  +  2nf 

0  =  X(e+f+y)  +  2ny, 

so  that /=  y,  and /=  -  ieX/(X  +  »).     Hence  P  =  e n(?> X  +  2n)/(\  +  n). 
But  if  E  be  Young's  modulus  E  =  Pje,  and,  therefore, 

E  =  n(3\  +  2n)  =    Onk  ^ 

X  +  n  3k  +  n 

by  the  value  k-'^n  of  X.  Thus  Young's  modulus  is  a  composite 
modulus  involving  both  the  principal  moduli  of  an  isotropic  body. 

The  ratio  £X/(X+  n)  of  the  numerical  amount  of  the  lateral  con- 
traction to  the  longitudinal  extension  is  known  as  Poisson's  ratio. 
We  shall  denote  it  by  rj,  and  write  for  reference 

,     X  Bjfc—  2n  /-nv 

'     *X  +  n     2(3* +  »)  v     ; 

The  modulus  of  simple  longitudinal  strain  e  is  obtained  from 
(57)  by  putting  y=<jr  =  0,  so  that 

P  =  (\  +  2n)e  =  (k  +  in)e  (6()) 

Q  =  R=  Xe    =  (*-§»)& 

Thus 

E'  =  k  +  ±n.  (61) 

The  stress  required  to  prevent  lateral  contraction  is  thus  a 
traction  in  each  of  the  directions  perpendicular  to  the  extension  of 
amount  (k  -  pi)e  or  P(k  -  pi)/(k  +  in). 
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*G2G.  Expression  of  General  Stresses  in  Terms  of  Principal 
Stresses. — The  values  of  the  stresses  of  the  system  P,  Q,  li,  8,  T.  V 
can  be  found  by  the  formula?  of  transformation  (40'),  (50')  from  the 
principal  stresses,  which  we  now  denote  for  distinction  by  P',  Q',  h' . 
The  principal  strains  (e',  f,  y',  say)  are  also  transformed  by  similar 
formulae  to  the  system  e,  /,  y,  a,  b,  c.  Hence,  if  the  reader  will  go 
through  the  process,  writing  down  the  values  of  P,  &c,  in  terms 
of  P',&c,  by  (49')  above  (for  example,  P  =  P'lx2  +  Q'l;  +  Kl{)  sub- 
stituting the  values  of  P',  Q',  li'  from  (57),  and  taking  account  of 
the  application  of  (49)  and  (50)  to  the  transformation  of  strain  as 
stated  in  §  GIG,  and  the  invariance  of  e  +/'  +  </',  he  will  find 


P  =  \A  +  '2ne,   Q  =  \A  +  -2rif,  li'  =  ~KA  +  2ny, 
8  =  na,   T=nb,    C  =  nc, 


1 


(G2) 


where  A  denotes  the  dilatation  ()u/^x  +  d^/dy  +  d^ld^(  =  e  +/+</)• 
*G27.  Equations  of  Motion  of  an  Elastic  Body. — Substituting 
these  cju/d%  for  e,  <kc,  d«V9y  +  dv/dz  f°r  a>  &c.,  we  obtain  values 
P,  Q,  R,  8,  T,  U  for  use  in  the  transformation  of  (31)  to  equatioi 
in  terms  of  the  displacements  ut  v,  u\  If  then  v~  denote  the  operat 
d2/dx2 +  d2/d?f +  v  /d~2  the  equations  of  small  motions  become 


nV*M  +  (X  +  n)  —  +  p  X  —  pa 

Ox 


nv-r  +C\  +  n)%-  +  pY 

cy 
•m*w  +  (x  +  »)!fp  +  pz 


pv 


•    m 


which  become  the  equations  of  equilibrium  when  «,  r,  ib  are  pi 
equal  to  zero.  By  introducing  the  rotations  0„  ds,  ft3  the  readt 
may  convert  them  into 


(\  +  2n)p-2n 


dy 


fay 


(61 


with  two  similar  equations  for  v,  ib. 

From  the  latter  form  of  the  equations  it  is  clear  that  if  the  strai 
be  without  rotation  the  equations  are  of  the  comparatively  simpl 
form 


pu, 


0 


with  two  similar  equations  in  y  and  z: 

G2S.  Longitudinal  Strain  without  Change  of  Lateral  Dimensions. 
— It  will  be  evident  that  if  a  narrow  straight  or  conical  bar  of  the 
material  is  subjected  to  extension  along  the  axis  of  the  rod  or  along 
lines  through  the  vertex  of  the  cone,  while  the  lateral  boundary 
remains  unchanged,  that  is  to  say,  when  there  is  longitudinal  ev 
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.'ion  without  lateral  contraction,  there  is  no  rotation.  The  equations 
of  small  motions  just  written  are  then  obvious,  for  the  case  at  least 
of  a  straight  bar  of  uniform  cross-section.  For  consider  the  narrow 
straight  bar,  and  let  its  length  be  in  the  direction  of  the  axis  of  .<•. 
There  is  no  motion  of  any  particle  in  the  direction  of  y  or  z,  and 
the  extension  along  x  gives  a  pure  dilatation.  The  strain  at  the 
centre  of  a  slice  perpendicular  to  as  and  of  length  dx  being  A,  the 
strain  at  the  right-  or  the  left-hand  end  of  the  slice  is  A  +  JSa/Sx&j, 
according  as  the  positive  or  negative  sign  is  taken.  Since  the 
modulus  of  simple  longitudinal  strain  is  X  +  2w  =  (k  +  in),  the  force 
(traction)  per  unit  area  applied  to  the  left-hand  end  of  the  slice  by 
the  matter  of  the  bar  farther  to  the  left  is 

(X  +  2w)(a  -  J3  A/dx.dx), 

and  that  applied  to  the  other  end  by  the  matter  of  the  bar  to  the 
right  is  (X  +  2/*)(a  +  hc^jcx-dx)  so  that  thei*e  is  a  balance  of  traction 
to  the  right  of  (X  +  2ft)c &/dx.dx,  and  if  or  be  the  cross-section  the 
total  force  to  the  right  on  the  element  is  (X  +  -n)Z -A, l^x.adx.  But 
the  body-force  per  unit  mass  towards  the  right  along  x  being  X, 
there  is  a  total  force  towards  the  right  of  amount  Xpadx,  since  pn<l->- 
is  the  mass  of  the  element.  The  sum  of  these  two  foi-ces  must  be 
equal  to  padxii  if  there  is  acceleration  of  the  element,  or  to  zero 
if  there  is  equilibrium,  so  that  we  have 

(X  +  2»)|^+PX=p«.  (65) 

<-■'■ 

In  this  case  it  is  to  be  observed  A  = ,  "  ,  '•. 

C>2'.K  Radial  Strain. — In  the  other  case  of  radial  strain  of  a 
narrow  cone  we  take  a  slice  contained  between  two  spherical  surfaces 
of  radii  r  and  r  +  dr  described  from  the  vertex  of  the  cone  as  centre. 
This  slice  is  we  suppose  displaced  outwards  a  distance  tc,  and  the 
radial  strain  at  the  centre  of  the  element  is  therefore  };  irjZr-  But  this 
is  not  the  only  strain  at  that  point.  There  are  two  tangential  strains 
at  right  angles  to  each  other  and  to  the  radius,  each  of  amount  w  r, 
.--o  that  the  dilatation  is  3«c/9r+2«?/r.  To  prove  this  it  is  only  neces- 
sary to  consider  the  slice  of  thickness  dr,  subjected  at  its  centre  to  a 
radial  displacement  i>\  The  radial  displacement  at  the  inner  face  is 
ia  -  \  T  >'•  3  r.dr,  and  at  the  outer  face  it  is  w  +  \  ?  io  ,~  r.dr.  The  outer 
face  is  therefore  displaced  relatively  to  the  inner  through  a  distance 
,  /'•  ,/■.'//•,  so  that  the  thickness  of  the  slice  has  become  dr  +  ci''cr  dr. 
But  the  cross-section  of  the  slice  has  been  increased  by  its  transfer- 
ence along  the  axis  of  the  cone  through  the  distance  w  in  the  ratio  of 
(/•  +  toy  to  r2,  that  is  in  the  ratio  of  (1  +  2w/r)  to  unity. 

The  ratio  of  the  new  volume  of  the  element  to  the  old  volume  is 
(l+3«>/3r)(l  +  2w/r)/l,  so  that  the  unital  increase  of  volume  is 
(1  +cir  cr)  (I  +  2«>  /•)  -  1  =(('■  (■'■+  2to  r,  since  w  is  small.  This  is 
the  dilatation.  Hence  by  equation  (64),  taking  r  in  the  direction  of  c, 
we  have  since  the  rotations  are  manifestly  zero 
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where  Z  is  the  body  force  outwards  per  unit  of  mass  at  the  centre  of 
the  element.  If  the  strained  body  is  in  equilibrium  w  =  0.  and  we 
have 

(A  +  2?0Mw  +  2")+PZ  =  O.  (67) 

(jr\cr        /• 

630.  Strain  in  Spherical  Shell  under  given  Internal  and  External 
Pressures. — A  very  important  case  of  this  equation  is  that  in  which 
Z  =  (),  that  is  in  which  a  substance  not  acted  upon  by  body-forces  is 
subjected  to  radial  strain  and  the  accompanying  tangential  strains. 
This  is  the  case,  for  example,  of  an  isotropic  spherical  shell  subjected 
to  pressure  applied  to  its  inner  and  outer  surface.  In  this  case  the 
differential  equation  fulfilled  by  the  radial  displacement  is 

|/|^  +  2!?W  (68) 

i  r\dr        r } 

The  complete  solution  of  this  equation  is 

w=Ar+*  (691 

r 

where  A  and  B  are  constants.     This  gives 

(  n-  _   .      2B     w  _  j     B  m 


and  therefore  by  (57)  the  radial  stress 


B 


g=\l^  +  2™)  +  2n0™=(S\  +  2n)A-4n"  (7») 

cr         r j  t  r  ^ 

and  the  tangential  stress 

P  =  X(  &?  +  2^ )  +  2n  W  =  (8X  +  2n)A  +  2nB .  (71) 

,  /•         rj  r  r 

Let  the  external  and  internal  radii  be  r,,  r0,  the  external  and 
internal  pressures  pv  />0  respectively  ;  then  for  the  determination  of 
A  and  B  we  have 

ft=  ~($\  +  2n)A  +  4»J*- 


Tf 

P»  =  -(3X  +  2n)J+4n-i; 


and,  therefore, 


A  =       '       P£*-Z£>rJ  ,    B  =  p"~Pi    r«r' 
•)\  +  2n     r.'  —  rjr  4a      r,"  — ! 
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Hence  the  radial  displacement  at  distance  r  from  the  centre  is 


The  radial  strain  is 

a»_    i 


r*\   ?>\  +  2n  2w     r^-r/?-3/'  v     7 

The  tangential  strain  10/r  is  at  once  given  by  (72). 

These  results  will  be  of  service  in  the  discussion  of  some  results 
of  Regnault  and  others  on  the  compressibility  of  liquids  with  which 
we  shall  deal  in  vol.  ii.* 

681.  Cylindrical  Boiler.  Stiffening  of  Flexible  Tube  by  Hydro- 
static Pressure. — Now  consider  a  tube  bounded  by  co-axial  right 
cylindrical  surfaces  and  flat  or  round  ends.  Let  the  internal 
radius  of  the  cylinder  be  r0,  the  external  radius  rv  the  internal 
pressure  pv  the  external  pressure  pv  Further,  suppose,  what 
is  approximately  the  case  in  practice,  th&t  the  pull  7r(/y02  -/>,?*,") 
applied  by  the  pressures  on  each  end  to  the  walls  of  the  tube 
is  uniformly  distributed  over  the 

cross-section  so  that  its  amount  per  Fig.  304. 

unit  area  is  (p0r0J  -wj)f(r*  -  rf). 
Let  then  R  be  the  radial  stress  (as 
before  supposed  to  be  numerically 
positive  when  a  traction),  T  the 
circumferential  stress  or  "  hoop- 
stress  "  as  it  is  frequently  called, 
and  P  the  longitudinal  traction, 
all  taken  at  a  point  in  the  wall  of 
the  tube  at  distance  r  from  the 
axis.     Consider  the  equilibrium  of 

an  element  (Fig.  304)  bounded  by  two  co-axial  surfaces  of  radii  r  -  hdr, 
r  +  hdr,  two  radial  planes  from  the  axis  A  at  an  angle  dB,  and  two 
planes  at  right  angles  to  the  axis  at  unit  distance  apart.  The  inward 
radial  force  on  the  inner  curved  surface  of  the  element  is 

KrdQ  -  hd(Rr)dr.dr.rd6, 

and  the  outward  radial  force  on  the  other  curved  face  is 

Rrd  d  +  ±d(Rr)/dr.dr.rdd, 

so  that  there  is  a  balance  of  outward  force  of  amount  d(Rr)/dr.drdd. 
The  hoop-stress  gives  (§  205)  an  inward  force  of  amount  Tdr/r.rdd, 
or  TdrdB.     Hence  for  equilibrium  we  have  the  condition 


d(R, 
dr 


T.  (74) 


*  The  problem  of  the  strain  of  a  solid  sphere  under  its  own  gravitation  is 
important  in  connection  with  terrestrial  physics,  and  is  easily  solved.  The 
reader  mav  consult  Professor  Love's  Treatise,  vol.  i.  r.  219. 
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If  w  denote  as  before  the  radial  displacement,  the  radial  and 
tangential  strains  are  3w/3>'  and  w/r  respectively.  Let  the  longi- 
tudinal strain  be  g.  Then  the  equations  (57)  connecting  the  strains 
and  stresses  may  be  written 


\(jr      r  ()r 

\(jr      r  r 


P  =  \ 


i    +      +g)+2ng. 


(75) 


The  value  of  P  is  assigned  and  therefore   we   have  from  the  third 
equation 


.'/ 


\  +  ^dr  +  r)  +  C' 


(76) 


Avhere  C  is  the  constant,  P/(\  +  2h).  Using  this  value  of  g  in  the 
first  and  second  of  (75)  and  substituting  from  these  in  (74)  we  obtain 
easily  the  condition  d(dw/dr  +  wlr)/dr  =  0>  or 


dr       r 
where  c  is  a  constant.     This  equation  gives  at  once 


(77) 


■to  =  cr  +  ~, 


(78) 


where  c  is  another  constant. 

At  the  inner  surface  r  =  r0  and  -  P  =p0,  at  the  outer  surface  r  =  r, 
and  -R=2)v  Substituting  these  values  of  r,  R  [with  the  corre- 
sponding value  of  ir  given  by  (78)]  in  succession  in  the  first  of  (75) 
we  obtain  two  equations  to  determine  c,  c '.  The  reader,  remembering 
that  3A  +  2n  =  ?,k  and  P  =  (p0rlf  -.?Vi2)/(»Y  -  v)>  may  verify  that 


c=    '  IWi-prt 


?>k    r'2 


1  Po-Pi 

'2n  r,-  -  rJ 


Hence  (7*)  gives 


1  Pfo*-  Pfjr  +  J_  P0-Pi  r*r*  \ 


:!/• 


,.-'   " 


and  therefore 


a  ^  =  i  pf'-pf*  _  i  y>„  -  p,  r  v  ,j  < 

t"V     3*     r*  -  >\-        'In  ?*',-  -  r8*  "     r1 

""  =  ]   Poro~Piri  +  1    fl>-ffi  r  v  i ]  . 
r      3&     ?',--/•„-         :?/>  r'J-r,;  "    '  r* 


(70) 

(80) 
(81) 
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v_  ]  ffl'-w;  (82) 

3£     /y  -  r(; 

The  strain  in  the  wall  therefore  consists  of  a  uniform  dilatation 
of  amount  0V*0*  — /,iriS)/^(ri*  —  ro>)»  anc^  a  shear  in  each  cross-section 
of  the  tube  of  amount  (p0-2)i)ro:ri'/'l(ri' ~rn)r'-  ^he  dilatation 
will  be  negative,  that  is,  there  will  be  a  contraction  of  the  substance 
of  the  wall  if  px'i'lJp>l)i'^-  Thus  if  px> ]\  there  will  be  voluminal 
contraction  in  every  part  of  the  walls.  If  there  be  only  internal 
pressure  the  volume  strain  is  everywhere  a  dilatation. 

When  the  thickness  of  the  walls  is  great  in  comparison  with  the 
internal  radius,  and  the  pressure  is  wholly  internal,  the  shear  at  the 
inner  surface  is  pjn.  Thus,  so  far  as  the  yielding  to  this  shear  is  con- 
cerned, there  is  little  to  be  gained  by  making  the  tube  of  very  .small 
bore  or  very  thick. 

Equation  (75)  gives  for  ft  =  0,  T-pyf(l  +r*fr*)/(r1* -r*),  a 
tension.  Hence  the  tube  may  be  strengthened  to  resist  internal 
pressure  b}'  hoops  shrunk  round  it  so  as  to  place  it  under  circum- 
ferential thrust.  Internal  pressure  produces  relief  of  the  inner  tube 
from  this  strain  and  tends  to  stretch  the  outer  parts.  The  strength 
of  guns  to  resist  bursting  is  increased  in  this  way. 

For  the  radial  strain  we  have,  if  there  be  no  external  pressure, 


i\-  —  r,    ok      in  r  J 


(JW 

cr 

and  if  there  be  no  internal  pressure, 

^?=  _   Pir\    I  L-  ]   ''<>%  (84) 

dr  '';"   _   '',,"      Sit  '111      I1    ' 

For  most  substances  k  is  greater  than  v,  and  therefore  1  ok  <  1  2n  ; 
and  therefore,  as  r  <  rv  the  value  of  3  w  jV  for  zero  external  pressure  is 
always  negative,  that  is,  there  is  always  in  that  case  radial  contraction. 

On  the  other  hand,  if  there  be  no  internal  pressure  and  the  wall  be 
thick  enough,  we  may  have  r,f/i~  >  2n/'dk,  and  the  radial  strain,  out- 
side the  cylinder  of  radius  roSjSk/2n,  is  a  contraction,  and  at  all  points 
within  this  cylinder  is  an  extension.  If,  however,  the  wall  be  not 
thick  enough  the  radial  strain  is  a  contraction  at  all  points. 

For  steel  k  is  about  1 50(  1x10'  dynes  per  square  centimetre,  or 
22  x  l(i';  pounds  per  square  inch,  it  is  730  x  10*  dynes  per  square 
centimetre,  or  10-6  x  10*  pounds  per  square  inch.  Thus,  3k/2n  for 
steel  is  roughly  equal  to  8.    For  flint  glass  the  ratio  is  more  nearly  :?•(>. 

It  is  worthy  of  notice  in  this  connection,  that  stiffness  could  be 
given  to  an  otherwise  flexible  tube  by  means  of  hydrostatic  pressure 
within  it.  Thus  if  a  tube  of  circular  section  were  closed  at  the  ends 
and  internal  pressure  p  were  applied  an  extension  of  amount 
///• ;  :>/.(/v'  -  ?*„■')  would  be  produced  in  the  direction  of  the  length  of 
the  tube.  If  then  care  were  taken  to  keep  the  tube  always  under 
tension  it  might  be  used  as  a  strut  to  support  applied  thrust.  Also 
the  tube  would  resist  bending  if  the  resulting  compression  were  not 
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so  great  as  to  overcome  the  extension  due  to  the  internal  pressure. 
The  stiffness  of  the  inflated  tyre  of  a  bicycle  is  a  case  in  point.  It 
has  been  suggested  (see  Perry's  Applied  Mechanics,  p.  472),  by  Pro- 
fessor FitzGerald,  that  easily  portable  supports  for  military  bridges 
and  other  structures  could  be  made  by  utilising  these  principles. 

632.  Torsion  of  a  Cylindrical  Rod. — It  will  be  seen  without 
difficulty  that  a  pure  shearing  strain  may  be  given  to  a  cube,  as  indi- 
cated in  §  34(5  above,  by  displacing  a  set  of  planes  of  a  cubic  portion 
of  the  material  parallel  to  one  set  of  four  edges  of  the  cube  through 
spaces  proportional  to  their  perpendicular  distances  from  one  of  the 
two  terminal  planes.  One  diagonal  is  increased  in  length,  the  other 
diminished  by  an  amount  equal  to  half  the  measure  of  the  shear,  and 
they  remain  at  right  angles  to  one  another.  The  only  distinction 
between  this  and  the  shear  described  in  §  600  lies  in  the  fact  that 
the  diagonals  are  changed  in  position,  being  turned  round  through 
the  small  angles  AC  A'  or  BDB'. 

To  every  part  of  a  right  cylindrical  rod  of  material  which  has  elastic 
properties  the  same  in  all  directions  at  right  angles  to  the  length 
strain  of  this  kind  may  be  imagined  given  in  the  following  manner. 
Let  the  ends  of  the  rod  be  niade  planes  at  right  angles  to  the  length, 
and  cover  each  of  them  by  a  rigid  plate  cemented  firmly  over  the 
whole  end  surface  by  unyielding  cement.  Then,  keeping  the  rod 
straight,  say  by  suspending  it  vertically,  and  keeping  one  end  plate 
fixed,  turn  the  other  plate  about  the  axis  of  the  rod  through  any 
angle  6.  Every  cross-section  will  be  turned  in  its  own  plane  through 
an  angle  proportional  to  its  distance  from  the  fixed  end,  and  there 
will  be  the  same  distribution  of  shear  throughout  the  rod. 

This  mode  of  applying  the  shear  would  not  be  convenient  in 
practice.  In  general  a  cross-bar  is  soldered  or  clamped  firmly  to  one 
end  of  the  rod,  while  the  other  is  held  fixed  by  being  soldered  or 
clamped  to  a  fixed  support.  The  cross-bar  is  then  rotated  and  the 
rod  is  subjected  to  shear,  which,  though  certainly  not  uniform  very 
near  to  either  fastening,  is  uniformly  distributed  through  the  rest  of 
the  rod,  and  may  in  practice,  if  the  rod  is  long,  be  taken  without  serious 
error  as  uniform  throughout  the  portion  between  the  fastenings. 

633.  Shear  in  Cross-Section  of  a  Rod. — We  shall  now  investi- 
gate the  distribution  of  the  shear  over  each  cross- section.  It  is  to 
be  clearly  understood  that  the  rod  is  either  solid  with  a  circular 
cylindrical  boundary,  or  is  a  tube  bounded  by  two  coaxial  cylin- 
drical surfaces.  It  is  clear  that  if  the  rod  be  of  uniform  elastir 
material  the  strain  must  be  uniformly  distributed,  otherwise  there 
could  not  be  equilibrium.  For  if  at  any  cross-section  the  strain 
were  different  from  what  it  is  at  another,  the  stress  applied  at 
one  of  these  to  the  portion  of  the  rod  between  them  by  the  matter 
beyond  the  cross-section,  would  not  be  balanced  by  the  stress  applied 
at  the  other  end  in  the  same  way.  The  angle  through  which  any 
cross-section  has  been  turned  about  the  axes  relatively  to  a  cross- 
section  at  unit  distance  from  it  on  either  side  is  therefore  H  I  if  /  be 
the  length  of  the  rod.     This  is  called  the  twist  of  the  rod. 


ELASTICITY. 


593 


Fig.  305. 


Consider  two  concentric  circles,  of  radii  r  and  r  +  dr,  described 
in  a  chosen  cross-section  from  the  intersection  of  the  axis  with  it  as 
centre.  The  radius  to  a  point  P  of  a  cross-section  (Fig.  305)  has 
been  turned  to  Q,  so  that  angle  POQ  =  6.  Hence  the  angle  through 
which  a  radius  to  P  has  been  turned  relatively  to  the  cross-section 
at  distance  dl  is  ddl/l.  The  distance  through  which  P  has  been 
moved  parallel  to  the  cross-section  at  dis- 
tance dl  is  thus  r ddl/l,  and  the  angle  which 
a  line  through  P,  formerly  parallel  to  the 
axis,  now  makes  with  the  axis  is  rd/l.  This 
is  the  measure  of  the  shear  which  has  been 
given  to  the  small  approximate  parallelepiped 
bounded  by  the  two  cross-sections  at  distance 
apart  dl,  the  two  radial  planes  at  distance 
rd<p  =  rdd!/l  apart  on  the  circle  of  radius  r, 
and  the  two  coaxial  cylindrical  surfaces  of 
radii  r  and  r  +  dr.  The  shear  at  any  point 
in  the  cross-section  is  therefore  proportional 
to  the  distance  of  the  point  from  the  axis. 
This  fact  is  important,  as  a  rod  may  be  sub- 
jected to  so  great  a  twist  that  the  surface  is 
strained  beyond  its  elastic  limits,  while  the 
strain  throughout  the  greater  part  of  the 
internal  substance  is  well  within  these  limits. 

684.  Torsional  Strains  and  Stresses. — To 
obtain    the   components    of    displacement  let 

axes  of  x  and  y  be  drawn  from  the  fixed  end  of  the  axis  of  the 
cylinder  and  parallel  to  the  cross-section.  The  displacements  u,  v,  w 
along  these  axes  due  to  the  twist  6/1  (or  t)  are  u  =  -  yzr,  v  =  xzt,  w  =  0. 
Hence  the  strains  e,  f,  g,  that  is,  du/dx,  dv/dy,  dw/d%  are  all  zero. 
Also 


dy    dz  d*    d*  o*    cy 

By  ((52)  the  stresses  are 

P=q  =  K  =  0,  S  =  nxr,  T=  -nyr,  T=0. 


0. 


(85) 


(86) 


To  find  the  stresses  on  any  element  supposed  subjected  to  uniform 
twist,  instead  of  the  element  referred  to  in  last  section,  imagine  a 
small  parallelepiped  of  the  substance  one  edge  of  which  is  dx,  another 
dy,  and  the  third  dz,  the  three  edges  being  drawn  parallel  to  the 
axes  from  the  point  x,  y,  z.  By  Fig.  300,  S  is  (1)  a  tangential  stress 
acting  on  the  strained  matter  parallel  to  the  axis  Oy,  and  distributed 
over  those  faces  of  the  element  which  are  parallel  to  the  plane  yOx 
and  (2)  is  a  tangential  stress  parallel  to  the  axis  Oz,  and  distributed 
over  the  faces  parallel  to  the  plane  xOz.  Similarly,  T  is  (1)  a  tan- 
gential stress  parallel  to  Oz  and  distributed  over  the  pair  of  faces 
parallel  to  the  plane  yOz,  and  (2)  a  tangential  stress  parallel  to  Ox 

2  p 
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and  distributed  over  the  faces  parallel  to  xOy.  Of  course  the  forces 
on  opposite  faces  are  oppositely  directed  as  shown  in  Fig.  300.  They 
are  required  to  hold  the  matter  in  the  state  of  strain,  and  are  applied 
by  the  matter  external  to  the  element,  except  at  the  bounding  surface, 
where  they  are  applied  from  without  by  external  bodies. 

Consider  the  stress  at  the  element  across  a  plane  parallel  to  the 
axis  of  z,  and  so  situated  that  its  normal  makes  an  angle  a  with  the 
axis  of  x.  The  direction  cosines  of  such  a  plane  are  cos  a,  sin  a,  0. 
Hence  by  equation  (32) 

i^=0,  £  =  0,  H=  Tcos  a +  aS' sin  a  =  -  nr(y  cosa  -rcsina).      (S7) 

The  only  stress  is  therefore  a  shearing  stress  in  the  plane  and  parallel 
to  the  axis  of  z. 

If  the  lateral  surface  of  the  cylinder  is  to  be  free  from  applied 
stress  we  must  have  ycosa  —  #sina  =  0,  that  is  the  normal  to  the 
surface  must  pass  through  the  axis  of  z.  The  cylinder,  therefore,  to 
be  in  equilibrium  under  pure  torsion  without  tangential  stress  applied 
to  the  lateral  surface  must  be  of  circular  section. 

635.  Moment  of  Tangential  Stresses  in  Cross-Section  about  Axis. 
Torsional  Vibrations. — The  tangential  stress  then  required  for  this 
shear  in  the  case  of  the  right  circular  cylinder  is  nrd/l,  and  this  is 
the  tangential  stress  exerted  across  any  cross-section.  Its  direction 
at  any  point  is  perpendicular  to  the  radius.  This  tangential  stress 
gives  a  total  tangential  force  exerted  on  one  face  of  the  element  re- 
ferred to  in  §  633  of  nrddr.rd<p/l,  or  nrdrd<f>.6/l,  and  the  moment 
of  the  force  about  the  axis  is  m^drdf.d/l.  The  moment  about  the 
axis  of  the  wire  of  the  tangential  stresses  exerted  on  the  elements 
of  the  ring  between  the  two  circles  of  radii  r  and  r  +  dr  is  therefore 
--  M*dr0/l,  and  the  total  moment  for  the  cross-section  is  Trm^dj'H. 

This  is  the  moment,  over  each  cross- section,  of  the  internal  forces 
tending  to  bring  the  rod  back  toward  its  unstrained  state.  If  the 
rod  be  suspended  vertically,  and  a  cross-bar,  or  better,  a  massive 
cylinder  coaxial  with  the  wire,  be  attached  rigidly  at  its  lower  end. 
and  the  lower  end  with  the  attached  bar  or  cylinder  be  turned  rela- 
tively to  the  upper  end  through  an  angle  6,  the  total  moment  of  the 
forces  acting  so  as  to  send  the  cylinder  back  towards  the  original 
position  is  irwr4  6/21.  If  the  system  is  left  to  itself  the  wire  will  untwist, 
the  cylinder  will  receive  angular  acceleration  until  the  couple  upon  it 
due  to  twist  has  vanished,  and  will  continue  then  to  move  in  the 
same  direction  until  stopped  by  the  reverse  acceleration  due  to  the 
growing  up  of  twist  in  the  opposite  direction.  Then  it  will  return, 
and  so  on,  and  vibrations  in  a  definite  period  will  be  performed. 

To  simplify  the  problem  we  might  suppose  that  the  motion  is  BO 
slow  that  the  wire  has  throughout  the  same  twist  at  each  instant. 
In  strictness  we  have  to  consider  a  wave  of  change  of  twist  continually 
running  up  the  wire  and  returning  after  reflection  at  the  fixed  end, 
so  that  the  wire  is  kept  in  a  state  of  stationary  torsional  vibration. 
We  can  discuss  this  point  only  very  briefly. 
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Consider  two  cross-sections  at  distance  dz  apart  and  distance  z 
from  the  lower  end  of  the  i*od.  Let  the  twist  at  the  lower  cross- 
section  be  30/c~V  then  that  at  the  upper  section  is  dO/dz'  +  d2^!dz"2.dz'. 
Hence  the  resultant  couple  on  the  portion  of  the  rod  between  the 
cross-sections  is  by  what  we  have  seen  above  |  -k  mA  32  0/3  z''2.dz'.  And, 
since  the  moment  of  inertia  of  the  slice  about  the  axis  of  the  wire  is 
*rtpf*dz' f2(sswrApdz' /2),  the  rate  of  change  of  moment  of  momentum 
of  the  slice  is  ifiepr^dz'ffdfal?.  By  equating  this  to  the  couple  we 
get  the  equation  of  propagation  of  a  wave  of  torsion  along  the  wire, 

§1!  =  *£!*.  (88) 

3^     p  dz'2 

The  velocity  of  propagation  of  a  wave  of  torsional  displacement  along 
the  wire  is  thus  Jn/p.  This  result  is  important ;  and  the  reader  may 
note  here  that  the  rate  of  propagation  of  a  wave  of  shearing  strain  is 
always  equal  to  the  square  root  of  the  ratio  of  the  rigidity  modulus 
to  the  density  of  the  material. 

Now,  let  M  be  the  mass  of  the  vibrator  attached  at  the  lower  end 
of  the  wire  and  k  its  radius  of  gyration.  The  rate  of  change  of 
moment  of  momentum  of  the  vibrator  at  any  instant,  that  is 
MJPcfd/dtf,  must  be  equal  to  the  couple  at  the  lower  end  due  to  the 
twist  existing  there.     Thus 

for  z  =  0.     Also  at  the  upper  end  of  the  wire  where  z'  =  I, 

0  =  0. 

These  two  conditions  with  (88)  give  the  motion  of  the  wire  and 
vibrator.     Assume  as  at  §  57 (!  above 

0  =  (  A  cos-  z  +  B sin— z  )  cos  (mt  +  c) 

\  c  c    ] 

to  be  a  solution  of  (KX),  so  that  each  cross-section  of  the  wire  (and 
the  vibrator  at  the  lower  end)  oscillates  in  simple  harmonic  motion 
in  period  2-n-jm.  The  value  of  c  is  easily  seen  to  be  Jnjp  the 
velocity  of  propagation  of  the  wave  of  torsional  displacement  along 
the  wire.     The  two  terminal  conditions  give 

A  —  -—      -  B,  and  A  =  —Btsm—l, 
2cMk'Jm  c 

and  therefore  for  m  (  =  -  ttJT)  we  have  the  equation 

nij  _    izrhh 

c       2cMk2m ' 


,      m7         irrAn  /onx 


If  Ifk-  be  very  great  mile  will  be  very  small,  and  we  may  write 
timmllc  =  ml/c.  Hence,  since  A/B=  -  (simn£/c)/(cos«i£/c),  the  solu- 
tion becomes,  B'  being  another  constant, 


596 


DYNAMICS,    PROPERTIES    OF    MATTER. 


6  =  B'sin— (I  -  z')cos  (?nt  +  e). 
c 

=  B'mQ-z)cos(mt  +  s) 
c 


(00) 


since  mljc  is  small.  Hence  it  follows  that  for  any  given  value  of  i 
the  angle  through  which  a  cross-section  is  turned  relatively  to  the 
upper  end  is  proportional  to  the  distance  of  the  cross-section  from 
that  end,  that  is,  the  twist  is  uniform  at  each  instant  during  the 
oscillation.  The  length  of  the  wire  in  fact  represents  only  a  small 
part  of  the  stationary  wave,  of  which  the  fixed  end  is  a  node.  Putting 
rrdjc  for  tan  mljc  we  get  from  (80)  4  7r  H/T*  =  ir  iAnj2Mkr,  since  m  =  2  -  T 
where  T  is  the  period  of  oscillation  of  the  vibrator.     Hence 


(01) 


Fig.  306. 


63G.  Experimental  Determination  of  Rigidity  Modulus.- — Thus 
by  observation  of  the  period  of  torsional  oscillation  of  a  vibrator  of 
known  moment  of  inertia  attached  to  a  rod  or  wire  the  rigidity 
modulus  of  the  material  can  be  determined. 

The  objection  to  this  method  is  the  fact  that  the  fourth  power  of 
the  radius  of  the  wire  appears  in  the  formula  for  n.    Any  inaccuracy 

of  measurement  of  r  will  be  much  magni- 
fied in  ?A,  for  example,  an  inaccuracy  of 
1  per  cent,  will  become  about  4  per  cent, 
in  r*. 

The  form  of  vibrator  usually  employed 
is  a  hollow  circular  cylinder  of  brass  or 
copper  (Fig.  806)  attached  so  that  the 
axis  of  the  cylinder  and  the  wire  are  in 
line.  The  cylinder  is  hung  on  a  hori- 
zontal cross-bar  soldered  or  clamped  to 
the  lower  end  of  the  wire.  A  ready  and 
yet  rigid  means  of  attachment  (not  shown 
in  the  diagram)  is  afforded  by  two  holes 
nearly  fitting  the  cross-bar,  one  on  each 
side  of  the  cylinder.  The  ends  of  the  bar 
project  outward  through  these  holes,  and 
two  grooves  cut  in  the  upper  face  of  the 
bar  receive  the  upper  edges  of  the  holes, 
so  that  there  is  no  motion  of  the  cylinder 
relatively  to  the  lower  end  of  the  wire  in  the  oscillations. 

The  moment  of  inertia  of  this  form  of  vibrator  can  be  determined 
with  great  ease.  The  moment  of  inertia  of  the  cylinder  of  mass 
Me  and  internal  and  external  radii  r,  r  is  easily  found  to  be 
.'/,(/"  +  r'*)/2,  and  a  correction  can  easily  be  made  on  this  for  the  pieces 
cut  out  to  form  apertures  for  the  supporting  bar.  The  moment  of 
inertia  of  the  bar  if  of  mass  m,  length  21,  and  breadth  2b,  ifl 
m{p  +  bi)/'3.     For  the   notches  near  its  ends  made  to  receive  the 
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upper  edges  of  the  holes,  correction  is  best  made  when  making  the 
correction  for  the  holes  in  the  cylinder,  by  adding  the  depth  of  the 
notch  to  the  vertical  breadth  of  the  holes.  The  moment  of  inertia 
of  the  bar  may  then  be  taken  as  if  the  notches  did  not  exist.  The 
value  of  Jlk'  to  be  used  in  (88)  is  then  3/c(r-  +  r"i)/2  +  m(l2  +  6*)/8. 

637.  Maxwell's  "Vibration-Needle." — Another  method  of  pro- 
ceeding is  by  the  use  of  Maxwell's  vibration-needle  (Fig.  307).  This 
consists  of  a  hollow  tube  of  brass  in  which  four  equal  tubes  of  brass 
each  ^  of  the  length  of  the  large 
tube  can  be  fitted.  Two  of  these 
are  empty,  the  other  two  are  filled 
with  lead.  The  two  empty  tubes 
are  placed  in  the  middle  and  the 
two  filled  tubes  at  the  ends.  The 
outer  tube  is  rigidly  attached  to       ^ — = 

the  wire  by  soldering  or  clamping  -1 —    *v"vv'     '^ 

the  latter  to  a  rigid  stem  project- 
ing from  the  end  of  the  tube,  and  the  period  of  oscillation  is  deter- 
mined. The  filled  tubes  are  next  placed  in  the  middle  and  the 
empty  tubes  at  the  ends,  and  the  period  redetermined.  If  m  be  the 
mass  of  lead  in  each  of  the  smaller  filled  cylinders,  that  is  the  differ- 
ence in  mass  of  the  filled  and  empty  cylinders,  and  2s  the  length  of 
each  of  the  four  cylinders,  the  difference  of  the  moments  of  inertia 
ftv  p.,  of  the  two  arrangements  is 

yuj  —  fi.2=  16ms*. 

If  the  periods  in  the  two  experiments  were  Tv  7\  the  formula 
for  n  gives 

_  87iyz1£_  Stt/aJ,  _  87r(^j  —  fl.,)l 

U  ~  i*T*  ~  r*Tf  "  r\T'f-  Tf) 


128ir7nls2 


(92) 


688.  Torsional  Rigidity  of  a  Rod  of  Circular  Section. — So  far 
the  cylinder  twisted  about  its  axis  has  been  supposed  to  be  a  right 
circular  cylinder,  and  the  torsional  couple  required  to  give  a  twist  8/1 
has  been  found  to  be  hirmAd/l.  The  factor  hirr4  may  be  put  in  the 
form  trr*.  r2/2  where  irr2  is  the  area  of  cross-section,  and  r2/2  is  the 
square  of  the  radius  of  gyration  of  a  uniform  circular  disk  about  an 
axis  at  right  angles  to  its  plane  and  passing  through  its  centre.  The 
factor  h^mA  is  therefore  equal  to  the  moment  of  inertia  of  a  disk  of 
radius  r,  and  of  mass  per  unit  of  area  n,  about  its  axis.  This  factor 
is  called  the  torsional  rigidity  of  the  rod.  It  was  proved  first  by 
Coulomb,  and  this  result  has  been  amply  confirmed  by  later  experi- 
ments, that  the  elastic  couple  is  proportional  to  the  twist  6/1,  when 
elastic  limits  have  not  been  exceeded.  Thus  Hooke's  law  has  been 
proved  to  be  valid  for  shear. 

It  will  be  observed  that  a  given  torsional  rigidity  can  be  obtained 
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with  less  material  by  making  the  rod  a  hollow  cylindrical  tube  of 
circular  section.  The  tube  must  not,  however,  b6  made  too  thin,  or 
if  subjected  to  bending  stress  it  may  collapse. 

The  fact  that  the  couple  is  equal  to  the  product  of  n,  the  moment 
of  inertia  of  the  cross-section  about  the  axis,  and  the  twist,  has  been 
called  Coulomb's  law.  This  law  is  only  valid,  however,  for  rods  or 
tubes  of  circular  section. 

639.  Torsion  of  a  Non-Circular  Cylinder.  Warping  of  Cross- 
Sections. — The  moment  of  inertia  of  the  cross-section  cannot  thus  be 
used  as  a  factor  to  give  the  torsional  rigidity  of  a  cylinder  of  any 
other  form  than  a  right  circular  cylinder.  For  only  in  that  case  is  a 
line  drawn  in  a  cross-section  from  the  axis  to  the  surface  at  right 
angles  to  the  cross-sectional  boundary.  Consider  the  case  shown  in 
Fig.  308 ;  there  the  line  OA  makes  an  obtuse  angle  with  the  tan- 
gent AC  to  the  cross-sectional  boundary  at  A.  A  displacement  of 
the  point  A  of  the  cross-section  at  right  angles  to  OA,  which  is  the 
kind  of  displacement  which  takes  place  when  each  cross-section  is 
turned  round  in  its  own  plane  about  the  axis  of  the  cylinder,  can  be 
resolved  into  two  component  displacements,  one  AB  at  right  angles 
to  the  tangent  at  A,  and  one  along  the  tangent  AC  to  the  cross- 
section.  The  former  of  these  displacements  is  a  shear  of  the  substance 
in  the  inward  direction  from  the  outer  lateral  surface  of  the  cylinder. 
To  effect  this  it  will  be  seen  from  §  G34  that  tangential  stress  must 
be  applied  to  the  surface  in  order  that  a  strain  of  pure  torsion, 
that  is  twist  without  warping  of  the  cross-sections,  may  exist. 
If  Ave  take  the  axis  of  x  outward  from  the  axis  of  the  cylinder 
at  right  angles  to  the  tangent  at  A,  and  the  axis  of  y  forward 
along  the  tangent  in  the  direction  of  twist,  the  angle  a  is  zero 
and  we  have  by  (87)  H=  —  nry.  This  is  a  tangential  force  parallel 
to  z  along  the  lateral  surface  of  amount  nry  per  unit  of  area 
and   directed   towards  the  fixed  end.      It  is  the  force  required  to 

preserve  the    planarity  of    the 
Fig.  308.  cross-section.     If  no  such  force 

acts  any  point  A  of  the  cross- 
section  will  be  displaced  in  the 
direction  towards  the  free  end, 
the  rotation  being  in  the  direc- 
tion of  the  arrow.  Thus  if 
Fig.  308  represent  the  cross- 
section  as  seen  from  the  free 
end,  the  point  A  would  rise 
above  the  paper,  and,  in  the 
absence  of  the  tangential  force 
at  the  surface,  points  between  A  and  0  would  be  raised,  but  to 
different  distances  depending  on  their  position. 

On  the  other  hand,  in  a  part  of  the  cross-section  at  which  the 
angle  OA  C  is  acute  the  different  points  would  be  depressed  below 
the  paper.  For  example,  a  cross-section  of  an  elliptic  cylinder  would 
be  lowered  and  raised  in  alternate  quadrants  as  shown  in  Fig.  309, 
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by  the  dotted  and  full  curves.  These  are  lines  of  intei-section  of 
the  warped  cross-section  by  planes  perpendicular  to  the  axis  of  the 
cylinder.  The  axes  AA',  BB'  remain  in  one  plane;  the  distances 
to  which  other  points  are  deflected  are  in  the  order  shown  by  the 
curves,  beginning  with  the  outside  dotted  curves  where  there 
is  greatest  concavity,  and  ending  with  the  outside  full  corves  where 
there  is  greatest  convexity. 

*640.  De  St.  Venant's  Theory  of  Torsion. — St.  Tenant  has  given 
a  theory  of  torsion  in  which  the  warping  of  the  sections  is  taken  into 


account.  The  displacements  «,  v  are  taken  as  in  §  634,  while  w  is 
taken  as  a  function  of  x,  y  to  be  determined  by  the  nature  of  the 
boundary.     Hence 

u  —  —  yz r,  v  =  xzt,  io  =  (j> (x,  y), 

and  3^*/^a?  =  ^^7'c2/  =  ^w;/c);^  =  0  as  before.     But  now 


Hence 


=  xr  +  ^,    b=-yr  +  dJ,   C  =  0. 

cy  ox 


xr  +  <^\  T- 


VT~tr 


(93) 
(94) 


We  have  cosa  =  dy/ds,  sina=  -dx/ds,  and  therefore 

Tcosa  +  ,S'sin a  =  -  n(xr+dJ^  -  n(yr  -  dj)^. 


dyjds     "Y'     ^xjds 
But  since  by  hypothesis  there  is  no  force  along  the  surface 
Tco&n  +  >S'sin  a  —  0. 


Hence 


r(xdx  +  ydy)  +  °±dx-^dy  =  0. 
cy       ox 


(95) 


Let  \L  be  a  function  such  that 


then 


(hP  =  c<f>     cj'=  _q$. 
dx     dy    dy        dx' 
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|  t(x2  + y2)  +  \p  =  const,  (90) 

is  the  equation  of  the  boundary  of  the  wire.  Thus  <p  and  \p  are  what 
have  been  denned  above  (§  3G5)  as  conjugate  functions  of  the  co-ordi- 
nates, and  \p  must  fulfil  the  condition  at  every  point : 

P+P=0.  (07) 

As  an  example,  the  simplest  possible,  we  take   (f>(  =  w)=  —  kxy 
where  k  is  a  constant.     This  gives 

df/dy  =  -kx^d^/dx,  3^>/8«=  -%»  -d^ldy- 

Hence 

d\^  =  -  k(xdx  -  ydy),  and  \p  =  hk(y2  -  x2), 

the  equation  of  the  boundary  (96)  is  thus 

{r-k)x2  +  (r  +  k)y2=C,  (98) 

which  if  k  is  properly  chosen  is  an  ellipse.  If  the  equation  be  written 
in  the  usual  form 


have 


a\T  -  k)  =  Mr  +  ft),  or  k  =  5-  -£  -  (99) 

cr'  +  jB" 

The  strains  are  therefore 

a=xr  —  kx,     b=—yr-ky,    c  =  0. 

The  strain  at  the  extremity  of  the  major  axis  is  thus  (r  —  k)a,  and  at 
the  extremity  of  the  minor  axis  is  —  (r  +  &)/3.  The  ratio  of  the 
numerical  values  of  the  strains  is  therefore  /3(r  +  k)/a(r  -  k)  =  ajfi. 
Thus  the  strains  at  the  extremities  of  the  axes  are  inversely  as  the 
lengths  of  the  axes.  The  elliptic  rod  is  thus  strained  most  at  the 
ends  of  the  minor  axis  and  least  at  the  ends  of  the  major  axis. 

We  have  no  space  for  further  examples  of  this  most  important 
theory.  The  reader  should,  however,  consult  The  Elastical  Researches 
of  B awe  de  St.  Venant,  by  Prof.  Karl  Pearson,  Thomson  and  Tait's 
Natural  Philosophy,  or  Love's  Treatise  on  Elasticity. 

*641.  Bending  and  Torsion  of  Thin  Wires. — We  must  now 
consider  briefly  the  finite  bending  and  twist  of  initially  straight 
wires  of  small  uniform  cross- sect; on,  which  is  assumed  to  be  either 
rectangular  or  circular.  We  shall  then  deal  very  shortly  with 
the  theory  of  the  bending  of  rods  of  prismatic  shape,  in  different 
planes. 

The  wire  is  supposed  to  be  held  fast  at  one  end  while  to  the  other- 
is  applied  a  force  and  couple  both  of  given  amount  and  direction. 
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Consider  a  slice  of  the  wire  between  two  cross-sections  which  were 
parallel  in  the  unstrained  state  of  the  wire.  The  material  on  either 
side  applies  to  each  cross-section  a  force  and  resultant  couple.  By 
the  methods  explained  at  §  170  above  each  force  and  couple  can  be 
converted  into  a  force  at  the  centroid  of  the  cross-section  and  a  couple 
about  a  definite  axis.  In  the  wire  in  the  unstrained  state  let  axes 
be  chosen  in  each  cross-section,  one  of  them  a  tangent  to  the  line  of 
centroids,  and  the  other  two  at  right  angles  to  each  other,  and  also 
to  the  sides  of  the  cross-section,  if  the  rod  is  of  rectangular  shape. 

Thus  two  rectangular  planes  intersecting  the  axis  will  be 
obtained.  These  will  be  called  principal  planes  of  flexure  of  the 
wire. 

*(!4^.  Equations  of  Stresses. — The  axes  thus  drawn  at  right 
angles  to  the  axis  of  the  wire  are  called  transi-erses.  We  may  choose 
a  positive  direction  along  the  axis  of  the  wire,  and  take  that  as 
axis  of  z.  Then  with  the  other  two  axes  we  obtain  for  any  cross- 
section  the  usual  system  (Fig.  3)  of  three  axes  of  x,  y,  z.  Now  let 
the  wire  be  bent  in  the  plane  of  xz,  or  yz.  The  only  effect 
is  that  the  axis  of  z  ceases  to  be  a  straight  line,  and  the  axes 
of  x,  y  at  the  different  sections  cease  to  be  parallel.  But  if  the 
radius  of  curvature  of  the  wire  at  each  cross-section  be  very  great  in 
comparison  with  the  dimensions  of  cross-section  of  the  wire,  the 
sections  will  remain  without  distortion  and  the  axes  of  x  and  y  at 
each  will  still  be  at  right  angles  to  one  another.  Again,  if  the  wire 
be  given  a  small  degree  of  twist  r  about  the  axis  of  z,  such  that 
its  reciprocal  1  /r  is  also  great  in  comparison 
with  the  greatest  dimension  of  cross-section,  Yig.  310. 

the  sections  will  still  remain  plane,  and  they 
will  remain  plane   under  a  combination  of  V 

such  strains.  ^p 

Consider  then    two    cross-sections    (Fig.  \ 

810)  at  two  near  points  P,  F  at  distance  ds  \-^— 3>r^%B 

apart  in  the  strained  wire  :  we  have  a  system  /^aS^x 

of  axes  which  we  shall  call  PA,  PB,  PC  at  <L—J^"^      \ 

the  point  P,  and  a  system  FA',  FB',FC  at  \  /         _        \ 

F   slightly   inclined   to   the   former.      The        ~X  !     ~v'l 

system  at  P'  may  be  regarded  as  obtained      A'>^j  ■    *      1 

from  that  is  P  by  carrying  the  origin  with-       ^,  Ar*'     ~}£~~'*J — s 

out   rotation    along   the   axis   through   the  ^       ~7\ 

distance    ds,  then  turning   the   axes   round  / 

the  axes  PA,  PB,  PC  through  the  angles  a      ^ 

nds,  XfZs,  -ds  respectively.     Let    the    com- 
ponents of  force  parallel  to  the  axes  of  x,  >/.  : 

(that  is  parallel  to  the  lines  PA,  PB,  PC)  at  P  be  Sv  Sv  T,  and  at 
F  beSl+dSv  S2  +  dS„,  T+dT.  These  act  as  shown  in  Fig.  310; 
those  at  F  in  the  positive  direction  and  those  at  P  in  the  negative 
direction  of  the  axes,  since  these  forces  are  applied  to  the  slice  by 
the  matter  of  the  wire  beyond  the  cross-section  in  each  case.  The 
forces  S\,  S,  which  act  in  the  sections  are  usually  called  the  shearing 
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forces,  the  forces  T  are  usually  called  the  tensions.  Now  resolve 
the  forces  at  P'  parallel  to  the  axes  at  P.  The  axis  PA'  makes 
with  the  axis  PC  at  P  the  angle  tt]'2  +  \cIs,  and  the  axis  P'B'  makes 
with  the  same  axis  the  angle  ir/2  -  icds.  The  components  >S\  +  dSv 
Sa  +  dS\  therefore  have  components  along  the  axis  PC  of  amount 
-  (S1  +  dS\)\ds,  +  (S2  +  dS\2) Kds,  while  T+dT  along  P'C  gives,  to 
quantities  of  the  second  order,  simply  T+dT  along  PC.  The  total 
elastic  force  in  the  direction  PC  on  the  element  is,  therefore, 
dT '- iS\\ds  +  >S2<ds:  This  with  the  applied  force  Zds  acting  on  the 
slice  in  the  direction  PC  must  be  a  system  in  equilibrium.  Similarly 
systems  in  equilibrium  are  obtained  for  the  forces  parallel  to  the 
ether  two  axes. 

Hence,  if  the  forces  applied  from  without  to  the  slice  be  Xds, 
Yds,  Zds,  the  equations  of  equilibrium  of  forces  are 


dS*-S.,T+T\+X=0 
ds 

-f*-TK+8\r  +  Y  =  0 
ds 

d^-S\\  +  S^+Z=0. 
ds 


(ioo) 


In  the  same  way,  if  Gv  Gr  II  denote  the  couples  referred  to  above, 
the  axes  of  which  are  along  PA,  PB,  PC  but  in  the  opposite  directions, 
and  Gl  +  dGv  G2  +  dGr  H+  dH  denote  similarly  the  couples,  the  axes 
of  which  are  along  P'A',  P'B',  P'C.  we  obtain,  remembering  that 
tSx  +  dSv  S\  +  dJS.  have  moments  -  (<S',  +  dSs)ds,  +  (S\  +  d6\)ds  about 
the  axes  PA,  PB  respectively, 


dG 
ds 


l-G.,-  +  H\-S\  =  0 


%-*' +<vm-o 


dH 

ds 


-  Gy\  +  6>  =  0, 


(101) 


Gv  Gt  are  called  the  principal  fiexural  couples,  and  II  the  torsional 
couple.  The  two  couples  Gv  Gs  are  of  course  equivalent  to  a  single 
couple  of  amount  *jG-f  +  Gf  acting  about  an  axis  inclined  at  an  angle 
ta.n'iGJG1  to  the  direction  of  the  couple  Gv 

Since  Kds,  \ds,  rds  are  the  angles  through  which  the  element  is 
bent  about  the  axes  PA,  PB,  and  twisted  about  the  axis  PC  respec- 
tively, it  is  evident  that  <  is  the  curvature  which  has  been  given  to 
the  element  in  the  plane  BPC,  and  X  the  curvature  in  the  plane 
A  PC,  while  r  is  the  angle  through  which  the  transverses  in  a  plane 
of  the  slice  have  been  turned  round  relatively  to  those  of  a  cro^s- 
section  at  unit  distance.     We  have  seen  above  that  //—  Cr,  where  ( ' 
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depends  on  the  material  and  on  the  extent  and  shape  of  the  cross- 
section.  For  a  wire  of  circular  section,  or  a  tube  bounded  by  co-axial 
circular  cylinders,  C  is  the  product  of  n,  and  the  moment  of  inertia 
of  the  cross-section  about  the  axis  of  the  wire  or  tube. 

*64:>.  Flexural  Rigidities.  Kinetic  Analogue  of  Bending  and 
Torsion  of  a  Thin  Wire. — In  the  case  of  bending,  as  we  shall  show 
later,  we  have 

G1  =  Ak,    G2  =  B\, 
where 

A  =  Young's  modulus  x  moment  of  inertia  of  section  about  PA , 

-"=  V  »  X  J?  JJ  JJ  >>  PB. 

A,  B  are  called  the  principal  flexural  rigidities  of  the  wire  or  rod. 
Putting  these  values  of  the  couples  in  equations  (101)  we  obtain 

A~  -(B-C)\t=      S. 
as 


B^-(C-A)tk=  -S. 

d8 

Cch--(A-B)K\=     0, 
as 


(102) 


which  are  precisely  analogous  to  the  Eulerian  equations  of  motion 
of  a  rigid  body  about  its  principal  axes.  It  will  be  noticed  that  since 
PA,  PB,  PC  are  drawn  in  the  directions  of  the  principal  axes  of 
cross-section  and  A,  B,  C  are  the  moments  of  inertia  of  the  cross- 
section  about  these  axes  multiplied  by  certain  factors,  we  may  take 
A,  B,  C  as  the  moments  of  inertia  of  a  rigid  body.  If,  then,  we 
suppose  the  centroid  of  that  body  to  move  along  the  axis  of  the  body 
with  unit  speed,  while  its  principal  axes  take  always  the  positions 
which  the  axes  PA,PB,  PC,  in  Fig.  310,  have  at  the  successive  cross- 
sections,  the  values  of  (Ik/cIs,  d\jds,  drjds  will  become  the  rates  at 
which  k,  X,  t  vary  with  the  time  as  the  body  moves.  We  may 
suppose  a  second  rigid  body  to  remain  with  one  point  of  its  axis 
fixed  and  to  revolve  about  its  principal  axes  OA,  OB,  OC  (§  282) 
so  that  these  are  always  parallel  to  the  principal  axes  of  the  body 
which  is  carried  along  the  wire  But  k,  X,  r  are  the  rates  wv  w„  u>3, 
say,  at  each  cross-section  at  which  the  body  is  turning  round  its 
principal  axes,  and  so  dnjds,  dX/ds,  drjds  become  wv  w2,  w3,  and  we 
have  precisely  the  Eulerian  equations 

A  w,  —  (B  —  C)u)2u)3=     /o,  a 

B w,  -  (C -  A)^^  =  -  aS',  L    (10:;) 

Cw3-(A-B)wlt„.,=      0.  J 

Thus  the  variations  of  the  angular  velocities  of  the  second  body  in  its 
hypothetical  motion  are  precisely  similar  to  those  of  the  angular 
velocities  of  the  rigid  body  with  one  point  fixed,  under  couples  round 
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the  axes  of  x  and  y,  to  which  reference  is  made  in  §  282,  and  which 
in  one  form  as  the  problem  of  the  top  had  been  previously  discussed 
in  the  same  chapter.  

The  resultant  of  k,  X,  -,  which  has  magnitude  w  =  Jk2  +  X2  +  r2,  is 
the  analogue  therefore  of  the  angular  velocity  of  the  body  the 
equations  of  motion  of  which  are  given  by  (103).  The  motion  is 
about  the  axis  which  has  direction  cosines  (*,  X,  r)/w,  which  is  there- 
fore the  analogue  of  the  instantaneous  axis. 

If  Sv  St  be  zero  as  in  §  287,  we  obtain  as  before  (from  (102))  the 
equations 


A*  +  B\2  +Ci>  =K- 

A  -  k-  +  B2  X2  +  C  V  =  G2, 


}    (104) 


where  K  and  0  are  constants. 

•644.  Kinetic  Analogue.  Potential  Energy  of  the  Strained  Wire. 
— It  is  clear  from  the  considerations  already  stated  that  the  flexures 
k,  X,  in  the  principal  planes,  and  the  twist  r  may  be  imposed  inde- 
pendently. Hence  the  work  done  in  producing  these  strains  from 
zero  in  the  element  is,  if  Gv  Gr  H  be  the  final  values  of  the  couples, 

h(G1  k  +  G,  X  +  H-)ds  =  yr-ds.  ( 1 05] 

Thus  K*  is  twice  the  potential  energy  of  the  strained  wire  per  unit  of 
length. 

The  component  couples  Gv  G3,  H  are  the  moments  of  momentum 
of  the  rigid  body  about  the  axis,  and  represent  the  impulsive  couples 
required  to  produce  the  motion  from  rest,  and  G  is  the  resultant 
impulsive  couple.  Equations  (104)  therefore  assert  that  the  poten- 
tial energy  per  unit  of  length  and  the  impulsive  couple  are  the  same 
at  every  cross-section  of  the  wire. 

The  rigid  body  may  be  supposed  to  have  one  point  fixed  and  to 
begin  to  turn  from  an  initial  position  in  which  its  principal  axes  are 
pai'alled  to  the  principal  axes  of  a  terminal  cross-section.  If  then 
the  body  begin  to  turn  with  component  angular  velocities  equal  to 
the  values  of  k,  X,  r  for  the  terminal  point  and  the  body  is  then  left 
to  itself,  the  angular  velocities  about  its  principal  axes  will  become 
in  succession  the  values  of  k,  X,  -  for  successive  sections  of  the  wire, 
so  that  after  a  time  s  it  will  be  moving  with  the  proper  angular 
velocities  k,  X,  r  for  the  section  at  distance  s  along  the  wire  from 
the  end. 

If  there  be  only  couples  applied  at  the  extremities  there  will  be 
zero  values  of  S\,  >b',  all  along  the  wire,  and  the  moment  of  the  resul- 
tant couple,  and  the  position  of  its  axis  in  space  will  remain  unchanged 
for  each  cross-section  of  the  body,  however  the  principal  axes  (which 
are  fixed  in  the  body)  and  the  angular  velocities  about  them  may  vary. 

*G45.  Case  of  Equal  Flexural  Rigidities.  Wire  Twisted  and 
Bent  into  a  Helix.  When  the  two  flexural  rigidities  A,  B  are  equal, 
and  the  components  Sv  S.  of  force  applied  to  the  free  terminal  are 
zero,  we  have  a  very  simple  and  important  case.     There  remain 
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applied  to  the  free  terminal  of  the  wire  only  the  component  T  of 
force,  and  the  couple.  The  third  equation  of  (100)  shows  that  T  is, 
in  the  absence  of  applied  force  Z,  constant  along  the  wire.  Equations 
(1<>3)  are  in  this  case 

Aw -(A-  C)w,w3  =  0,  Aw,  -  (C  -  A)w,w,  =  0,  w3  =  0.        (100) 

The  third  equation  gives  d-jds  =  0,  or  r  is  a  constant  along  the  wire 
Again,  since  -  is  constant  the  first  two  equations  give 

A(k2  +  Xs)  =  const, 

and  the  resultant  curvature  is  the  same  at  all  points.  The  curvature 
in  the  plane  of  yz  is  k,  that  in  the  plane  of  xz  is  X  ;  hence  the  resul- 
tant curvature  l/p  =  Jic  +  X1,  and  since  the  bending  about  Px  gives 
convexity  towards  the  positive  direction  of  Py,  and  the  bending 
about  Py  gives  concavity  towards  the  positive  direction  of  Px,  the 
x  and  ?/-direction  cosines  of  the  normal  are  Ap,  —  *p.  The  ^-direction 
cosine  is  of  course  zero.  The  direction  cosines  of  the  binormal  are 
therefore  up,  Xp,  0.  These  are  the  projections  of  a  unit  vector  along  the 
binormal  at  P.  At  P'  the  projections  of  the  binormal  on  Px,  Py',  Pz 
are  Kp  +  d(  +  icp),  <fcc,  and  these  are  component  vectors  inclined  to  the 
axes  of  Px,  Py,  Pz  at  small  angles  due  to  the  rotations.  Since  the 
axes  at  P'  have  been  turned  through  the  angle  r  ds  about  Pz,  through 
the  angle  icds  about  Px,  and  Xds  about  Py,  the  projections  of  the 
vectors  on  Px,  Py,  Pz  are  to  the  first  order  of  small  quantities 

k  p  +  d{<  p)  —  X  p  -  ds,    X  p  +  cZ(X  p)  +  k  p  t  ds,    \p<ds  —  <p\  ds, 

so  that  the  direction  cosines  with  reference  to  Px,  Py,  Pz  have 
changed  by 

d(icp)—\prds,     d(Xp)  +  Kprds,     0. 

The  angle,  dj3  say,  through  which  the  binormal  has  turned  is  the 
square  root  of  the  sum  of  the  squares  of  these  quantities.  Let  0  be 
the  angle  between  the  binormal  and  the  axis  PA  (that  is  the  angle  <f> 
which  OD  makes  with  OA,  as  shown  in  Fig.  311),  then  *p  =  cos ty, 
Xp—  -sin^.     Hence 

d)V  =  (sin20  +  cos2^)/  -  — ?  +  r  yds', 

or 

dfl=_<h+  (107) 

ds  ds  v       ; 

Taking  now  the  case  of  a  helix  we  have  by  the  first  two  of  equations 
(102) 

A(lK-(A-C)\T  =  d,    A~~(C-A)-k  =  0. 
ds  ds 

Multiplying  the  first  of  these  by  X,  the  second  by  k,  and  subtracting 
we  obtain 
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,.  (Ik         (IX      A  —  (' f  .,  .  ..,x 

But  since  f  =  tan"'(  -  X/k) 

d\     ^d< 
d<f>  _    ds        ds  _C  —  A 
ds         X-  +  K-  A 

Thus,  since  r  is  constant  d(j>/ds  is  also  constant.     Fui-ther,  since 
dj3/ds=  -d(f>/ds  +  r,  and  is  equal  to  the  tortuosity,  1/er,  say,  we  have 

l  =  Cr,  (ION) 

(T       A 

and  this  is  also  constant. 

At  each  cross-section  there  must  act  the  couple  AJk?  +  X2  in  the 
osculating  plane,  and  the  couple  Cr  round  the  axis  of  the  wire.  If 
as  we  suppose  now  the  form  of  the  wire  be  a  helix,  then  v/k-  +  X2  =  1/p, 
where  p  is  the  constant  radius  of  curvature.  Hence,  if  a  be  the 
angle  at  which  the  wire  is  inclined  at  each  point  to  the  cross-section 
of  the  cylinder,  and  a  the  radius  of  the  cylinder 


Also 

—   WK    -t-A    — 
p                                         CO 

1      sin  a  cos  a   % 

and  therefore 

n            a 

A  sin  a  cos  a 

C        a 

(109) 

*(U(5.  Wire  held  in  form  of  Helix  by  Terminal  Couple. — At  each 
cross-section  of  the  wire  there  act  two  couples,  Or,  which  has  its  axis 
along  the  wire,  and  A  cos2a/a,  which  has  its  axis  at  right  angles  to 
the  osculating  plane.  The  resultant  couple  is  thus  ((TV  +  ^I2cos4o  a2)  . 
But  by  the  value  obtained  above  for  r  this  becomes  A  cos  a /a.  The 
axis  of  the  couple  .1  cos-a/a  is  in  the  plane  tangential  to  the  cylinder ; 
hence  the  axis  of  the  resultant  couple  is  in  the  same  plane  inclined 
at  the  angle  tan  " \A  cos2a/aCr)  to  the  wire.  But  A  cos'2a/aCr  =  coto, 
and  therefore  the  axis  of  the  resultant  couple  is  parallel  to  the  axis 

*  These  values  for  the  curvature  and  tortuosity  are  easily  obtained  as  follows. 
Imagine  a  narrow  ribbon  of  paper  wound  round  a  cylinder  so  that  the 
central  line  of  the  paper  forms  a  helix.  The  paper  is  bent  at  each  point 
about  a  generating  line  of  the  cylinder.  The  turning  about  a  generating  line 
can  be  resolved  into  two  components,  one  about  a  line  across  the  ribbon  per- 
pendicular to  the  central-  line,  the  other  about  the  central  line  of  the  ribboc 
The  angle  turned  through  about  the  generating  line  for  a  length  ds  along  the 
central  line,  isd.scosa/«.  Hence  the  components  just  specified  are  f/scos  -a y,  and 
dscos  a  sin  a/a.  Hence  the  curvature  and  tortuosity  are  cos-a/a  and  sinacoso/</ 
as  stated. 
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of  the  cylinder,  that  is,  the  couple  acts  in  a  plane  at  right  angles  to 
the  axis  of  the  cylinder. 

It  follows  that  the  couple  at  the  free  terminal  must  be  Acosa/a. 
We  see  therefore  that  if  one  end  of  a  wire  of  round  section  be  fixed 
and  a  couple  G  be  applied  at  the  other  end  the  wire  is  strained  into 
a  helix  of  curvature  G  cos  aj A  and  twist  6-'sina/C'.  The  angle  of  the 
helix  and  the  radius  of  its  cylinder  are  determined  by  the  magnitude 
of  the  couple  and  the  distance  of  the  fixed  end  of  the  wire  from  the 
plane  of  the  applied  couple.  If  d  be  this  latter  distance  and  I  be 
the  length  of  the  wire,  we  must  have  sina  =  d/l,  cosa=  J(t2  —  d-)Jl. 
The  radius  of  the  cylinder  is  thus  GjA  cosa  or  GijA  ^l1  —  dr. 

*6I7.  Wire  held  in  Helix  by  Axial  Force. — If  one  extremity  of 
the  wire  be  held  fixed  while  a  force  R  is  applied  to  the  other,  the  wire, 
provided  it  be  given  a  proper  amount  of  twist,  will  be  strained  into  a 
helix  the  axis  of  which  is  coincident  with  the  line  of  action  of  R. 
This  will  also  be  the  form  of  the  strained  wire,  if  besides  the  force 
R  there  act  at  the  free  exti'emity  a  couple  the  axis  of  which  is 
parallel  to  R. 

To  see  this  let  the  helical  form  be  assumed  by  the  wire.  The 
force  R  gives  a  couple  of  moment  Ra  acting  on  the  portion  of  wire 
between  the  free  extremity  and  the  cross-section,  and  a  force  equal 
and  parallel  to  R  at  the  cross-section.  The  couple  just  specified 
must  be  balanced  by  the  elastic  reaction  due  to  the  twist  and  flexure 
of  the  wire.  Let  in  addition  a  couple,  with  axis  parallel  to  R,  be 
applied  at  the  extremity.  Having  regard  to  the  direction  of  twist 
and  flexure  of  the  wire  we  have 


G\sin  a  +  Ra  cos  a  = 

Cr 

and  therefore 

-  G  cos  a  +  Ra  sin  a  — 

.  COS2 a 

- 1          '     • 
a 

p  _  p_  cos  a      ^  cos  -'  a  sin  a 
a                   a? 

If  the  couple  be 

G=Crsina  +  A 
zero 

cos3  a 
a 

A  cos3a  1          ,  -r 

,           j  cos2 a 

(110) 

(111) 


If  the  force  be  zero 


Jsinacosa  ,  r,       ,co<a 

yt—  ,  and  G  =  A 

6         a  a 


The  latter  results  are  those  already  obtained  at  §  G45  above. 

*6 18.  Kinetic  Analogue  of  Wire  bent  into  Form  of  Helix. — The 
couples  acting  at  the  cross-section  do  not  completely  exhaust  the 
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action  there.  Across  each  cross-section  there  acts  also  the  force  B, 
transferred  from  the  terminal  by  Poinsot's  method.  The  strain  in 
the  wire  can  be  studied  -with  great  advantage  in  detail,  by  supposing 
a  force,  and  a  couple  in  a  plane  perpendicular  to  the  line  of  action  of 
the  force,  to  be  applied  to  one  terminal  of  the  wire  while  the  other  is 
held  fast.  It  will  be  found  that  all  the  conditions  are  fulfilled  by 
the  strain  which  is  the  elastic  analogue  of  the  steady  motion  of  the 
top  under  gravity,  discussed   in  chap.  v.      The   reader  may  verify 

Fig.  311. 


B 


the  following  results.  Let  as  in  §  2X2,  and  Fig.  131  or  Fig.  311,  d  be 
taken  as  the  inclination  of  the  axis  OC  of  the  top  to  the  vertical  OZ, 
OA,  OB,  OC  be  the  directions  of  the  principal  axes,  and  6,  0,  \p  denote 
the  angles  which  as  shown  in  Fig.  311  determine  the  positions  of  the 
principal  axes  OA,  OB,  OC  with  reference  to  fixed  axes,  OZ  vertical 
and  OA',  OY  horizontal.  The  force  in  the  kinetic  analogue  has  com- 
ponents &v  S.>,  ^parallel  to  the  directions  of  the  principal  axes,  and 
if  B  be  the  vertical  applied  force  at  the  free  end  of  the  wire,  the 
values  of  #,,  —  Sv  which  appear  on  the  right  of  the  first  two  equa- 
tions of  (102),  are  respectively  7?sin0sin0,  and  i?sin0cosp. 

If  the  motion  be  steady  the  spin  w3(  =  -)  about  the  axis  is  con- 
stant and  this  is  o  +  J/cos0,  where  <p  is  the  spin  of  the  body  about  Ot ' 
regarded  for  the  moment  as  a  fixed  axis,  and  \LcosO  is  the  component 
of  spin  due  to  the  motion  of  the  body  as  a  whole  about  the  vertical 
OZ.  Thus  in  the  elastic  analogue  dfjds  +  d-^jds. cos 6  is  constant. 
Further,  ■^(  =  d\pjds)  and  0  are  both  constant  in  the  steady  motion, 
and  so  d<p/ds  is  constant  along  the  wire. 

Further  results  are 

(112) 


■"•ST- %/*'+V- 


ds 


so  that  1/p  is  constant.     Again,  <p  =  tan   '(  -  X/»c),  and  so  <p  is  identified 
with  the  angle  between  the  binormal  01)  and  the  principal  axis  OA, 
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as  shown  in  Fig.  311.  Thus  since  cos  6  d\p  j  ds  -  cotd/p  we  get  for  the 
tortuosity  1/cr  the  value  cotd/p.  The  first  two  equations  of  (102) 
with  the  values  of  >S'2,  -  St  given  above  lead  to  the  result 

CrP-Acotd  =  Rp2sm6,  (113) 

which  agrees  with  (109). 

*649.  Wire  Strained  from  one  Helical  Form  to  Another. — As  a 
final  example  of  the  results  for  the  strain  of  a  spiral  spring  we  may 
state  the  values  of  the  force  and  couple  of  the  wrench  required  to 
strain  a  wire,  given  without  strain  in  the  form  of  a  helix  of  radius 
b  and  inclination  /3,  to  a  helix  of  radius  a  and  inclination  a,  subject 
to  the  condition  that  the  wrench  is  such  as  to  keep  the  line  on  the 
surface  of  the  wire  which  was  in  contact  with  the  cylinder  of  radius 
b  in  contact  with  the  cylinder  of  radius  a.  In  this  case  k  may  be 
taken  as  zero,  and  r  as  identical  with  \ja. 

The  change  in  r  is  therefore  sin  a  cos  a/a  -  sin  /3  cos  /3/6,  and  the 
change  of  curvature  cos2a/a-cos'2fi/b.  The  values  of  R  and  G  for 
the  wrench  are  obtained  by  substituting  in  (110),  (111)  these  differ- 
ences for  the  twist  and  curvature  which  there  appear.     Thus 


„        ~  /sinacosa     sin/3cos/3\       .    .       /cos-'a     cos2/3\>i 

Ra  =  G  cosa — ^ '-    -isina — — '- 

\       a  b        J  \     a  b     J 

r,     r,  .        /sinacosa     sin/3cos/3\  ,    A           ,  cos-'a     cos2/3 
(t  =  C  sin  a !-= "    +  A  cosa  ( " 

\        a  b         I  \     a  b 


(114) 


If  the  inclinations  a,  /3  of  the  spiral  be  small  the  second  term  on 
the  right  in  the  first  of  these  equations  is  small  in  comparison  with 
the  first.  Neglecting  it  and  noticing  that  cos  a/cos /3  =  a/b, 
sin  a  =  a  =  h/l,  sin  /3  =  /3  =  hjl,  where  h,  h0  are  the  axial  lengths  of  the 
spring  in  the  two  cases,  and  I  is  the  length  of  the  wire,  we  obtain 

i?=Ccosacos/3— — 5,  or  h-hn= -R.  (US) 

M  abl  °     C'cosacos/3  v       ' 

Of  course  a  and  b  are  in  practice  very  nearly  equal,  and  cosacos/3  is 
nearly  unity. 

The  last  equation  expresses  a  rule  given  by  the  late  Professor 
J.  Thomson  for  finding  the  elongation  of  a  spiral  spring  of  small 
inclination  produced  by  a  given  axial  force  R.  Let  the  wire  be 
straightened  out  along  the  axis  of  the  cylinder,  and  held  fixed  at  one 
end,  while  to  a  circular  cap  of  radius  equal  to  that  of  the  cylinder, 
attached  at  its  centre  at  right  angles  to  the  wire,  is  applied  tangen- 
tially  a  force  R.  This  force  will  twist  the  wire  until  the  torsional 
reaction  just  balances  the  couple  Ra.  The  distance  through  which  a 
point  on  the  edge  of  the  cap  has  moved  is  h  -  h0. 

650.  Flexure  of  a  Uniform  Rod.  Principal  Axes.  Elastic 
Central  Line. — We  shail  consider  here  very  briefly  the  bending  in 
one  plane  of  a  thin  uniform  rod  which  is  straight  when  free  from 

2  q  " 
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strain.  It  will  be  supposed  as  before  that  the  amount  of  bending  is 
such  at  every  point  that  the  radius  of  curvature  is  great  in  compari- 
son with  every  dimension  of  cross-section  of  the  rod,  and,  more- 
over, that  the  breadth  of  the  rod  at  right  angles  to  the  plane  of 
bending  is  small  in  comparison  with  a  mean  proportional  to  the 
radius  of  curvature  and  the  thickness  in  the  plane  of  bending.  The 
exceptional  case  here  excluded  is  that  of  a  broad  thin  bar,  like  a  flat 
clock-spring,  bent  into  a  circle  so  small  as  to  make  the  breadth  com- 
parable with  the  mean  proportional  specified.  When  these  conditions 
are  satisfied  we  may,  as  has  been  shown  by  de  St.  Venant  in  his 
theory  of  the  Flexure  of  Prisms,*  as  an  approximation  to  actual  fact 
consider  the  cross-sections  as  undergoing  no  distortion. 

Now  imagine  a  very  thin  slice  of  the  rod  to  be  taken  at  any  cross- 
section  with  its  faces  parallel  to  the  cross-section.  This  slice  will 
have  principal  axes  of  moment  of  inertia  at  right  angles  to  one 
another,  which  we  shall  refer  to  as  the  principal  axes  of  moment  of 
inertia  of  the  cross-section.  The  centre  of  inertia  of  the  slice  we 
shall  refer  to  as  the  centre  of  inertia  of  the  cross-section.  When 
the  rod  is  bent  these  axes  are  no  longer  straight  lines,  but  carves 
parallel  to  the  plane  of  bending. 

We  shall  call  that  straight  line  which  contained  the  centres  of 
inertia  of  the  cross-sections  the  elastic  central-line  or  simply  the 
central-line  of  the  rod. 

651.  Principal  Planes  of  Bending. — At  each  cross-section  there 
can  be  drawn  a  tangent  to  the  elastic-central  line,  and  through  that 
tangent  can  be  drawn  two  planes  to  touch  the  two  curves  which  in 
the  unstrained  rod  were  the  principal  axes  of  moment  of  inertia  of 
the  cross-section.  These  planes  are  called  the  principal  planes  of 
flexure  of  the  rod.  We  shall  suppose  first  the  bending  to  be  in  a 
principal  plane,  that  is  so  that  the  radius  of  curvature  of  each  of  the 
lines  which  were  parallel  to  the  unstrained  elastic  central  line  are 
all  parallel  to  a  principal  plane  of  flexure. 

The  effect  of  the  bending  is  to  produce  a  force  and  couple  with 
which  the  matter  on  one  side  of  an  element  of  a  cross-section  acts  on 
the  matter  on  the  other  side  of  the  element.  Consider  then  any 
cross-section  intersecting  the  elastic  central  line  in  a  point  P,  and  let 
us  distinguish  the  matter  on  the  two  sides  of  the  cross-section  as  the 
matter  on  the  left  and  on  the  right  of  the  cross-section  respectively. 
The  force  and  couple  applied  at  each  element  of  the  cross-section  to 
the  matter  on  the  right,  say,  can  be  converted  by  Poinsots  method 
into  a  single  force  at  P,  and  a  couple  tending  to  turn  the  cross- 
section  round  an  axis  perpendicular  to  the  plane  of  bending.  The 
force  will  give  two  components  T  along  the  tangent  to  the  central 
line  at  P,  and  the  other  $T%  per  unit  of  length  of  the  central  line, 
towards  the  centre  of  curvature  of  the  element  of  the  elastic  central 
line  at  P.  We  shall  call  these  components  T  and  N.  The  latter  is 
along  the  cross-section  and  it  is  usually  called  the  shearing  force,  the 
former  is  a  stretching  force  along  the  elastic  central  line. 

*  See  The  Elmtical  Researches  of  Barri  de  St.  Venant,  by  Karl  Pearson. 
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652.  Equations  of  Equilibrium. — The  equations  of  equilibrium  of 
a  slice  of  the  rod  will  be  three  in  number,  two  obtained  by  resolving 
the  forces  tangentially  to  the  elastic  central  line,  and  normally  to  the 
central  line,  in  the  plane  of  bending,  and  a  third  expressing  that  the 
moments  of  forces  upon  it  are  in  equilibrium.  Let,  Fig.  812,  T  be 
the  stretching-force  towards  the  left  along  the  tangent  to  the  central 
line  at  the  left-hand  end  of  the  slice,  then  T+dT  will  denote  the 
stretching-force  towards  the  right  along  the  tangent  at  the  right- 
hand  end  of  the  slice.  Also  let  X,  Y  be  the  components  of  applied 
force  along  the  central  line,  and  inwards  towards  the  centre  of  curva- 

Fig.  312. 


T+dT 


ture,  each  taken  per  unit  length  of  the  element.  The  shearing-force 
on  the  left-hand  end  of  the  element  is  from  the  centre  of  curvature, 
that  on  the  right-hand  end  is  toioard  the  centre  of  curvature  and  of 
amount  X+dX.  These  give  a  resultant  along  the  tangent  to  the 
central  line  at  the  right-hand  end  of  the  element  of  amount 

dT-Xdd  +  Xds. 

For  equilibrium  this  must  vanish.  Similarly  the  resultant  force 
toward  the  centre  of  curvature  is  found  to  be  dX+  TdO+  Yds,  and 
this  also  must  vanish.  If  R  be  the  radius  of  curvature,  dd  =  ds/B. 
Hence  we  have  the  two  equations 

dJl-^+X  =  0,    Jf+l+Y^.  (116) 

ds      R  ds      R 

A  third  equation  is  obtained  from  the  elastic  couples  G,  G  +  dG 
acting  on  the  slice,  the  couple,  Hds  say,  due  to  the  applied  forces 
X,  Y,  and  the  moments  of  the  internal  forces  T,  X.  Clearly  this 
equation  is 
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d-^  +  X+R=0.  (117) 

ds 

There  are,  of  course,  in  every  actual  case  conditions  which  must 
be  f  alfilled  at  the  ends  of  the  rod ;  these  will  appear  in  the  examples 
which  follow.  The  equations  just  obtained  are  sometimes  of  service 
but  in  most  cases  the  solution  of  problems  is  best  obtained  by  the 
direct  application  of  first  principles. 

653.  Estimation  of  Couple  of  Bending  at  Cross-Section. — It  is 
necessary  to  explain  next  how  the  couple  G  depends  on  the  amount 
of  bending  at  the  cross-section.  Xo  complete  treatment  of  this  point 
is  possible  without  entering  into  considerations  of  general  theory  which 
lie  outside  the  limits  of  this  work,  and  it  is  to  be  understood  that 
what  is  stated  here  requires  amplification,  and  to  some  extent  cor- 
rection. Strictly  speaking,  there  is  no  line  of  particles  originally 
parallel  to  the  axis  of  the  rod  which  remains  unaltered  in  length,  but 
the  elastic  central  line  suffers  less  change  of  length  than  any  other 
line  of  the  rod.  Lines  of  the  rod  which  lie  on  the  convex  side  of  a 
cylindric  surface  through  the  elastic  central  line  at  right  angles  to 
the  plane  of  bending  experience  elongation,  and  those  which  lie  on 
the  inner  side  of  this  cylinder  experience  contraction,  relatively 
to  the  elastic  central  line,  and  the  amount  of  this  relative  elonga- 
tion or  contraction  is  proportional  to  the  distance  of  the  point 
from  the  cylindric  surface.  Thus  across  every  element  of  the 
cross-section  where  there  is  this  relative  stretch  there  is  applied  to 
the  matter  on  one  side  A  of  the  cross-section  by  the  matter  on  the 
other  side  B  a  pull,  and  to  every  element  where  there  is  relative 
contraction  there  is  applied  to  the  matter  on  the  side  A  a  thrust 
by  the  matter  on  the  side  B,  in  each  case  relatively  to  the  action 
across  an  element  at  the  central  line.  This  is  illustrated  by 
Fig.  313.  We  make  the  supposition  that  if  the  unital  elongation  or 
contraction  at  any  point  be  e,  the  force  on  an  element  of  area  dS  of 
the  cross-section  is  EedS,  where  E  is  Young's  modulus  for  the 
material.  This  amounts  to  supposing  that  each  longitudinal  fila- 
ment of  the  substance  expands  and  contracts  laterally  with  perfect 
freedom,  just  as  if  its  lateral  surface  were  free.  Thus  across  each 
cross-section  there  acts  a  couple  tending  to  turn  the  cross-section 
round  in  the  plane  of  bending  so  as  to  straighten  the  rod,  and  this 
is  balanced  and  the  rod  kept  bent  by  the  moment  at  the  cross-section 
of  the  forces  applied  to  the  wire  from  outside,  and  by  the  moment  of 
any  applied  couples. 

That  the  filaments  of  the  material  swell  or  shrink  laterally  accord- 
ing as  they  are  shortened  or  lengthened  is  shown  by  the  fact  that  the 
cross-section  is  distorted  from  the  rectangular  shape  shown  by  the 
dotted  lines  in  Fig.  31-1  to  the  curved  shape  shown  by  the  full 
lines.  The  convex  and  concave  sides  of.  the  cross-section  are  on  the 
concave  and  convex  side  respectively  of  the  rod  in  the  plane  of  bend- 
ing. In  the  case  of  the  flat  spring  referred  to  in  §  050,  unless  the 
condition  there  stated  is  fulfilled,  the  half-thickness  AX  of  the  bar 
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would  be  much  greater  than  the  distance  of  A'  from  the  line  XX, 
and  much  less  than  the  distance  of  B'  from  the  same  line.  The 
elongations  and  contractions  at  the  edges  would  then  be  very  different 
from  those  supposed  to  exist  in  the  approximate  treatment  of  flexure 
here  given. 

For  a  full  discussion  reference  should  be  made  to  St.  Venant's 
researches. 

On  the  supposition  that  the  cross-section  remains  plain  and  rect- 
angular, we  can  easily  calculate  the  couple  across  the  cross-section. 


Fig.  314. 


Fig.  313. 


Let  x  be  the  distance  of  the  filament  considered  from  the  principal 
axis  about  which  the  bending  takes  place,  and  ds  be  the  distance 
along  the  elastic  central  line  from  the  cross-section  under  considera- 
tion to  the  other  cross-section  of  a  slice  of  the  material.  The  unital 
elongation  of  a  filament  at  distance  x  in  or  parallel  to  the  plane  of 
bending  is  proportional  to  x  ;  we  shall  call  it  ax.  The  moment,  about 
the  principal  axis  just  specified,  of  force  applied  to  an  element  of 
area  dS  is  therefore  Eax2d/S.  The  amount  of  the  couple  is  obtained 
by  integrating  this  over  the  whole  cross-section,  since  the  moment 
due  to  contraction  tends  to  turn  the  cross-section  in  the  same  way 
round.     Hence  if  G  be  the  bending  couple 


G  =  Eafx^dS  =  Eal, 


(118) 


where  /  is  the  so-called  moment  of  inertia  of  the  cross-section.  It 
remains  to  determine  a.  The  inclination  of  one  terminal  cross- 
section  of  the  slice  to  the  other  is  axds/x,  or  ads.  But  this  is  the 
angle  dd  between  the  radii  of  curvature  of  the  elastic  central  line 
where  it  meets  the  cross-sections.  Hence  a  =  dO/ds=l/R.  Hence 
we  have 


G=EIz 


(119) 


or  the  couple  is  equal  to  the  product  of  the  Young's  modulus,  the 
moment  of  inertia  of  the  cross-section  and  the  curvature.  The 
quantity  EI  is  frequently  called  the  flexural  rigidity  of  the  rod. 

If  the  rod  is  of  rectangular  cross-section  of  dimensions  2a,  2b,  the 
flexural  rigidity  is   ±Ea3b/?)  or  4:Eabs/'d  according  as  the  plane  of 
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flexure  is  the  plane  parallel  to  the  two  sides  of  length  'la.  or  to  the 
two  sides  of  length  'lb.  Thus  the  flexural  rigidity  of  a  beam,  or  the 
couple  required  to  produce  unit  curvature  at  any  cross-section  can 
be  made  as  great  as  may  be  desired  by  making  the  dimensions  in  the 
plane  of  bending  sufficiently  great.  The  reader  may  contrast  the 
difficulty  of  bending  a  lath  in  its  own  plane  with  the  ease  with  which 
it  can  be  bent  in  a  plane  at  right  angles  to  its  breadth. 

654.  The  Linea  Elastica.  Dynamical  Analogue. — The  case  of  a 
wire  bent  by  forces  applied  to  its  extremities  admits  of  illustration 
by  a  dynamical  analogue.     At  a  cross-section  P  at  which  the  curva- 

Fig.  315. 


ture  is  \jp  let  a  tangent  to  the  wire  be  drawn  and  let  it  make  an 
angle  6  with  the  line  of  action  of  a  force  .F  applied  to  an  extremity  A 
of  the  wire,  while  the  wire  is  held  bent  by  a  couple  applied  to  it  by 
the  part  beyond  P,  as  in  Fig.  31  o.  This  couple  is  B/p,  and  has  the 
sense  indicated  by  the  curved  arrow.  But  if  6  be  the  angle  indicated 
on  the  diagram  and  ds  (or  PQ)  be  taken  in  the  direction  from  P  to  Q, 
1/p  is  -dd/ds.  The  couple  at  P  is  therefore  numerically  -  Bddjds. 
Also  the  moment  round  P  of  the  force  F\&  Flsind,  if  I  be  the  distance 
of  P  from  the  point  K  of  intersection  of  the  tangent  with  the  line  of 
F.     Hence 


B—+FI 'sin  6  =  0. 
ds 


Differentiating  we  have 


Bdrt)  +  Fdl{ii  Q  +  Flcosf)d6  =  Q  ,120v 

ds-  ds  ds 

Let  the  tangent  at  Q  intersect  the  line  of  action  cf  F  in  L,  and 
let  LM  be  perpendicular  to  KP.  Then  clearly  dl  =  ds  -  KM  =  ds  + 
LM/ta.n6  =  ds  -  Iddcosd/sin  6.  Hence  sm6dl/ds  =  sinfl  -  IcosOdd/ds 
and  (1^0)  becomes 

B(™  +  Fsm6  =  Q.  (121) 

ds2 

which  is  (1 17)  thus  obtained  by  another  method. 

If  ds  represent  an  increment  of  time  (121)  becomes  the  equation 
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of  motion  of  a  simple  pendulum  of  length  BgjF  vibrating  through  a 
finite  angle.  If  then  as  the  pendulum  vibrates  the  different  values  of  6 
be  taken  at  successive  intervals  of  time  each  numerically  equal  to  ds, 
the  inclination  of  the  thread  to  the  horizontal  will  give  the  inclination 
of  the  tangent  to  the  line  of  action  of  F  at  the  corresponding  cross- 
sections  of  the  wire. 

The  curve  into  which  the  wire  is  bent  is  called  the  tinea  elastica, 
or  elastic  curve.  Various  forms  are  shown  in  Figs.  316-321.  The 
elastica  with  points  of  inflexion  as  in  Fig.  317  has  the  directions  of 
its  tangents  given  by  an  oscillating  pendulum  with,  if  necessary  for 
the  arc  of  vibration,  a  rigid  rod  for  support.  When  there  are  no 
points  of  inflexion  as  in  Fig.  320  the  directions  of  its  tangents  are 
given  by  a  revolving  pendulum,  that  is  a  rigid  pendulum  revolving 
in  a  vertical  plane. 

655.  Forms  of  Elastica. — We  can  now  solve  some  simple  problems. 
Take  first  the  case  of  a  uniform  bow  bent  by  a  stretching-force  in 
the  string  as  shown  in  Fig.  316. 

Fig.  316. 


If  i^be  the  stretching-force  in  the  cord  and  x,  y  be  the  co-ordinates 
(from  A  as  origin  along  and  perpendicular  to  the  cord)  of  the  cross- 
section  P  considered,  we  have  G~Fy.  Hence  EI/F  =  Fy,  or  if 
EI/F=cr  and  J?  be  the  radius  of  curvature 

Ry  =  ar.  (122) 

3 

But  by  geometry  l/R  =  dry/dx2/{l+(dy/dxy}%  and  therefore 


dry  dp 

dx 

0  +7P 


d*x  ,     dx 

V  =  a'-l /» ,v«u  =a' 


{^(1)1 


if  p  denote  dy/dx.     This  may  be  written 


which  gives  by  integration 


g»«e-2aV    *  ,.  (123) 


or 

1     dx  C-y 


__-  .  (123') 

P     dy      J±a±-(C->/y 
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x=  f      {C-tfdy 


(124) 


in  which  either  the  positive  or  the  negative  value  of  the  square  root 
may  be  taken. 

Equation  (123)  may  be  written  ±  Jl+p- =  2a2l(C  -  y-).      Hence 
if  p  =  0,  C-f  =  ±  2a-,  and 


y=  ±  JC±2a\ 


(125) 


This  gives  the  points  of  maximum  or  minimum  value  of  y  according 
as  the  upper  or  lower  sign  is  taken  under  the  radical  on  the  right. 


Fig.  317. 


Fig.  318. 


Fig.  319. 


If  C  be  less  than  2ar  the  negative  sign  under  the  radical  on  the 
right  cannot  be  taken.  Taking  then  the  upper  sign  we  see  that 
the  upper  and  lower  signs  before  the  radical  give  equal  and  opposite 
numerical  maxima  of  y  as  in  Figs.  317-319.  If  C>2a-  there  are 
alternate  maxima  and  minima  values  as  in  Fig.  320.  Fig.  320 
corresponds  to  the  positive  sign  before  the  radical ;  the  negative 
sign  would  give  a  similar  curve  on  the  opposite  side  of  the  axis 
of  x. 

If  y  be  small  the  equation  of  the  curve  can  be  obtained  by  suc- 


Fig.  320. 


Fig.  321. 


cessive  approximation.     For  this  the  reader  may  consult  Thomson 
and  Tait's  Natural  Philosophy,  vol.  i.  part  ii.,  §  611. 

Figs.  320  and  321  show  different  forms  of  the  non-inflexional 
elastica.  Fig.  321  is  the  curve  for  the  case  in  which  C  is  put  equal 
to  2a'2  in  (123).  The  equation  of  the  curve  as  the  reader  may  verify 
is,  if  the  axis  of  y  be  the  dotted  line  of  symmetry, 


x=  ±  JH&  —  if  ±«log 


2a  +  Jla'-y* 

y 


(126) 
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The  locus  has  two  branches  starting  from  the  vertex,  and  ter- 
minating one  at  x  =  +  oo  ,  and  the  other  at  x  =  —  oo  .  The  equation 
gives  the  latter  or  the  former  branch  according,  as  the  upper  or  the 
lower  signs  are  taken  on  the  right.  This  curve  is  of  physical  import- 
ance as  it  is  the  curve  of  the  capillary  surface  along  a  plane  plate 
dipping  into  a  liquid. 

656.  Flexure  of  Beam  Supported  on  Props  at  its  Ends:  Ends 
Free. — A  uniform  rod  is  supported  at  its  ends  on  props  on  the  same 
level  and  bent  by  its  own  weight  and  a  weight  W  attached  between 
the  props. 

Let  At  B,  Fig.  '322,  be  the  supports  and  G  the  point  at  which  the 
weight  is  applied.  [The  diagram  requires  correction  :  A,  B,  should 
be  on  the  same  level.]    Let  also  21  be  the  length  of  the  rod  and  a  the 

Fig.  322. 


cC----- 


T* 


wx 

a 

distance  of  G  from  A,  w  the  weight  of  the  rod  per  unit  of  length. 
It  is  required  to  determine  first  the  curvature  at  a  cross-section  P 
at  a  horizontal  distance  x(<a)  from  A.  The  trestle  at  A  bears  half 
the  weight  of  the  rod,  and  the  fraction  (21 -a)/ 21  of  W.  Hence  at 
A  there  is  applied  an  upward  force  of  amount  wl  +  W(2l  —  a)/ 21.  At 
the  cross-section  halfway  between  A  and  P  there  acts  a  downward 
force  wx.  The  horizontal  distance  of  this  point  from  P,  on  the  sup- 
position of  only  a  small  amount  of  bending,  is  \x.  The  total  couple 
applied  to  the  left-hand  extremity  of  the  portion  of  the  rod  to  the 
right  of  P,  by  the  portion  to  the  left,  is  thus 

/  id  +  -W  \x  —  \wx?, 

if  the  direction  of  turning  represented  by  the  arrow  be  taken  as 
positive.  Measuring  y  downwards  and  putting  B  for  the  flexural 
rigidity  EI,  we  get 

ivl  +  —       W  -.'•  -  },/'■■'-. 
21        J 

Integrating  this  with  respect  to  x  we  obtain 

_  B&  =  {wl  +  ®^±w\t  -  \w#  -  /nan  a,  (127) 

dx      y  21        )  2 

if  a  be  the  inclination  of  the  rod  at  A  to  the  horizontal.  Integrating 
again  we  get 

-  By  =  ( wl  +  ~l~  a  W  )|f  -  ^wx*  -  Bx  tan  a,  (1 28) 


-Bdiy=L 

dx2      y 
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and  no  constant  falls  to  be  added  since  y  is  zero  when  x  is  zero.  Put 
Fx  for  wl+  W('2l  -  a)/2l,  the  force  applied  at  A,  and  Fs  for  the  corre- 
sponding force,  ivl  +  Wa/2l,  applied  at  B.  The  same  process  gives 
for  a  point  P' 

-By  =  ±F3(2l  -  x)3  -  ^w(2l  -  x)*  -  B(2l  -  x)  tan  ft,  ( 1 28 ) 

where  ft  is  the  inclination  of  the  rod  to  the  horizontal  as  indicated  in 
Fig.  $22,  and  x  now  denotes  the  distance  AP'. 

The  values  of  y  and  dyjdx  given  by  (128)  and  (129)  must  coincide 
for  x  =  a.     Thus,  putting  b  for  21  —  a,  we  obtain  for  x  =  a 


-  By  =  ^^V*3  -  -Tiwa*  -  -Satan  a 
-By  =  \  Fsb3  -  ^  wb*  -  Bb  tan  ft 

-BdJl  =  h  F.ar  -  l  wa3  -  B  tan  a 
ax 


\ 


(130) 


(131) 


-  Bdl  =  -  i  WM  + 1  u#  +  5 tan  /3. 

The  first  two,  (130),  give 

B(atsma  -  6tan/3)  =  £(i>3  -  W)  -  Z}T  w(a*  -  b% 

and  the  second  two,  (131), 

5(tan  a  +  tan /3)  =  £(/>*  +  JF,jP)  - $  ?o(a3  +  6 3). 
Hence 

£(a  +  6)  tan  a  =  £  />2(36  +  a)  +  A  /;&3  -  £  to(4a%  +  *  +  %b% 

and  similarly 

B(a  +  b)  tan  ft  =  J  /^(Sa  +  6)  +  £  ^a3  -  ^  w(463a  +  64  +  3a4). 

But  Fl  =  wl  +  Wb/(a  +  b),  F.  —  id  +  Wa/(a  +  b).  Substituting  in  the 
last  two  equations  and  reducing  we  obtain 

B(a  +  b)  tan  a  =  £  Wab{a  +  2b)  +  ^T  w(a  +  b)*  ) 

B(a  +  b)  tan  ft  =  £  Wab(b  +  2a)  +  }T  w(a  +  b)\  j 

which  give  the  inclinations  of  the  rod  at  its  extremities.  The  reader 
may  study  the  results  obtained  by  supposing  either  If  or  w  negli- 
gible. 

The  value  of  y  for  any  value  of  x  is  given  by  (128)  and  (12i»)  when 
those  of  tana  or  tan/3  and  F^  or  F,  are  inserted.  The  reader  may 
verify  that  the  deflection  of  the  rod  at  any  point  P  due  only  to  the 
weight  W  hung  at  another  point  Q  is  equal  to  the  deflection  which 
would  be  produced  at  Q  if  W  were  hung  at  P.  If  W  be  applied  at  the 
middle  point  so  that  a  =  b  =  l  and  F1  =s  h  W  we  obtain  after  reduction 

By  =  \WP  +  -iiwl\  (138) 

which  gives  the  droop  of  the  rod  at  the  middle  point. 


(132) 
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If  the  weight  2wl  of  the  rod  itself  be  negligible  in  comparison 
with  W,  we  have 


(1:34) 


By  observing  this  value  of  y  the  Young's  modulus  F(  =  Bjl)  can  be 
determined  for  the  material  of  which  the  rod  is  composed.  We  have 
then 


(135) 


The  reader  may  himself  solve  the  problem  in  which  the  rod  is 
hung  over  a  trestle  at  its  middle  point  and  bent  by  its  own  weight. 
It  will  be  found  that  the  ends  hang  below  the  middle  point  a  distance 

657.  Beams  Supported  at  Ends  :  Ends  Horizontal. — The  reader 
may  also  solve  the  problem  of  a  rod  resting  at  its  extremities  on  two 

Fig.  323. 


props  and  bent  by  a  single  load  applied  at  any  point  C,  subject  to 
the  condition  that  the  ends  are  constrained  to  be  horizontal.  To 
produce  this  horizontality  couples  Mv  M2  must  be  supposed  applied 
at  the  ends  as  shown  in  Fig.  323.  For  a  point  P,  between  A  and  C 
we  obtain 


B%  =  MX-Fxx, 
dx* 


and  for  a  point  P'  between  C  and  B 


B 


dry 
dx2 


M2-F2{2l-x). 


(136) 


(137) 


These  integrated  give  for  P  and  P'  respectively 

By=±Mia*-\F&    By  =  %M2{2l-xy-lF2{2l-x)\     (138) 

But  these  values  of  y  must  coincide  at  C,  where  we  suppose  x  =  a, 
'21-  x  =  b.     Hence 

«2(3 Mx  -  I\a)  =  b\SM2  -  F2b). 

Also  dy/dx  as  obtained  from  the  two  equations  of  (138)  must  be  the 
same  for  C,  and  this  condition  gives 

a{2  J/,  -  Fxa)  =  -  b{2 M2  -  F2b). 
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Two  other  equations  are  obtained  by  taking  moments  about  A  and  B, 
namely 

F  =  W+Mv-Mt     F  _  Wa  +  M„ - 3ft 

a  +  b       "'       '  a~Tb         ' 

and  from  these  with  the  preceding  equations  the  values  of  Mv  Mv 
Fv  F.,  can  be  obtained. 

The  results  substituted  in  (138)  give  the  deflection  at  any  point 
in  AC,  or  CB.  The  points  of  inflection  can  be  obtained  by 
putting  the  values  of  Mv  Fl  in  (136)  and  Mv  F.t  in  (137)  and  equating 
d2y/dar  to  zero. 

658.  Clapeyron's  Theorem  of  the  Three  Moments.— We  shall 
consider  one  other  problem,  which  is  of  importance  in  engineering 
Let  a  rod,  bent  by  its  own  weight  only,  rest  on  any  number  of 
supports  at  points  A,  B,  &c,  on  the  same  level.     We  may  start  from 


any  prop,  say  B,  if  we  consider  the  shearing  forces  Fv  Fs  applied  to 
the  parts  of  the  rod  on  the  two  sides  of  the  support,  and  the  couple, 
MB  applied  at  B  to  the  matter  on  either  side  of  the  prop  by  the  matter 
on  the  other.  This  is  called  the  bending  moment  at  B.  Measuring 
distance  x  from  B  towards  the  right  we  obtain  for  a  point  P' 

B^L  -  MB  -  F9x  +  \  wx-,  ( 1 39) 

dx2  z  v       ' 

and  again  measuring  distance  towards  the  left  for  a  point  P, 

B-V  =  MB -  F.x  +  hwx2.  (1 40) 

dx2 

Since  y  is  measured  downwards,  we  have  from  (139)  if  /3  be  the 
inclination  of  the  rod  to  the  horizontal  at  the  prop  B 

By  =  \  Msx2  -  \F.f?  +  Jf  wx^-Bxtantl,  (141) 

and  from  (140) 

By  =  \ Mzx2  -  \F^  +  j^  icx*  +  Bxt&n /3.  (142) 

The  x  in  the  former  of  these  means  the  distance  of  P'  from  B.  in  the 
latter  it  is  the  distance  of  P  from  B. 

If  a  be  the  distance  BA,  and  b  the  distance  BC,  MA.  Mc  the 
bending  moments  at  A  and  (J,  then  since  Bd2y/dxr  in  (140)  becomes 
the  noment  at  A  when  x  =  a,  and  Bd2yjdx-  in  (139)  becomes  the 
moment  at  C  when  x  =  b, 

MA  =  MB-F1a  +  $wa2,    MC  =  MB-  FJb  +  ^wb-,  (148) 
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from  which  Fx  F2  can  be  determined  from  the  bending  moments 
M A.  MB,  Mc,  and  the  distances  a,  b. 

Again  (141)  and  (142)  give  since  y  =  0  when  as  =  b,  and  when  x  =  a 

\  MJ>  -  \  F.V  +  fr  wb3  -  .Btan/3  =  0 
^  Msa  -  \  Fxd2  +  Jj  wa3  +  5  tan  /3  =  0. 

Eliminating  Fv  F2  from  these  by  (143)  we  obtain 

a{MA  +  2MB)  +  b(Mc  +  2MB)  =  \  io{a3  +  b3),  ( U4) 

a  relation  connecting  the  three  moments  MA,  MB,  Mc  at  the  three 
consecutive  props.  This  is  known  as  Clapeyron's  Theorem  of,' the 
Three  Moments. 

For  further  particulars  on  the  theory  of  Elasticity  generally  and 
a  discussion  of  some  of  the  most  recondite  problems  of  the  subject 
the  reader  may  refer  to  Thomson  and  Tait, 
to  Professor  Pearson's  Elastical  Researches  of 
Barre  de  St.  Venant,  and  to  Professor  Love's 
very  valuable  treatise.  Much  has  been  done 
by  means  of  graphical  methods,  especially  in 
the  discussion  of  problems  of  practical  or  in- 
dustrial importance,  but  for  these  reference 
must  be  made  to  Treatises  on  Applied  Me- 
chanics. 

659.  Stability  of  Long  Rod  under  Thrust. 
Rod  Rounded  at  Ends. — The  following  prob- 
lem of  the  linea  elastica  is  of  practical  impor- 
tance. A  long  straight  rod  of  given  flexural 
rigidity  B,  the  same  in  all  planes,  through  the 
axis,  acts  as  a  strut  resisting  end  thrust  of 
given  amount  W.     Clearly  if  the  thrust  be  too 

great  and  the  ends  be  held  so  that  they  cannot  move 
laterally  the  rod  will  give  way  at  some  intermediate  point 
by  breaking  across  (that  is  by  being  crushed  at  one  side, 
and  torn  asunder  at  the  other),  or  if  one  end  be  free  to 
move  laterally  it  will  move  into  such  a  position  as  that 
shown  in  the  second  diagram  of  Pig.  325.  There  are  two 
cases  which  we  may  consider :  (1)  that  in  which  the  ends 
are  left  unconstrained  as  to  direction,  by  being  rounded 
and  therefore  made  free  to  turn ;  (2)  that  in  which  the 
tangents  to  the  rod  at  the  ends  are  constrained  to  have 
the  direction  of  the  line  of  thrust  as  in  Fig.  320.  We 
shall  suppose  that  the  ends  of  the  rod  lies  in  the  line  of 
thrust  in  both  cases.  In  the  first  case  the  ends  are 
points  of  zero  curvature,  that  is  are  points  of  inflexion 
on  the  elastica :  in  the  second  there  are  points  of  in- 
flexion situated  at  C,  D. 
Let  the  rod  be  deflected  slightly,  while  the  ends  are  kept  in  the 
line  of  thrust,  as  in  the  first  diagram  of  Fig.   325 ;  then  measur- 


%sm  mmw//, 


Fig.  326. 
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ing  x  along  the  line  of  thrust  from  a  fixed  end,  and  denoting  the  dis- 
tance of  a  point  of  the  rod  from  this  line  by  y  we  have,  putting  m 
for  W/B, 

dry  ,  i  (1 
—2.  +  m-y  =  0. 
dx- 

The  solution  of  this  equation  is 

y  =  Acos(mx  +  a), 

subject  to  the  condition  that  y  =  0  when  x  =  0,  and  when  x  =  21. 
These  conditions  are  satisfied  if 

a  =  (2?i+l)~,  2tnJ+a  =  (2n+8)|, 

so  that  2ml  =  tt,  or 

Thus,  if  JF/i?  have  a  greater  value  than  ir/W  the  rod  will  be  un- 
stable.    It  is  to  be  remembered  that  21  is  the  length  of  the  rod. 

660.  Rod  or  Pillar  fixed  at  both  Ends. — In  case  (2)  a  couple  of 
moment  M  must  be  applied  at  each  end  to  keep  the  tangents  at  the 
ends  in  the  line  of  thrust.  In  practice  this  may  be  done  by  making 
the  ends  of  the  pillar  plane  and  constraining  them  to  remain  per- 
pendicular to  the  line  of  thrust.  Hence  the  equation  of  equili- 
brium is 

d'y  .     J       M\     .. 

of  which  the  solution  is 

y  =  —  +  A  cos  (mx  +  a). 

The  conditions  are  y  =  0  when  x  =  0  and  when  x  =  2l.  Again, 
dy/dx  =  0,  when  x  =  0,  when  x  =  I,  and  when  x  =  21.  These  conditions 
aru  all  satisfied  by  taking 

0),^=^;  (2),a  =  (2n+l>r 

(8),  ml  +  a  =  (2m  +  2)ir ;  (4),  m2l  +  a  =  (2»  +  ?>)-. 
Hence 

ml  =  7T, 
or 

l(2iy=^.  (146) 

Hence,  if  W/B>  tt/T2,  the  rod  will  be  unstable.  The  rod  has  thus 
four  times  the  strength  to  resist  thrust  possessed  by  the  rod  (of 
the  same  length)  considered  in  §  6&9. 

The  value  of  y  at  the  points  of  inflexion  is  J//  W,  and   halfway 
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between  these  points  is  2 MJ  W.  Thus  the  points  of  inflexion  are  at 
distance  hi  from  the  ends.  It  will  be  seen  that  this  gives  the  maxi- 
mum distance  of  the  line  of  the  ends  from  the  line  of  inflexions.  It 
will  be  noticed  that  the  middle  portion,  which  has  half  the  length  I  of 
the  whole  strut,  acts  as  a  strut  under  the  conditions  specified  in  §  659, 
and  that  the  value  of  W/B,  namely  tt/I2,  corresponds. 

There  are  other  cases,  but  these  may  all  be  worked  out  in  the 
same  way.  It  will  be  noticed  that  the  theory  gives  ir'/lF,  Tr*/F, 
9  7r2/16£-  for  the  limiting  values  cf  W/B  for  three  struts  of  the  same 
length  21  with  their  ends  in  the  line  of  thrust,  the  first  having 
rounded  ends,  the  second  its  ends  fixed  in  the  direction  of  thrust, 
and  the  third  one  end  rounded  the  other  fixed  in  the  direction  of 
thrust.  The  results  in  cases  of  lateral  displacement  of  the  ends  can 
be  obtained  at  once  from  a  consideration  of  the  action  of  either  of 
the  portions  of  the  strut  in  Fig.  326  between  a  point  of  inflexion  and 
the  adjacent  end,  or  of  either  half  of  the  middle  part  according  to 
the  case  proposed. 

061.  Short  Strut.  Formula  used  in  Practice. — It  will  be  obvious 
that  if  the  strut  be  very  short  it  will  not  give  way  in  the  manner 
here  contemplated  but  by  yielding  to  crushing  force.  An  empirical 
formula  is  given  in  Rankine's  Applied  Mechanics,  which  expresses 
the  results  of  experiments  made  on  struts  of  different  lengths.  The 
formula  was  proposed  by  Professor  Lewis  Gordon  to  express  the 
results  of  experiments  made  by  Mr.  Hodgkinson  on  the  strengths 
of  pillars  under  different  circumstances. 

If  P  be  the  total  applied  thrust,  f  and  a  be  constants,  L  denote 
the  length  of  the  strut,  and  8  the  area,  and  k  the  radius  of  gyration 
of  the  cross-section,  the  formula  is 

P_    fs 

1+44*-  <U7> 

The  values  of  f  and  a  are  chosen  so  as  to  make  the  values  of  P  accord 
with  experiment.  It  is  found  that  the  theory  given  above  is  only  in 
accord  with  experiment  when  the  strut  is  very  long;  for  struts  of  even 
moderate  length  the  empirical  formula  must  be  employed.  Mr.  Hodg- 
kinson's  experiments  give  the  following  values  of  f  and  a  : 

f  a 

(lbs.  per  sq.  inch) 
Wrought  iron,  solid  rectangular  section  36000  1/3000 

Cast  iron,  hollow  cylinder  80000  1/800 

„         solid  „  80000  1/400 

The  experiments  referred  to  proved  that  a  pillar  or  strut,  rounded 
at  both  ends,  so  as  to  be  free  there  as  to  direction,  has  the  same 
flexibility  as  a  pillar  of  the  same  material  and  cross-section  fixed  at 
both  ends  and  of  double  the  length  and  has  the  same  strength.  This 
result  is  expressed  in  (145)  and  (146)  above. 

062.  Imperfection  of  Elasticity.  Permanent  Set. — The  subject 
of  the  imperfection  of  elasticity  shown  by  ordinary  substances,  and 
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of  the  limits  of  elasticity,  is  far  too  vast  to  be  dealt  with  in  this 
chapter,  but  some  reference  to  the  behaviour  of  ordinary  materials  is 
necessary.  In  certain  circumstances  there  seems  to  be  practically 
perfect  recovery  from  even  severe  strains,  for  example  an  ivory  or 
steel  ball  is  very  sensibly  flattened  by  being  dropped  on  a  marble 
slab,  and  perfectly  recovers  its  spherical  shape.  On  the  other  hand, 
there  are  circumstances  in  which  the  recovery  is  only  approximate  : 
only  a  moderate  elongation  can  be  given  to  an  iron  or  steel  wire 
without  producing  a  permanent  elongation.  Again  the  power  of 
recovery  of  bodies  seems  to  depend  on  the  time  during  which  the 
body  is  held  in  a  state  of  strain.  An  india-rubber  band  left  for  a 
long  time  stretched  is  found  to  have  lost  its  power  of  unstretching, 
and  the  same  thing  appears  to  be  found  in  iron  hoops.  The  material 
in  the  course  of  time  seems  to  assume  a  new  molecular  arrangement 
in  which  the  potential  energy  of  the  stress  does  not  exist.  As  the 
body  assumes  this  new  internal  state  the  energy  is  dissipated  in  situ. 
The  substance  is  said  to  have  received  a  permanent  set. 

The  elongation  of  a  wire,  even  when  there  is  not  complete  recovery 
on  removal  of  the  stress,  is  nearly  proportional  to  the  stretching  force. 
At  first  the  curve  of  elongation  (abscissal  elongations  ordinates  pulls) 
is  nearly  a  straight  line,  afterward  the  elongation  increase  more 
rapidly  than  the  pull,  and  the  curve  is  concave  downward.  At  still 
greater  elongation  the  pull  reaches  what  is  called  the  yield-point,  and 
a  small  increase  of  stretching  force  produces  a  large  increase  of  elon- 
gation.    The  specimen  has  begun  to  flow  at  certain  places. 

663.  Effect  of  Applications  and  Removal  of  Stress  on  Elastic 
Limits. — It  is  observed  that  when  a  pull,  not  too  great,  is  applied 
and  removed  a  number  of  times  in  succession  the  substance  settles  down 
to  a  steady  state  in  which  the  elongation  produced  by  application  of 
the  stress  disappears  with  removal  of  the  stress.  An  analogous  result 
is  found  when  by  application  of  stress  other  changes  are  produced — 
for  example,  changes  in  the  induced  magnetism  of  an  iron  wire  under 
magnetising  force.  With  the  application  and  removal  of  stretching 
force  and  lateral  pressure  quasi-elastic  changes  of  magnetisation  take 
place,  which  assume  a  constant  value  only  after  a  considerable  number 
of  successive  applications  and  removals  of  the  stress.  Thus  there 
seems  to  be  produced  a  molecular  change  in  the  iron  by  the  stress 
which  is  related  to  or  of  the  same  nature  as  the  molecular  change 
concerned  in  magnetisation,  and  which  assumes  a  constant  value 
after  repeated  application  and  removal  of  the  stress. 

It  has  been  observed  also  in  experiments  on  wires  that  most  sub- 
stances subjected  to  rapidly  succeeding  applications  and  removals  of 
stretching  force  show  a  diminution  of  breaking  stress,  or  tenacity  as 
it  is  called.  Further,  if  a  wire  be  very  gradually  stretched  by  suc- 
cessive small  additions  to  the  load  up  to  the  breaking  point,  the 
breaking  stress  is  very  much  greater  than  it  would  be  if  the  load 
were  rapidly  applied.  The  wire  seems  to  become  tempered  by 
long  subjection  to  moderate  loads,  and  to  become  increased  in 
strength. 
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The  slow  extension  of  wires  under  load  forms  an  interesting  sub- 
ject of  observation ;  if  the  load  is  fairly  large,  but  still  far  below  the 
breaking  weight,  the  wire  slowly  elongates,  but  more  and  more  slowly 
as  time  advances,  and  the  increase  of  length  at  last  dies  out  apparently 
as  an  exponential  function  of  the  time. 

There  are  for  every  solid  substance  limits  called  the  elastic  limits 
beyond  which  it  cannot  be  strained  by  stress  of  any  type  without 
sustaining  permanent  distortion.  These  are  very  narrow  for  many 
substances  which  have  nearly  perfect  elasticity  within  their  elastic 
limits.  A  glass  ball,  if  too  much  distorted  by  collision,  will  fly  to 
pieces ;  yet  its  elasticity  of  shape  is,  within  narrow  limits,  very 
great. 

6(14.  Solidity.  Plasticity.  — It  is  probable  also  that  every  solid 
substance,  if  subjected  to  sufficiently  great  distorting  stress,  will  con- 
tinuously alter  in  shape — that  is,  flow  under  the  stress  and  suffer 
continually  increasing  permanent  increase  of  shape  until  the  stress 
is  in  some  manner  removed.  Thus  a  disk  of  gold  or  silver  struck  by 
a  die  is  converted  into  a  coin  in  which  the  head  of  the  Sovereign, 
inscription,  &c,  are  perfectly  well  defined,  and  remain  clear  and 
sharp  for  ages  when  the  coin  is  subjected  afterwards  only  to  moderate 
stress.     This  property  of  a  substance  is  called  plasticity. 

The  limiting  distorting  stress,  S  say,  at  which  How  begins  is  called 
the  solidity  of  the  substance.  Some  experiments  of  Tresca's  *  on  lead 
make  its  solidity  to  be  about  200,000  grammes  per  square  centimetre, 
or  2800  pounds  per  square  inch.  If  a  stress  Sv  greater  than  S  is 
applied,  the  flow  proceeds  continuously,  though  not  necessarily  with- 
out limit.  It  is  possible  that,  as  the  flow  proceeds,  the  applied  forces 
may  give  a  stress  which  finally  becomes  S.  For  example,  a  bar  sub- 
jected to  compression  by  application  of  thrust  may  shorten  until  the 
stress  is  reduced  to  the  limiting  value  in  consequence  of  increase  of 
the  cross-section  of  the  bar.  Or  the  substance  as  it  flows,  and  thus 
changes  its  condition,  may  develop  a  greater  solidity.  The  whole 
subject  still  requires  elucidation  by  experiment.  If  *S'j  be  removed  at 
any  stage,  the  substance  recovers  to  an  extent  depending  on  its  limits 
of  elasticity,  and  then  any  force  less  than  the  solidity  may  be  applied 
without  again  setting  up  flow. 

Io  a  fluid  the  solidity  is  zero,  of  course.  A  substance  such  as 
pitch  or  sealing-wax  has  a  quasi-solidity,  and  when  a  bar  of  it  is  bent 
and  the  bending  couple  is  at  once  removed,  it  unbends  to  some  extent, 
as  if  it  were  really  endowed  with  elasticity  of  shape.  But  it  is  to  be 
remembered  that  in  the  resistance  of  an  elastic  body  to  bending  both 
the  moduli  of  an  isotropic  solid  are  concerned.  The  bar  of  viscous 
substance  offers  resistance  to  the  change  of  shape  depending  on  the 
rapidity  of  the  change,  and  a  true  elastic  resistance  to  the  change  of 
volume.  The  former  resistance  is  very  great  even  for  small  ratios  of 
distortion.  The  compressed  and  extended  parts  cannot  relieve  them- 
selves at  once  from  the  change  of  volume,  because  the  change  of  shape 

*  Memoires.     Paris,  Acad,  des  Sciences  xviii.  and  xx.  1868  and  1872. 
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necessary  for  this  relief  cannot  at  once  take  place.  Hence,  when  the 
applied  couple  is  removed,  there  is  an  elastic  return  due  to  the  re- 
silience from  compression  and  dilatation.  If,  however,  the  couple  is 
maintained  the  substance  relieves  itself  by  lateral  expansion  of  the 
compressed  region  and  lateral  contraction  of  the  dilated  region,  and 
a  certain  amount  of  unbending  takes  place. 

It  seems  probable,  however,  that  there  exists  a  true  solidity  of 
pitch  when  subjected  to  a  rapidly  alternating  strain  of  small  amount, 
for  a  portion  of  it  melted  into  a  bell  will  sound  a  musical  note  of 
definite  pitch,  and  this  could  only  happen  if  the  return  force  were 
proportional  to  the  distortion  of  the  bell  from  its  mean  or  equilibrium 
shape.  The  mass  of  pitch  subjected  to  a  small  continuous  force,  for 
example,  its  own  weight,  slowly  yields,  and  at  last  flows  out  into  a 
thin  sheet. 

No  such  flow,  even  under  considerable  force,  takes  place  in  such 
substances  as  the  metals,  which  have  a  large  solidity.  Gold  and  silver 
and  bronze  ornaments  thousands  of  years  old  have  been  found  buried 
in  tombs  and  in  the  ruins  of  ancient  cities,  and  display  in  every  detail, 
as  much  sharpness  of  outline  and  delicacy  of  workmanship  as  if  they 
had  just  been  made. 

665.  Viscosity  of  Solids. — There  does  exist  in  solids,  however, 
true  viscosity  in  the  sense  explained  in  §  348.  The  change  in  shape 
of  a  solid  involves  relative  motion  of  the  molecules  of  the  body,  and 
this  motion  is  resisted  by  frictional  forces.  This  is  proved  by  the 
mere  fact  that  the  vibrations  of  a  tuning-foi-k  die  away  at  a  rate 
considerably  greater  than  that  at  which  energy  is  communicated  to  the 
surrounding  air,  and  also  by  such  experiments  as  those  of  torsional 
oscillations.  The  rate  of  diminution  of  amplitude  of  a  cylindrical 
vibrator  performing  torsional  oscillations,  as  described  in  §  635,  is 
far  greater  than  that  due  to  the  resistance  of  the  air  to  the  motion. 

666.  Fatigue  of  Elasticity.  Internal  Viscosity  of  Solids. — It  is 
remarkable  that  this  rate  of  falling  off  of  amplitude  depends,  under 
certain  circumstances  that  have  not  yet  been  fully  investigated,  on 
the  time  during  which  the  wire  has  been  kept  vibrating.  It  was 
found  in  some  experiments  made  about  twenty-five  years  ago  by 
Lord  Kelvin  *  that  the  rate  of  subsidence  of  torsional  oscillation  was 
much  greater  in  a  wire  that  had  been  kept  vibrating  for  several 
days  than  in  a  precisely  similar  wire  which  had  been  kept  quiescent 
during  the  same  time.  Thus,  two  equal  and  similar  copper  wires 
were  loaded  with  equal  lead  weights.  One  wire,  called  No.  2,  was 
more  frequently  vibrated  than  the  other  (No.  1),  and  three  weeks 
afterwards  the  viscosities  were  compared.  Then  No.  1  gave  subsi- 
dence from  an  initial  range  20  to  10  in  97  vibrations,  while  No.  2 
sustained  the  same  diminution  of  range  in  77  vibrations. 

It  is  stated  also  in  the  paper  referred  to  that  the  falling  oft'  of 
amplitude  a  with  time  t  was  for  each  wire  with  a  given  vibrator, 
according  to  the  law,  ae*e,  that  is  the  diminution  of  range  per  equal 

*  Proc.  R.  &  May  18,  1865. 
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times  had  throughout  the  subsidence  always  the  same  ratio  to  the 
existing  range  at  each  instant,  in  other  words,  that  the  retardations 
were  throughout  the  subsidence  proportional  to  the  change  of  shape ; 
and  that  further,  when  two  identical  wires  were  caused  to  perform 
oscillations  with  vibrators  of  the  same  weight  but  different  moments 
of  inertia,  the  rates  of  subsidence  were  not  those  corresponding  to 
retardations  proportional  to  the  rates  of  change  of  shape  in  the  two 
cases.  It  is  difficult  to  perceive  any  physical  reason  why  the  same 
law  of  retardation  should  not  hold  here  also. 

These  results  do  not  agree  with  some  obtained  more  lately  by 
Streintz  *  and  by  Pisati,t  who  found  that  a  marked  diminution  of 
rate  of  subsidence  in  wires  of  steel,  copper,  silver,  brass,  and  platinum 
by  keeping  the  wire  for  a  considerable  time  in  continual  torsional 
oscillation. 

The  viscosities  of  a  large  number  of  wires  have  been  examined  at 
different  temperatures  by  Messrs.  Blyth  and  Imnlop  and  the  author 
of  this  work,  the  result  with  that  in  steel,  brass,  copper  (commei  cial 
and  pure),  and  soft  iron,  the  rate  of  subsidence  is  markedly  greater 
at  a  temperature  of  about  90°  than  at  15°.  In  one  case,  that  of  a 
specimen  of  german  silver,  the  rate  of  subsidence  was  found  to  be 
less  at  the  higher  temperature  than  at  the  lower. 

It  was  found  also  that  apparently  the  rate  of  subsidence  is  a 
function  of  the  amplitude  as  well  as  of  the  temperature,  a  fact  which 
might  explain  the  discordance  of  results  mentioned  above  as  to  the 
effect  of  continued  vibration  on  rate  of  subsidence.  The  experiments 
just  referred  to  on  this  subject  are  still  in  progress. 

G67.  Resilience  of  a  Strained  Body.  Effect  of  Sudden  Appli- 
cation of  Stress. — The  resilience  of  a  strained  body  means  etymologi- 
cally  the  reaction  of  the  body  against  the  applied  distorting  stress — 
the  tendency  to  spring  back.  It  is  used,  however,  in  the  theory  of 
elasticity  to  designate  the  work  done  in  straining  a  body  to  any 
given  degree. 

If  the  resistance  fulfils  Hooke's  Law,  the  measure  of  the  resilience 
is  evidently  the  product  of  the  final  applied  force  into  half  the  final 
displacement  effected.  Thus,  if  a  spiral  spring  be  drawn  out  60  cms. 
by  a  weight  of  14  lbs.  its  resilience  in  ergs  is 

1  x  14  x  453-6  x  60  x  981  =  186H9i>i>72, 

or  in  foot-pounds,  13-78. 

The  stress  is  here  supposed  to  be  applied  in  successive  small 
increments.  If  the  final  stress  were  applied  all  at  once  an  elongation 
twice  as  great  as  the  equilibrium  elongation  would  be  produced.  For 
the  load,  descending  let  us  suppose  under  the  action  of  gravity, 
would  acquire  velocity  until  the  upward  force  due  to  the  strain  was 
equal  to  the  load,  which  would  continue  to  descend  until  the  return 

*  Pogg.  Ann.  153  (1874). 

t  Gazz.  Chim.  Ital.  1876, 1877,  and  Sitzungsb.  d.  Wien.  Akad.lxxx.  Abth.  2, 

1879. 
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force  due  to  strain  was  equal  to  twice  the  load.  Thus  the  reader 
will  see  how  a  body  may  be  ruptured  by  the  sudden  application  of  a 
stress  which  it  would  have  borne  safely  if  gradually  applied. 

The  amount  of  work  given  back  by  the  body  when  allowed  to  return 
towards  its  former  configuration  may  be  perceptibly  different  from 
that  done  in  straining  it,  even  though  Hooke's  Law  is  fulfilled.  In 
general  when  set  is  given  it  is  in  great  part  only  subpermanent — that 
is  to  say,  the  strained  body,  if  left  to  itself,  will  gradually  return 
towards  its  original  configuration  in  consequence  of  what  has  been 
called  by  German  experimenters  elastische  Nachwirkung"  elastic  after- 
working."  The  work  spent  in  straining  a  body  is  obviously  obtained 
by  plotting  a  curve  of  which  the  absciss*  are  the  values  of  the  applied 
force  and  the  ordinates  the  strains  produced.  The  area  between 
the  line  of  abscissa?,  the  curve,  and  the  terminal  ordinate  is  the 
resilience.  If,  then,  when  the  applied  force  is  gradually  applied  and 
then  gradually  removed,  the  curve  of  increasing  strain  be  OCB  and 
the  curve  of  diminishing  strain  BC'O,  the  whole  strain  being  supposed 
to  come  out  finally,  the  work  returned  is  represented  by  the  area 
OCBC'O.  and  the  difference  represented  by  the  area  OC'BCO  has 
been  dissipated,  or  is  represented  by  unavailable  energy  of  changed 
internal  state  of  the  wire. 

668.  Resilience  of  a  Twisted  Rod  or  Shaft — The  resilience  of  a 
twisted  shaft  is  to  be  found,  of  course,  by  multiplying  the  terminal 
couple  L  applied  by  half  the  angle  6  through  which  one  end  has  been 
turned  relatively  to  the  other.     Thus  we  have 

Resilience -iZ6.  (148) 

But  the  couple  is  \irnr^%ll  for  a  right  cylindrical  rod,  and  therefore 

Resilience  =  ^irnri$2/l. 

For  a  right  cylindrical  tube  we  have 

Resilience  =  h  nAm-jl,  ( 1 49) 

where  A  is  the  cross-sectional  area  and  k  is  the  radius  of  gyration  of 
the  section  about  the  axis  of  the  tube. 

For  a  solid  cylindrical  rod  twisted  until  the  outermost  elements 
have  sustained  the  utmost  torsion  they  can  bear  without  flowing  of 
the  material  under  the  distorting  stress  we  have  as  above 

Resilience  =  —n^B'/l, 

if  B.  now  denote  the  utmost  twist  that  can  be  given  without  produc- 
ing flow  of  the  outermost  elements.  The  couple  L  is  then  \i:mABx\l. 
The  couple  resisting  turning  of  the  outermost  ring  of  particles  is 
2Tmr3drdJl.  The  area  is  2wrdr,  and  therefore  the  tangential  force 
per  unit  area  resisting  in  the  cross-section  the  shearing-strain  is 
nrdjl.     If  we  denote  this  by  tj, 

L  =  \irr,r\  (150) 
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If  now  every  part  of  the  cross-section  be  strained  up  to  the  point 
of  its  solidity,  the  outer  portions  will  have  yielded  and  flow  will  have 
taken  place.     The  couple  resisting  further  turning  will  then  be 

r 

which  is  4/3  of  the  former  couple  L. 

G69.  Torsion  of  a  Shaft  Transmitting  Power. — In  the  case  of  a 
shaft  transmitting  power  by  torsion  the  couple  L  is  \itnr4%ll,  and 
the  rate  at  which  work  is  done  per  minute  is  ^Trnr40/lx  2«riT,  that 
is  irnNr^jl,  where  iVis  the  number  of  revolutions  per  minute.  If 
the  rate  at  which  work  is  delivered  by  the  shaft  in  horse-power  be  H, 
we  have,  if  n  be  taken  in  pounds  per  square  foot,  and  r  in  feet 

**nNr*j  =  Hx  88000. 

The  utmost  shearing  stress  that  can  be  applied  safely  is,  we  suppose, 
S  =  nr  6/1,  so  that  the  last  equation  becomes 

ttWSt*  =  H  x  33000, 
and 

,     33000  H  „ROw 

r  =  ^TTV  <lo2> 

The  radius  r  of  the  shaft  will  be  obtained  from  this  equation. 

For  example,  the  utmost  shearing  force  regarded  as  applicable  in 
the  case  of  steel  is  13,500  pounds  per  square  inch.  This  gives  for 
the  radius  of  the  shaft  in  feet 

r=1198</f'  (153> 

or,  for  the  radius  in  inches 

r=  1438  */E.  (154) 

Authorities  are  not  agreed  as  to  what  is  the  proper  measure  of 
the  tendency  of  a  substance  to  rupture.  It  was  suggested  by  Coulomb 
that  it  was  the  greatest  shear  produced  on  the  substance ;  Poncelet 
and  later  St.  Venant  held  that  it  was  the  greatest  extension.  Ac- 
cording to  M.  Tresca  (whose  researches  on  the  flow  of  solids  are 
referred  to  above)  and  to  Prof.  G.  H.  Darwin  it  is  the  maximum 
difference  between  the  greatest  and  least  principal  stresses,  a  measure 
which  does  not  differ  much  from  that  proposed  by  Coulomb.  In 
practice  the  rule  adopted  is  to  keep  the  stress  developed  in  the 
material  under  a  certain  fraction  Iff  of  the  stress  under  which  the 
substance  would  give  way.  The  number  f  is  called  the  "factor  of 
safety"  for  the  kind  of  strain  involved.*  This  factor  varies  from  6 
to  12  in  different  cases. 
*  See  Love's  Elasticity,  vol.  i.  p.  106,  and  Treatises  on  Strength  of  Materials^ 
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C>7".  Impact  of  Elastic  Balls. — Connected  Avith  resilience  is  the 
important  subject  of  impact  of  elastic  bodies.  This  is  much  too  large 
a  subject  to  be  dealt  with  here  and,  indeed,  the  treatment  of  it  from 
the  point  of  view  of  the  vibrations  of  elastic  solids  has  not  yet  been 
completed.  The  results  so  far  obtained  do  not  in  all  cases  agree 
with  those  derived  from  general  considerations. 

Newton  found  that  when  two  elastic  balls  impinged  directly, 
that  is,  when  both  were  moving  along  the  line  joining  their  centres,  the 
velocity  of  separation  after  impact  bore  a  ratio  to  the  velocity  just 
before  impact  depending  on  the  nature  of  the  bodies.  Thus  if  ?'.  u  , 
v,  v  were  the  velocities  of  the  balls  before  and  after  impact,  m.  m'  the 
masses  of  the  balls,  the  momentum  before  impact  was  mu  +  m'u',  and 
this  by  the  third  law  of  motion  must  have  been  the  momentum  after 
impact.     Hence 

in  "  +  m'u  =  mv  +  m'v' . 

The  velocity  of  approach  of  the  two  balls  was  u  -  u',  after  impact 
the  velocity  of  separation  was  v  —  v,  and 

v'  —  v  —  e{u  -  u') 

where  e  denotes  the  ratio  referred  to  above.  This  ratio  is  often  and 
very  improperly  called  the  elasticity  of  the  balls.  It  is  better  called 
the  co-efficient  of  restitution. 

But  in  all  cases  of  collision  the  momentum  in  any  direction  lost 
by  one  of  the  bodies  is  equal  to  the  momentum  in  the  same  direction 
gained  by  the  other  and  this  is  true  at  every  stage  of  the  collision. 
Now  there  must  be  a  stage  in  the  case  here  considered  at  which  the 
velocities  of  the  two  bodies  had  just  been  equalised.  If  v  was  this 
common  velocity  (the  velocity,  it  is  to  be  observed,  of  the  centroid 
of  the  two  balls  both  before  and  after  the  collision), 

(m  +  ?n')v=  mu  +  mu  =  mv  +  m'v. 

From  the  equations  thus  obtained  it  is  easy  to  prove  that 

v  -  v  =  e(i(  -  v),    v  —  v=e(v-  u).  C"'"1) 

But  u  -  v  was  the  velocity  of  the  ball  m  relatively  to  the  centroid  of 
the  two  balls  before  the  collision,  and  y—  v  is  the  velocity  of  the  cen- 
troid relatively  to  the  ball  in  after  the  collision.  Hence  this  relative 
velocity  is  reversed  in  direction  and  altered  in  the  ratio  of  e  to  1  by 
the  collision.  The  other  equation  has  a  similar  meaning  for  the 
other  ball. 

The  action  between  the  two  balls  being  equal  and  opposite  the 
velocity,  y,  of  the  centroid  of  the  two  balls  during  the  collision  must 
be  throughout  equal  to  the  velocity  of  the  surface  of  contact.  If 
then  u  was  zero  we  have  by  (155)  v  -v  =  ev,  or  (supposing,  what  is 
very  approximately  true  for  two  ivory  or  steel  balls,  e  =  1 ) 

v=^v  =£m. 

This  is  the  statement  made  in  §  145  above. 


ELASTICITY.  631 

The  kinetic  energy  of  the  two  balls  before  impact  is  in  the  more 
general  case  described  above  made  up  of  the  energy  of  the  two 
balls  supposed  both  moving  with  the  velocity  of  the  centroid,  that 
is  ^(m  +  m')v2,  and  the  kinetic  energy  of  the  motion  of  each  rela- 
tively to  the  centroid,  or  ^m(y -  uf  +  \m'(ii  -  v)\  The  former 
remains  unchanged.     The  latter  becomes 

e-  {  hm( v  -  iif  +  hin'(u  -  v)' } , 

so  that  there  is  lost 

-J(l  -  er){m(v  -  u)2  +  m'(a  -  yf\. 

This  energy  is  no  doubt  in  the  main  converted  into  energy  of 
vibrational  motion  of  the  balls  which  becomes  heat  energy  as  the 
vibrations  subside.  A  portion  also  becomes  energy  of  aerial  vibra- 
tions, as  sound  was  produced  by  the  collision ;  this  also  ultimately 
becomes  heat. 

671.  End-on  Impact  of  Two  Bars. — Consider  two  similar  pris- 
matic bars  of  equal  length  with  flat  ends,  their  axes  in  line,  and  their 
cross-sections  similarly  situated,  and  moving  in  the  directions  of 
their  axes.  They  collide  thus  end  to  end ;  the  two  ends  remain  in 
contact  during  the  collision,  while  a  wave  of  compression  runs  along 
each  from  the  ends  struck.  In  each  unit  of  time  the  same  change 
of  momentum  takes  place  in  each  bar,  and  so  the  force  between  them 
remains  constant  from  beginning  to  end  of  the  time  of  contact.  After 
the  pulse  of  compression  has  passed  along  each  to  the  free  end  the 
bars  begin  to  elongate,  and  a  pulse  of  elongation  runs  back  from  the 
free  ends  to  the  others.  When  it  has  reached  the  latter  the  bodies 
separate  with  the  same  relative  velocity  as  that  with  which  they 
approached  before  the  impact,  but  with  their  velocities  now  inter- 
changed. 

If  vv  v.,  denote  the  velocities  before  impact,  the  common  velocity 
of  the  ends  during  impact  is  |  {vv  + 1\).  But  a  portion  of  the  first 
bar  which  has  not  been  reached  by  the  wave  is  moving  with  the 
velocity  vv  and  consequently  the  part  along  which  the  wave  has 
travelled  has  shortened  by  vxt  -  \  (vx  +  v2)t,  that  is  by  i  (i\  -  r,)£. 
But  the  initial  length  of  this  portion  is  at,  if  a  be  the  velocity  of 
propagation  of  the  pulse.  Hence  the  initial  compression  is  ^  (v,  -  vt)/a. 
Precisely  the  same  compression  is  propagated  along  the  other  bar. 

Each  part  of  either  bar  continues  moving  with  its  velocity,  i\  or  r,, 
until  the  pulse  of  compression  reaches  it,  when  the  velocity  of  the 
part  changes  instantly  to  ^  (r,  +  v2),  and  remains  at  this  value  until 
the  return  pulse  of  elongation  arrives,  when  the  velocity  instantly 
changes  to  v.,  in  the  case  of  the  first  bar,  and  to  i\  in  the  case  of  the 
second. 

It  may  be  noted  that  the  rebound  of  a  bar,  which  strikes  an  un- 
yielding plane  end-on,  is  precisely  the  same  as  it  would  be  if  it 
collided,  as  here  described,  with  an  equal  bar  moving  with  the  same 
speed  in  the  opposite  direction. 
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If  the  bars,  otherwise  similar,  be  of  unequal  lengths,  the  common 
velocity  of  the  ends  will  become  instantly  ^ivt  +  vt).  A  pulse  of 
compression  of  amount  1  (i\  -  v2)ja  will  run  along  both  bars,  and 
will,  when  it  has  reached  the  free  end,  be  succeeded  in  each  by  a 
wave  of  elongation  running  in  the  opposite  direction,  as  in  the  case 
just  described.  The  shorter  bar  will  have  its  motion  altered  as  if  it 
had  struck  another  of  its  own  length,  and  will  rebound  with  velocity 
r,.     The  motions  of  its  particles  will  change  as  has  been  described. 

The  longer  bar,  however,  will  be  left  in  a  state  of  longitudinal 
vibration  due  to  the  propagation  along  it  of  first  a  wave  of  compression 
travelling  in  the  manner  described,  and  produced  by  the  collision. 
Upon  this  will  be  supei'imposed,  after  the  short  bar  has  ceased  to  be 
in  contact,  a  vibration  of  a  similar  nature,  due  to  the  sudden  cessation 
of  the  pressure  upon  the  end  which  was  struck. 

672.  Controversy  as  to  Elastic  Constants. — We  have  not  treated 
in  this  chapter  the  subject  of  the  elasticity  of  seolotropic  bodies.  In 
their  case  the  discussion  is  very  much  more  complicated,  and  it  is 
unnecessary  for  the  majority  of  practical  purposes.  We  may  note 
here  that  each  component  of  stress  is  necessarily  a  linear  function  of 
each  of  the  six  components  of  strain,  so  that  the  full  specification  of 
the  stresses  requires  36  co-efficients  or  elastic  constants.  These  are 
reduced  to  21  from  the  fact,  proved  first  by  Lord  Kelvin,*  that  the 
stresses  must  be  the  differential  co-efficients  of  a  homogeneous  quad- 
ratic function  of  the  six  strains,  so  that  1 5  relations  must  exist  among 
the  constants. 

A  further  reduction  to  15  is  obtained  by  St.  Venant  and  others 
by  adopting  the  supposition  that  the  force  between  any  pair  of  mole- 
cules acts  along  the  line  joining  the  molecules,  and  varies  according 
to  a  function  of  the  distance  of  the  molecules  apart. 

This  supposition  involves  a  fixed  relation  between  the  two 
principal  moduli  of  an  isotropic  body,  which  is  expressed  by  putting 
Poisson's  ratio  equal  to  J.  This  result  cannot  be  held  to  be  con- 
firmed by  experiments  on  the  approximately  isotropic  bodies  which 
are  met  with  in  nature.  Experiments  of  this  kind,  however,  are 
difficult  to  make  with  accuracy,  and  there  is  always  the  objection 
brought  by  the  upholders  of  the  rari-constant  theory,  as  it  is  called, 
that  the  substances  are  not  isotropic.  The  reader  will  find  full 
information  on  the  subject  of  this  controversy  in  Prof.  Karl  Pearson's 
History  of  Elasticity. 

We  conclude  with  a  short  table  of  elastic  constants  of  the  more 
important  substances  employed  in  the  arts. 

*  Thermo-tlastic  Properties  of  Matter,  Math,  and  Physical  Paper*.     Vol.  I. 
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CHAPTER  XVI. 
CAPILLARITY. 

673.  Cause  of  Capillary  Phenomena. — Some  calculations  of  effects 
of  surface-tension  of  a  liquid  have  been  given  in  chap.  iv. ;  we 
consider  here  briefly  the  physical  cause  of  surface-tension,  the  pheno- 
mena to  which  it  gives  rise,  and  some  methods  by  which  it  can  be 
measured. 

There  can  be  no  doubt  that  there  are  mutual  forces  between  the 
molecules  of  all  substances,  that  is  to  say  between  those  particles 
which  are  ultimate,  in  the  sense  that  they  cannot  be  divided  without 
a  change  in  the  physical  properties  of  the  substance.  It  seems  not 
absolutely  impossible  that  these  forces  may  be  merely  the  gravita- 
tional attractions  between  the  particles — attractions  made  sufficiently 
intense  at  small  distances  by  the  heterogeneity  of  the  substance  which 
is  encountered  at  distances  comparable  with  the  dimensions  of  the 
molecular  structure — or,  it  may  be,  as  many  seem  to  hold,  that  there 
are  special  forces  of  cohesion,  &c,  entirely  distinct  from  gravitation, 
which  are  called  into  play  when  the  molecules  of  a  substance,  or  the 
molecules  of  different  substances,  are  brought  into  sufficient  proximity 
with  one  another.  It  is  certain,  however,  that  when  it  is  possible  to 
estimate  the  whole  circumstances  of  the  actions  of  molecules  upon 
one  another,  and  to  take  account  of  the  effects  of  their  relative 
motions,  there  will  be  a  considerable  reduction  in  the  number  of 
special  forces  acting  between  them,  and  a  unity  of  dynamical  action 
will  emerge  which  will  be  continuous  with  that  which  we  find 
existing  between  ordinary  portions  of  matter  at  finite  distances 
apart. 

No  definite  statement  of  the  law  of  action  of  molecular  forces  is 
yet  possible.  Of  the  nature  of  a  molecule  we  know  next  to  nothing ; 
and  if  we  make  the  usual  statement  that  the  mutual  force  between 
two  molecules  is  along  the  line  joining  the  molecules,  and  depends 
upon  the  distance  between  them,  we  assume  either  that  the  molecules 
are  mere  centres  of  force,  or  that  they  are  spherical  distributions  of 
matter  which  act  as  if  the  whole  mass  of  each  were  collected  at  its 
centre.  It  seems  pix>bable  that  the  action  is  to  a  high  degree  of 
approximation  the  same  as  that  of  centres  of  force.  But  just  as  the 
planets  attract  one  another  only  approximately  as  if  their  masses 
were  collected  at  their  centres,  and  there  are  phenomena,  for  example 
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those  of  precession  and  nutation,  which  arise  from  the  fact  that  the 
centres  of  the  planetary  masses  are  not  accurately  centres  of  the 
whole  external  attractions  which  they  exert,  and  just  as  the  effects 
of  these  attractions  are  to  an  outside  spectator  profoundly  modified 
by  the  motions  of  the  planets,  so  there  are  no  doubt  phenomena 
which  are  to  be  traced  to  the  fact  that  the  molecules  are  not  mere 
force- centres,  and  above  all  to  the  fact  that  they  are  in  relative 
motion. 

i>74.  Forces  Insensible  at  Sensible  Distances. — A  very  complete 
theoretical  account  of  capillary  phenomena  can  be  framed  on  the  sup- 
position that  the  members  of  every  pair  of  molecules  act  on  each  other 
as  a  pair  of  force-centres,  with  forces  which  are  sensible  only  at  dis- 
tances comparable  with  the  dimensions  of  a  molecule.  But  the  phrase 
u  dimensions  of  a  molecule  '  requires  to  be  made  precise.  In  any 
body  it  is  probable  that  only  a  small  portion  of  the  whole  space  is 
really  filled  by  matter ;  there  are  always  interstices  large  enough  to 
allow  of  considerable  relative  motion  of  the  particles.  The  pheno- 
mena of  diffusion  of  liquids  into  one  another  show  that  there  is  con- 
siderable relative  motion  of  their  particles,  and  the  recent  experiments 
of  Sir  William  Roberts- Austen,  on  the  diffusion  of  gold  through  lead 
at  ordinary  temperatures,  show  that  even  in  a  solid  the  molecules  are 
not  quiescent.  Hence  the  dimensions  of  a  molecule  are  to  be  under- 
stood as  the  dimensions  of  the  average  volume  of  the  space  occupied 
by  a  molecule,  that  is  the  space  obtained  by  dividing  the  volume  of 
the  body  by  the  number  of  molecules  in  it.  Some  account  of  methods 
of  estimating  the  number  of  molecules  in  a  body  will  be  given  in 
vol.  ii. 

The  external  attractive  force  exerted  by  a  molecule  is  not  per- 
ceptible beyond  a  very  small  distance  from  the  molecule,  that  is  from 
the  centre  of  force  which  may  be  taken  to  represent  the  molecule. 
A  sphere  of  this  radius  may  be  called  the  molecules  sphere  of  influence. 
It  will  be  clear,  then,  that  if  there  is  a  regular  arrangement  of  the 
molecules  in  a  fluid,  and  a  very  large  number  of  them  in  any  finite 
portion  of  the  space  occupied  by  the  fluid,  a  molecule  which  is  at  a 
greater  distance  from  every  part  of  the  boundary  than  the  radius  of 
the  sphere  of  influence  will  be  acted  on  by  the  molecules  surrounding 
it  so  that  it  experiences  no  force  in  any  direction.  If,  however,  the 
molecule  be  at  a  smaller  distance  than  this  from  the  boundary  the 
action  of  the  molecules  on  the  side  of  it  towards  the  fluid  will  over- 
balance that  of  the  molecules  on  the  other  side,  and  forces  will  be 
brought  into  play  which  are  not  manifested  in  the  interior  of  the 
fluid. 

675.  Laplace's  Theory  of  Capillarity.  *— Laplace  founded  his  theory 
of  capillarity  on  this  idea  of  forces  insensible  at  sensible  distances. 
The  following  is  a  sketch  with  some  slight  modifications  of  his  method 
of  investigation.  He  considered  first  the  attraction  of  a  sphere  of 
uniform  density  upon  a  long  straight  uniform  filament  of  the  same 
density  abutting  normally  against  the  spherical  surface.     Let  OMN 
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Fig.  327. 


Fig.  327  be  the  sphere,  OS  the  filament  which  we  shall  suppose  to  be 
of  unit  cross-section.  Let  p  be  the  common  density  of  the  sphere 
and  rod,  and  consider  the  attraction  of  a  shell  of  radius  u  and  thick- 
ness du,  on  an  element  dr  of  the  rod 
at  P,  distant  r  from  C  the  centre  of 
the  sphere.  Take  first  the  attraction 
on  the  element  dr  of  a  zone  generated 
by  revolving  an  element  of  breadth 
tidd  at  E  about  OS  as  an  axis.  The 
mass  of  this  zone  is  2irpu2sin8dddmi 
and  if  a  mass  rn  at  E  exert  an  attrac- 
tion m(j)(f)  along  the  line  PE(=f)  on 
unit  mass  at  P  the  attraction  along  PC 
on  the  element  dr  exerted  by  the  zone 
is  2irp*us8hl0d0dudr$(f)(r-  acosd)//, 
since  (r  -iicosd)//  is  cos  CPE.  But 
f-  =  i*  +  u*  -  2m  cos  0,  so  that 

(r  -  u  cos  d)/f=  df/dr. 

The    attraction    of    the    zone   on    the 
element  dr  is  therefore 

2  irp  -v?  sin  6  d8  die  dr  (j>(f)  df/dr. 

d{n(f)j/dr,  then  the  attraction  of  the  zone  on  the 


~Let<l>(f)dfjdr  = 
element  dr  is 


2  it  p- u2  sin 


dr 


If  this  be  integrated  with  respect  to  r  between  the  limits  b  and  x, 
on  the  supposition  that  n(/)  is  a  quantity  which  diminishes  with 
extreme  rapidity  as  f  increases,  we  get  for  the  attraction  of  the  zone 
on  the  filament 

2  7r  p2  u2  sin  Odd  dull  (/) 

where  b  is  the  distance  CO. 

Now  let  0  vary  while  r  remains  constant  and  equal  to  b  ;  then 
since  sinddd  =fdf/bu,  the  last  expression  becomes 


27rp^duU(f)fdf. 

This  integrated  for  variations  of  f  corresponding  to  variations  of  6 
from  0  to  7r  yields 

-  2-k p'2  -  du  {\p(b  +  u)  -  -^(b-  u)}, 
b 

where  \p  is  such  a  function  that  u(f)fd,f=  -  »£'(/).     The  distance  / 
evidently  varies  from  b  —  u  to  b  +  u. 

If  the  distance  b  +  u  be  as  we  suppose  greater  than  that  at  which 
a  particle  of  matter  can  exert  any  sensible  attraction  on  the  filament 
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we  shall  have  ^(b  +  u)  =  0,  and  the  total  attraction  of  the  shell  is 
•J  7rpaudu  J/  (b  -  u)/b.  Denote  b  -  u  by  s  so  that  -  uda  =  (b-  z)dz  ; 
then  the  whole  attraction  of  the  sphere  on  the  filament  is 


0  <>  i> 

2*p> <Jtll^z)dz  =   2TrP*f^{z)dz  -  •>  rp^  f^{z)dz  =  K 


H 

b  ' 


(1) 


if  K,  II  be  put  for  the  two  integrals.  This  is  Laplace's  celebrated 
expression  for  the  action  of  a  sphere  of  the  fluid  upon  a  filament 
abutting  normally  against  the  sphere.  Laplace  took  p  =  I ,  and  the 
expressions  here  given  differ  from  his  by  having  p-  as  a  factor. 


Fig.  328. 


67(5.  Intrinsic  Pressure  in  a  Fluid. — The  attraction  of  a  sphere 
of  fluid  of  finite  radius  b  upon  an  external  uniform  and  infinitely 
thin  filament  of  fluid  normal  to  the  surface,  and  extending  to  infinity, 
is  thus  K  -  Hjb,  per  unit  of  cross-section  of  the  filament,  so  that  this 
must  be  the  pressure  exerted  on  the  sphere  by  the  base  of  the  fila- 
ment and  balanced  by  the  reaction  of  the  sphere.  The  quantities 
K,  H  are  independent  of  the  radius  of  the  sphere,  and  as  the  mole- 
cular forces  on  which  these  quantities  depend  are  supposed  insensible 
at  sensible  distances  it  is  clear  that  K  -  H\b  is  the  attraction  on  the 
filament,  per  unit  of  area,  of  an  indefinite  mass  of  fluid  bounded  by  a 
portion  of  a  spherical  surface  of  radius  b  to  which  the  filament  is 
normal.  It  is  only  necessary,  therefore,  that  every  part  of  the  boundary 
(except  the  curved  surface)  of  the  mass  of  fluid  should  be  at  a  finite 
or  sensible  distance  from  the  base  of  the  filament,  and  that  the  fila- 
ment should  be  of  finite  length,  in  order  to  ensure  that  the  pressure 
at  its  base  should  be  K  -  H\b. 

The  quantity  H  is  small  in  comparison  with  K.  For  K  is 
2irp2f->l(z)dz,  where  z  is  the  distance  of  the  base  of  the  filament  from 
the  surface  of  a  shell  concentric  with  the  sphere  of  radius  b  and 
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within   it,  -^(z)  is  a  function  (unknown)  of  z,  and  the  integral  is 
taken  between  the  limits  0  and  b  ;  and,  on  the  other  hand, 


ti=Z*ftfy{z)dz. 


The  only  values  of  \p(z)dz  which  have  a  sensible  effect  in  building 
up  either  integral  are  those  for  which  z  is  very  small  in  comparison 
with  b,  because  of  the  supposition  that  the  forces  are  insensible  at 
sensible  distances.  Hence  II  must  be  small  in  comparison  with  K  as 
stated. 

It  will  be  observed  that  if  b  be  made  infinite  H/b  is  zero,  and 
therefore  the  integral  K  is  the  pressure  which  would  be  produced  at 
the  base  of  the  filament  if  it  abutted  against  the  plane  boundary  of 
an  otherwise  infinite  mass  of  fluid,  as  OS,  in  Fig.  32N,  against  the 
plane  IK.  Clearly  then  if  03IX  represent  the  attracting  sphere 
and  OS  the  filament  in  contact  with  the  sphere  at  0,  H/b  is  the 
amount  which  must  be  deducted  on  account  of  the  want  of  the 
meniscus  HIOKN ;  that  is  ff/b  is  the  pressure  which  would  be 
produced  by  the  meniscus  acting  alone.  K  has  been  called  the 
intrinsic  pressure  on  the  fluid. 

677.  Intrinsic  Pressure  and  Pressure  due  to  Curvature. — Since 
there  is  no  attraction  on  a  filament  of  finite  length  in  the  interior 
of  an  infinite  mass  of  fluid,  the  attraction  upwards  exerted  on  the 
filament  OS  by  the  sphere  OMN  must  be  equal  and  opposite  to  the 
attraction  in  the  opposite  direction  that  would  be  exerted  by  the 
mass  below  the  sphere,  required  to  make  the  attracting  matter 
infinite  in  all  directions.  But  the  latter  attraction  must  be  equal  to 
the  attraction  exerted  on  the  filament  by  the  sphere  OPQ,  together 
with  the  attraction  due  to  the  double  meniscus  MIQONRP.  The 
attraction  of  the  single  meniscus  MIONR  is  by  the  result  obtained 
above  of  amount  II lb,  and  is  directed  upAvards.  Hence  the  down- 
ward attraction  of  all  the  fluid  below  the  plane  IOK  upon  the  infinite 
filament  also  below  the  plane  and  terminating  in  it  is  K  -  II jb  +  H/b, 
or  K.  Thus  the  attraction  of  all  the  matter  below  the  plane  IOK  on  a 
filament,  also  below  the  plane  and  terminating  in  it,  is  equal  to  the 
attraction  K  in  the  same  direction  exerted  by  an  infinite  mass  below 
the  plane  on  a  filament  above  the  plane  and  terminating  in  it. 

Further,  the  attraction  of  the  meniscus  PKOIQ  on  the  filament 
below  the  plane  is  the  same  as  the  attraction  of  the  meniscus  MIONR 
on  the  same  mass.  For  consider  any  element  of  the  meniscus 
PKOIQ  at  q,  Fig.  328,  and  a  corresponding  and  equal  element  of 
MIOKX  at  q,  a  point  in  the  normal  to  IOK  through  q  and  as  far 
from  the  plane  IOK  as  q  is.  Drawing  the  isosceles  triangles  Oqr, 
Oq'r  (in  Fig.  328),  we  see  that  the  element  at  q  exerts  no  action 
along  the  filament  on  the  part  Or,  nor  q'  on  Or'.  Hence  the  upward 
action  of  q  on  the  filament  terminating  at  0  is  the  same  as  that  of 
q  on  the  part  of  the  filament  below  r.     Hence  the  total  action  of  the 
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meniscus  PKOIQ  on  the  filament  OS  is  upwards  and  of  the  same 
amount  as  the  attraction  exerted  on  the  filament  OS  by  MIONK. 
Hence  if  S  be  the  downward  attraction  of  the  sphere  POO  on  OS, 
we  have  S  -  H[b  =  K,  that  is 

*-*+?■  <2) 

Thus  the  attraction  of  an  infinite  mass  bounded  by  a  convex 
spherical  surface  of  radius  b  on  an  indefinitely  long  filament  of  the 
mass  having  its  base  at  0  is  K+  H\b  per  unit  area  of  cross-section, 
and  this  is  the  pressure  at  0.  On  the  other  hand,  if  the  surface  is 
concave  the  pressure  is  K  -  H\b.  From  this  Laplace  concludes  that 
the  part  of  this  attraction  due  to  a  portion  of  a  spherical  surface 
between  two  planes  intersecting  in  the  radius  at  0,  and  inclined  at  a 
small  angle  dti,  is  (K  -  H/b)dd. 

Laplace  supposes  that  the  density  of  the  fluid  is  unity ;  if  we 
suppose  that  the  density  is  p  the  values  of  K  and  H,  if  these  quanti- 
ties have  the  meanings  assigned  to  them  above,  must  be  multiplied  by 
p-,  since  both  the  fluid  and  the  filament  have  the  density  p.  We 
shall  suppose,  however,  that  this  has  been  taken  account  of  in  calcu- 
lating K  and  H,  that  is  that  K  =  2  irfp2-l{z)dz,  and  similarly  for  H. 

678.  Secondary  Principle  of  Contractile  Film. — The  reader  will 
have  perceived  that  H <b,  the  pressure  due  to  the  curvature  of  the 
surface  is  capable  of  being  regarded  as  produced  by  a  contractile  film 
on  the  surface  of  tension  T=Hj2,  where  T  is  defined  as  in  §  204 
above.  Tins  idea  of  a  contractile  film  is  due  to  Thomas  Young  who 
gave  a  theory  of  capillary  phenomena  in  which  he  used  this  secondary 
principle  before  Laplace  took  up  the  subject ;  and  he  moreover  endea- 
voured to  account  for  the  action  by  means  of  molecular  forces.  A 
most  instructive  discussion  of  the  work  of  Young  and  Laplace  will 
be  found  in  Lord  Rayleigh's  papers  On  the  Theory  of  Surface  Forces, 
FLU.  Mag.,  Oct.  and  Dec.  1890. 

679.  Physical  Meaning  of  K. — The  physical  meaning  of  K  is 
explained  above,  but  it  may  be  useful  to  consider  it  a  little  more 
fully.  It  is  the  pull  per  unit  area  of  cross-section  exerted  upon  the 
infinitely  thin  column  OS,  in  consequence  of  the  attraction  of  an 
infinite  mass  in  which  OS  is  embedded  and  which  is  bounded  by  a 
plane  surface  IOK  perpendicular  to  OS.  At  any  point  S,  therefore, 
it  must  be  balanced  by  a  pressure  A',  applied  to  the  column.  The 
action  is  similar  to  that  between  two  portions  of  a  solid  held  together 
by  mutual  attractions.  One  hemisphere  of  the  earth  is  pressed 
against  the  other  across  the  common  plane  of  contact.  The  pressures 
in  opposite  directions  exerted  by  the  fluid  beyond  on  the  opposite 
faces  of  a  central  slice  are  of  course  balanced  by  elastic  reaction. 
The  pressure  would  be  measured  by  the  force  per  unit  area  which 
would  have  to  be  applied  to  pull  the  hemispheres  apart.  That 
liquids  can  sustain  great  tension  when  freed  from  air  is  an  ascer- 
tained experimental  fact. 

The  pressure  K  is  not  experienced  by  any  solid  immersed  in  the 
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fluid,  or  by  any  material  sheet  separating  two  parts  of  the  fluid. 
For  by  the  insertion  of  a  solid  body  two  other  surfaces  are  brought 
into  existence  each  of  which  gives  rise  to  a  thrust  A',  back  into  the 
liquid  on  each  column  of  unit  area  ending  on  the  surface  of  the  solid. 
All  that  any  arrangement  immersed  in  the  fluid  can  detect  depends 
on  the  pressure  applied  to  the  surface  from  without,  the  pressure  due 
to  the  action  of  gravity  on  the  fluid,  and  the  effects  of  curvature  of 
the  surface  and  motion  of  the  fluid. 

If,  however,  a  small  spherical  hollow  of  radius  r  be  formed  within 
the  fluid  the  pressure  wTithin  it  becomes  K  —  Hjr.  H/r  is  prevented 
from  being  infinitely  great  by  the  discreteness  of  the  substance  when 
r  is  so  small  as  to  be  comparable  with  molecular  dimensions,  and  the 
pressure  is  in  the  limit  K.  This  point  cannot  be  fully  discussed 
here,  but  it  is  of  great  interest  to  notice  that  since  the  law  changes 
Avhen  r  is  of  the  order  of  the  range  of  the  force  of  cohesion  of  the 
liquid,  this  range  must  be  of  the  order  of  magnitude  of  Kj  T.  Thus 
K  is  the  pressure  within  a  spherical  hollow  in  the  fluid  of  very  small 
radius. 

680.  Youngs  Estimate  of  Molecular  Dimensions.  —  Young 
supposed  that  the  attractive  force  exerted  by  a  molecule  was  constant 
over  its  range  and  beyond  was  equal  to  zero.  On  this  theory  he 
arrived  at  an  estimate  a  of  the  range  as  given  by  the  equation 
T=\aK.  Taking  A' as  23,000  atmospheres,  and  T as  3  grains  per 
lineal  inch  he  found  that  "the  extent  of  the  cohesive  force  must  l>e 
limited  to  about  the  250  millionth  of  an  inch,"  and  makes  the  follow- 
ing remarks  on  this  result :  u  Within  similar  limits  of  uncertainty 
we  may  obtain  something  like  a  conjectural  estimate  of  the  mutual 
distance  of  the  particles  of  vapours,  and  even  of  the  actual  magnitude 
of  the  elementary  atoms  of  liquids,  as  supposed  to  be  nearly  in  con- 
tact with  each  other;  for  if  the  distance  at  which  the  force  of 
cohesion  begins  is  constant  at  the  same  temperature,  and  if  the 
particles  of  steam  are  condensed  when  they  approach  within  this 
distance,  it  follows  that  at  60°  of  Fahrenheit  the  distance  of  the 
particles  of  pure  aqueous  vapour  is  about  the  250  millionth  of  an 
inch  ;  and  since  the  density  of  this  vapour  is  about  one  sixty- 
thousandth  of  that  of  water  the  distance  of  the  particles  must  be 
about  40  times  as  great,  consequently  the  mutual  distance  of  the 
particles  must  be  about  the  ten  thousand  millionth  of  an  inch." 
After  some  remarks  on  the  effect  of  temperature  he  continues,  "  on 
the  whole  it  appears  tolerably  safe  to  conclude,  that  ....  the 
diameter  or  distance  of  the  particles  of  water  is  between  the  two 
thousand  and  the  ten  thousand  millionth  of  an  inch." 

Further,  it  will  be  noticed  that  if  p  be  the  density  of  the  fluid 
and  Fp  be  the  attraction  of  the  infinite  mass  above  IOK  (Fig.  328), 
per  unit  of  length,  on  any  element  dx  of  the  filament  OS,  supposed 
of  unit  cross- section,  the  whole  force  is  f  Fpdx,  the  integral  being 
taken  along  the  length  OS.  But  this  is  the  whole  work  which  would 
have  to  be  done  in  carrying  away  a  quantity  of  matter  p  from  the 
base  0  of  the  filament  to  an  infinite  distance  from  IOK.     Thus  we 
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Fig.  329. 


may  obtain  an  estimate  of  K  by  measuring  the  work  done  in  evapora- 
ting the  liquid.  In  this  way  K  h;is  been  found  to  be  about  25,000 
atmospheres  for  water. 

681.  Case  of  Two  Fluids  in  Contact. — Lord  Rayleigh  has  ex- 
tended Laplace's  results  to  the  case  of  two  fluids  in  contact.  Let 
OMN  be  a  sphere  of  density  p,  surrounded  on  all  sides  by  an  infinite 
fluid  of  density  px.  Let  AO,  OB  be  two  columns  which  are  theoreti- 
cally indefinitely  long,  but 
which  in  reality  extend  from 
the  surface  on  either  side  only 
to  a  distance  which  is  great  in 
comparison  with  the  range  of 
molecular  forces,  and  which 
meet  at  the  point  0  in  the 
surface.  If  each  fluid  acts 
upon  the  other,  as  it  would 
act  upon  itself  except  for  the 
difference  in  density,  we  may 
suppose  that  we  have  here 
simply  the  case  of  an  uninter- 
rupted infinite  mass  of  fluid  of 
density  pv  with  a  sphere  OMX 
of  density  p.>-pY  superimposed.  The  pressure  will  fall  off  along  the 
filament  AO  from  A  towards  0,  and  the  amount  of  falling-off  along 
any  element  ds  will  be  the  attraction  of  the  sphere  of  density  p.,  —  p. 
upon  the  matter  of  the  element.  Hence  the  whole  falling-off  of 
pressure  from  A  to  0  is 

where  b  is  the  radius  of  the  sphere  OMN,  and  K  and  II  are  the  con- 
stants obtained  by  Laplace's  process  for  a  fluid  of  unit  density. 
Similarly  the  falling-off  of  pressure  from  0  to  B  is 

A  therefore  exceeds  the  pressure  at  B  by  the  sum  of 
(ft  -  ?{)K  +  (ft  -  Pi)'-y  =  A   +  -y  • 


The  pressure  at 
these,  that  is  by 


There  is  thus  an  excess  of  pressure  K'  which  is  independent  of  the 
curvature  and  proportional  to  p.;  -p*,  and  a  further  excess  //  b 
which  is  proportional  to  the  curvature  and  to  (p.,  -  p,)1'. 

If  there  be  three  different  media,  and  II\,,  JI'.,,,  //'.„  be  values  of 
//'  for  the  first  in  contact  with  the  second,  the  second  in  contact 
with  the  third,  and  the  third  in  contact  with  the  first ;  then  since 
these  are  proportional  to  (p2  —  p,)2,  (p3  -  p.,)-,  (p,  -  p.,)?,  we  have 

This  relation  is  not  confirmed  by  experiment,  and  hence  the  suppo- 

.     •>  s 
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sition  made  above  as  to  the  action  of  one  fluid  on  another  must 
be  incorrect.  There  is  not  really  any  sufficient  physical  reason  for 
supposing  it  to  be  correct. 

If  the  third  fluid  is  air,  then  approximately  p3  =  0,  and  JS12  = 
jHr-  JHp  Since  H1>H2  this  gives  Hu<Hl-  H.,,  which  is  con- 
firmed by  experiment.     See  §  685. 

The  investigation  given  above  may,  however,  serve  to  show  how 
capillary  pressure  may  entirely  disappear  if  the  transition  from  one 
fluid  to  the  other  is  made  sufficiently  gradual.  Take  the  case  of 
transition  from  density  0  to  density  p.  Let  the  change  be  made  in 
two  steps,  first  from  fluid  of  density  zero  to  fluid  of  density  h  p,  then 
from  the  latter  to  fluid  of  density  p,  and  let  the  stratum  of  fluid  of 
half-density  be  of  thickness  great  in  comparison  with  the  radius  of 
curvature.  At  each  step  the  difference  of  capillary  pressure  is  only 
one  quarter  of  that  due  to  the  sudden  transition  from  0  to  p.  and 
thus  altogether  half  the  effect  is  lost  by  the  interposition  of  the  layer. 
If  there  were  three  equal  steps  the  effect  would  be  reduced  to  one- 
third,  and  so  on.  When  the  number  of  steps  is  infinite  the  capillary 
pressure  disappears  altogether. 

682.  Surface  of  Double  Curvature.— In  general  the  curved  sur- 
face of  a  liquid  is  not  spherical,  but  has  different  curvatures  in 
different  planes  through  the  normal  at  any  point.  But  at  any  point 
the  surface  may  be  regarded  as  practically  coincident  there  with 
a  given  determinate  quadric  surface.  For,  let  the  origin  be  taken  at 
any  point  on  the  surface,  the  normal  at  that  point  as  the  axis  of  a, 
and  the  axes  x,  y  at  right  angles  to  one  another  in  the  tangent 
plane  at  the  origin.     The  equation  of  the  surface  may  be  written 

.   Z  =  aX?  +  2y.ri/  + PI/-+    ifcc.  (3) 

where  under  the  &c.  are  comprised  higher  powers  and  products  of 
x,  y.  Hence,  if  z  be  taken  very  small  and  of  constant  value,  c,  (3) 
is  the  equation  of  the  section  of  the  surface  by  a  plane  parallel  to  the 
tangent  plane  and  at  a  distance  c  from  it.  If  we  take  x,  y  as  infini- 
tesimals of  the  first  order,  and  if  we  neglect  infinitesimals  of  the  third 
and  higher  orders,  viz.,  x^jXry^y2.  <kc,  we  have  for  the  equation  of 
the  section 

ax2  +  2yxy  +  i3y2  =  c.  (i) 

This  is  the  equation  of  what  is  called  the  indicatrix  of  the  surface, 
and  is  an  ellipse  or  a  hyperbola  or  a  pair  of  parallel  straight  lines 
according  as  a/3  -  y-  is  positive,  negative,  or  zero. 

The  curvature  of  the  surface  at  the  origin  in  the  plane  of  :.-•  Is 
drzjdx2,  and  is  therefpre  2  a,  and  the  curvature  in  the  plane  of  zy  is 
is  similarly  2/3.  For  dz/dx  is  the  tangent  of  the  inclination  at  0  of 
the  tangent  to  the  surface  in  the  plane  of  xz,  and  is  zero.  The  rate  at 
which  this  zero  tangent  is  increasing  with  x  must  be  the  rate  at  which 
the  tangent  line  is  changing  its  direction  at  0  per  unit  length  of 
displacement  of  the  point  of  contact  along  the  curve.     Hence,  if  2  a 
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is  positive,  the  radius  of  curvature  is  along  the  positive   direction 
of  z. 

Now,  let  the  axes  of  aj,  y  be  turned  round  through  any  angle  0, 
and  denote  the  new  x,  y  by  x\  y '.     We  have 

x  =  x'cosd -y'sind,    y  =  x'sind  +  y'cosO. 

The  equation  of  the  surface  becomes 

z  =  (a  cos2  6  +  2  y  sin  8  cos  6  +  0  sin2  6)x'2 

-2  {(a-  fi)  sindcosO  -  y(cos20  -  sm-0)}x'y' 
+  (a  sin2  6  -  2  y  sin  6  cos  6  + ft  cos2  0)y'J. 

The  curvature  in  the  plane  of  x'z  is 

2  (a  cos2  0  +  2  y  sin  0  cos  6  + ft  sin2  0) 

and  that  in  the  plane  of  y'z  is 


2(a sin20  -  2y sin 0cos 0  +  /3 cos2^). 


The  sum  of  these  curvatures  is  2(a+/3),  so  that  the  sum  of  the 
curvatures  in  two  planes  at  right  angles  to  each  other  through 
the  normal  has  always  the  same  value.  If,  then,  the  curvature  has 
its  maximum  value  in  a  plane  through  the  normal  it  has  its  minimum 
value  in  the  plane  through  the  normal  at  right  angles  to  the  former. 
These  are  called  the  principal  curvatures,  and  their  sum  is  2  (a  +  ft). 

Consider  now  two  planes  making  angles  8  and  6  +  dd  with  the 
axis  of  x.  The  curvature  is  2  (acos20  +  2ysinf)cos0  +  /3sin20),  and 
the  portion  of  the  surface  between  them  may  be  regarded  as  the 
fraction  cIO/tt  of  the  surface  of  a  sphere  of  radius  equal  to  the 
reciprocal  of  this  expression.  Hence,  for  the  attraction  of  the 
whole  mass  of  matter  beyond  the  surface  on  a  filament  having  its 
base  at  0,  of  unit  cross-section,  and  imbedded  in  the  attracting  mass 
we  have 

9  *" 

K  ±  -Hf(a  cos2  6  +  2  y  sin  6  cos  6  +  ft  sin2  6)d  6 

=  A'±i^(a  +  /3)  =  ^±^(:l  +  i7Y  (5) 

the  upper  or  lower  sign  being  taken  according  as  the  surface  is 
concave  or  convex.  R  and  R  denote  the  two  principal  radii  of 
curvature. 

683.  Energy  Theory  of  Capillarity.  Surface  Tension  Identical 
with  Energy  per  Unit  of  Surface. — Some  twenty-five  years  later 
a  new  theory  of  capillarity  was  given  by  Gauss,  in  which  the  idea 
of  the  energy  of  the  substance  was  employed.  The  molecules  of 
the  fluid  being  supposed  to  act  on  one  another,  and  on  the  mole- 
cules of  a  solid  with  which  the  fluid  is  in  contact,  with  forces  which 
are  functions  of  the  distance  between  the  particles,  an  expression  can 
be  written  down  for  the  potential  energy  of  the  fluid,  and  from  the 
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principle  that  the  potential  energy  must  always  tend  to  become  less, 
the  form  of  the  surface  in  different  cases  can  be  found.  In  this  way 
Gauss  discussed  the  subject,  and  pointed  out  the  restrictions  as  to  the 
law  of  force  between  the  particles  required  to  bring  the  conclusions 
of  theory  into  harmony  with  observed  phenomena.  One  point  left 
unexplained  by  Laplace  was  fully  covered  by  Gauss's  theory,  the 
observed  fact  that  when  a  given  fluid  and  solid  are  in  contact  the 
fluid  surface  always  meets  the  solid  at  the  same  angle.  We  shall  not 
deal  with  this  theory  at  present,  but  will  assume  the  secondary  prin- 
ciple of  superficial  tension,  and  the  constancy  of  the  angle  of  contact 
of  a  fluid  with  a  solid. 

The  theory  of  energy  leads  not  less  directly  to  the  notion 
of  superficial  tension  than  does  the  theory  of  Laplace.  Fot,  if  a 
portion  of  a  fluid  has  its  surface  increased,  the  increased  number  of 
molecules  which  now  lie  in  or  near  the  surface  have  been  withdrawn 
from  the  neighbourhood  of  other  molecules  against  molecular 
attractions,  and  so  work  must  have  been  spent  on  the  substance  from 
outside  to  effect  the  extension.  Consequently,  apart  from  any  change 
of  energy  due  to  thermal  action,  or  to  the  action  of  gravity,  the 
potential  energy  of  the  substance  has  in  this  case  been  increased 
from  E.  to  Ev  Avhere  El  —  E0  is  the  work  which  has  been  done  by 
external  forces  in  extending  the  surface.  If  the  surface  be  increased 
from  *S'0  to  Sv  the  work  done  per  unit  area  in  stretching  the  film  is 
(El  —  E0)/(Sl  —  i$0).  And  it  is  clear  that  the  molecular  forces  will 
tend  to  diminish  the  area  of  the  surface  so  as  to  diminish  El  again 
towards  E.,  that  is  there  seems  to  observation,  which  can  take  no 
account  of  the  molecular  forces,  to  be  a  contractile  film  connected 
by  cohesion  with  the  fluid  beyond,  and  in  many  cases  with  the  solid 
with  which  the  fluid  is  in  contact,  and  by  this  film  the  phenomena 
appear  to  be  caused.  We  shall  speak  as  if  this 
Fig.  330.  film  really  existed,  and  in  a  sense  it  does  so  exist, 

but  the  reader  must  not  be  led  into  any  too  gross 
conception  of  its  reality. 

Let  AB  be  a  line  drawn  on  a  surface  film,  then 
along  the  surface  across  any  element  ds  of  AB  the 
film  tends  to  contract.  Let  F  be  the  force  across 
ds  ;  Fjds  is  called  the  surface  tension  of  the  film, 
and  is  usually  denoted  by  T.  It  will  be  clear 
that  if  the  film  be  in  equilibrium  in  a  horizontal 
position  the  surface  tension  must  be  the  same  at  all  points.  If  the 
film  be  stretched  from  area  S9  to  *S'j  without  alteration  of  surface- 
tension  we  must  have  ^'(*^i  ~  *^o)  =  WOI>k  spent  from  external  sources 
in  increasing  this  area.  For  let  the  boundary  be  displaced  along  the 
tangent  plane  to  the  film,  through  a  small  distance  u  in  a  direction 
inclined  at  an  angle  6  to  the  normal  drawn  outward  in  that  plane 
at  the  point.  The  work  done  against  the  surface  tension  (which 
acts  perpendicular  to  the  boundary)  across  an  element  ds  of  the 
boundary  is  Tacoadds.  But  ucosdds  is  the  area  AS'  described  by 
the  element  ds,  and  therefore  the  whole  work  done  in  stretching 
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the  film  is/TdS,  the  integral  being  taken  round  the  boundary.  Of 
course  at  places  where  6  is  greater  than  r/2  the  element  of  area 
added  is  negative,  that  is,  there  is  there  contraction  of  the  film.  If 
'/'  be  constant  the  work  done  is  TfdS  or  T{SX  -  S^.  Clearly  on  the 
supposition  of  constant  tension  the  whole  work  done  in  creating  a 
surface  of  area  S  is  TS.  T  may  therefore  be  interpreted  as  the 
energy  per  unit  of  area  of  the  surface. 

As  an  elementary  example  a  simple  arrangement,  by  which  it  is 
possible  to  obtain  a  rough  determination  of  surface  tension,  may  be 
considered.  A  rectangular  frame  is  placed  in  a  vertical  position  and 
is  filled  by  a  soap-film  the  lower  edge  of  which  adheres  to  a  horizontal 
wire  which  is  movable  upwards  or  downwards.  If  I  be  the  distance 
between  the  vertical  sides  of  the  frame  the  whole  upward  force  with 
which  the  film  pulls  up  the  wire  is  11.  If  the  wire  is  pulled  down  a 
distance  h  the  work  done  is  Thl,  that  is  TS,  if  <$'  denote  the  increase 
///  of  surface.  The  surface-tension  T  can  be  approximately  deter- 
mined by  measuring  the  force  Tl. 

684.  Thermal  Change  in  Stretching  a  Liquid  Surface. — When  a 
film  of  liquid  is  extended  quickly  its  temperature  changes,  falling  as 
a  rule ;  and  heat  must  be  supplied  to  the  film  in  order  that  its 
temperature  may  remain  constant.  In  the  case  of  a  water  film  the 
amount  of  heat  which  must  be  supplied  in  order  to  keep  the  tempera- 
ture constant  as  the  film  is  extended,  is  dynamically  equivalent  to 
about  half  as  much  as  energy  as  is  spent  in  stretching  it  against  the 
constant  surface-tension.  This  arises  from  the  fact  that  the  sui'f ace- 
tension  is  a  function  of  the  temperature ;  the 
theory  of  the  action  will  be  explained  in  vol.  ii. 
in  the  chapter  on  Thermodynamics. 

It  will  be  observed  that  the  dimensional 
formula  of  T  is  that  of  force  per  unit  length, 
that  is  [JIT--], 

Let  Fig.  331  be  a  section  of  a  portion  of  the 
fluid  bounded  by  a  vertical  wall,  straight,  or 
only  so  slightly  curved  that  it  may  be  regarded 
as  straight.  The  section  is  supposed  made  by 
a  plane  at  right  angles  to  the  line  of  junction 
of  the  media.  In  general  the  fluid  surface, 
whether   the  wall  be  vertical  or  not,  makes  a 

definite  angle  with  the  wall-surface.  If  PT  be  the  intersection  with  the 
plane  of  the  diagram  of  a  tangent-plane  to  the  surface  at  P,  the  angle 
WPT  is  called  the  angle  of  contact  of  the  fluid  with  the  surface  at  P. 
In  most  cases  the  three  media  A,  B,  C  in  contact  at  P  are  the  liquid, 
air,  and  the  material  of  the  solid  wall.  For  mercury  in  contact  with 
glass  in  presence  of  air  as  a  third  medium  the  angle  WPT  is  about 
48°.  Frequently  the  supplement  of  the  angle  WPT  is  taken  as  the 
angle  of  contact.  When  the  medium  B  is  air  the  angle  so  taken 
is  often  called  the  air-angle  of  contact  of  the  liquid  with  the  solid. 

685.  "Triangle  of  Tensions.'' — In  some  cases  the  three  media  are 
three   liquids,   or  two  liquids  and  air.   and   theoretically  it    might 
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appear  that  there  should  be  equilibrum  with  the  three  surfaces, 
inclined  to  one  another,  so  that  each  of  the  different  tensions  Tv  Tv  1\ 
in  a  plane  cutting  the  meeting  edge  at  right  angles  should  be  pro- 
portional to  the  sine  of  the  angle  between  the  other  two,  as  in  the 
.triangle  of  forces.  But,  as  has  been  pointed  out  by  Lord  Rayleigh,* 
the  triangle  of  tensions  is  never  possible,  for  one  of  three  fluids 
will  always  flow  over  the  separating  surface  of  the  other  two.  All 
experimenters  have  arrived  at  this  result.  For  example,  Marangoni 
{Pogg.  Ann.  143,  1871)  states  that  "the  interface  between  two 
fluids  has  a  smaller  surface-tension  than  the  difference  of  the  sur- 
face-tensions of  the  substances  themselves  (with  the  exception  of 
quicksilver)."  Thus,  if  we  have  two  fluids  of  which  the  surface- 
tensions  in  contact  with  air  are  Tv  T.2,  the  surface  tension  7\., 
of  the  two  in  contact  is  less  than  Tx  —  Tr  Hence  TX>T*  +  T^  and 
the  fluid  T2  is  spread  over  the  surface  separating  the  fluid  of 
tension  Tx  from  air.  A  drop  of  oil  cannot  stand  upon  water  unless 
the  water  is  already  covered  with  a  film  of  oil.  Nor  is  mercury 
really  an  exception.  As  has  been  proved  by  Quincke,  a  drop  of 
water  will  spread  over  the  surface  of  clean  mercury ;  in  ordinary 
circumstances  a  drop  of  water  only  stands  on  a  mercury  surface 
because  of  the  existence  over  the  latter  of  a  greasy  film. 

086.  Film  of  Oil  on  Surface  of  Water.  Effect  of  Oil  on 
Waves. — A  drop  of  oil  placed  on  a  water  surface  immediately  spreads 
in  a  thin  film  over  the  surface,  and  thus  the  effective  superficial 
tension  of  the  water-surface  is  altered.  After  the  film  has  become 
thin,  still  further  thinning  increases  the  surface-tension.  Thus,  if 
the  water  changes  the  form  of  its  surface,  as  in  wave-motion,  where 
there  is  contraction  of  the  area  there  is  thickening  of  the  oil  film  and 
consequent  diminution  of  tension,  and  where  there  is  extension  of 
area  there  is  thinning  of  the  film  and  increase  of  tension.  Forces 
are  thus  called  into  play  which  tend  to  restore  the  former  configura- 
tion, and  the  film  of  oil  opposes  the  periodic  changes  of  area  of 
surface  involved  in  wave-propagation.  The  ripples  and  small  super- 
imposed waves  are  by  this  action  smoothed  out,  and  the  effect  which 
these  would  have  in  causing  the  crests  of  the  large  waves  to  advance 
and  break  are  avoided.  This  explanation  of  the  action  of  oil  upon 
waves  is  due  to  Professor  Osborne  Reynolds.t 

687.  Effect  of  Alteration  of  Thickness  on  Surface-Tensions.— 
Lord  Rayleigh  has  pointed  out  that  the  increase  and  diminution  of 
surface-tension  with  thinning  and  thickening  of  the  film  is  shown 
also  by  films  of  soap  and  water.  Let  a  soap-film  be  caught  in  a 
ring  of  wire  by  dipping  the  ring  into  a  flat  dish  containing  a  soap- 
solution.  If  the  plane  of  the  ring  be  kept  horizontal  every  part  of 
the  film  must  have  the  same  tension.  But  if  the  plane  be  held  in 
the  vertical  position,  and  the  film  remain  in  equilibrium,  it  is  clear 
that  the  tension  at  the  top  must  be  greater  than  that  at  the  bottom, 

*  "  On  The  Theory  of  Surface  Forces,"   Phil.  Mag.,  Dec.  1890  ;  see  also  Lord 
Rayleigh's  note  in  Maxwell's  Theory  of  Heal,  10th  edition,  p.  287. 
t  Brit.  A»sn.  R<p.,  1SS0. 
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by  the  amount  necessary  for  the  support  of  the  intermediate  portion 
of  the  film.  The  liquid  slowly  drains  from  the  top  to  the  bottom 
and  the  film  thins  above.  This  goes  on  until  the  upper  part  reaches 
a  certain  limiting  thickness  when  the  surface-tension  begins  to 
diminish  and  the  film  breaks.  This  takes  places  when  the  thickness 
becomes  comparable  with  molecular  dimensions,  and  the  measurement 
of  the  limiting  thickness  enables  an  estimate  of  these  dimensions  to 
be  arrived  at.  Experiments  on  this  subject  have  been  made  by 
Professors  Remold  and  Riicker.*  The  results  will  be  described  in 
vol.  ii. 

688.  Diminution  of  Surface -Tension  of  "Water  produced  by  Dis- 
solved Substances. — The  solubility  of  a  substance  in  water  leads  to 
a  gradation  of  surface-tension  from  the  value  for  pure  water  to  that 
for  as  strong  a  solution  of  the  substance  as  may  be  made.  For 
example,  a  fragment  of  camphor  placed  on  water  dissolves,  and  the 
tension  of  the  water-surface  is  diminished,  and  to  a  greater  extent 
the  greater  the  amount  of  camphor  present  in  the  water  at  the 
surface.  If  this  be,  as  it  usually  is,  unequal  round  the  piece  of 
camphor,  the  substance  is  pulled  towards  the  side  on  which  there  is 
greater  tension  ;  and  the  curious  motions  of  a  piece  of  camphor  on 
water  are  due  to  this  cause.  The  camphor  dissolves,  the  part 
dissolved  is  drawn  out  in  consequence  of  the  superior  tension 
of  the  surrounding  water-surface.  If  the  surface  be  touched  by 
the  finger  the  motion  may  be  stopped  by  the  film  of  grease  com- 
municated to  and  rapidly  spread  over  the  clean  surface  of  the  water. 
Lord  Rayleigh  has  determined  the  thickness  of  olive  oil  necessary  to 
stop  the  motion  of  small  fragments  of  camphor,  by  determining  the 
weight  of  oil  added  and  the  area  of  the  vessel.  He  found  that  -8 
milligramme  upon  a  circular  surface  84  cms.  in  diameter  sufficed. 
This  gives  a  film  l-6  x  10"7  cm.  thick  •  and  Lord  Rayleigh  estimates 
that  a  thickness  of  2  millionths  of  a  millimetre  would  have  been 
enough  if  the  surface  had  been  perfectly  clean  to  begin  with. 

The  diminution  of  surface-tension  produced  by  adding  alcohol  is 
very  clearly  shown  by  flooding  an  inclined  plate  of  glass  with  water 
coloured  by  aniline,  and  then  drawing  horizontally  along  the  middle 
of  the  adhering  coating  of  water  a  camel's-hair  brush  which  has  been 
dipped  in  alcohol.  The  liquid  will  be  drawn  on  each  side  from  the 
alcohol,  and  will  run  upwards  on  the  upper  side  and  downwards  on 
the  lower  side,  leaving  bare  the  middle  part  of  the  plate.  The  running 
up  will  continue  until  the  liquid  has  become  so  deep  on  the  plate  that 
it  flows  back  by  the  action  of  gravity.  If  a  brush  dipped  in  ether 
be  held  close  to  the  surface  of  the  layer  of  water,  the  water  will  be 
drawn  away  from  that  place  all  round. 

689.  The  "Tears  of  Strong  Wine." — In  the  same  way.  as  was 
pointed  out  by  Professor  James  Thomson,  is  to  be  explained  the 
phenomenon  of  "tears  of  strong  wine."  Wine  partially  filling  a 
bottle  or  glass  gives  a  film  standing  up  round   the  side,  which  is 

*  Phil.  Trans.  R.  S.  1881. 


648 


DYNAMICS,    PROPERTIES    OF    MATTER. 


continuous  with  a  thin  film  wetting  the  walls  of  the  vessel.  From 
this  the  alcohol  evaporates  more  quickly  than  the  water,  and  so  the 
tension  increases.  The  tension  being  stronger  above,  the  liquid  is 
pulled  up  the  sides  until  it  runs  down  in  drops  If  the  wine  is  con- 
tained in  a  partially  filled  stoppered  bottle  the  motion  does  not  go  ony 
as  the  evaporation  ceases  when  the  vapour  is  in  equilibrium  with  the 
liquid.  The  motion  can  be  made  to  begin,  however,  by  opening  the 
bottle  and  drawing  oft'  the  vapour  by  sucking  it  up  through  a 
tube  inserted  so  that  its  lower  end  is  above  the  surface  of  the  liquid. 
If  the  alcoholic  solution  is  too  strong  or  too  weak  the  "  tears " 
will  not  be  shown.  A  solution  of  about  ">•)  per  cent,  strength  gives 
the  best  effect. 

690.  Elevation  and  Depression  of  Liquid  in  Tubes  and  between 
Plates. — We  can  now  explain  the  elevation  or  depression  of  a  liquid 


Fig.  332. 


W 


Fig. 333. 


Fig.  334. 


in  a  tube  or  between  two  plates.  Fig.  832  shows  the  elevation  of 
water  in  a  glass  tube  above  the  level  of  the  horizontal  surface  in  a 
wide  outer  vessel.  Fig.  383  the  depression  of  a  fluid  like  mercury  in 
a  similar  tube.  In  the  case  of  water  the  general  result  of  experiments 
gives  zero  for  the  angle  of  contact,  that  is  the  air-angle  is  18()C, 
in  the  case  of  mercury  the  angle  is  finite  and  about  18 c.  Consider 
two  points,  one  P  on  the  free  level  surface  in  the  outer  vessel,  the 
other  Q  on  the  surface  of  the  meniscus  in  the  tube,  at  some  distance 
from  the  wall  of  the  tube.  The  pressure  in  the  liquid  at  the  surface 
is  K,  at  the  same  level  under  the  tube  it  is  K  -  £2JT(l/r,  +  l/>\>),  if  r,,  r, 
be  the  principal  radii  of  curvature  at  the  point  Q,  and  z  be  its 
height  above  P.  Since  these  two  pressures  must  be  the  same  we 
have 


or  writing  2^  for  //, 


ypz 


!/f>' 


.'.//,■  Ui 

\  r,     r. 


t/1 


1 

+  - 

r. 


(6) 


Figs.  :>;)4  and  835  show  more  exactly  the  form  of  the  surface  in 
vide  tubes.     The  dotted  line  in  each  case  is  the  undisturbed  level. 
If  the  tube  be  of  small  radius  a,  it  is  easy  to  show  that  r,  must 
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be  very  nearly  equal  to  r...     At  the  bottom  of  the  meniscus  r 
equal  to  /■„ :  calling  each  r  we  have 


99- 


'IT- 


(7) 


If  the  liquid  meet  the  tube  at  a  finite  angle  a,  the  curvature  in  a 
meridian  section  at  the  edge  is,  we  suppose,  1/r',  that  in  the  other 
normal  plane  is  cos  a/a.  For  the  surface  at  the  line  of  contact  with 
the  tube  is  inclined  at  the  angle  a  to  the  generating  lines  of  the 
tubular  surface.  Hence  a  narrow  ring  of  the  surface  at  that  line 
must  coincide  with  a  spherical  surface  of  radius  a/cos  a.     Hence  if  z 

Fig.  335. 


be  the  height  of  the  edge  of  the   meniscus  above  the  free  surface 
level  we  have 


\r         a 


(*) 


But  the  total  upward  pull  exerted  by  the  film  upon  the  fluid  is 
2waTcOB($i  and  if  h  be  the  mean  height  to  which  the  liquid  is  raised, 
we  have 

7r arg pk  =  2-7r  aT cos  a, 
or 

>h  =  2T—".  (9) 

a 


99' 


Now,  since  the  tube  is  very  narrow,  h  is  very  nearly  equal  to  z, 
and  therefore 


7       m/'l    ,  cos  a' 
\r        a 


(10) 


that  is  /•'  =  «/ cos  a,  and  the  two  radii  of  curvature  are  to  a  high  degree 
of  approximation  the  same  at  the  edge  of  the  meniscus.  But,  at 
the  lowest  point  gpz  =  2T/r,  if  r  be  the  radius  of  curvature  there: 
hence  we  have  there  also  1/r  =  cos  a/a,  and  each  of  the  curvatures  is 
the  same  both  at  the  lowest  point  of  the  meniscus  and  also  at  the 
edge,  and  they  must  be  the  same  approximately  at  all  points.  The 
meniscus  is  therefore  part  of  a  spherical  surface  of  radius  ff/cosa. 

If  the  angle  of  contact  is  zero,  the  radius  of  curvature  is  a.  This 
is  the  case  for  water  and  for  every  liquid  which  wets  a  solid  with 
which  it  is  in  contact. 

The  height  to  which  a  liquid  rises  in  a  tube  is  inversely  as  the 
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radius  of  the  tube.  The  same  law  holds  for  the  rise  of  a  liquid 
between  two  near  parallel  plates  ;  but  here  the  formula  is  slightly 
different.  There  is  only  one  curvature,  which  is  cos  a/a,  if  a  be  the 
half  distance  between  the  plates  and  a  the  angle  of  contact.  Hence, 
in  this  case,  if  h  be  the  mean  height  Ave  have 


gph  =  r. 


(•1) 


The  height  h  is  thus  only  half  that  for  a  tube  of  diameter  equal 
to  the  distance  between  the  plates. 

In  this  case  if  the  radius  of  curvature  at  any  point  of  the  curved 
surface  be  r.  the  height  z  to  which  the  liquid  is  raised  is  given  by 


9?'* 


T 


(12) 


Fig.  336. 


Of  course,  if  the  surface  be  convex,  the  depth  h  to  which  any  point 
at  which  the  radii  of  curvature  are  rv  r.,  is  sunk  below  the  free 
surface  is  given  by  (G),  and  the  depression  between  the  plates  by  (1  2). 
This  is  the  case  in  which  the  liquid  does  not  wet  the  walls  of  the 

tube,  as,  for  example,  water  within 
a  tube  the  walls  of  which  have  been 
covered  with  a  film  of  oil. 

An  interesting  experiment  illus- 
trating the  law  of  rise  of  a  liquid 
between  two  plates  is  made  by 
arranging  two  rectangular  plates  of 
glass  so  that  they  touch  along  a 
vertical  edge,  as  shown  in  Fig.  336, 
and  are  slightly  separated  by  a  thin 
wedge  at  the  other  two  vertical 
edges,  and  placing  them  with  their 
lower  horizontal  edges  in  a  trough 
of  water  coloured  with  aniline.  If  a  be  the  distance  to  which  the 
wedge  separates  these  latter  edges,  and  I  the  horizontal  length  of  the 
plates,  we  have  for  their  distance  apart  at  distance  x  from  the  vertical 
edge  at  which  they  are  in  contact  xa/l.  Approximately,  therefore, 
the  height  z  to  which  the  water  rises 
gpz  =«=  Tljxa.     Hence 

I 


at  this  point  is  given  by 


xz=T 


(jpa 


(13) 


that  is  xz  is  a  constant.  Hence  the  curve  of  contact  of  the  water 
with  the  plate  is  a  rectangular  hyperbola,  of  which  the  vertical  edge 
of  contact  of  the  plates  and  a  line  along  either  plate  coincident  with 
the  surface  are  the  asymptotes. 

691.  Form  of  Surface  near  Plane  Plate  dipping  into  Liquid.— 
Consider  now  the  form  of  the  surface  on  either  side  of  a  plane  plate 
which  dips  into  a  liquid.     Fig.  Sol  shows  the  form  of  the  surface,  at 
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auy  rate,  at  all  points  which  are  not  infinitely  close  to  the  wall. 
The  form  will  be  given  for  any  angle  of  contact  by  drawing  the 
plate  in  position  so  as  to  intersect  the  film  at  the  proper  angle.  A 
section  of  the  surface  by  a  plane  perpendicular  to  the  horizontal 
edge  in  which  the  liquid  meets  the  plate,  must  be  the  linea  elastic. 
since  the  curvature  at  any  point  P  of  this  section  of  the  surface 

Fig.  337. 


/  0    K    N 

is  proportional  to  the  vertical  distance  of  the  point  from  the 
undisturbed  level.  Hence  if  c  be  a  constant  the  equation  of  the 
section  is  as  we  have  seen  in  §  655 

.-•  =  -  (4a2  -  y2y  +  alog — Z_J ^_2  +  c.  (14) 

y 

If  the  value  a  J 2  -  alog(l  +  \/2)  be  chosen  for  c,  0  will  be  taken  at 
the  foot  of  the  vertical  tangent  and  is  measured  horizontally  and  y 
verticallv.  OA,  the  height  of  the  point  of  contact  above  0,  is 
a  J% 

If  p  denote  dy/dx,  the  curvature  at  any  point  P  is  (dp/dx)/(l  +jr)*, 
and  this,  as  we  have  seen,  is  connected  with  the  ordinate  y  of  the 
point  by  the  equation. 

dp 

If  we  put  cr  for  T/gp  the  equation  becomes 

a  dx     _  00) 

A  first  integral  of  this  equation  is  obtained  by  multiplying  both 
sides  by  p  and  integrating.     This  gives 


a- 


(1  +f) 


=  ^r  +  C=hlf-cr,  (17) 


since  y  =  0  where  p  =  i).  Thus,  if  0  be  the  inclination  of  the  tangent 
at  any  point  to  the  axis  of  x,  this  equation  may  be  written,  since 
p  =  tan  0,  in  the  fcrm  a-  cos  6  =  a'-  -  hy2,  or  a2(l  -  cos  6)  =  \y-,  that  is 
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sin40  =  -^-, 


(18) 


692.  Theory  of  Large  Drop  on  Horizontal  Plate  or  Bubble  of 
Air  below  Plate. — We  can  make  various  applications  of  this  last 
result.  Drawing  a  horizontal  line  through  E,  the  point  at  which  the 
curve  is  horizontal,  we  obtain  approximately  the  meridianal  section 
of  a  very  large  circular  air  bubble  in  water  below  a  glass  plate  well 
wetted  by  the  liquid,  that  is  a  section  made  by  a  plane  through  the 
axis  of  figure. 

The  height  of  the  bubble  is  KE,  and  this  is  given  by  (17)  with  the 
negative  value  of  the  radical  (1  +p2)?.  Hence,  y  =  '2a  for  this  point. 
The  height  of  the  point  A  above  the  axis  of  abscissas  is  a  J2,  since 
//  =  2asini0,  and  0  =  90°. 

If  the  height  of  the  bubble  or  the  height  of  the  point  A  be 
measured,  the  surface  tension  can  be  calculated  subject  to  a  correction 
required  for  the  neglect  of  the  curvature  in  the  other  normal  plane. 

693.  Determination  of  Surface  Tension  from  Bubbles  and  Drops. 
— In  a  case  in  which  the  air  angle  of  contact  is  a,  let  a  horizontal 
line  be  drawn  through  the  point  C,  at  which  the  curve  is  inclined 
at  that  angle  to  the  horizontal.  Then  we  shall  have  for  the  ordinate, 
h  say,  of  that  point 

A  =  2asin|a.  (Ill) 

Let  this,  which  is  the  height  of  the  bubble,  be  measured.  Let  also 
the  height  OA,  that  is  a,s/2,  be  measured.  Then  a  is  known,  and 
all  that  is  required  is  a  determination  of  p  to  enable  the  surface 
tension  to  be  calculated.  Also  since  a  is  known  the  angle  of  contact 
can  be  calculated  by  (1 9). 

This  method  may  be  applied  to  large  drops  of  liquid  resting  on  a 
horizontal  plate  which  they  do  not  wet ;  for  example,  a  drop  of  mercury 

resting  on  a  glass  plate,  as  in  Fig.  338, 
If  the  origin  be  taken  at  the  top  of 
the  drop  and  y  be  measured  down- 
wards, the  formula?  given  above  apply 
without  change.  The  density  p  is, 
however,  the  density  of  the  liquid 
forming  the  drop. 

Measurement  of  drops  for  the 
determination  of  surface  tension  was  recommended  by  Gauss  in  his 
memoir  on  Capillarity,  and  it  has  been  carried  out  with  much  care 
by  Quincke.  It  is  to  be  noticed,  however,  that  the  theory  is  imper- 
fect, as  the  complete  differential  equation  is  not  (!*>),  but 


Fig.  338. 
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dx 


+  - 
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(*') 


where    r  is  the    radius   of  the    horizontal    section    of    the    drop  at 
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which  the  curvature  is  taken,  and  6  is  the  angle  which  the  normal 
at  the  point  makes  with  the  plane  of  the  section.  If  R  be  the  radius 
of  the  greatest  section,  and  x  the  abscissa  of  the  point  r  =  R-  x,  and  0 
is  the  complement  of  tan^p.  Hence,  cosd  =  p/  Jl +jf,  and  the 
equation  is 

dp 

a'  \  -  - ,  -  -   .rv,  + )  =  y-  (^  1 ) 

This  equation  has  been  fully  treated  by  Laplace  in  a  second  supple- 
ment to  the  Tenth  Book  of  the  Mecanique  Celeste,  in  which  he  dis- 
cusses further  the  subject  of  capillarity.  He  compares  with  theory 
the  height,  measured  by  Gay-Lussac,  of  a  drop  of  mercury  a  decimetre 
in  diameter  taking  the  angle  of  contact  as  48°,  and  finds  3'897  milli- 
metres for  the  height,  as  against  the  observed  height  8-378  milli- 
metres. The  height  of  a  drop  of  the  same  size  had  been  previously 
found  by  Segner  to  be  3*4067  millimetres. 

The  collection  of  the  surface  tension  of  mercury  required  fgr 
this  term  has  been  calculated  by  Worthington,  Phil.  May.  Jan.  1885. 

6!) 4.  Plateau's  Experiments.— Some  remarkable  experiments 
were  made  by  Plateau  with  drops  of  olive  oil  immersed  in  a  mixture 
of  alcohol  and  water,  adjusted  to  have  exactly  the  specific  gravity  of 
the  oil,  so  that  the  figure  of  a  mass  of  it  could  be  studied  without 
any  distortion  except  that  due  to  motion  imposed  upon  the  mass.  It 
was  seen  that  the  figure  of  a  drop  of  the  oil  was  spherical  when  at 
rest  under  no  force,  a  result  that  of  course  must  hold  for  all  fluids. 
The  surface-film  contracts  so  as  to  take  the  smallest  area  consistent 
with  a  given  volume,  and  that  involves,  as  is  well  known,  the  spherical 
figure.  The  spherical  figure  is  the  only  one  of  finite  extent  which, 
when  there  is  no  constraint  as  to  boundary,  will  satisfy  the  condition 
that 

where  a  is  a  constant,  which  must  hold  at  all  points. 

Also,  when  one  of  these  drops  was  pierced  through  its  centre  by 
a  vertical  wire  oiled  so  as  to  adhere  to  the  drop,  and  the  wire  was 
turned  round  its  own  axis  the  drop  bulged  out  horizontally  under 
centrifugal  force  until  ultimately,  under  some  little  disturbance,  an 
equatorial  ring  parted  from  the  main  body  and  remained  rotating 
round  the  equator  of  the  central  mass,  like  the  ring  of  Saturn  about 
the  equator  of  that  planet. 

Many  other  remarkable  experiments  were  carried  out  by  Plateau, 
and  are  described  in  his  Statique  .  .  .  des  Liq aides  soumis  anx  settles 
Forces  Moleculaire,  to  which  the  reader  may  refer  for  further  infor- 
mation. 

695.  Films  having  Two  Surfaces. — Now  let  us  consider  films 
which  have  two  surfaces  separated  by  a  thin  stratum  of  the  fluid. 
Such  are  soap  films,  which,  when  proper  precautions  are  taken  in 
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preparing  the  solution,  can  be  kept  in  existence  for  days  and  studied 
in  various  positions,  and  can  be  attached  to  boundaries  of  different 
shapes.*  In  these  cases  the  tension  of  the  film  may  be  taken  as 
twice  the  tension  of  either  surface. 

Let  the  bulb  be  closed,  p  be  the  pressure  of  the  air  within  it, 
and  P  be  the  external  atmospheric  pressure.  If  Bv  B2  be  the  prin- 
cipal radii  of  curvature  at  any  point,  we  have 


1    .   1  _P-P 


(23) 


Fig.  339. 


*1 


.  696.  Cylindrical  Film. — As  an  illustration,  take  a  film  in  the 
form  of  a  cylinder  bounded  by  two  spherical  caps.  This  is  very 
easily  formed  by  suspending  two  circles  of  wire  in  horizontal  planes 
at  a  suitable  vertical  distance  apart,  and  so  that 
their  centres  are  in  one  vertical.  This  can  be  done 
by  supporting  the  lower  circle  by  three  diverging 
legs  of  wire,  and  the  upper  one  by  three  thin 
diverging  threads  attached  at  points  in  the  ring, 
then  taking  up  a  portion  of  soap  solution  at  the 
mouth  of  a  small  thistle-funnel  or  tube,  placing 
the  end  of  the  tube  between  the  rings  and  blowing 
the  bubble  until  it  comes  in  contact  with  both 
rings.  If  the  tube  is  then  gently  withdrawn  while 
the  finger  closes  the  open  end  of  the  tube,  the 
bubble  can  be  left  resting  whole  between  the  rings. 
If,  then,  the  upper  ring  be  vertically  raised,  the  film 
between  them  will  be  stretched,  and  will,  as  its 
length  increases,  approach  the  cylindrical  form.  For 
by  the  raising  of  the  upper  ring  the  curvature  in  a 
vertical  section  through  the  axis  is  diminished,  while 
the  curvature  in  a  horizontal  section  is  increased. 
When  the  curvature  in  the  vertical  section  has  become  zero,  the 
curvature  of  the  other  is  at  each  point  l/o,  where  a  is  the  radius  of 
either  ring.  The  caps  closing  the  ends  will  be  spherical.  If  a  be 
the  radius  of  either  ring,  the  difference  of  pressure  between  the 
inside  and  outside  being  p  -  P  as  before,  we  have  for  the  cylindrical 
body  of  the  film 

(24) 


^ 


2T—  =p  -  P. 


Also  if  r  be  the  radius  of  a  spherical  cap,  we  have 

±T-=p-P. 


(25) 


*  Take  1  part  Marseilles  soap  cut  in  small  pieces,  dissolve  in  40  parts  bj 
weight  of  distilled  water  moderately  warm ;  filter  and  then  mix  15  parts  by 
volume  with  11  of  pure  glycerine,  and  allow  to  stand  for  a  week.  On  the 
eighth  day  cool  to  3°C.  for  6  hours,  then  filter,  placing  in  the  filter  a  closed  test- 
tube  containing  ice  to  prevent  deposit  from  re-dissolving.  Repeat  filtering  until 
solution  is  clear,  then  put  away  in  stoppered  bottles  at  ordinary  temperature. 
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Hence  2/r=  1/a,  or  2a  =~r.  The  radius  of  the  ends  is  therefore  equal 
to  the  diameter  of  the  tube.  Hence  we  have  (Fig.  339)  rsina=|r, 
or  sin  a  =  |,  that  is  a  =  30°. 

U'.'T.  The   Catenoid. — If   the  spherical   caps  be  punctured,  the 
pressure  outside  and    inside  the   cylindrical  film  will    at    once    be 
equalised,  and  the  cylindrical  form  will  disappear;  and  the  surface 
will  become  one  of  revolution  about  the  line 
of     centres    of    the    two    circles,     having 
double  curvature  at   each  point  given    by 
the  equation 


ft,     fta 


(26) 


But  if  l/ftl  be  the  curvature  in  a  plane 
through  the  axis,  a  meridianal  plane  as  we 
shall  call  it,  the  curvature  1/R,  in  the 
plane  perpendicular  to  this,  and  also  con- 
taining the  normal  at  the  point  P,  is,  by 
Meunier's  theorem,*  connected  with  the  dis- 
tance of  P  from  the  axis  by  the  equation  1/7?,  =  cos  d/r,  when  r  is  the 
distance  of  the  point  P  from  the  axis,  and  6  is  the  angle  MPN. 
Hence 


2 

R, 


COS0 

r 


r=  -ft,  cos  6. 


(27) 


Hence  the  curvature  in  the  meridianal  plane  is  opposite  to  that  in 
the  other  normal  plane,  and  the  radius  of  curvature  in  the  former 
plane  is  PxV,  the  distance  of  the  point  P  from  intersection  of  the 
normal  with  the  axis  of  the  surface.  The  section  of  the  surface  by  an 
axial  plane  is  thus  (§  324  above),  a  catenary  of  which  the  axis  is 
the  directrix.     Hence  the  surface  is  called  a  catenoid. 

If  the  wires  be  brought  closer  to  one  another,  or  carried  farther 
open  than  corresponds  to  the  cylindrical  shape  of  the  film  between 
them,  the  film  will  in  the  former  case  bulge  out  convex  in  a  meridian- 
plane,  and  in  the  latter  will  be  pressed  in  by  the  outer  air.     If  we 

*  This  theorem  connects  the  curvature  of  the  surface  at  any  point  P  in  any- 
normal  plane  with  the  curvature  in  a  section  intersecting  the  former  plane  in 
a  tangent  line  to  the  surface  at  the  point.  If  It  be  the  radius  of  curvature  in 
the  normal  plane,  and  a  the  angle  between  the  two  planes,  the  radius  of  curva- 
ture in  the  other  plane  is  Rcosa.  For  the  intersections  of  the  two  planes  at 
P  infinitely  nearly  coincide  over  a  small  arc  ds,  which  has  its  centre  at  P. 
The  chords  of  these  two  nearly  coincident  arcs  are  in  the  limit  of  the  same 
length.  But  if  d  be  the  distance  of  the  chord  from  P  in  the  normal  section, 
the  distance  of  the  other  chord  from  P  is  d/cosa.  If  20  be  the  angle  subtended 
by  ds  at  the  centre  of  curvature  in  the  normal  section,  we  have  R(\  -  cosd)  —  d, 
or  since  0  is  small  ^Rd?  =  d,  that  is  \dsi/R  =  d.  Similarly  if  r  be  the  radius  of 
curvature  in  the  other  section  \dx!/r  —  d/cosa.  Hence  r=.Kcosa,  which  is 
Meunier's  theorem. 
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suppose  (Fig.  340)  s  to  increase  from  P  to  Q,  we  shall  have  for  the 
curvature  at  P,   -  ddjds. 

Also,  if  y  be  the  distance  of  P  from  the  axis  of  the  curve,  we 
have  for  the  curvature  in  the  other  plane  cosd/y.     Hence, 

d6     cos#      1  /....x 

ds        y        a 

if  2a  denote  2T/(p-  P).  But  cosd  =  y/p,  where  p  is  PX,  the  radius 
of  curvature  in  the  second  normal  plane,  and  sin0  =  dy/ds.  Hence, 
ds  =  dy/sind,  and  the  equation  just  written  becomes 

—  y  sind  d  6  +  cos  6  dy  =  —ydy, 
a 

of  which  the  integral  is 

ycos8=^+C,  (29) 

'la 

where  C  is  a  constant.     Now  cos  d  =  y/p,  and  therefore 

C.  (30) 


.A      1  > 

sq  -  -  o- 


\p 

698.  Capillary  Surfaces  of  Eevolution,  Generation  of  Unduloid, 
Catenoid,  and  Nodoid. — Now  let  the  curve  PQ  be  described  by  the 
rolling  of  another  curve  along  the  axis,  touching  that  line  at  X. 

PM  is  the  perpendicular  let 
Fig.  341.  fall  from  the  point  P  on  the 

tangent  to  the  rolling  curve. 
The  relation  between  the 
radius  vector  p  and  y  given 
by  (30)  is  exactly  the  rela- 
tion between  the  length  of 
the  radius  vector  p  drawn 
from  the  focus  of  a  conic 
section  to  a  point  on  the 
curve  and  the  perpendicular  let  fall  from  the  focus  on  the 
tangent  to  the  conic  section  at  P.  This  the  reader  may  make 
out  at  once  for  the  ellipse  by  comparing  with  the  equations  of 
§  79  above.  One  semi-axis  of  the  conic  is  a,  the  other  is  s  : 
Hence  the  curve  is  that  traced  out  by  the  focus  of  a  conic  section  as 
it  rolls  along  the  axis  of  the  curve. 

When  the  rolling  curve  is  an  ellipse  the  curve  traced  by  the  focus 
is  called  the  unduloid  :  when  the  curve  is  a  parabola  the  curve  is  a 
nodoid,  consisting  of  a  series  of  loops  as  shown  in  Fig.  841. 

699.  Stability  of  Cylinder  and  Catenoid. — We  have  not  spat- 
to  deal  with  the  stability  of  the  cylinder  and  catenoid.  For  the 
investigations  the  reader  may  refer  to  Clerk  Maxwells  article  on 
Capillarity  in  the  Encyclopedia  Britcmn  tea,  1  9th  edition.  The  results 
are  that  a  cylindrical  film  between  the  edges  of  two  parallel  circular  end 
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plates,  and  acted  on  by  no  forces,  is  stable  only  when  the  distance 
between  the  plates  is  greater  than  half  the  circumference. 

A  catenoid  bounded  at  the  ends  by  two  open  rings  is  stable  when 
the  tangents  at  the  extremities  of  the  generating  catenary  intersect 
above  the  directrix  of  the  curve,  that  is  before  reaching  the  axis  of 
the  catenoid. 

The  former  case  is  of  importance  in  its  bearing  on  the  stability 
of  a  jet  of  fluid.  Cylindrical  portions  longer  than  the  limit  stated 
will  break  up  into  detached  pieces, 
each  of  which  will  tend  to  become 
spherical,  and  if  they  continue  to 
move  freely  under  the  action  of 
gravity  will  end  by  becoming 
spherical  after  a  sufficient  num- 
ber of  vibrations  about  the 
spherical  figure.  /*"      ***s  ,*"' 

700.  Influence  of  Surface  Ten-      ''  N\ -'' 

sion  on  Propagation  of  Waves. — 

The  influence  of  capillary  action  on  the  velocity  of  propagation  has 
been  investigated  by  Lord  Kelvin.*  The  velocity  of  propagation  of 
waves  in  water,  which  are  short  in  comparison  with  the  depth  of  the 
water,  is  given  by  the  equation 


M    N 


Jyh 


(81) 


where  X  is  the  wave  length,  and  g  is  such  that  gpz  is  the  pressure  at 
a  depth  z  below  the  surface  at  any  point.  In  ordinary  cases  g  is 
simply  the  acceleration  due  to  gravity.  But  the  action  of  surface 
tension  is  to  increase  the  pressure  at  any  depth  z  if  the  surface  be 
convex,  and  to  diminish  it  if  the  surface  be  concave.  Let  the  wave 
profile  along  the  direction  of  propagation  be  given  by 


J  X 

where  y  is  the  height  of  the  surface  above  the  mean  surface-level.     We 
have  for  the  curvature 

d?y  _  4  7r2 

d;x?       X- 


and  the  pressure  at  the  surface  due  to  the  curvature  is  therefore 

_  Td-P  =  ^—Ty. 
da?     X2 


(82) 


The  pressure  at  the  mean  surface-level  is  this  together  with  g  py, 
so  that  the  whole  pressure  there   is  g(l  +  ±7r-l1/gp\-)py.      Hence, 

*  "  Hydrokinetic  Solutions  and  Observations,"  Phil.  May.  Oct.  1871. 
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the  wave  propagation  takes  place  as  if  gravity  were  increased  from 
g  to  g(l  +  4zTr2T/gp\'-).     Hence,  the  velocity  of  propagation  is 


-    /$4*I*.  (88) 

V    2tt         Xp  V      ' 

This  will  have  different  values  for  different  values  of  p.  It  will 
have  its  least  value  when  g\/2 ir  =  2irTj\p,  that  is,  when  X-  =  4z-K2Tjgp, 
and  then 

701.  Waves  and  Ripples. — Values  for  which  X  is  greater  than 
2  ir.JT/gp  are  controlled  more  by  gravity  than  by  surface  tension ; 
waves  for  which  X  is  less  than  this  limit  are  controlled  more  by  sur- 
face tension  than  by  gravity.  The  latter  Lord  Kelvin  calls  ripples. 
Ripples  are  very  clearly  seen  when  a  fine  fishing  line  is  held  stretched 
by  a  plummet  sunk  in  water  from  a  boat,  and  the  boat  is  rowed  for- 
ward. A  pattern  of  waves  extending  to  some  distance  in  front  of 
the  line  is  produced.  The  waves  travel  out  from  the  line  in  front  in 
the  water  (which  just  at  the  line  is  moving  with  the  same  speed) 
until  a  point  is  reached  where,  in  consequence  of  the  slower 
motion  of  the  water,  the  velocity  of  propagation  of  the  waves  is  just 
equal  to  the  rate  of  advance  of  the  boat.  This  marks  the  front  of 
the  pattern  of  stationary  waves  which  move  forward  with  the  boat. 
The  stationary  wave  nearest  the  line  is  the  wave  of  minimum  velocity, 
then  come  the  two  sets  of  more  rapidly  travelling  waves,  the  gravita- 
tion waves  and  the  ripples.  The  former  increase,  the  latter  diminish 
in  wave  length,  and  both  diminish  in  amplitude  as  the  distance  of 
the  same  increases.  If  w  be  the  velocity  of  propagation  of  the  waves, 
and  V  the  velocity  of  the  source,  the  outside  of  the  wave  pattern  is 
at  a  distance  from  the  front  of  the  pattern  inclined  at  the  angle 
sm~hojV  to  the  direction  of  motion. 

702.  Determination  of  Surface  Tension  by  Ripples. — This  theo- 
retical result  has  been  tested  by  Lord  Rayleigh  *  and  by  Matthiessen,t 
and  has  been  employed  by  Lord  Rayleigh  for  the  experimental  deter- 
mination of  surface  tension.!  The  method  is  preferable  to  any 
other,  as  it  is  possible  to  take  precautions  ensure  that  the  surface 
of  the  liquid  is  kept  clean,  which  it  is  impossible  to  employ  in  other 
methods. 

A  shallow  porcelain  tray  10"  by  12"  contained  the  water  ;  the 
waves  were  produced  by  a  straight  edge  of  glass  attached  to  one 
prong  of  a  tuning-fork  maintained  in  vibration  by  an  electro-magnet, 

*  "  On  the  Crispations  of  Fluid  resting  upon  a  Vibrating  Support."  Phil- 
Mag.  July  1883. 

t   Wied.  Ann.  38,  1889. 

t  "  On  the  Tension  of  Water  Surfaces.  Clean  and  Contaminated,  investi- 
gated by  the  Method  of  Ripples."     Phil.  Mag.  Nov.  1890. 
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which  had  a  frequency,  determined  by  compirison  with  standard 
forks,  of  42*12.  The  waves  were  rendered  visible  by  means  of  a  gas 
name  placed  in  the  focal  plane  of  a  large  lens  of  about  81  inches 
focus.  The  lens  was  only  a  few  inches  above  the  surface  of  the 
water,  and  the  flame  was  placed  just  a  little  on  one  side  of  the  axis 
of  symmetry,  so  that  the  focus  after  reflexion  and  a  second  passage 
through  the  lens  might  not  coincide  with  the  source. 

A  fork  kept  vibrating  in  unison  with  the  exciter  screened  off  the 
light  of  the  flame  at  each  vibration  by  means  of  a  piece  of  tin  plate. 
The  surface  was  thus  rendered  instantaneously  visible  at  each  vibra- 
tion always  in  the  same  phase  of  generation  of  the  waves. 

The  eye  was  placed  close  to  the  focus  to  which  the  reflected  light 
was  brought,  and  the  arrangement  was  so  sensitive  that  waves  were 
seen  which  were  perfectly  invisible  when  the  surface  was  viewed  in 
the  ordinary  way. 

In  some  of  the  experiments  a  somewhat  graver  fork  was  used 
(frequency  40-9),  and  the  results  were  found  to  be  quite  concordant 
with  those  obtained  by  the  other  fork. 

To  keep  the  surface  of  the  water  clean  a  hoop  of  thin  brass,  of 
breadth  greater  than  the  depth  of  the  water,  was  coiled  up  close 
round  the  dipper  which  generated  the  waves,  and  then  allowed  to 
expand  out  towards  the  edge  of  the  dish.  One  or  two  operations 
cleaned  the  surface  very  thoroughly,  and  they  were  repeated  from 
time  to  time  as  impurities  settled  on  the  surface  from  the  air. 

The  number  of  ripples  between  two  points  close  to  the  surface  of 
the  liquid  was  counted,  and  this  gave  the  wave  length.  The  known 
period  then  enabled  the  surface  tension  to  be  calculated  by  (33), 
grX/27r  being  supposed  negligible. 

The  mean  result  gave  T  for  water  as  71  dynes  per  lineal  centi- 
metre at  temperature  65  °  Fahr.  This  is  markedly  below  the  value 
(xi  dynes  per  linear  centimetre)  obtained  by  Quincke  from  obser- 
vations on  air-bubbles  below  glass  plates.  It  agrees,  however,  with 
other  observations  of  Lord  Rayleigh's  on  the  transverse  oscillations 
of  water  jets,*  for  which  Quincke's  results  gave  too  low  a  wave 
length."?" 

703.  Method  with  Microscope  or  Telescope. — The  following 
method  has  been  worked  out  by  Mr.  J.  A.  Craw  in  experiments 
on  the  superficial  tension  of  mercury  in  contact  with  various  solu- 
tions, in  which  he  is  at  present  engaged  as  a  research  student  in  the 
Physical  Laboratory  of  the  University  of  Glasgow.  Liquid  is  placed 
in  a  shallow  vessel  supported  on  the  resonance  box  of  a  monochord. 
When  the  monochord  is  excited,  a  well-defined  pattern  of  standing 
ripples  is  produced  by  interference  of  waves  proceeding  from  the 
sides  of  the  vessel.  The  waves  comprise  different  component  series, 
and  any  one  of  these  can  be  isolated  by  means  of  glass  rods  properly 
placed  on  the  surface. 

Fig.   343  shows  the  arrangement.       T  is  a  rectangular  trough 

*  "Capillary  Phenomena  of  Jets."     Prod.  R.  S.  No.  196  (1979). 
t  Worthingion,  Phil.  Mag.  vol.  xx.  1885. 
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containing  the  liquid  firmly  attached  to  the  resonance  box.  Light 
from  a  source  L,  rendered  parallel  to  the  condenser  C,  passes  through  a 
slit  S,  is  projected  by  the  mirror  U  (which  is  adjustable  in  any 
position)  on  the  surface  of  the  liquid,  and  is  thence  reflected  into  the 
reading  microscope,  or  better,  the  telescope  of  a  horizontal  catheto- 
meter  H.     The  mirror  is  rigidly  attached  to  the  telescope. 

The    monochord    is    maintained    in  vibration    by    an    electrical 
arrangement.      Two  wires,  A  and  B,  are  tuned  to  the  pitch  of  a 

Fig.  343. 


standard  fork,  and  are  excited  by  electromagnets  EE,  connected  in 
parallel,  one  above  and  the  other  below  its  wire.  The  mercury 
contact  for  each  wire  is  used  as  an  interrupter  for  the  electro- 
magnet of  the  other,  so  that  uniformity  of  pitch  and  phase  of  the  two 
wires  is  secured.  The  slit-image  and  the  spider  line  of  the  eye-piece 
are  adjusted  parallel  to  and  exactly  in  coincidence  with  the  image  of 
the  crest  of  a  ripple,  and  the  microscope  (or  telescope)  is  moved  over  m 
crests.  The  difference  of  the  scale  readings  d  is  taken  and  gives 
X  =  2djm  the  length  of  a  single  ripple.  Measurements  made  in  this 
way  have  been  found  to  agree  within  the  experimental  error  (about 
•10  per  cent,  on  the  surface  tension)  with  those  obtained  by  a  simple 
series  of  plane  waves  of  small  amplitude,  illuminated  instantaneously 
by  a  spark  and  photographed  on  a  quick  plate  or  measured  by  direct 
observation  with  the  microscope. 

704.  Apparent  Attraction  or  Repulsion  between  Two  Plates. 
Motion  of  a  Drop  in  a  Tapering  Tube. — When  a  liquid  rises 
between  two  close  plates  the  plates  appear  to  attract  each  other ; 
but  they  are  really  pressed  together  by  the  excess  of  pressure  on 
the  outer  sides.  There  is  no  difficulty  in  calculating  the  fores 
in  any  given  case.  Let  water  rise  between  two  plates  placed 
vertical  and  parallel  at  a  short  distance  apart  in  a  large  vessel,  to  a 
mean  height  h  above  the  level  in  the  vessel.  The  pressure  at  a 
height  x  is  P  —  ypx,  if  P  be  atmospheric  pressure.  But  the  pressure 
on  the  outside  is  P.  Hence  the  resultant  thrust  on  either  plate  on 
a  horizontal  strip  of  length  I  and  breadth  dx  is  gplxdx.  The  whole 
push  on  a  length  I  of  the  plates  is  y  plf*  xdx  =  \y  plH2.  If  the  liquid 
has  an  angle  of  contact  a  with  the  plates  a  term  :ZYsina  must  be 
added. 
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If  the  surface  of   the  liquid  between  the   plates  be  below  the 
outside  undisturbed  level  and  the  plates  be  close,  the  plates  appear  to 
repel  each  other  with  a  force  which  can  be  calcu- 
lated in  the  same  way.  Fig.  344. 

Consider  a  circular  layer  of  liquid  between 
two  close  parallel  horizontal  plates  Let  the 
angle  of  contact  be  o.  The  surface  will  be  con- 
cave in  any  section  at  right  angles  to  the  plates 
and  through  their  centre,  and  convex  in  any 
section  parallel  to  the  plates. 

If  d  be  the  distance  of  the  plates  apart,  the 
radius  of  curvature  the  in  first  section  is  approxi- 
mately hd  cosa.sothat  the  curvature  is  2cosa/d. 
If  R  be  the  radius  of  the  plate,  the  other  curva-  -  ""_>"  ~z  ' 
ture  is  ljB.  Hence  the  diminution  of  pressure 
is  T(2  cos  ajd  -  1/B).  The  area  is  - R2,  and  there- 
fore the  thrust  on  each  plate  towards  the  other  due  to  difference  of 
pressure  is 

-  R-T(2  cos  ajd  -  1  /B)  =  2»  R-  Tcos  ajd  -ttR  T. 

To  this  must  be  added  the  pull  2-irRTsi.na  given  by  the  film,  so  that 
the  whole  force  is  2tt R2Tcosa/d  -  ttRT(1  -  2 sin  a). 

Thus  two  blocks  of  ice  placed  together  with  a  film  of  water 
between  them,  are  drawn  together  and  adhere.  Part  of  the  ice 
brought  into  contact  melts  in  consequence  of  the  lowering  of  the 
freezing  point  brought  about  by  the  pressure,  and  the  pressure  being 
in  part  thus  relieved,  the  film  freezes,  welding  the  two  blocks 
together. 

Also  a  drop  of  liquid  placed  in  a  tapering  tube  will  move  toward 
the  narrower  or  the  wider  parts  of  the  tube  according  as  the  liquid 
does  or  does  not  wet  the  tube.  The  curvature  is  greater,  and  a 
greater  force  is  applied  by  the  film  to  the  liquid,  at  the  narrower 
than  at  the  wider  end  of  the  drop.  This  force  is  towards  the 
narrower  end  of  the  tube,  if  the  surface  is  concave,  and  in  the  oppo- 
site direction  if  the  surface  is  convex. 

705.  Measurement  of  Surface  Tension  by  Capillary  Tubes. — 
Many  determinations  of  the  surface  tension  of  water  have  been 
made  by  measuring  the  elevation  or  depression  of  liquids  in  tubes. 
One  of  the  first  of  these  was  made  by  Gay-Lussac,  and  is  described 
by  Laplace  in  his  supplement  already  cited.  The  tube  was  of  white 
glass,  and  had  an  internal  diameter  of  1 '29441  mm.  The  elevation 
of  the  lowest  point  of  the  surface  was  23*1634  mms.  at  a  temperature 
of  8'5  C.  The  water  wetted  the  tube,  and  the  angle  of  contact  was 
zero.  Adding  £  of  the  diameter  of  the  tube,  we  get  for  mean  height 
22-3791  mms.  From  this  we  get  for  the  surface  tension  of  water 
8-5"  C,  the  value  74-2  degrees  per  lineal  centimetre,  almost  exactly 
the  result  obtained  by  Lord  Rayleigh  for  the  temp.  G5C  F. 

An  experiment  made  with  a  wide  tube  gave  an  almost  exactly 
concordant  result. 
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In  the  carrying  out  of  such  experiments  it  is  essential  that  the 
tubes  should  be  most  carefully  cleaned  by  the  most  efficient  chemical 
methods,  and  that  the  liquids  used  should  be  as  free  from  impurity 
as  possible.  The  slightest  film  of  grease  on  the  surface  of  water 
in  a  tube  would  lower  the  height  of  the  column,  and  give  an  inexact 
result.  The  height  of  the  column  should  be  carefully  read  from  a 
distance  by  a  cathetometer  telescope. 

706.  Form  of  Drops. — Attempts  have  been  made  to  determine 
the  surface-tension  of  liquids  by  weighing  drops  let  fall  from  a  hori- 

FiG.  345.  Fig.  346. 


zontal  circular  mouthpiece  communicating  with  a  vessel  containing 
the  liquid  experimented  on.  It  has,  however,  been  erroneously  con- 
cluded in  such  experiments  that  the  weight  of  the  drop  was  '1-  r'F 
where  r  is  the  radius  of  the  drop  at  the  level  of  rupture.  If  the 
drop  is  cylindrical  at  that  level  the  pressure  in  the  interior  must 
exceed  atmospheric  by  T/r,  which  would  give  a  downward  force  on 
the  falling  drop  of  irrT.  Thus  the  weight  of  the  drop  could  only 
equal  irrT,  and  the  tension  obtained  from  the  weight  by  the  erro- 
neous formula  would  be  twice  the  proper  value.  The  method  is  not 
reliable  for  other  reasons.  The  detachment  of  the  drop  is  influenced 
by  the  bore  of  the  tube.  Even  with  an  outside  diameter,  the  same 
in  both  cases  and  attachment  at  the  outer  edge,  the  weight  of  the 
drop  detached  is  sensibly  different  according  as  the  bore  is  very  wide 
or  very  narrow.  The  reader  may  refer  to  a  paper  by  Lord  Rayleigh 
in  the  Phil  Mag  for  Oct.  1890. 

Fig.  345  show  the  theoretical  form  of  a  pendent  drop.  The 
horizontal  line  in  Fig.  346  shows  level  of  atmospheric  pressure  in  the 
drop.  The  reader  w  ill  perceive  that  there  the  curvatures  are  opposed, 
and  they,  in  fact,  just  balance  each  other,  so  that  \jBl  +  ljR.i  =  ^, 
and  the  pressure-difference  is  zero.  Fig.  346  is  taken  from  an  in- 
teresting paper  on  Pendent  Drops  by  Mr.  A.  M.  Worthington  (Proc. 
B.  S.  June  16,  1881).  The  drop  was  formed  by  turpentine  falling 
away  from  a  vertical  cylindrical  tube,  the  lower  end  of  which  was 
ground  flat  with  a  sharp  edge.  Its  magnified  image  was  formed  on 
a  screen  by  a  lens,  and  traced  in  different  stages  of  the  development 
of  the  drop. 


CHAPTER  XVII. 

MEASUREMENTS  AND  INSTRUMENTS. 

707.  Measurement  of  Mass.  The  Balance. — Most  of  what  we 
have  to  say  regarding  units  of  measurement  will  be  found  in  chap.  i. 
and  in  connection  with  the  definitions  of  derived  units  as  these  occur. 
But  there  are  one  or  two  matters  connected  with  the  measurement 
of  mass,  the  measurement  of  length  in  certain  particular  cases,  and  the 
measurement  of  angle,  which  we  may  conveniently  discuss  here. 

First  of  all  the  standard  instrument  for  the  measurement  of  mass 
is  the  balance.  In  its  elements  the  balance  consists  of  a  double 
lever,  called  a  beam,  which  is  movable  about  a  horizontal  axis  at  right 
angles  to  its  length,  and  carries  attached  at  its  extremities  two  scale- 
pans  in  which  can  be  placed  the  masses  to  be  compared.  In  general 
the  arms  are  made  of  exactly  equal  length,  that  is  to  say,  when  the 
line  joining  the  points  of  attachment  of  the  scales  to  the  beam  is 
horizontal  that  line  is  at  right  angles  to  the  axis,  and  these  points 
are  at  equal  distances  from  the  vertical  plane  containing  the  axis. 
Further,  the  arrangement  is  so  constructed  and  adjusted  that  when 
the  scale-pans  are  in  position  and  carry  no  weights,  the  beam  rests 
stably  in  the  horizontal  position.  Any  deviation  from  horizontality 
of  the  beam  can  be  corrected  by  a  small  pivoted  arm  carried  by  the 
beam  above  its  centre.  As  this  is  turned  round  the  centroid  shifts 
slowly  in  one  direction  or  the  other  along  the  beam,  and  also,  of 
course,  sideways.  Thus  the  centroid  of  the  beam  and  scales  is  below 
the  axis  about  which  the  beam  turns. 

708.  Arrangement  of  a  Precision  Balance. — To  avoid  errors  from 
friction  the  beam  is  supported  on  two  horizontal  "  knife-edges "  of 
hardened  steel  most  carefully  made  and  ground  so  as  to  have  a 
straight  smooth  edge.  These  knife-edges  face  downwards,  and 
rest  on  smooth  horizontal  plates  of  agate  placed  one  on  each 
side  of  the  beam.  At  each  end  of  the  beam  is  a  horizontal 
knife-edge  turned  upwards.  On  each  of  these  knife-edges  rests 
by  an  agate  plate  a  piece  to  which  the  scale-pan  at  each  end  is 
attached.  The  distance  between  the  knife-edges  is  the  length  of  tne 
beam.  The  various  parts  will  be  seen  in  the  engraving  (Fig.  o47) 
of  a  balance  of  precision  made  by  Brunee  of  Gottingen.  An 
arrangement  of  levers  enables  the  beam  to  be  placed  on  its  knife- 
edges  when  the  balance  is  to  be  used,  and  to  be  otherwise  supported 
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when  not  in  use.  The  point  of  a  long  index  depending  from  the 
beam  and  turning  with  it  ranges  along  a  graduated  scale  near  the 
base  of  the  supporting  pillar,  and  enables  a  small  deflection  of  the 
beam  from  the  horizontal  to  be  measured. 

The  balance  if  at  all  delicate  is  enclosed  in  a  well-made  case  so 
that  the  beam,  &c,  may  be  protected  from   currents  of  ah,  and 

Fig.  347. 


arrangements  are  adopted  in  the  finest  work  for  putting  on  and 
removing  weights  without  opening  the  case.  The  case  may  with 
advantage  be  covered  with  thin  sheet  copper  inside  where  there  is  no 
glass,  to  equalise  the  internal  temperature. 

An  arm  projecting  from  one  end  of  the  case  enables  small  riders 
tf)  be  placed  at  different  points  of  the  beam  to  slightly  vary  the 
weights  by  known  amounts.  For  this  a  graduated  scale  along  the 
beam  is  provided  as  will  be  seen  in  the  figure.  The  effect  of  a  rider 
of  given  weight  can  be  seen  from  the  graduations  on  the  scale. 

From  Fig.  347  can  be  made  out  the  arrangement  of  the  "  arrest- 
ment "  by  which  the  beam  can  be  brought  back  to  its  normal  position 
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when  required,  and  the  central  knife-edge  brought  always  into  a 
definite  position  on  its  bearing.  The  precautions  adopted  to  ensure 
that  the  terminal  knife-edges  bear  also  with  perfect  definiteness  on 
agate  plates  will  also  be  seen.  The  pans  should  be  connected  to  the 
terminal  piece  above  by  a  loose  link  or  two  to  obviate  the  effect  of 
placing  a  weight  at  different  positions  on  the  scale-pan.  A  complete 
acquaintance  with  the  arrangement,  use,  and  adjustment  of  the 
balance  can  only  be  obtained  by  long  careful  use  of  the  instrument, 
and  we  shall  not  attempt  to  enter  into  details  here. 

7<>(.».  Theory  of  the  Balance.  Sensibility. — £et  us  consider  then 
a  balance  the  central  and  terminal  knife-edges  of  which  are  parallel 
and  horizontal  and  lie  nearly  in  one  plane.  Let  the  weights,  includ- 
ing pans,  tfcc,  attached  to  the  terminal  pieces  be  w  and  to +  $10,  and 
the  lengths  of  the  corresponding  arms  I  and  l  +  cl.  Let  the  centroid 
("  centre  of  gravity  ")  of  the  beam  when  it  is  horizontal  be  situated 
at  a  distance  h  below  the  plane  of  the  terminal  knife-edges,  and  the 
central  knife-edge  be  at  a  height  h'  above  the  plane  through  the  ter- 
minal knife-edges  ;  let  the  weight  of  the  beam  be  to,  and  the  beam  be 
turned  through  any  angle  6  from  the  horizontal.  The  moment 
tending  to  restore  equilibrium  is  as  the  reader  will  see  by  making  a 
diagrammatic  sketch 

w(l cos  6  +  Ji  sin  8)  +  io'(h  +  h')  sin  8  -  {to  +  2  w)  { (I  +  c  I) cos  8  -  li  sin  8}. 

If  this  couple  is  zero,  that  is  if  there  be  equilibrium  in  the  deflected 
position, 

,      ,,  w^l  +  cto(l  +  cl) 

(2  to  +  o  w)  K  +  w\h  +  h') ' 


If  the  arms  be  of  equal  length  cl  =  0,  and 
tan<9  I 


Sto      (2w  +  cw)ti  +  w'(h  +  h') 


(1) 


The  ratio  tan  0/S w  is  taken  as  the  measure  of  the  sensibility  of  the 
instrument.  A  scale,  divided  so  as  to  show  tangents  of  deflections, 
would,  if  placed  horizontally  at  the  base  of  the  supporting  pillar,  and 
ranged  over  by  a  pointer  carried  by  the  beam,  give  values  of  tan  6  for 
different  values  of  cto.  But  in  practice  as  the  deflections  are  small  it  is 
sufficient  to  use  a  circular  scale  if  uniformly  divided.  As  a  rule  the 
balance  is  so  constructed  that  the  knife-edges  are  all  in  one  plane, 
and  therefore  h'  has  only  a  small  variable  value  due  to  flexure  of  the 
beam  under  the  weights  attached  to  its  ends.  The  sensibility  is 
therefore  greater  the  greater  I  and  the  smaller  the  weight  to'  of  the 
beam.  Since  h'  is  small  the  sensibility  is  nearly  independent  of  the 
load  2w,  through  a  considerable  range  of  its  values.  As  a  rule  h'  is 
zero  for  a  certain  mean  load,  and  it  has  therefore  opposite  values 
according  as  the  load  is  smaller  or  greater  than  this  beam.  The 
sensibility,  therefore,  first  increases  then  diminishes  with  increase  of 
load.     It  can  be  altered  by  screwing  up  or  down  a  small  weight 
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carried  by  the  beam  and  so  varying  the  value  of  h.  When  its  value, 
s,  is  known  the  value  of  c  w  can  be  obtained  by  reading  the  deflec- 
tion 6,  and  is  approximately  djs. 

710.  Stability  of  the  Balance. — A  balance  should  be  not  only 
sensitive,  but  as  quick  in  action  as  possible.  To  find  on  what  the 
latter  characteristic  depends  we  must  find  the  time  of  a  small  oscilla- 
tion. Thus  let  the  beam  be  deflected  through  an  angle  6,  with 
Sw  =  0,  and  cl=  0.     The  return  couple  is 

tcg(lcos  6  +  h'  sin  6)  +  w'g(h  +  h')  sin  6  -  wg(l cos  6  -  h'  sin  6), 
or 

2  wgh' sin  6  +  v/g(h  +  ti)  sin  6. 

The  distances  of  the  verticals  in  which  the  weights  iv  are  situated 
from  the  vertical  through  the  axis  are  /cos0  +  Asinfl,  IcosQ  -  hsiuO. 
Hence  if  w  be  the  total  mass  suspended  at  each  end  of  the  beam, 
and  we  suppose  that  the  weights  w  move  at  each  instant  in  the 
vertical  through  the  point  of  support,  the  moment  of  momentum  of 
the  weights  about  the  axis  is 

w  d(lcos6  +  h  sin  0)2  +  w  6  (I  cos  6  -  h  sin  &f  =  2w  d  (I2  cos  ■  6  +  A2sin-  6) . 

Also  if  k  be  the  radius  of  gyration  of  the  beam  about  the  axis  the 
moment  of  momentum  of  the  beam  is  w'J&B,  Equating  the  time- 
rate  of  variation  of  the  momentum  of  the  system  (neglecting  terms 
multiplied  by  6'-)  to  the  return  couple,  we  obtain  for  the  period  T  of 
a  small  oscillation 

j,,  _  ,     ,         ~2icV  +  w'k2 

y{->wh'  +  w\h  +  h')}  ' 

If  as  is  usual  h'  is  zero  or  nearly,  we  have 


v: 


2wP+w'i?  /gv 


gw'h 
If  we  denote  by  s  the  sensibility  tsmd/cto,  we  have  by  (1) 

T=CJs 

where  C  is  a  constant  depending  on  the  load  in  the  pans.  Hence 
for  a  given  load  the  period  varies  directly  as  the  square  root  of  the 
sensibility. 

A  short  period  enables  readings  of  the  deflection  on  each  :>ide  to 
be  quickly  read,  and  an  estimate  to  be  formed  as  to  whether  equili- 
brium has  been  nearly  attained.  But  clearly  this  desirable  quickness 
of  return  is  incompatible  with  sensibility  and  therefore  it  is  only 
possible  to  make  a  compromise  between  the  two,  which  will  depend 
upon  the  degree  of  accuracy  to  be  attained  in  the  weighings.  The 
length  of  the  beam  should  always  be  great  enough  to  swamp  any 
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uncertainty  as  to  the  effective  length  of  the  arm  due  to  shifting  of 
the  positions  of  the  end  pieces  on  their  knife-edges.  It  is  always 
desirable  to  make  the  beam  as  light  as  possible,  and  this  is  effected 
by  making  it  in  the  form  of  a  light  girder,  and  of  as  light  material 
as  possible.  Balances  are  now  made  of  aluminium,  and  Fig.  848  shows 
a  very  light  and  stiff  form  of  beam  made  of  this  material  and  used 
in  the  balance  shown  in  Fig.  347. 

711.  Adjustment  of  the  Balance. — When  the  balance  is  to  be 
used  it  must  be  carefully  levelled  by  means  of  the  foot-screws,  and 

Fig.  348. 


adjusted  by  the  movable  weight  to  the  sensibility  required.  The 
increase  of  sensibility  may  be  traced  by  observing  the  increase  of 
period  :  it  has  been  shown  above  that  the  sensibility  is  proportional 
to  the  square  of  the  period.  The  horizontality  of  the  beam  when 
the  pans  are  unloaded  is  adjusted  by  the  turning  arm  or  other 
arrangement  provided  for  the  purpose. 

If  the  balance  is  working  properly  it  will  be  subject  to  little 
frictional  resistance.  This  may  be  tested  by  causing  the  beam  to 
vibrate  about  the  middle  position  and  noticing  the  divisions  on  the 
horizontal  scale  which  mark  the  extent  of  the  successive  deflections 
of  the  pointer.  These  should  fall  off  slowly  in  amplitude.  Further, 
the  pointer  ought  to  come  back  always  to  the  same  position  on  the 
scale,  when  the  beam  is  taken  off  and  replaced  on  its  knife-edges  a 
number  of  times  in  succession. 

It  should  be  observed  whether  the  effect  of  a  weight  is  indepen- 
dent of  the  position  on  the  scale-pan  at  which  it  is  placed.  There 
will  be  little  variation  of  this  kind  if  as  stated  above  the  scale-pan 
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is  connected  by  a  perfectly  loose  link  or  two  with  the  hook  attached 
to  the  terminal  piece. 

712.  Weighing  by  Oscillations. — To  save  time  it  is  desirable  when 
weighing  to  take  successive  readings  of  the  pointer  on  the  scale,  for 
from  these  readings  the  position  at  which  the  pointer  would  come  to 
rest  can  be  obtained  without  waiting  for  complete  subsidence  of  the 
oscillations.  It  is  convenient  for  taking  these  readings  that  the 
zero  of  the  scale  should  be  at  the  right  hand  end,  so  that  the  centre 
point  should  be  numbered  10,  or  20,  or  some  other  number  accord- 
ing to  the  divisions.  Let  successive  readings  at  which  the  pointer 
comes  to  rest,  beginning  with  one  on  the  left,  be  nv  n.,,  n3,  &c.}  and 
let  the  position  at  which  the  pointer  would  finally  rest  be  n.  The 
first  deflection  from  the  position  of  rest  is  »,  —  n,  the  second  is  n  -  »2, 
the  third  is  n3  —  n.  If  we  suppose  that  there  is  the  same  falling 
off  in  the  three  successive  deflections  we  have  ?ij  —  n  -  (n  —  n2)  = 
n  —  n.,  —  (n3  —  n),  or  n  =  (??j  +  «.,  +  2«.()/4. 

If  the  division  at  which  the  balance  pointer  rests  with  equal  loads 
on  the  pans  be  m.  n  -  m  is  the  deflection  due  to  the  inequality  of 
loads.  If  the  amount  w  of  this  inequality  be  known  (and  it  can  be 
made  of  any  small  value  required  by  putting  equal  known  weights 
IT,  IF  on  the  pans  and  adding  to  them  a  known  small  weight  w)  the 
sensibility  is  proportional  to  (n  -  m)/ic. 

This,  of  course,  will  be  the  sensibility  for  the  load  211',  and 
different  determinations  should  be  made  for  different  loads,  and  a 
curve,  with  sensibilities  as  ordinates  and  loads  as  abscissae,  laid  down 
on  squared  paper  to  exhibit  the  results,  in  a  form  available  for  the 
determination  of  the  difference  of  weights. 

713.  Determination  of  Ratio  of  Arms  of  Balance. — The  ratio 
of  the  lengths  of  the  arms  of  the  balance  may  be  determined  in  the 
following  manner,  which  does  not  assume  that  the  weights  used  have 
their  nominal  values.  Let  the  nominal  value  of  the  two  weights  in 
the  left  and  right  pans  respectively  which  produce  equilibrium  of 
the  beam  be  to  and  to'.  Then  let  these  same  weights  be  interchanged, 
and  to altered  to  to  +  etc  in  order  to  find  equilibrium.  [If  he  must  be 
negative  for  equilibrium  the  weight  representing  it  must  be  placed 
in  the  scale-pan  with  w'.]  Then,  if  I,  V  be  the  lengths  of  the  left 
and  right  arms  respectively,  we  have  v:l  =  v'l',  vol  =  (V  +  tic)?',  and 
therefore  approximately 

V  *  to 

As  an  example  we  may  take  the  following,  given  in  Kohlrausch's 
Physical  Measurements.  A  single  weight  nominally  50  grammes 
placed  in  the  left  hand  scale  was  equilibrated  by  a  group  of  weights 
making  a  nominal  aggregate  of  50-00083  grammes.  The  weights 
were  then  interchanged,  and  it  was  found  that  when  '00256  gramme 
was  added  to  the  50-gramme  weight  and  '00083  was  removed  from 
the  group,  equilibrium  was  again  obtained.  Thus  2  n-  was  clearly 
•00256  +  -00088  (that  is  -00339)  of  a  gramme.     Hence 
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I  =  1+^1^  =  10000389. 

V  100 

The  ratio  of  the  sum  of  the  weights  of  the  group  making  up 
nominally  50-00083  grammes  to  the  real  weight  of  the  piece  marked 
50  grammes  was  thus  V jl  or  1*0000839.  Thus,  taking  the  50-gramme 
weight  as  correct  the  group  of  weights  making  up  the  50  had  an 
excess  weight  of  "000865  gramme.  This  will  illustrate  the  method 
of  comparing  and  testing  a  set  of  weights. 

714.  Double  Weighing. — Error  from  inequality  of  I  and  V  may 
be  avoided  by  the  process  of  double  weighing.  The  body  is  placed 
in  one  pan,  say  the  left,  and  balanced  by  weights  «»,  in  the  right. 
The  body  is  then  transferred  to  the  other  pan  and  balanced  by  a 
weight  wa  in  the  left.  Then,  if  W  be  the  true  weight  of  the  body, 
Wl  =  wll',  and  wJ—WZ'.  Hence,  W=  Jivxwr  Since  wv  wt  differ 
little  from  one  another,  the  arithmetic  mean  h{wx  +  ic.,)  may  be 
taken  as  the  value  of  W. 

This  gives  also  a  comparison  of  I,  l\  but  has  the  disadvantage  of 
assuming  that  wv  «\„  the  nominal  values  of  the  weights,  are  the 
correct  values.    Thus,  IjV  =  J'wjic.,. 

715.  Reduction  of  Weights  to  Vacuo. — Weighings  are  usually 
made  in  air,  and  require  correction  for  the  buoyancy  of  the  air,  as 
explained  in  §  423  above.  Let  p  be  the  density  of  the  body,  and  pa 
that  of  air.  Then,  if  II'  be  the  true  weight  of  the  body,  the  weight 
of  air  displaced  by  it  is  Wpjp.  Thus,  the  weight  measured  by  the 
process  of  weighing  in  air  is  ir(l  —  pa\p).  On  the  other  hand,  if  the 
nominal  value  of  the  weights  which  balance  it  be  If"  and  pw  be 
their  density,  or  the  average  density  if  they  are  made  of  different 
materials  their  effective  weight  is  W'(l  -pjp7v).     Hence, 

ni-P,/p)=ni-p«K)> 

and 

1  -   -  / 

W=  W 1*  =  W'l  1  +£•  -  B± ),  (4) 

P 

very  nearly,  since  pa  is  small  in  comparison  with  p. 

An  approximate  value  of  p  obtained  by  the  process  of  weighing  in 
air  without  correction  for  buoyancy  is  exact  enough  for  use  in  this 
equation.  That  of  pw  is  generally  known  exactly  enough.  For 
brass  weights  pw  may  be  taken  as  8-4,  for  platinum  weights  21*5, 
If  the  nominal  value  of  the  brass  weights  be  Wl ',  and  of  the  platinum 
weights  IF/, 

21-5  x  8-4TT 

Pw    21-5H7  +  8-4W7'  -J 

The  value  of  pa  for  ordinary  atmospheric  air  is  generally  taken 
as  "0012  gramme  per  cubic  centimetre. 
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Thus,  if  a  quantity  of  copper  of  density  8*9  be  Aveighed  with 
brass  weights,  and  W  be  the  apparent  weight  in  air  in  grammes,  the 
correction  is  -0012(l/8'9  -  1/8*4)  of  a  gramme  per  gramme  of  IF',  that 
is,  *008  of  a  milligramme  per  gramme  of  IF7,  and  the  true  weight  is 

TF'(1  -  -000008). 

716.  Correction  to  Vacuo  of  Specific  Gravity.  Determinations.— 
In  determinations  of  specific  gravity  the  substance  is  weighed  in  air 
and  in  water.  The  correction  for  the  weighing  in  air  is  to  be  made  as 
just  described.  Let  W  be  the  true  weight  just  found.  The  density 
of  the  water  depends  on  the  temperature.  Let  it  be  p.  The  apparent 
loss  of  weight  of  the  body  when  immersed  in  water  is  W  p  jp.  If  the 
weight  on  the  other  pan  giving  equilibrium  be  IF",  the  true  weight 
in  water  is  TF"(1  -pjpj),  where  as  before  pir  is  the  density  of  the 
weights.  We  have  therefore  W(l  - p'/p)=W"(l  - pa/p„.).  Hence, 
Wp/p=W-W"(l-pa/Pvj),Sind 


But  if  IF'  be  as  before  the  nominal  weight  of  the  body  in  air 
IF  =  TF'(1  -  pa/p7v  +  pa/p),  and  from  this  we  obtain,  putting  f or  p  in 
the  term  in  brackets  the  approximate  value  W/(\V  -  IF'),  and  neglect- 
ing small  terms  of  the  second  order, 

W 

P  -  w,  _  w»(l  ~  Pa)  +  P   +  Pa, 

or 

P  =  Pi(p   -Pa)+Pa,  (7) 

where  px  is  the  uncorrected  value  of  p. 

717.  Comparison  of  Lengths.  The  Comparator. — For  the  exact 
measurement  of  lengths  various  appliances  are  used.  One  of  these 
is  the  Comparator,  which  is  used  for  determining  by  means  of  a 
graduated  measuring  rod  the  distance  between  two  marks  on  a  rod  or 
scale.  On  the  standard  measuring  rod  is  fixed  a  sliding  piece  carry- 
ing a  reading  microscope.  The  instrument  is  arranged  so  that  the 
line  the  length  of  which  is  to  be  determined  is  parallel  to  the 
scale,  and  underneath  the  object  glass  of  the  microscope.  One 
of  the  marks  is  then  brought  under  and  focussed  in  the  microscope 
in  coincidence  with  a  "  cross  wire "  carried  by  the  eyepiece.  This 
wire  is  in  the  focal  plane  of  the  objective  when  the  object  is  in 
focus.  A  reading  is  then  taken  of  the  position  of  an  index  which 
traverses  the  scale  when  the  sliding  piece  is  moved.  The  sliding 
piece  is  then  displaced  along  the  scale  until,  the  other  mark  is  brought 
into  focus  and  made  coincident  with  the  cross  wire  in  the  field  of 
view.  The  reading  of  the  mark  is  again  taken  and  the  displace- 
ment along  the  rod  gives  the  distance  required. 
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718.  The  Vernier. — For  the  more  exact  determination  of  the 
distance  a  vernier  may  be  used.  This  contrivance  is  represented  in 
Fig.  349.  On  an  edge  of  the  sliding-piece  arranged  to  move  along 
the  graduated  edge  of  the  scale  is  divided  a  scale  of  the  10  equal 
divisions  in  a  space  equal  to  9  divisions  of  the  scale,  and  these  marks 
(not  the  spaces)  are  numbered  0,  1 ,  2,  3,  ...  .  1 0,  let  us  say  in  the 
direction  of  increasing  numbers  on  the  scale.  The  mark  0  is  called 
the  zero  of  the  vernier  and  lies  between  two  of  the  graduation-marks 
on  the  scale.  The  distance  of  the  zero  in  front  of  the  mark  behind 
it  on  the  scale  is  obtained  as  follows.     Let  the  mark  numbered  n  of 

Fig.  349. 
Scale. 
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the  vernier  coincide  with  a  division  of  the  scale,  then  the  distance 
just  specified  is  ?i-tenths  of  one  space  or  division  of  the  scale.  To 
see  this  suppose  the  zero  of  the  vernier  put  back  through  the 
distance  in  question  so  as  to  coincide  with  the  mark  formerly 
immediately  behind.  The  division  mark  1  on  the  vernier  will  be 
behind  the  mark  on  the  scale  in  front  of  it  by  just  the  difference 
between  a  vernier-space  and  a  scale-space,  that  is  1/10  of  a  scale- 
space,  the  mark  2  will  be  behind  the  scale-mark  next  in  front  of  it 
just  2/10  of  a  scale-space,  and  so  on,  so  that  the  vernier-mark  n  is 
behind  the  scale-mark  next  in  front  a  distance  just  equal  to  n-tenths 
of  a  scale- space. 

Hence,  if  the  distance  through  which  the  zero  has  been  put  back 
be  w-tenths  of  a  scale-space  the  mark  n  on  the  vernier  was  coincident 
with  a  scale  division  when  the  zero  of  the  vernier  was  the  sighted 
position. 

If,  as  may  happen,  no  mark  on  the  vernier  coincide  with  a  scale- 
mark  two  consecutive  marks  on  the  vernier,  say  the  n  -  1th  and  the 
n\h,  will  be  between  two  scale-marks.  Then  an  imaginary  mark 
n  +f  vernier-spaces  from  the  zero  (where  f  is  a  fraction)  will  coincide 
with  a  scale-mark,  and  the  distance  to  be  measured  is  n  +/  tenths  of 
a  scale-division  from  the  zero.  The  fraction  f  can  be  quite  exactly 
enough  estimated  in  most  cases.  The  result  can  be  checked  by 
estimating  the  fraction  f  of  a  vernier-space  which  the  mark  n  —  1  is 
in  front  of  the  scale-division  behind  it.  Then  the  distance  to  be 
measured  is  also  (n  —  1  +/')  tenths  of  a  scale-space. 

Sometimes  the  numbering  of  the  vernier  graduation  runs  in  the 
opposite  direction  to  the  numbering  on  the  scale.  In  this  case  in 
spaces  of  the  vernier  must  include  1 1  spaces  of  the  scale.  Also  some 
verniers  are  divided  to  50  spaces  for  4!)  of  the  scale,  or  50  spaces  for 
51  of  the  scale,  according  as  the  vernier  numbering  runs  the  same 
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way  as,  or  in  the  reverse  way  to,  the  scale  numbering.  The  vernier 
then  enables  a  fraction  of  a  scale-space  to  be  reckoned  in  50ths  of  a 
scale-space.  In  some  cases  the  vernier  numbers  are  doubled  so 
that  the  vernier-reading  gives  the  result  in  hundredths  of  a  scale- 
space. 

719.  Measurement  of  Distances  by  Optical  Bench. — The  arrange- 
ment of  a  sliding-piece  moving  along  a  graduated  scale  can  be  used 
for  determining  the  distance  parallel  to  the  scale  between  two  parallel 
surfaces  directed  across  the  scale.  In  most  cases  these  stand  at  right 
angles  to  the  scale,  as  in  the  case  of  screens  and  lenses  mounted  on 
what  is  called  an  Optical  Bench.  (See  vol.  ii.)  In  this  case  the 
sliding-piece  carries  one  of  the  surfaces  the  distance  between  which 
is  to  be  measured.  The  reading  of  its  vernier  zero  having  been 
taken  with  the  surfaces  in  position,  the  sliding-piece  is  moved  until 
the  surface  carried  by  it  is  brought  into  contact  with  the  nearer  end 
of  a  gauge-rod,  the  further  end  of  which  is  in  contact  with  the  sur- 
face. Its  vernier  is  read,  and  the  displacement  obtained  from  the 
two  readings.  This  added  to  the  known  length  of  the  gauge-rod 
gives  the  distance  required. 

720.  The  Screw-Gauge  and  Vernier-Callipers.— Screw-gauges 
are  used  for  the  measurement  of  small  distances,  such  as  the  thickness 
of  wires.  In  all  a  point  moves  through  a  certain  distance  for  each 
turn  of  a  screw  provided  with  a  micrometer  head  on  which  fractions 
of  a  turn  can  be  read.  On  the  stem  of  the  screw  itself  is  a  scale 
which  tells  the  distance  through  which  the  screw  has  been  moved 
from  its  zero  position,  which  is  generally  that  in  which  its  point  is 
in  contact  with  the  projecting  piece  in  front  of  it.  When  the  screw- 
is  turned  back,  a  gap  is  formed  between  its  points  and  this  piece,  and 
in  this  gap  the  body  to  be  measured  is  properly  inserted.  The  screw- 
is  then  moved  forward  until  the  body  is  held  tightly  between 
the  screw  point  and  the  projecting  piece.  The  number  of  whole 
divisions  on  the  scale,  and  the  fraction  of  a  division  indicated  by  the 
reading  on  the  micrometer  head  give  the  dimension  to  be  measured. 
Thus,  if  the  scale  be  in  ha  If -millimetres,  the  head  be  divided  into 
20  parts,  and  the  screw  make  one  turn  for  each  division  of  the  scale, 
and  if  the  scale  reading  in  any  measurement  be  i,  and  the  circle 
reading  be  18,  the  distance  is  4^§  half-millimetres  or  about 
2*325  millimetres. 

The  construction  of  the  ordinary  screw-gauge  is  fault}-  in  that 
the  screw-head  is  hardly  ever  made  large  enough  to  enable  exact 
graduations  to  be  obtained ;  the  screw-thread  should  also  be  very 
carefully  cut  to  run  without "  backlash."  The  projecting  piece  should 
always  be  capable  of  adjustment  to  enable  any  error  of  zero  for  the 
instrument  to  be  corrected. 

Another  form  of  this  instrument  is  tne  Vernier- Callipers.  Here 
what  are  called  the  jaws  of  the  callipers,  are  two  projecting  pieces 
movable  along  a  graduated  metal  rule.  One  of  these  is  furnished 
with  a  vernier  moved  by  an  adjusting  screw,  by  which  the  position 
of  the  sliding-piece  can  be  read  off  on  the  scale.     The  body  to  be 
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measured  is  placed   in   the  gap,  and   the  sliding-piece    moved  up 
against  it.     The  vernier  is  then  read  and  the  distance  deduced. 

721.  Spherometer. — A  form  of  the  screw-gauge  is  arranged  for 
the  measurement  of  the  thickness  of  bodies  as  well  as  of  the  curva- 
ture of  surfaces — fur  example,  those  of  lenses.  Three  parallel  steel 
legs  ending  in  rounded  points,  adjusted  to  lie  in  one  plane  at  the 
vertices  of  an  equilateral  triangle,  are  held  in  a  frame,  which  also 
supports  a  nut  by  which  a  fourth  steel  point  can  be  moved  at 
right  angles  to  the  plane  of  the  triangle  just  referred  to.  This 
point,  when  it  is  in  the  plane  of  the  triangle,  is  situated  exactly  at  the 
centroid  of  the  triangle,  that  is,  at  a  distance  from  each  of  the  three 
vertices  of  s/  v/3,  where  s  is  the  side  of  the  triangle.  A  large  micro- 
meter head,  the  edge  of  which  traverses  a  scale  parallel  to  the  line 
of  motion  of  the  fourth  point,  is  carried  by  the  nut.  One  turn  of 
the  head  corresponds  to  one  division  of  the  scale,  which  is  generally 
graduated  to  half-millimetres,  and  thus  if  the  head,  as  is  usual,  is 
divided  into  250  spaces,  a  turning  of  the  head  through  one  space 
gives  a  motion  of  the  point  of  ^^  of  a  millimetre,  or  -^Vjt  °f  a 
centimetre. 

When  the  instrument  is  to  be  used  to  measure  the  thickness  of  a 
glass  plate,  it  is  set  down  on  a  horizontal  plate  of  glass,  the  upper 
face  of  which  is  accurately  plane,  and  the  fourth  point  is  screwed 
back  a  sufficient  distance.  The  plate  is  then  laid  within  the  triangle 
formed  by  the  three  points,  and  the  fourth  point  is  gently  screwed 
down  into  contact.  Contact  will  be  perceived  at  once  by  the  tendency 
of  the  instrument  to  rock  or  swivel  about  the  fourth  point  thus 
brought  into  bearing,  and  the  perception  of  this  by  an  experimenter- 
accustomed  to  the  instrument  is  instant  and  delicate.  The  readings 
on  the  scale  and  micrometer  head  give  the  distance  through  which 
the  fourth  point  has  been  drawn  back  from  co-planarity  with  the 
three  points,  when  the  micrometer  head  is  at  the  zero  of  the  scale. 

When  this  arrangement  is  used  for  the  measurement  of  the  cur- 
vature of  a  spherical  surface,  the  instrument  is  set  down  upon  the 
surface,  and  the  fourth  point  adjusted  so  as  just  to  give  contact. 
The  readings  are  then  taken,  and  give  the  distance  d  of  a  point  on 
the  surface  from  the  plane  of  the  three  feet.  Consider  the  plane 
through  the  centre  of  the  sphere  and  one  of  the  feet  F,  and  bisecting 
the  line  joining  the  other  two  at  a  point  P.  The  distance  FP  is 
sJ'd/2,  and  at  a  point  on  the  line  %FP,  that  is  s/  J?>,  from  F,  the 
radius  is  perpendicular  to  FP.  Hence  if  r  be  the  radius  of  the 
surface  (r  -  d)a  +  «*/3  =  r'-,  or 

722.  The  Bifilar  Balance.  Adjustment. — The  measurement  of 
couples  by  the  bifilar  suspension  has  already  been  referred  to  (§  802) 
and  the  theory  of  the  arrangement  discussed.  The  return  couple 
exerted  by  the  bifilar  is  given  by  (19)  and  (20)  of  chap,  vi.,  and  we 
add  here  a  few  remarks  about  the  adjustment  of  the  arrangement  and 
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its  advantages.  The  suspension  is  generally  used  in  an  instrument 
which  can  be  slightly  changed  in  position  by  levelling  screws.  Thus 
the  line  of  the  points  to  which  the  fibres  are  attached  can  be  slightly 
inclined  to  one  side  or  the  other.  Supposing  the  points  of  attach- 
ment of  the  threads  at  the  top  to  be  on  the  same  level,  as  also  those 
at  the  bottom,  and  the  threads  to  be  of  equal  length,  so  that  the  bi- 
filar  is  properly  adjusted,  a  slight  raising  of  one  of  the  sides  would 
alter  the  quantity  c  of  §  302  without  appreciably  affecting  /.  For 
rather  more  weight  would  be  thrown  on  one  fibre  than  on  the  other, 
and  the  sensibility  as  measured  by  the  ratio  of  deflection  to  opposing 
couple  will  be  increased.  If,  therefore,  the  adjustment  is  only  nearly 
made,  f  will  be  very  small,  and  any  increase  in  c  will  increase  the 
sensibility.  But  if  the  effect  of  inclining  the  instrument  is  to 
equalise  more  nearly  the  weights  on  the  fibres  the  sensibility  will  be 
diminished.  Any  change  in  the  sensibility  will  be  shown  at  once  by 
observation  of  the  period  of  vibration,  which  is  proportional  to  the 
square  root  of  the  sensibility.  If  raising  one  fibre  a  little  by  inclin- 
ing the  instrument  increases  the  period  of  swing  while  raising  the 
other  diminishes  the  period,  more  weight  is  borne  by  the  former  fibre 
than  by  the  latter,  and  the  inequality  is  to  be  removed  by  shorten- 
ing the  fibre  which  bears  the  smaller  weight  and  lengthening  the 
other,  until  a  state  of  adjustment  is  obtained  such  that  deviation 
from  it  by  an  elevation  of  either  fibre  increases  the  period. 

723.  Correction  of  Bifilar  for  Rigidity,  Torsional  and  Flexural. 
— Each  fibre  acts  as  a  unifilar  suspension  by  its  tors>ion.  If  -  be  the 
torsional  rigidity  of  each  wire,  the  total  couple  given  by  the  bitilar  is 
shown  in  §  302,  with  the  notation  there  adopted,  to  be  for  a  small 
angle 

L  =  JfAmd  +  2r6  (!)) 

C  v 

If  the  wires  of  the  bifilar  have  flexural  rigidity  each  is  bent  by 
the  deflection  into  the  curve  shown  in  Fig.  326  above  by  the  half 
of  the  bar  between  either  extremity  and  the  middle.  The  two  ends 
we  suppose  are  held  vertical  by  the  manner  of  attachment,  and  a 
couple  is  brought  into  play  by  the  bending  of  the  wires.  If  the 
vertical  stretching  force  in  each  fibre  be  F,  the  flexural  rigidity 
(§  651)  of  the  fibre  be  B,  and  the  fibre  be  long,  the  couple  derived 
by  the  equation  just  given  is  to  be  increased  in  the  ratio 
1  to  1  -  2  JB/I JF  (as  the  reader  may  prove  from  the  principles  set 
forth  in  §  651),  that  is,  the  couple  is  the  same  as  that  which  would 
be  calculated  by  the  equation  from  a  suspension  shorter  than  I  by  the 
amount  2  *JB/F.  The  amount  of  this  shortening  is  quite  sensible, 
and  for  wires  of  T^  cm.  in  diameter  each  stretched  by  a  weight  of 
50  grammes  it  is  *22  cm.  for  copper,  '17  cm.  for  silver,  -1H  cm.  for 
gold,  and  '26  cm.  for  platinum.  These  corrections  are  to  be  halved 
if  only  one  end  of  the  wire  is  fixed  in  the  vertical  direction. 

724.  Comparison  of  Bifilar  and  Unifilar  Balances. — A  com- 
parison of    the    bifilar  with    a   unifilar  suspension  giving  a  return 
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couple  by  torsion  shows  that  for  silver,  gold,  and  copper  wires  (the 
double  wire  in  the  bifilar  and  the  single  wire  in  the  unifilar)  just 
strong  enough  to  support  the  weight,  the  bifilar  and  the  unifilar 
have  the  same  sensibility  when  the  ratio  of  the  distance  apart  of 
the  wires  to  the  diameter  is  about  5,  and  for  platinum  when  the  ratio 
is  6. 

The  bifilar  has  the  advantage  over  the  unifilar  that  it  is  only  very 
slightly  affected  by  temperature.  The  alteration  of  length  of  the 
fibres  has  far  less  effect  upon  it  than  the  alteration  of  torsional 
rigidity.  It  might  be  made  self-compensating  by  attaching  wires  to 
a  bar  which  by  its  expansion  would  carry  the  ends  just  far  enough 
apart  to  compensate  the  increase  of  length  of  the  fibre. 

720.  Measurement  of  Small  Couples  by  Pendulums. — A  very 
simple  method  of  measuring  small  couples  is  to  apply  the  couple  in  a 
horizontal  plane  by  the  deflections  in  opposite  directions  of  two 
simple  pendulums,  of  the  same  length  and  having  equal  bobs.  Let 
the  pendulums  be  hung  from  two  points  on  the  same  level,  and  let  a 
horizontal  cross  bar  to  which  the  couple  is  to  be  applied  be  placed 
above  the  bobs  and  against  the  threads,  so  that  the  threads  are 
deflected  in  opposite  directions  when  the  bar  is  turned  round,  while 
they  remain  in  parallel  planes.  This  latter  condition  can  be  fulfilled 
by  making  the  vertical  parts  of  the  threads  just  above  the  bobs  move 
outwards  along  two  horizontal  rules  placed  at  right  angles  to  the 
plane  in  which  the  threads  hang  when  undisturbed. 

If  M  be  the  mass  of  each  bob  the  couple  is  'JMypsin  6,  if  p  be  the 
distance  of  the  points  of  suspension  of  the  pendulums  apart. 

72(i.  Hole,  Slot,  and  Plane  Arrangement  for  Supporting  an 
Instrument. — It  is  often  very  convenient  to  be  able  to  remove  an 
instrument  from  one  place  to  another  and  afterwards  replace  it 
exactly  in  the  position  which  it  formerly  occupied.  This  can  be  done 
by  supporting  the  instrument  on  three  feet,  for  example  the  lower 
rounded  ends  of  three  levelling  screws,  and  using  the  hole,  slot,  and 
plane  device  suggested  by  Lord  Kelvin.  On  the  supporting  table  is 
cut  a  trihedral  hollow,  a  hollow  in  the  shape  of  an  inverted  triangular 
pyramid,  and  in  line  with  that,  with  its  centre  at  a  distance  from 
that  of  the  hollow  equal  to  that  between  two  of  the  feet  of  the  instru- 
ment, a  V-shaped  notch  or  groove,  both  wide  enough  to  admit  a  foot 
of  the  instrument.  If  then  the  instrument  be  set  with  one  foot  in 
the  hollow,  another  in  the  groove  and  the  third  on  the  plane  surface, 
and  there  levelled,  it  can  only  stand  in  one  position  with  the  same 
feet  on  the  hollow  and  the  groove.  Hence  if  the  levelling  screws  are 
not  altered  it  can  be  removed  and  replaced  with  absolute  certainty, 
if  no  change  has  taken  place  on  the  supporting  table,  that  it  is  made 
to  occupy  precisely  the  same  position  as  before. 

727.  Dynamometers  or  Ergometers. — Ergometers,  or,  as  they 
are  commonly  called,  Dynamometers,  are  work  measurers.  They  are 
of  two  kinds— friction-dynamometers  and  tra nam ission >.-o ly iiamometers. 
The  former  waste  all  the  work  done,  but  enable  the  whole  work 
given  out  in  any  time  by  a  prime  mover  to  be  estimated    by  the 
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frictional  resistance  overcome  and  the  speed  at  which  it  is  overcome. 
Round  a  fly-wheel  or  vertical  pulley  a  rope  or  band  is  wrapped,  and 
weights  are  attached  at  the  two  ends  to  make  it  bear  upon  the  rim 
of  the  wheel.  The  pulley  is  now  driven  in  the  direction  to  pull 
upon  the  heavier  weight  by  the  friction  applied  by  the  rim  to  the 
band,  and  if  the  frictional  resistance  is  great  enough  the  weight  will 
be  lifted.  If  this  balance  can  be  maintained  and  the  speed  measured, 
the  rate  at  which  work  is  being  done  can  be  calculated. 

Professors  Ayr  ton  and  Perry  have  found  that  when  a  grooved 
pulley  is  used  with  a  rope  brake,  a  knot  on  the  rope,  which  is  slightly 
jammed  into  the  groove  by  the  pull  on  the  rope,  is  sufficient  to  give 
the  necessary  self-adjusting  power  to  the  arrangement  to  enable  it 
to  run  stably  under  alterations  of  the  frictional  co-efficient.  The 
rubbing  surfaces  are  kept  cool  by  soapy  water  trickling  over  them. 
When  large  friction  dynamometers  are  to  be  used,  for  example  those 
in  which  a  metal  band  faced  with  blocks  of  wood  surrounds  the  wheel- 
rim,  and  is  prevented  from  turning  by  a  spring  or  weight  pulling 
it  on  the  proper  side,  the  rim  is  sometimes  made  hollow,  and  a 
large  flow  of  water  is  maintained  round  it  to  prevent  accident  by 
overheating.  The  whole  work  is  spent  in  producing  heat,  which 
is  therefore  generated  in  the  tests  of  a  large  engine  at  a  very  great 
rate. 

The  calculation  of  the  rate  of  working  is  very  simple.  Let  ( '  be 
the  circumference  of  the  wheel  in  feet,  W  the  difference  of  weights 
in  pounds  at  the  two  ends  of  the  band  (or  the  pull  in  the  spring  on 
the  arrangement  just  referred  to)  and  J' the  number  of  revolutions 
per  minute.  The  total  resisting  couple  on  the  wheel  is  WCj2ir. 
The  angle  turned  through  in  one  turn  is  '2 -a,  and  therefore  the  work 
done  in  one  turn  is  WC.  The  work  done  per  minute  is  thus  W<\. 
in  foot  pounds,  and  the  activity  in  horse-power  is  WCIVfS&fiQO. 

728.  Transmission-Dynamometers. — There  are  several  forms  of 
transmission-dynamometers.  We  shall  mention  only  two,  that  called 
the  Hefner-Alteneck  and  the  spring  dynamometer  of  Ayrton  and 
Perry.  In  the  former  a  vertical  piece  carries  two  pulleys  A,  B ; 
on  these  bear  the  two  parts  of  the  driving- 
belt  or  cord  as  shown  in  the  cut.  One  side, 
the  driving  side  of  the  belt,  is  tight ;  the 
other  comparatively  slack.  The  driving  side 
passes  over  the  under  pulley  B,  and  the  slack 
side  under  the  upper  pulley  A.  The  piece 
is  thus  pulled  down  with  a  force  P  depending 
on  the  difference  of  stretching  forces,  and 
this  force  is  measured  by  a  spring,  when  the 
piece  is  balanced  in  the  position  in  which 
the  parts  of  the  cord  on  the  two  sides  of  each  pulley  all  make  the  same 
angle  with  the  horizontal.  Let  this  angle  be  61.  Then  if  7".  T  be  the 
stretching  forces  in  the  tight  and  slack  parts  of  theb  elt  respectively, 
we  have  2(7"  -  T)sind  =  P,  or  T  -  7*  =P/2  sin  0  =  73  20,  if  H  be  small. 
Let  P  be  taken  in  pounds,  and  let  the  belt  be  travelling  at   v  feet 
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per  minute.  The  rate  at  which  work  is  being  transmitted  is  Pv/2t), 
in  foot  pounds  per  minute.  The  activity  in  horse-power  is 
P«/66,000fl. 

There  are  other  dynamometers  for  vise  when  the  work  is  trans- 
mitted directly  from  one  shaft  to  another  without  the  intervention 
of  belting.  One  of  these  is  the  invention  of  Professors  Ayrton  and 
Perry.  The  connection  between  the  driving  and  driven  shafts  is 
made  by  springs,  the  deflection  of  which  by  the  driving  couple  causes 
a  silvered  bead  to  describe  a  circle  the  diameter  of  which  depends  on 
the  amount  of  the  couple.  An  observation  of  the  diameter  of  this 
circle  and  the  speed  enables  the  activity  to  be  found. 

The  principle  of  the  latter  dynamometer  is  somewhat  similar  to 
that  of  one  invented  long  ago  by  the  late  Professor  James  Thomson, 
and  used  by  Dr.  Joule  in  the  last  determinations  which  he  made  of  the 
dynamical  equivalent  of  heat.  Water  in  a  cylindrical  vessel  was  stirred 
by  a  paddle  driven  round  within  the  vessel  by  cords  unwound  from  a 
vertical  spindle  by  falling  weights.  The  friction  between  the  water 
and  the  vessel  tended  to  carry  the  vessel  round  with  the  paddle,  and 
the  torque  or  turning  motive  exerted  on  the  paddle  was  found  by 
measuring  the  couple  required  to  keep  the  vessel  at  rest.  The  pro- 
duct of  the  couple  into  the  angular  velocity  gave  the  activity. 

The  same  principle  has  been  used  to  measure  the  work  spent  in 
driving  the  armature  of  a  dynamo  in  the  magnetic  field  of  the 
magnets,  and  thus  to  determine  exactly  the  activity  spent  in  genera- 
ting currents  in  the  circuit.  The  field- magnets  and  armature  are 
supported  by  separate  frames,  and  that  carrying  the  magnets  is 
capable  of  turning  round  an  axis  in  line  with  that  of  the  armature. 
The  electro- magnetic  action  tends  on  the  one  hand  to  stop  the  arma- 
ture, and  on  the  other  to  carry  the  magnets  round  in  the  same  direc- 
tion as  that  in  which  the  armature  is  rotating.  The  couple  required 
to  keep  the  magnets  at  rest  is  determined  and  the  activity  found  as 
before. 


INDEX. 

The  Numerical  References  <in:  to  Pages. 


Acceleration",  35 

measure  of,  defined,  35 

in  path  is  velocity  in  hodograph,  36 

path  of  body  under  constant,  37 

of  particle  mowing  in  circular  path, 
40 

in  S.H.M.,  41 

in  any  path,  43 

calculation  of,  by  hodograph,  49 

dimensions  of,  103 

determination  of,   due  to  gravity  of 
compound  pendulum,  148 

of  element  of  fluid,  316 
Accelerations,  along"  and  at  right  angles  to 

radius  vector,  483 
Action  and  reaction,  105 

discussion  of,  118 

gyrostatic,  of  fly-wheel,  231 

of  armature  of  dynamo,  231 

tidal,  on  moon's  motion,  506 
Actions  between  bodies,  105 
Activity,  rate  of,  165 

unit  of,  165 

distinction  between  work  and,  166 

dimensional  formula  of,  166 

due  to  varying-  kinematical  conditions, 
184 
Adiabatic  flow  of  a  gas,  338 
Air  displaced,  correction  in  weighing  for, 

381,  669 
Air-pumps,  415 

theoretical  exhaustion,  415 

mercury,  419 
Aneroid  barometer,  414 
Angles,  solid,  429 
Angular  displacement   about  a  fixed  axis, 

work  done  in,  186 
Angular  velocity,  24 

varying,  27 

motion    in   equiangular    spiral   with 
uniform,  46 

components  of,  320 

liquid  resolving  with  uniform.  :!52 
Angular  velocities,  composition  of,  9  7 
Anomalies,  true,  eccentric,  mean,  relations 

connecting  them,  492 
Anti-friction     rollers    and    ball-bearings, 
197 


Applied  forces,  meaning    of.  on  a   single 
particle,  113 
work  of,  182 
reduction  of,  to  two,  258 
case  of  parallel,  280 
Apsides  and  apsidal  distances,  491 
Archimedes,  principle  of,  380 
Areas,  step-values  of,  98 

law  of  uniform,  description  of,  483- 
496 
Atmospheric  pressure,  measurement  of,  407 

standard,  410 
Atwood's  machine,  dynamical  exaiup.,  122 
Attraction,    of  crystals  and  gravitational 

permeability,  526 
Axis,  Poinsot's  central,  154 
Axes  of   rotation,   effect   of   freeing   and 
fixing,  161 

direction  cosines  of  principal,  245 


Baille,  experiments  of  Coruu  and,  617 

Baily,  experiments  of,  515 

Balance,  determinations  by  ordinary,  522 

precision,  663 

theory  of,  665 

sensibility  of,  665 

stability  of,  666 

adjustment  of,  667 
Balloons,  424 
Barometer,  407 

corrections  of,  410 

determination  of  heights  by,  413 

aneroid,  414 
Beam,  on  props,  flexure  of,  617,  619 
Bending  of  wires,  600 

of  rod.  609 

principal  planes  of,  61  u 

eiiuations  of,  611 

couple  of,  612 
Bertraxd,  theorem  of,  214-215 
Bifllar  balance,  adjustment  of.  674 

correction  of,  674 
Bifllar  suspension,  example,  263 
Bovle,  law  of,  399 

applications  of,  415 

experiment!  on,  "  Spring  of  air,"  400 

verification  of,  law,  403 
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Boys,    apparatus    and    experiment!    of, 

.".is 

Bridge-girder,  example,  285 
Buoyancy,  centre  of,  383 

of  a  body,  383 

interchange  of,  384 

reserve  of,  3  s  t 

surface  of,  386 


Capillarity,  634 

Laplace's  theory  of,  6;:.*> 

energy  theory  of,  643 

Gauss's  theory  of,  643 
Capillary  tubes,  liquids  in,  648 

surface,  surfaces  tension  by,  661 
between  plates,  649,  650 
near  plate,  650 
of  revolution,  656 
Catenary,  the,  286 

geometrical  description  of,  289 

stretching  force  in,  291 
Catenoid,  655 
Cavendish,  experiment  of,  510 

details  of  apparatus,  510 

methods  of  experimenting,  512 

corrections  applied,  512 

theory  of  the  experiment,  513 

result  of  experiments,  514 

inequalities  of  temperature,  514 

repetitions  of,  experiment,  514 
Central  force,  orbital  motion  of  particle 
under  a,  483 

specification  of,  483 

orbit    concave    or    convex    towards, 
485 
Centre  of  gravity,  479 

pressure,  376 

for  plane  area,  377 

of  triangle,  378 

buoyancy,  383 

of  inertia,  124 
Centrobaric  distributions,  464 

shells,  sphere  built  up  of,  466 

bodies,  479 

formation  of,  481 
Centrode,  equation  of  body-,  81 

velocity  of  instantaneous  axis  along 
body-,  82 
Centrodes,  80 
Centroid,  124 

momentum  of  material   system  rela- 
tively to,  125 

properties  of  the,  134,  140 
Centroids,  determination  of,  125 
Chain,  ideal  flexible,  286 

under  gravity,  286 

general     theory    of     equilibrium    ot 
flexible,  291 

motion  of  inextensible,  295 

condition  of  inextensibility  of,  295-296 

steady  motion  of,  298 

stiffness  of — due  to  motion,  298 

stationary  indentation  in,  298 

experimental  illustrations  of  stiffness 
due  to  motion  of,  298 


in  steady  motion  moves  in  equilibrium 

Bgnro,  299 
falling  under  gravity,  300 
mode  of  solving  problems,  301 
on  Kmgh  surface,  305 
impulsive  motion  of,  306 
i  'iiaslks,      theorem     of      attraction      of 

hoinneoids,  475 
Circular  motions,  resultant  of  two  opposlt  0, 

51 
Clapeyrox,  theorem  of   three  momenta, 

620 
Communicating  vessels,  369 
Comparator,  the,  67o 
Components,  of   momentum,  generalised, 

210 
Compound    pendulum,   determination    of 
acceleration  due  to  gravity  by,  148 
forces  applied  to,  by  supports,  149 
Cone,  sections  of  a,  65 
Conjugate  functions,  332 
Connectivity  of  spaces,  459 
Constants,  elastic,  632 

table  of,  633 
Contractile  film,  639 

Co-ordinates,  controllable  and  uncontroll- 
able, 192 

independent,  of  system   of   particles, 

205 
generalised,    expression     of      kinetic 
energy  in  terms  of,  205 
Conservation  of  momentum,  133 
Continuity,  of  motion  of  line  and  point, 
24 
equation  of,  317 
Co-planar  forces,  equilibrium  of,  27  7 

system  of  represented  by  single  force, 
279 
Corxu  and  Baille,  experiments  of.  517 
Couples,  15  2 

measurement  of,  675 
Craw,   J.    A.,   determinations  of    surface 

tension,  659 
Curvature,  27 

of  path  of  any  point,  83 
drawing  of  curves  from  their,  87 
chord  of,  489 
pressure  due  to,  638 
surface  of  double,  642 
Curve  of  displacements,  1 1 
Curve  of  sines,  55 

S.H.M.  represented  by,  55 
generation  of,  from  circular  cylinder, 

56 
of  velocities,  75 
Curves,  in  space,  46 

realisation  of  resultant,  70 

drawing    of,   from    their    curvature. 

87 
vehicles  moving  in,  265 
Curvilinear  motion,  analogy  between  equi- 
librium of  string  and  of  a  particle,  2'.n 
Cycloid,  the,  90 

length  of  arc  and  area  of,  91 
acceleration  of  point  along,  91 
Cylindroid,  the,  101 
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Dalton's  law,  of  mixture  of  gases,  406 
Density,  earth's  mean,  508 

elementary  theory  ?  509 
Depth-gauge,  406 

Ue  St.  Venant,  theory  of  torsion,  599 
Dilatation,  cubical,  568 
Displacement,  relative,  20 

continuous,  .23 

generation  of  curve  by,  23 

curve  of,  54 

of  a  rigid  body,  general,  95 

screw,  of  a  body,  255 

condition  that  wrench  should  produce 
no  displacement  about  screw,  256 
Dissipation  function,  the,  209 
Dissipative  forces,  189 

introduction  of,  into  equations  of  mo- 
tion, 191 
Dynamics,   comparison  of    abstract   with 

experience,  107 
Dynamo,  gyrost  atic  action  of  armature  of 
231 

example  of  gyrostatic  action  on  board 
ship,  232 
Dynamometers,  675 

transmission,  676 


Elasticity,  of  bulk  and  shape,  308 

of  isotropic  body,  309 
Elasticity,  560 

limits  of.  582 

perfect,  582 

moduli  of,  584 

imperfection  of,  623 
Elastic  solid,  equilibrium  of,  574 

equations  of  motion  of,  586 

limits,  624 
Electric  images,  464 
Ellipse,  projection  of  circle  into,  59 

properties  of,  59 

equation  of,  61 

principal  diameters  of,  62 

polar  equation  of,  62 

area  of  an.  63 

foci  and  focal  properties  of,  64 

focal  polar  equation  of,  65 
Ellipsoid,  Poiusot's  momental,  142-147 

principal  axes  of  momenta],  144 
Elliptic  motion,  41 

velocities  in,  66 
Elongation,  unital,  562 

quadric,  562 

principal  axes  of,  567 

cone  of  no,  563 

cone  of  constant,  563 

equivalent    to    dilatation     and    two 
shears,  569 
Emersion  and  immersion,  wedges  of,  387 
Energy,  kinetic,  of  rotation,  187 

potential,  187 

conservation  of,  188 

relativity  of  kinetic,  188 

reckoning    of,    for    a     self-contained 
system,  188 

dissipation  of,  191 


rate  of  dissipation  of,  192 

case  of  minimum,  202 

maximum,  203 

expression    of    kinetic,   in   terms    of 

generalised  co-ordinates,  205 
kinetic,  in  terms  of  generalised  momen- 
tum, 211 
in   impulsive   generation   of    motion, 

213 
equation  of,  235 
Epitrochoid,  description  of,  93 
Equation,  of  work,  206 
of  continuity,  317 
Laplace's,  of  potential,  449 
Poisson's,  449 
Equations,  reciprocal,  211 

Hamilton's  dynamical,  212 

Euler's  dynamical,  24  3 

terms  of  Euler's,  245 

equilibrium,  from  principle  of  work, 

255 
of  motion,  introduction  of  dissi]i:aive 

forces  into,  191 
Lagrange's,  206 
solution  of,  217 
of  top,  221 
of  particle  referred  to  rotating  axes, 

234 
of  moon,  235 
first  integral  of,  32  7 
Equilibrium,  conditions  of,  252 
equations  of,  255 
work-criterion  of,  259 
stable,  unstable,  and  neutral,  260 
stability  of,  of  bodies,  265 
of  particle  on  surface  and  curve,  270 
points  of,  450 

string,  general  theory  of,  291 
analytical  conditions  of ,  292 
analogy     between,    and     curvilinear 
motion  of  particle,  294 
Equipotential  curves,  graphical   construc- 
tion of,  453 

coirjtlgacy  of,  454 
surfaces,  437-450 
Ergometers,  675 

El'ler,  theorem  of  sum  of  curvatures  at 
any  point  of  a  surface,  176 
dynamical  equations,  24  3 
terms  of,  eq nations,  245 
Expansion,     finite:    (1)    isothermal:    (2) 
adiabatic,  179 

work  done  in    isothermal   and   adia- 
batic expansions,  180 


Falling  body,  deviation  of,  241 
Field  intensity,  due  to  uniform  rod,  436 

long  cylindrical  shell,  437 

an    axis   of  long   cylinder   coincides 
with  potential  of  thin  disc,  443 

intensities,  from  potential,  448 
Film,   work   done    in    stretching   a    con- 
tractile, 174 

normal  force  exerted  by  curved,  174 

of  double  curvature,  175 
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flexure  of  rod.  809 
Flow  through  a  widening  spout,  335 
of  :i  compressible  fluid,  338 

adiabatie,  of  a  gas,  338 
steady,  of  a  gas  into  a  vacuum,  338 
along  pipes  of  variable  section,  345 
stream-line,  past  obstacle,  840 
Fluid,  distinction  between  solid  and,  308 
interlace  in,  314 
pressure,  5 

acceleration  of  element  of,  316 
rotational  motion  of  element  of,  320 
flow  of  compressible,  338 
steady  motion  of  solid  in,  346 
resistance  to  flat  disc  moving  through, 

347 
Rayleigh's  theory  of  resistance  to,  348 
motion  of  plate  in,  348 
-motion,  equations  of,  322 
Kelvin's  theorem  of  motion  of,  323 
Fluids,  vessel  containing  different,  which 
do  not  mix,  369 

surface  of  separation  of  two,  is  hori- 
zontal, 369 
in  communicating  vessels,  369 
Foucault's  pendulum,  240 
Force,  unit  of,  113 
Force,  impressed,  111 

meaning  of  applied,  on  single  particle, 

113 
relativity  of,  115 
dimensions  of,  163 
normal,  exerted  by  curved  film,  175 
stretching,  in  catenary,  291 
pump,  424 
lines  of,  for  uniform   rod,    437,    452, 

454 
tubes  of,  455 

normal,  discontinuity  of,  456 
for  spherical  shell,  457 
law  of,  for  gravitating  matter  deduced 

from  non-existence  of  field  within 

spherical  shell,  479 
orbital     motion     of    particle    under 

central,  483 
specification  of  central,  483 
deduction   of    law    of,    from  law   of 

elliptic  orbit,  497 
Forces,    composition    and   resolution    of, 
115 

on  particle  describing  any  path,  116 

external  and  internal,  133 

material    system     under    action     of 

parallel,  150 
moments  of  parallel,  151 
centre  of  parallel,  151 
system  of,  called  a  wrench,  154 
impulsive,  155 

gravitational,  and  work  done  by,  168 
work  done  by  attractive,  in  condensing 

a  nebula,  171 
work  of  applied,  182 
of  constraint,  182 
due  to  constraints,  184 
conservative,  188 
generalised,  206 


dissip:itive,  Lagrange's,  equal  ions  with, 

208 
internal,  from  kinematical  conditions, 

254 
applied,  reduction  of,  to  two,  258 
polygon  of,  273 
equivalent  to  given  system,  from  lorce- 

polygon,  -'7 1 

system  of,  reduced  to  two  forces,  270 
internal,  276 

equilibrium  of  coplanar,  277 
system    of    coplanar,   represented    by 
single  force,  279 
parallel  applied,  280 
graphical    process    for    resultant  of 

parallel,  280 
pressure-,  374 
tide-producing,  529 
tidal,  over  earth's  surface,  530 
magnitude  of  tide- producing,  S3S 
Frame,   methods  to  find   stresses  in   bars 

of,  283 
Frames,  282 

stiffness  of,  S8S 
Freedom,  degrees  of,  255 
Friction,  work  spent  in  overcoming,  189 
U»WS  of,  193 
static  and  kinetic,  193 
experiments  on,  194 
determination  of  eo-efficient  of,  195 
co-efficient   of,  measured   on  inclined 

plane,  196 
rolling,  199 

of  rope  round  cylinder,  305 
Function,  the  dissipation,  209 

Green's,  460 
Functions,  harmonic  and  exponental,  M 

conjugate,  332 
Funicular  polygon,  the,  example,  201-273 
polygon,  locus  of  pole  of,  when  ter- 
minal   forces    pass    through  fixed 
points,  281 


GAB,  work  done  by  an  expanding,  178 

isothermals  of  a,  406 
Gases,  Daltou's  law  of  mixture  of,  406 
(i  \t  ss,  theorem  of,  of  average  potential, 
444 

deductions  from,  446 

indirect  consequences  of,  447 

theory  of  capillarity,  643 
Gimingham's    modification     of    Bprengel 

piimp,  420 
Gravitation,  Newton's  discovery  of  law   of 
universal,  500 

determination  of  constant  of,  509 
Gravitational  held,  contouring  a,  160 

permeability,    attraction    of   crystals 

and,  526 
Gravities,  bodies  have  masses  proportional 

to,  116 
Gravity,  apparent  and  true.  242 

centre  of,  265 
chain  under,  286 

falling  under,  3o0 
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specific,  of  solid,  390 
and  density,  390 
of  solid   which   floats    in    water, 

391 
bottle,  392 
of  fluid,  394 
Green's  function,  460 
Gyration,  radius  of,  140 
Gyrostat,  behaviour  of,  224 

example  of  precession  of,  229 
Gyrostatic  action  of  fly-wheel,  231 
armature  of  dynamo,  231 
example  of,  of  dynamo  on  board  ship, 
232 


Harton  pit,  the,  experiment,  520 
Heel,  produced  in  screw  steamer  by  pro- 
peller, 389 
Hole,  slot,  and  plane,  675 
Hodograph,  32 
Helix,  wire  in  form  of,  606,  609 

acceleration  in  path  is  velocity  in,  36 

examples  of,  37 

calculation  of  acceleration  by,  49 
Homoeoid,  internal  field  of  thin,  471 

external  point  of  thin,  473 

distribution  equivalent  to  thin,  473 
Homoeoids  of  finite  thickness,  474 

Chasles'    theorem    of    two    confocal, 
475 
Homogeneity,  and  isotropy  of  body,  309 
Homogeneous  atmosphere,  412 
Hydraulic  press,  373 
Hooke,  law  of,  582 
Hydrodynamics,   hypothesis   of    ordinary, 

315 
Hydrometer,  period  of  vertical  oscillations 
of,  299 

Watt's,  394 

of  variable  immersion,  395 

of  constant  immersion,  397 

Nicholson's,  397 


Image  charge  in  a  plane,  46  7 

Impact  of  bars,  631 

Impulse,  example  of,  158,  160,  161 

dimensions  of,  163 

work  done  by  an,  202 

rod  started  by  an,  applied  at  one  end, 
202,  203 
Impulsive  forces,  155 
Inclined  plane,  body  on  a  rough,  192 

co-efficient   of   friction   measured   on, 
196 

rolling  of  a  body  on  an,  200 
Inertia,  or  mass,  109 

centre  of,  124 

moment  of,  140 

of  any  system,  140 

examples  of  moment  of,  141 
Inertias,  comparison  of,  of  bodies,  109 

unit  of,  110 
Integration,  method  by,  127 
Interface  in  fluid,  314 


Internal  forces,  forkinematical  conditions, 
254 

field  of  thin  honncoid,  471 
Intrinsic  pressure  in  fluid,  637 
Invariable  plane,  137 
line,  137 

plane  for  different  points,  138 
of  the  solar  system,  139 
Inverse  distributions,  469 

square,  486 
Inversion,  geometrical,  468 

of  potentials,  47  0 
Involute  and  evolute,  46 
Irrotational  motion,  3.'0 
Isothermals  of  a  gas,  406 
Isotropic  body,  309 

Isotropy,  homogeneity  and,  of  body,  309 
Ivory's  theorem  of  attraction  of  ellipsoids, 
47*6 

extension  of,  477 

passage  from,  to  Maelaurin's. 


Jet,  velocity  in,  333 

of  particles,  force  due  to  a,  162 

work  done  by  impact  of,  173 
-pump,  341 

numerical  example  on  action  of, 
342 

Kelvin's,    Lord,    theorem    of    minimum 
of  energy,  214 
theorem  of  fluid-motion,  323 
Kepler,  laws  of,  496 

Newton's  deductions  from  laws  of.  497 
dynamical     interpretation      of    third 
law  of,  498 

correction  of,  494 
Kiuematical     conditions     of     system    of 
particles,  204 

equations,  explicit  appearance  of  time 
in,  210 
Kinetic  energy,  of  rotation,  187 
relativity  of,  188 

expression  of,  in  terms  of  general- 
ised co-ordinates,  205 
in  terms  of  generalised  momenta , 
211 
in    impulsive   generation   of    motion, 
213 

Lagrange's  equations  of  motion,  206 
remarks  on,  208 
with  dissipative.  forces,  208 
general  form  of,  2U9 
Laplace,  equation  of  the  potential.  449 

theory  of  capillarity,  635 
Least  action,  principle  of,  215 
Length,  unit  of,  3 

metre  as  unit  of,  4 

Lengths,  comparison  of,  670 

Level  of  mercury  surface,   alterations  of. 

by  .tidal  waters,  524 

of  sea.  changes  of, 

in  lunar  day,  634 
Lines  elastica,  614 
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dynamical  anally uc.  CI 4 

forms  of,  615 
Lines  of  force,  437 
Liquid  drops,  form  of.  662 
Lunar  day.  changes  of  level  of  mm  in.  .">34 

theory,  elementary.  235 


Maclauei.n's  theorem,  474 

passage  from  Ivory's  to,  47  7 
Magdeburg  hemispheres,  pull  to  separate, 

379 
Mass,   determination   of,   of   planet    from 
period  of  satellite.  495 
-   measurement  of.  663 
unit  of.  riO 
Masses,  holies  have,  proportional  to  their 

gravities,  116 
Matthiessen.  experiincutson  ripples,  658 
Maxwell,  vibration  nee  lie.  597 
Mean  point,  properties  of,  16 
Measures,  metrie  system  of,  5 
Metacentre,  384 

longitudinal,  386 
Metacentric  height,  384-386 
Meteor-swarm,  stability  of,  502 

condition  that  a  satellite  be  retained 
by,  503 
Meteorites,   orbital   motion  of   cluster  of, 
MM 

condition    that  swarm  of,  may   keep 
together,  501 
Metre,  4 

Metric  system  of  measures,  3 
Moment,  righting,  384 
Momenta,    kinetic    energy    expressed    in 

terms  of  generalised.  211 
Moments,  97 

in  one  plane,  composition  of,  97 
general  theorem  of  composition  of,  98 
Moment    of   momentum,   conservation  of, 
136-137 

as  rate  of  description  of  area.  137 
axi»  of  maximum.  137 
of  inertia,  140 
of  any  system,  137 
examples  of,  141 
3Iomeuts  of  directed  quantities,  13o 
equations  of,  134 

for  rigid  body.  136 
of   momentum,    precession    calculated 
by  compounding,  228 
Momentum,  total,  of  system  of    particles. 
129 
rate  of  change  of,  of  system  of  par- 
ticles, 130 
conservation  of,  133 
generalised  components  of.  210 
conservation  of  moment  of,  136 
moment  of,  as  rate  of  description  of 

area,  137 
axis  of  maximum  moment  of,  137 
conservation  of  moment  of,  133,  137 
3Ioon,  equations  of  motion  of,  235 
path  of,  relatively  to  earth,  236 
and  anti-moon,  531 


Moon's,  tidal  action  on.  motion,  506 
Motion,  continuity 

simple  harmonic,  34 

modes  of  producing  B  H.,  34 

to  S.H.M..  resolution  of  periodic,  ".4 

elliptic,  41 

in  equiangular  spiral,  46 

derivation     of     resisted    S.H..M. 
from,  48 
elliptic  produced  by  rolling  one  circle 

inside  auother,  52 
uniform  circular,  derived   from    two 

S.H.M.s,  59 
velocities  in  elliptic,  66 
uniformly  accelerated,  96 
resisted,  77 

of  a  rigid  body,  screw,  96 
Newton's  first  law  of,  106 
relativity  of,  lo6 
Newton's  second  law  of,  III 

discussion  of  second  law  of.  111 
Newton's  third  law  of,  118 

eqintious   of,  of  system  of  par- 
ticles. 13:; 
of  a  system  of  particles,  204 
Lagrange's  equations  of,  206 
kinetic   energy   in   impulsive  genera- 
tion of,  213 
of  a  top,  217 
precessional,  of.  220 
equations  of.  of  top,  221 
steady,  of  top,  222 
small  oscillation*  about  steady,  22 i 
stability  of,  224 
precession  in  steady,  226 
processional,  of  earth,  229 
nniplanar  reference  to  rotating  axes, 

232 
in  space  referred  to  storing  ■  ■ 
relative  to  earth,  238 
of  rigid  body  about  fixed  point  under 

no  forces,  246-47 

Sylvester's  measure  ol  time  of,  1 4  7 
stability  of,  of  body,  25o 
stability   of  equilibrium   of  body    in 

steady,  265 
analogy  between  equilibrium  of  string 

and  curvilinear,  of  particle,  294 
of  inextensible  chain.  295 
equations  of,  296 
steady,  of  chain,  298 
stiffness  due  to,  29- 
ex]>erimental  illa-tratious  of  stiffness 

due  to,  298  • 
chain  in  steady,  moves  in  equilibrium 

figure.  299 
impulsive,  of  chain,  306 
irrotational,  of  fluid  element,  32" 
equations  of  fluid,  322 
Kelvin's  theorem  of  fluid-,  323 
first  integral  of  equationsof  flnH-.  U7 
steady,  of  a  fluid. 
two-dimensional,  of  a  fluid.  330 
effect  of,  on  pressure,  hi  a  fluid,  333 
steady,  of  solid  in  fluid.  346 
wave  roulafiiee  to.  ill  liquid,  347 
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orbital,  of  particle  under  central  force, 

483 
energy  of  orbital,  of  particle,  488 
orbital,  of  cluster  of  meteorites,  50o 
action    of    tangential    force    on,    of 

planet.  -")U6 
tidal  action  on  moon's,  506,  552-558 
Motions,  resultant  of  two  opposite  circular. 

51 
equal  and  apposite,  52 
resultant    of     opposite,    of    unequal 

]ieriods,  53 
resultant  of  two  similar,  of  unequal 

period  and  radius.  53 
of  equal  radius  and  unequal  period, 

case  of  two  similar  circular,  54 


Xebila.  work  done  by  attractive  forces  in 

condensing  a  nebula.  171 
Nebular  matter,  work  done  in  condensing 

the  earth  from,  172 
Newton's  first  law  of  motion,  106 
second  law  of  motion.  Ill 

discussion  of.  Ill 
third  law  of  motion,  118 
deductions  from  Kepler's  laws,  497 
discovery  of  law  of  universal  gravita- 
tion, 499 
Non-conservative  forces,  189 
Norms]  force,  exerted  by  curved  film,  174 
surface  integral  of.  431 
deductions  from    theorem    of   surface 

integral  of.  4  32 
discontinuity    of.  at  surface  distribu- 
tion of  matter.  456 
spin,  circulation  round   curve  as  sur- 
face Integra.!  of,  325 


On.,  effect  of  on  waves,  668 
Optical  bench,  6  72 

Orbit,  is  concave  or  convex  towards  centre 
of  force,  as  fonie  is  attraction  or  repul- 
sion, 485 

criterion  of,  486 
determination  of.  491 
elements  of  an,  492 
relative  to  sun,  494 
law  of  force  in  elliptic.  497 
Orbital  motion,  of  particle  under  central 
force.  481 

energy  of.  of  particle.  488 
of  cluster  of  meteorites,  500 
Oscillations,  free  and  forced.  540 

forced,  on  system  subject  to  friction. 

541 
tides  as  system  of  forced.  54  2 


l'.M'i't  s.  theorems  of.  127 

examples  of  the  theorems  of,  128 
Parallel     force-,     material     system    under 
action  of.  150 
moments  of.  151 

centre  of,  IS] 


graphical    process    for    resultant    of 
280 
Parallelepiped,  equilibrium  of.  572 
Particle,  definition  of  a,  107 

meaning  of  applie  1  forces  on.  113 

forces  of,  describing  any  path.  116 

equilibrium     of.    on    surface    and    on 
curve,  270 
Particles,  theorem  of  grouping  of.  US 

momentum  of  system  of.  129 

rate  of  change  of  momentum.  130 

equations  of  motion  of  system  of.  132 

force  due  to  a  jet  of,  162 

potential  due  to  system  of,  169 

work  due  to  jet  of,  173 

motion  of  a  system  of.  204 
Pascal's  vases,  experiment  on.  376 
Pendulum,  the  Blackburn.  7  3 

cycloidal.  92 

equilibrium  of  deflected.  1 1 2 

motion  of  simple,  112 

theory  of  compound,  14  7 

determination   of  acceleration  due  to 
gravity  by  compound,  148 

forces  applied  to  compound  pendulum 
by  Supports,  149 

Robins'  ballistic,  157 

Foncault's,  240 

equilibrium  of,  hung  in  vehicle  under 
acceleration,  267 

simple  conical.  268 

compound  conical,  268 

methods.  524 
Pericycloids,  double  generation  of,  86 
Periods    and     mean     distances,    relation 

between,  497 
Pipette,  theory  of,  407 
Pitch,  behaviour  of,  313 

solidity  of.  314 
Plane,  osculating.  46 

invariable.  137 
Planet,  conditions  that  satellite  be  retained 
by.  503 

action  of  tangential  force  on  motion 
of,  506 
Planetary  perturbations.  5u5 

of  the  solar  system,  139 
Plasticity.  625 
Poinsot's  moment al  ellipsoid,  142 

central  axis.  1 54 

moraental   ellipsoid  rolling   on    fixed 
plane,  247 
Point,  acceleration  of  body-,  at  axis.  82 
Points,  mean  point  of  system  of.  15 
replacement   of    groups    of.    by    single 

points.  15 
Poisson.  ratio.  585 
Polnson'n  equation,  449 
Polhode  and  herpolhode,  24> 
Polygon  of  forces.  273 

forces  equivalent  to  given  system 
obtained  from.  274 
Position,  of  point,  11 
Potential,  theory  of.  168 

produced   at    any  point    by  system  of 
particles,  169 
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of  uniform  spherical  Shell,  i7o 

solid  sphere,  17 1 

energy,  218 

due  to  uniform  spherics]  shell,  427 

tine  to  solid  sphere,  427 
at  internal  point  of  spherical  shell,  433 
due  to  straight  uniform  rod,  434 
of  triangular  lamina  at  vertex,  434 
doe  to  straight  uniform  rod,  43  4 
triangular  lamina,  434 
calculation  of,  of  uniform  rod,  435 
long  cylindrical  shell,  437 
cylindrical    shell    of    tinite    thickness. 

438 
uniform' circular  distribution,  439 
at  point  on  axis  of  thin  circular  disc 

of  attracting  matter,  442 
of  thin  disc,  443 
Gauss's    theorem    of     average,    over 

spherical  surface,  444 
more  general  theorem  of,  4t5 
field  intensities  from,  448 
Laplace's  equation  of  the,  4  49 
graphical  representation  of,  457 
direct  problem  of,  458 
uniqueness  of  solution   of,  problem. 

459 

closed   surface-distribution  producing' 
internal.  462 

inversion  of.  470 
Potentials,  single  and  multiple  valued,  320 
Poynting's  experiments,  523 
Precession,  226 

calculation  of,  in  steady  motion,  226 

calculated  by  moments  of  momentum, 
228 

of  gyrostat,  example  of,  229 
Processional  motion  of  earth,  229 
Pressure,  fluid-,  314 

head,  314 

effect  of  motion  on.  333 

variation    of,    in    horizontal  tapering 
pipe,  343 

transmission  of,  372 

forces,  374 

centre  of,  376 

for  plane  area,  377 

in  gases,  399 

measurement  of  atmospheric,  407 

standard  atmospheric,  410 

variation    of,    with     height    in    atmo- 
sphere, 412 
Principle  of  Archimedes,  380  application 

of,  380 

verification  of,  380 

application  of,  to  detection  of  adultera- 
tion in  gold,  380 

of  work,  equations  of  equilibrium  from, 
255 
Projectile,  theory  of  unresisted,  17 

deviation  of,  241 
Pump,  common  suction,  421 

force,  424 

limits  to  action  of,  416 

TSpler's,  419 

Sprengel,  420 


Pumps,  air-,  116 

for  compression  of  air,  1 11 
mercury  air-,  1 1  i 


Rum  s-vkitok,  accelerations  along  and 

at  right  angles  to,  483 
II.vvi.KKin.   Lord,  theory  of   resistance  of 

fluid,  348 

experiments  on  ripples,  6"'8 
Reciprocal  relations,  application,  213 

figures,  2  78 
Rr.<;N.u  t.T.  experiments  of  on  liovle's  law 

403 
Reich,  experiments  of,  514 
Resilience,  627 

of  shaft,  628 
Resistance,  wave,  to  motion,  317 

to  flat  disc  moving  through  fluid,  347 
Rayleigh's    theory    of,    to    motion    of 
plate  in  fluid,  348 
Resolution,    tangential     and    normal,    296, 

489 
Resultant   step,    length    and    direction    of, 

17 
Resultant,  of  system  of  parallel  forces.  152 
of  system  of  forces,  115 
and     components     of     any     directed 
quantity,  17.  19,  13 1 
Righting  moment,  384 

Rigid  body,  turning  round  fixed  horizontal 
axis,  146 
motion  of  about  fixed  point,  under  no. 

forces,  246-47 
general  displacement  of,  82, 
moving  on  smooth    horizontal    table, 

160 
supported  under  gravity.  161 
effect  of  removal  of  support  from.  lijl 
Body-centrode,  equation  of,  81 

velocity     of    instantaneous     axis 
along,  82 
-point,  acceleration  of.  at  axis.  82 
Rigidity    of   tube,   produced   by    fluid 
flowing  in  it,  300 
Rigidity  modulus.  596 
Ripples,  propagation  of.  65* 

determination   of  surface   tension      by 
658 
Robins'  ballistic  pendulum.  157 
Rod.  flexure  of.  lil>9 

under  thrust,  621,  622 
Rolling  and  slipping,  85 
Rotating     axes,    uniplanar    motion     with 
reference  to.  232 

components  of   directe  1  quantity   re- 
ferred to,  234 
etiuations    of    motion    of    particle  re- 
ferred to.  834 
any  directed  quantity  in  space  referred 

to,  23K 

Rotation  of  earth,  slowing  of,  in 
of  system  of  particles,  21 
translation  and  rotation  equivalent  to. 

95 
kinetic  energy  of.  187 
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Rotation,  lines  of  no,  56  3 
Rotational  motion  of  fluid  element.  32o 
Roulette,  equation  of  circular,  94 
Roulettes,  85 


Schiehallien,  ]>endulum  experiment  on, 

525 
Screw-gauge,  the.  672 
Screw-motion  of  a  rigid  body,  96 
pitch  of,  96 
motions  and    twists,  composition  of, 

100 
displacement  of  a  body,  255 
conditiou   that    wrench    should    pro- 
duce no  displacement  about,  256 
Screws,  any  two,  lie  on  a  cylindroid,  100 
eqnilibrant  of  twists  about  any  two. 

100 
reciprocal,  256 

conditions  of    equilibrium   given    by 
theory  of,  257 
Set,  permanent,  624 
Shear,  in  twisted  rod,  592 
Shearing-,  specification  of,  310 

strain,  stress  involved  in,  311 
Shell,     potential     at     internal    point     of 
spherical,  433 

]>otential   due    to  uniform   spherical, 
427 
Sidereal  day,  7 
time,  7-10 
Simple  harmonic  motion,  34 
modes  of  producing,  34 
resolution  of  any  periodic  motion  to, 

34 
acceleration  in,  4 1 
analytical  formulas  for,  41 
represented  by  curve  of  sines.  54 
resultant  of  two  In  one  line,  49 
composition    of,   by    means    of    their 

sine-curve,  57 
mechanical  composition  of,  58 
uniform  circular  motion  derived  from 

two.  59 
in     rectangular    directions     and     of 

periods  in  ratio  of,  68,  112 
of  periods  in  ratio  of  1   :  2,  213 
two  rectangular,  70 
Siphon,  425 
Soap-bubble,    work    done    in    blowing    ■ 

spherical,  177 
Solar  tides,  531 
time,  7-10 
day,  9 

system,  invariable  plane  of  the,  139 
Solid,  distinction  between,  and  fluid,  308 
Solution  of  an  old  problem,  201 
Solidity,  625 
Sounding  machine,  406 
space,  effect  of  nntraversed,  in  air-pump. 

416 
Specific  gravity,  390 
Of  solid,  390 
::ik1  density,  390 
of  solid  which  floats  in  water,  891 


the,  bottle,  392 

of  fluid,  394 
Speed,  23 

Sphere,  potential  due  to  solid,  427 
Spherical    distribution,    equivalent    to  <-x- 

ternal  point-charge,  464 
Spherometer.  the,  673 
Spin,  of  fluid  element,  320 
Spinning-top,  217  et  aeq. 
Spiral    spring   stretched    by    weight,    dy- 
namical example,  114 
Sprexgel,  pump,  420 
"Spring  of  air,"  Boyle's  experiments  on, 

400 
Stability,  curves  of,  384 

of  meteor  swarm,  502 
Stable  position  of  moving  plate,  Ml 
Step,  length  and  direction  of  resultant,  17 

rate  of  growth  of,  27 
Steps,  geometrical,  11 

addition  and  equivalence  of.  1  i 

geometry  of,  1 3 

resultant  of,  17 

resolution  of.  18 

components  of,  1 9 

multiplication  of.  21 
Straight   uuiform   rod   on    smooth    table, 

158 
Strain,  ellipsoid,  560 

principal  axes  of,  561 

equation  of,  569 

small.  565 

pure.  565 

analysis  of,  565 

analytical  conditions  of.  567 

resolution  of,  569 

invariants,  567 

work  done  in.  583 

longitudinal,  586 

radial,  587 

in  spherical  shell,  588 
Strains,  theory  of  small,  561 
Stream-lines,  329 
Sm-s,  in  shearing  strain,  311 
Stress,  specification  of,  570 

equations  of,  572 

quadric,  574 

cones  of  shearing  and  normal.  ">74 

resultant,  across  any  plane,  575 

principal  axes  of,  576 

invariants,  576 

ellipsoid,  577 

shearing  stress,  577 

transformation  of.  578 

shearing,    equivalent   to  traction   and 
pressure  in  normal  planes,  579 

dilating,  581 

and  strain,  relations  between   •">*'. 
equations  of.  584 
Stresses,  comparison  of,  109 

methods  to  find,  in  bars  of  frame.  MI 
Stresses,  reciprocal  relation  of,  576 

equations  of,  601 
Sum  of  curvatures.  EulerVtheoreni  of,  at 

any  point  of  surface,  176 
Suu's  radiant  heat,  source  of,  173 
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Surface-distribution,  closed,  producing  In- 
ternal  potential,  163 
equivalent    to    internal    distribution, 

463 
•integral,  of  normal  force,  431 

deductions  from   theorem  of,  of 
normal  force,  1S9 
problem  of  minimum  and  with  given 
boundary,  20s 
Surface  01m,  cylindrical,  654 

tension,  043,  648 
determination  of,  by  drops,  ti'>2 
influence  of,  on  waves,  657 
determination  of,  by  ripples,  658 

Sylvester,  measure  of  time  of  motion,  247 
System,    passage    from    one    reference,    to 
another,  108 

of    eoplanar   forces,    represented    by 

single  force,  279 
of  forces,  sailed  a  wrench,  154 
work  done  hy,  181 
given,  reduced  to  two  forces,  276 
of    particles,    potential   produced    at 
any  point  by,  169 
motion  of,  204 

kinematieal  conditions  of,  204 
and  independent  co-ordinates  of, 
204 


Temperature,  convective  equilibrium  of, 

in  atmosphere,  414 
Tetrahedron,  equilibrium  of,  570,  571 
Theorem,  Torricelli's,  333 

experimental   illustrations  of    Torri- 
celli's, 336 
Gauss's,  of  average  potential,  444 
deductions  from,  446 
indirect  consequences  of,  447 
Maelanrin's,  474 
Cbasles',  475 
Ivory's.  4  76 
Theory,  of  screws,  conditions  of  equilibrium 
given  by,  257 
of  resistance,  Rayleigh's,  348 
of  pipette,  409 

of  the  tides,  equilibrium,  528 
Thermal  effect,  in  stretching  liquid  surface, 

645 
Three  moments,  theorem  of,  620 
Thrust,  on  plane  surface,  374 

on  curved  surface,  379 
Tidal  forces,  variation  of,  over  earth's  sur- 
face, 530 
Tidal  rise  and  fall,  in  terms  of  co-ordinates 
of  moon  and  place  of  observation,  535 
discussion    of   terms   in   formula 

for,  536 
modified    by    existence    of    con- 
tinents, 538 
effect  of  yielding  of  internal  parts 
of  earth,  538 
ride-gauges,  and  tide  predicters,  58 

-producing  forces,  calculation  of,  529 

magnitude  of,  532 
height  of  the  equilibrium,  533 


Tides,  equilibrium  theory  of  the,  528 
lunar  semi-diurnal,  531 
solar,  B!  i 
spring  and  neap,  B81 

equilibrium    theory  not    borne  out    by 

actual  tid< ■- 
fortnightly,  539 

as  system  of  Honed  oscillations,  642 
Time,  measurement  of,  7 
signals,  9 

distance  travelled  in  given,  75 
measurement  of,  107 
explicit  appearance  of,  in  kinematical 

equations,  210 

Ton,  motion  of,  217 

rising  and  falling  of,  219 

processional  motion  of,  HO 
solution  of  problem  of,  220 
equations  of  motion  of,  221 

steady  motion  of,  222 

the  earth  as,  22t; 

reaction  of,  on  support,  230 
Topleb,  pump,  419 
Torricelli,  theorem  of,  333 

experimental  illustrations  of,  337 
Torsional  Strains  and  stresses,  593 

vibrations,  594 

rigidity  of  a  cylindrical  rod,  597 

of  a  non-circular  cylinder,  599 
Tortuosity,  46 

Traction.  Strain  due  to  simple.  582 
Transmission-dynamometers,  676 
Twist,  displacement  called  a,  96 
Twists,  composition  of  screw-motions  and, 

100 
Two-dimensional  motion,  330 


Unit,  of  weight,  llo 

of  inertia,  llo 
of  mass,  110 
force,  113 

Units,  fundamental,  3 
physical,  3 

of  area  and  volume,  6 
change  of,  3 


Variable  immersion,  hydrometer  of.  395 
Vernier,  the.  671 

-callipers.  672 
Viscosity  of  solids,  626 
Velocities,  calculations  of,  29 

curve  of.  75 

integral  of  curve  of,  76-77 

comj)osition  of  angular;  96 
Velocity.  SB 

angular,  2"> 

measure  of  varying,  26 

specification  of,  27 

varying  angular,  27 

illustration  of  varying,  28 

graphical  representation  of,  3o 

dimensions  of,  103 

of  pulse  of  any  form,  299 

components  of  angular,  320 
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curl  of,  3  2  5 

in  jet,  333 

liquid  revolving'  with  uniform  angular, 
352 

from  infinity,  486 
Vena  contracta,  333 
Viscosity,  308 

experimental  illustration  of,  311 
Viscous  resistance  to  change  of  shape,  311 
Volumenometer,  393 


Water-wheel,  reaction,  173 
Waves,  propagation  of,  542 

in  a  canal,  543 
Weighing,  668 

double,  669 
Weight,  unit  of,  110 

Isotropic  body,  elasticity  of,  309 

Isotropy,  homogeneity  and.    of  body, 
309 
Weights,  reduction  of  to  vacuo,  669 
Wires,  bending  and  torsion  of,  600 
Work,  definition  and  measurement  of,  164 

done  in  finite  displacement  by  varying 
force,  164 

unit  of,  165 

done  in  stretching  a  contractile  film, 
174 

distinction  between,  and  activity,  166 


dimensional  formula  of,  166 

done  by  forces  which  depend  on  co- 
ordinates, 167 

done  by  gravitational  forces,  168 

done  by  attractive  forces  in  condensing 
a  nebula,  171 

done   in   condensing   the  earth  from 
nebular  matter,  172 

done  in  blowing  spherical  soap-bubble, 
177 

done  by  an  expanding  gas,  178 

done  in  isothermal  and  adiabatic  ex- 
pansions, 180 

done  by  a  system  of  forces,  181 

done  in  angular  displacement  of  rigid 
body  about  fixed  axis,  186 

of  applied  forces,  182 

done  by  impulse,  202 

equation  of,  206 

done  on   liquid  in   immersing  body, 
381 

-criterion, discussion  of,of  equilibrium, 
258 
Working,  rate  of,  165 
Wrench,  system  of  forces  called  a,  154 


Yard,  Imperial,  3 
Young's  modulus,  585 

estimate  of  molecular  dimensions,  64  0 
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